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Abstract

In this paper, we focus on the positive definiteness and Hurwitz stability of in-
terval tensors. First, we introduce auxiliary tensors .4* and establish equivalent
conditions for the positive (semi-)definiteness of interval tensors. That is, an in-
terval tensor is positive definite if and only if all A* are positive (semi-)definite.
For Hurwitz stability, it is revealed that the stability of the symmetric interval
tensor AL implies the stability of the interval tensor 4!, and the stability of
symmetric interval tensors is equivalent to that of auxiliary tensors A*. Fi-
nally, taking 4th order 3-dimensional interval tensors as examples, the specific
sufficient conditions are established for their positive (semi-)definiteness.
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Abstract

This paper investigates the positive definiteness and Hurwitz stability of inter-
val tensors. First, we introduce auxiliary tensors .4, and establish equivalent
conditions for the positive (semi-)definiteness of interval tensors. Specifically,
an interval tensor is positive definite if and only if all A, are positive (semi-
)definite. For Hurwitz stability, we reveal that the stability of symmetric in-
terval tensors A§ can deduce the stability of the interval tensor .4;, and the
stability of symmetric interval tensors is equivalent to that of auxiliary tensors
A,. Finally, taking 4th-order 3-dimensional interval tensors as examples, we
construct specific sufficient conditions for their positive (semi-)definiteness.
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1 Introduction

Uncertainty analysis has always been a core issue in scientific and engineering
computations. Interval analysis, introduced by Moore in the 1960s, has proven
to be an effective tool for handling uncertainty and has yielded fruitful results
in the theory of interval matrices [1-6]. By representing matrix elements as
intervals, interval matrices provide a mathematical framework for characterizing
uncertainties in system parameters, playing a key role in many areas such as
stability analysis of dynamic systems and engineering error estimation [7-10].

However, with the advancement of scientific research, many practical problems
have extended from linear systems to multilinear systems. Tensors, as higher-
dimensional generalizations of matrices, have demonstrated strong descriptive
capabilities in fields such as data science, quantum physics, and complex net-
works [11-21]. Interval tensor theory is not only a natural extension of interval
matrix analysis theory but also an urgent need for addressing high-dimensional
uncertainty problems.

Positive definiteness and stability are important concepts in linear algebra and
dynamical systems theory, and numerous relevant studies have been conducted
[22-27]. Rohn [27] systematically established criteria for determining positive
definiteness, Hurwitz stability, and Schur stability of interval matrices, and
proved that an interval matrix possesses a certain property if and only if a finite
number of its vertex matrices satisfy that property.

It is well-known that the positive definiteness of tensors is equivalent to all H-
eigenvalues (or Z-eigenvalues) being positive (non-negative) [28]. The sign of
the minimum eigenvalue can verify the positive definiteness of tensors and can
also be used to check the stability of multilinear systems [28-38]. For interval
tensors, Beheshti et al. [39] extended some classes of interval matrices to classes
of interval tensors and studied their properties and characterizations. Cui and
Zhang [40] established bounds for H-eigenvalues of even-order real symmetric
interval tensors or nonnegative interval tensors. Rahmati and Tawhid [41] gen-
eralized the row-property of a set of matrices to the slice-property of a set of
tensors, pointing out that the slice-positive definiteness of a convex tensor set is
equivalent to that of its extreme point set (Lemma 3.1). However, for mth-order
n-dimensional interval tensors, which form a type of convex tensor set, the num-
ber of extreme points is 2", leading to exponential growth in computational
complexity.

Regarding Hurwitz stability, Bozorgmanesh et al. [42] established an equiva-
lence relationship between the stability of symmetric interval tensors and the
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positive definiteness of negative interval tensors, and provided an estimation
range for the real parts of E-eigenvalues by characterizing a tensor counterpart
of Bendixson’s theorem, analogous to its matrix formulation. However, this
conclusion only applies to symmetric interval tensors. Other studies on interval
tensors can be found in [43-45]. Additionally, the relationship between the sta-
bility of asymmetric interval tensors and their real symmetricized tensors has
not been fully clarified, leaving a theoretical gap.

To address these issues, based on existing theory of positive definiteness and
stability of interval tensors and combined with specific example analysis, this
paper conducts the following core work. First, we introduce the auxiliary index
set Y = {z € R" | |z;] = 1}, define the specific tensor A, = A, — A x;
T, xq T, x - x,, T, (where T, is a diagonal matrix), and prove that when m
is even, the positive definiteness of the interval tensor A; can be determined
by verifying only 2"! tensors, reducing the computational complexity from
2"™ to 27"~1. In addition, we establish the equivalence relationship between the
positive definiteness of the interval tensor A; and its symmetric interval tensor
Af, and prove that if A7 is Hurwitz stable, then 4; must be Hurwitz stable.
Finally, taking 4th-order 3-dimensional interval tensors as the research object,
we obtain multiple sets of directly applicable sufficient conditions for positive
definiteness, providing specific tools for the performance analysis of low-order
and low-dimensional uncertain systems in engineering.

2 Preliminaries

In this section, we present the necessary definitions and notations related to
tensors and interval tensors.

We establish the following notation conventions. Vectors will be denoted as
{z,y, -}, matrices as {A, B,--}, and tensors as {A,B,---}. The set of all
mth-order n-dimensional real tensors is denoted as T,,,, and the entries of
an mth-order n-dimensional tensor A are denoted by <ai1i2---im)7 where i; €
[n] = {1,2,-,n}. Entries a;; ; for i € [n] are called diagonal entries, and oth-
ers are called off-diagonal entries. The inequalities z < (<)y, A < (<)B, and
A < (<)B are understood componentwise, and we define the absolute value as
the tensor |A| = (|a

iyigeiy, |)-

For any tensor A = (a; ;,..; ) € T, ,, if its entries q; remain unchanged
under any permutation of their indices, i.e., for every o € S, (where S,, de-
not.es the symmetric group of m elements), a; ; .; = g iy ) (iy)-olin) then
A is termed a symmetric tensor. The set of all mth-order n-dimensional real
symmetric tensors is denoted as S, .

Qg

For an mth-degree homogeneous polynomial of n variables, f,(z) =

n . .
oo a1 x, = Ax™, where its coefficient tensor A = (a; , ., )€
By sty =1 01 tm Tl m 1127,
T, n, there exists a unique symmetric tensor A, = ((a,); 4,..; ) € Sy, SUCh

that f4(z) = Z:l i —qlag); .y @; --x; , which is the symmetrization of A,
17" m ™ m m
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_ 1
and (a’S)hiz”'im = mr ZO’ESm Ao (i))o(iy,)"

Let A = (a ), A = (a be mth-order n-dimensional real tensors

Ty, o -
with A < A. The set of tensors A; = [A,A] = {A: A < A < A} is called
an interval tensor. Denote A, = <a§1i2~~im) = A;—A and A = (51-12-2_,4-7”) = A—;ﬁ,
then A; = [A,— A, A, + Al

7’17’2'”7‘7”)

Clearly, A > 0 is a nonnegative tensor (i.e., all entries §; ; ., ~are nonnegative),
where O is the tensor in 7}, , with all entries zero. A is said to be symmetric if
both A, and A are symmetric. With each interval tensor A; = [A,—A, A, +A],

we associate the symmetric interval tensor A5 = [AS — A% A5 + A®).

Remark 2.1. If A € A;, then A, € A}, and A; is symmetric if and only if
A = Aj.
e,

For A = (a; ..; ) s T E€RY P = (p;) € RV, and k € [m], A xq P x
P xg3-x,, Pisatensor in T, , defined by (A x; P Xy P xg-x,, P

n
Ejl,j2,~-,jm=1 CjrdydmPisgy " Pipydp,

>1112“'2m -

And Az™ ! is a vector in R™ with the ith component (Az™ 1), :=
ZZ{AA,im:l Qijyei, Ty @y for 1<i <.

Definition 2.1. [28, 41, 42| Let m be even, A, A, A € T, , and A > 0,
Ar=1[A,— A A, + A]. - (a) A is called positive semi-definite if Az™ > 0 for
each x € R {0}. A, is called positive semi-definite if each A € A; is positive
semi-definite. - (b) A is called positive definite if Az™ > 0 for each = € R™ {0}.
A is called positive definite if each A € A; is positive definite.

Definition 2.2. [28] Let A € T,

m,n’
called an eigenvalue and z an eigenvector corresponding to X if Az™ ! = Az
where /1 = (3371”_1, <, ™ 1) T Moreover, when A € Rand x € R", \ is called

an H-eigenvalue and = an H-eigenvector corresponding to A.

Definition 2.3. [28] Let A € T,, ,, A € C and © = (z,xy,,2,)" € C". Xis

called an E-eigenvalue and = an E-eigenvector corresponding to A if

Az = Az,
' =1.

A€ Cand z = (z,,7y,-,2,) €C" \is
[m—1]

Moreover, when A € R and x € R™, A is called a Z-eigenvalue and x a Z-
eigenvector corresponding to A.

We denote by AL (A4) (A2, (A) and NI _(A) (M2, (A)) the min-
imum and maximum H(Z)-eigenvalue of A, respectively (obviously,
ML (—A) = =ANH_(A), N2, (—A) = =A%, (A)). The H-spectral radius

is denoted by pg(A).

Lemma 2.1. [28] Let A € S,,,, and m be even. - (a) A is positive (semi-

)definite if and only if all of its H-eigenvalues are positive (nonnegative), which
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means ML (A4) > (>)0. - (b) A is positive (semi-)definite if and only if all of

min

its Z-eigenvalues are positive (nonnegative), which means A%, (A) > (>)0.

Lemma 2.2. [38] Let A € S,, ,,. Then the eigenvalues of A lie in the union of
n disks in C. These n disks have the diagonal entries of A as their centers and

the sums of the absolute values of the off-diagonal entries as their radii.

3 Positive Definiteness of Interval Tensors

Rahmati and Tawhid showed that a compact convex set C' of tensors has the
slice-positive-(semi-)definite property if and only if the set X of extreme points of
C has the slice-positive-(semi-)definite property. Here, C' has the slice-positive-
(semi-)definite property if every tensor in Cisa positive-(semi-)definite tensor,
where the slice-completion C is the set of all tensors that have one slice in
common with a tensor in C [41]. A point 2 € C is called an extreme point of
C if whenever x = (1 — k)y + kz for some y, 2 € C and k € (0, 1), we must have
x =y = z; see [46]. In the following, we always assume m is even, as this is
only meaningful for even-order tensors.

Lemma 3.1. [41] Suppose that C' is a compact, convex set in T, Let X be
the set of all extreme points of C. Then C has the slice-positive-(semi-)definite
property if and only if X has the slice-positive-(semi-)definite property.

If C = A; = [A, A, then the set X of all extreme points of C is E = {A =
(@iigi, ) € Tonp © Qg = @ i, OF iy, = @
[n]}. Therefore, the following result can be obtained from Lemma 3.1.

ipigiy, 2 V1502, s by €

Corollary 3.1. Let A; = [A, A] be an interval tensor in 7,,,,. Then E is
positive (semi-)definite if and only if C' is positive (semi-)definite.

Based on this result, verifying the positive definiteness of an interval tensor
A in T, requires checking the positive definiteness of 2" tensors, as the
cardinality of £ is 2"". In what follows, we will improve this result, reducing
the number of tensors that need verification to 271,

First, we define an auxiliary index set Y = {z € R" | |z;| = 1 for j = 1, -, n},
which has cardinality 2. For each z € Y, we denote by T, the n x n diagonal
matrix whose diagonal entries come from the vector z. Next, for each z € Y,
we introduce the tensor A, via the expression

A, = (a? V=A, —AX{ T, X T, Xg-%x,,T,.

z G109 Ty,

For each i; € [n], j = 1,2,--,m, the entry ai ..; of A, satisfies

-
c .
Z . = t1t2 1127t 11 79 Tom )
1t2 c . _
af i, 0 i, 2 2z =1

Thus, A, belongs to A; for every z € Y. When m is even, since A_, = A,
the number of distinct tensors A, is at most 2" (and equal to 2" 1 if A > 0).
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If A; is symmetric, each A, is symmetric as well. These tensors A,, z € Y,
will be employed to characterize the positive (semi-)definiteness of an interval
tensor through finite procedures.

Let us introduce a function g : T,,, , — R defined for a tensor A € T, ,, by

g(A) = min Az™.

|zla=1

Obviously, g is well-defined. In the following theorem, we summarize the basic
properties of g that will be used in the proofs of the main theorems in subsequent
sections.

Theorem 3.1. The function g has the following properties: - (i) For each
AeT, ., g(A)=g(A,). - (ii) For each A € S, ., g(A) = ML, (A). - (iii) For
each A, D €T, ,, |9g(A+D)—g(A)| < py(Dy). - (iv) g is continuous in T}, ,,.

- (v) For each interval tensor A;, min{g(A) : A € A;} = min{g(A,) : z € Y}
- (vi) For each interval tensor A, min{g(A) : A € A;} = min{g(A) : A € A5}.

Proof. (i) This follows directly from the definition of symmetrization. (ii) See
the proof of Theorem 2.2 in Ref. [38]. (iii) For each A, D € T,, ,,, from the defi-
nition it follows that g(A+2D) > g(A)+g(D) and g(A) = g(A+D)+(—=D)) >
g(A+ D)+ g(—D), which implies |g(A+ D) — g(A)| < max{|g(D)], lg(—D)|} =
max{lg(D,)] [g—D,)} = max{IN, (D)l WL (DI} = pr(D,). (iv) Ac-
cording to (iii), [g(A + D) — g(A)| < py (D) for each A, D € T, ,,. By Lemma
2.2, one can prove that g is continuous in 7, ,,. (v) On the one hand, for each
interval tensor A, clearly min{g(A) : A € A;} < min{g(A,) : z € Y} since
A, € A;. On the other hand, for each A € A; and x = (z1, 2y, ,z,) € R",

we have

|z (Ax™ 1) — a2y (A ™ )| = o (A — A)a™ )| < Jag (Al

Let z = sgn(x) = (sgn(zy),sgn(zy), ,sgn(x,)) ", where sgn(z;) = 1if x; >0
and —1 if z; < 0. Then

(Ax™ ), > 2 (Aa™ ), — o (Al ), = 2, (A

i ™)

T T

Hence, g(A) > min{g(A,) : z € Y} holds for each A € A;, which implies
min{g(A) : A € A;} > min{g(A,) : z € Y}. The assertion follows. (vi)
For each z € Y, denote by A, = (a7 ;,..; ) the tensor A, for A}, ie, A, =
AL — A X T, x5 T, x5 %, T,, where

~ 1
af1i2"'i'rrz = ﬁ Z [afcf(il)“"’(im) - 60(i1)“'0<im) Sgn(zilziz mzim)] = <aS)lﬂzliz”'im'

oeS,,

Thus /ZZ = (A,), for each z € Y. Then employing (i), we obtain g(A,) = g(A%).
Hence, assertion (v) implies that the minimum values of g over A; and A5 are
equal.
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As a consequence of Theorem 3.1, we obtain the following characterization.

Theorem 3.2. Let A; be an interval tensor in 7,,,. Then the following
assertions are equivalent: - (a) A is positive (semi-)definite. - (b) A% is positive
(semi-)definite. - (c¢) A, is positive (semi-)definite for each z € Y.

Proof. By Lemma 2.1, A; is positive (semi-)definite if and only if min{g(A4) :
A€ A} > (>)0 holds. Then by (vi) of Theorem 3.1, (a) and (b) are equivalent.
From assertion (v) of Theorem 3.1, (a) and (c) are equivalent.

4 Stability of Interval Tensors
A tensor A € T, is called Hurwitz stable if the real part of any of its E-

m,n
eigenvalues satisfies Re(\) < 0; in other words, all its eigenvalues lie in the
open left half of the complex plane. An interval tensor A, in T,, ,, is said to be
Hurwitz stable if each A € A; is Hurwitz stable. Bozorgmanesh et al. showed
that for every E-eigenvalue A of a tensor A € T,,, ,,, we have A2, (A,) < Re(\) <
N2 (A,), which is analogous to the well-known Bendixson’s theorem in the
matrix case [42, 47]. Utilizing this, the relationship between Hurwitz stability

and positive definiteness of interval tensors has been obtained.

,n?

Lemma 4.1. [42] Let A; = [A, A] be a symmetric interval tensor in 7}, ,,. A,
is Hurwitz stable if and only if —A; = [~A4, —A4] is positive definite.

Based on this lemma, similar to (c¢) of Theorem 3.2, we can derive another
equivalent condition for Hurwitz stability of interval tensors. This equivalent
condition merely requires verifying the stability of a finite number of tensors.

Unlike the previous section, where we used the tensors A, = A, — A x| T, X,
T, x4 x,, T,, in this section we characterize Hurwitz stability by means of
tensors

A, = (af )=A A+AX T, X T, xg-- %, T, z€Y.

L1ty

It is evident that A . belongs to A, and all A ., tensors are symmetric when the
interval tensor A; itself is symmetric.

Theorem 4.1. Let A; = [A4, A] be a symmetric interval tensor in T, - Then
A; is Hurwitz stable if and only if for each z € Y, /72 is Hurwitz stable.

Proof. The necessity is obvious because /72 € A;foreach z €Y.

To prove sufficiency, let z € Y. Since /ZZ is Hurwitz stable and symmetric, all
Z-eigenvalues of ./?z are negative. Therefore, all Z-eigenvalues of the symmetric
tensor —ﬁz =—A.—A X T, xyT, x5 x,, T, are positive, and by Lemma
2.1, —A~Z is positive definite. However, —ANZ corresponds exactly to the tensor
A, associated with the interval tensor —A;. Therefore, based on assertion (c)
of Theorem 3.2, —A; is positive definite. By virtue of Lemma 4.1, it follows
that A; is Hurwitz stable.
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Theorem 3.2 established that the positive (semi-)definiteness of a general inter-
val tensor can be equivalently characterized via its associated symmetric interval
tensor Aj. Regrettably, this favorable property does not extend to Hurwitz sta-
bility; only one direction of the implication holds true.

Theorem 4.2. If A7 is Hurwitz stable, then A; is also Hurwitz stable.

Proof. Let A be an E-eigenvalue of a tensor A € A;. Then by inequality (4)
we have Re(\) < A2, (A,) < 0 because the symmetric tensor A, belongs to A$

max

and thus has all E-eigenvalues negative. This proves that A; is Hurwitz stable.

The converse does not hold, as one may consider the example given in [27]
regarding interval matrices, i.e., the case where m = 2.

5 Some Positive Definite 4th-Order 3-Dimensional Interval
Tensors

Let A= (gijkl), A = (ay5) € Sy 3, and A; = [A, A], where i, j, k,1 € [3].

In this section, we only consider the symmetric interval tensor A;. From
the results of the previous section, it follows that to prove the positive (semi-
)definiteness of the 4th-order 3-dimensional interval tensor A, it suffices to
verify the positive (semi-)definiteness of four specific tensors A, A, A, and
A, where z; = (1,1, DN z=(1,1,-1)", 23=(1,-1,1)T, 2, = (-1,1,1)T €
Y = {z € R®||z] = 1for j = 1,2,3}. By leveraging this insight, we derive
several sufficient conditions for the positive (semi-)definiteness of 4th-order 3-
dimensional interval tensors in this section. Furthermore, we can obtain some

sufficient conditions for the positive (semi-)definiteness of A = (a; ;,;.:,) € S 3-

For tensor A = (a;;1,) € Sy 3, its corresponding homogeneous polynomial is

_ 4 4 4 2,2 2,2 2,92
fa(T) = ay11127 + A920075 + 333375 + 6(a1190T7T5 + A1133T7T5 + A99337573)
3 3 3 3 3 3
+4(a111277T9 + A111377T5 + A1290T1 Ty + Q133371 T3 + U035 T3 + Aog33ToT3)

2 2 2
+ 12(a119371T9T5 + 1903717573 + Q123371 ToT3),

where © = (1, 75,23)" € R®. In the subsequent discussion, we only need to
focus on the scenario where a;;;; = a,;;; and ;55 = a5 €., 044 = 0,55 = 0 for
all 4,5 € [3], ¢ # j. This is because the entries in question here all correspond
to the coefficients of the square terms.

Theorem 5.1. For a 4th-order 3-dimensional real interval tensor A; = [A, A,

where @, 1) = Gyp9y = Gg335 = 0, A; is positive semi-definite if a,;,; = @;;;; = 0

for all 4,5 € [3], @ # J, @1193 = —1, G103 = 1, @193 = Q935 = G203 = G133 = 0,

Q1199: 8133 = 1, and @ypq5 > 0.

Proof. Let a;;; = a;;;; = 0 for all i € [3], aj199 = 1133 = @119y = @133 = 1,
J— J— (& — y y y > (& J— C p—

and ag9s3 = Gypqy = 0. Then af;;; =0 for all 4, j € [3], 7 # J, af199 = a$133 = 1,

C — (& _ c — C — — — — — —
Afg93 = Qo33 = QY123 = Q933 = A5y = 0, 055 = 5n‘jj = 5m‘j = 01933 = 01293 =0
for all 4,7 € [3], and d1195 = 1.
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Since for z = (z1,24,75)" € R® {0},
f/lZl (z) = f/zz4 (z) = —12a%wym5 + 6(x23 + 2723) = 6(2129 — 7123)%,
f/lz2 (z) = f/lz3 (z) = 125”%5”2553 + 6(55%3”% + xfac%) = 6(z129 + 7,75)%,

A, is positive semi-definite for each z € Y. According to Theorem 3.2, A; is
positive semi-definite.

Corollary 5.1. Let A = (a;;;) € Sy3 and a;;; > 0 for all i € {1,2,3}.
Then A is positive semi-definite if a;;;; = a1993 = 1933 = 0, a;;;; > 0 for all
0,5 € {1,2,3}, 0 # j, ay199 > [ay193], and ayy33 > |ayy95]. Moreover, if a;;; > 0
for all 4 € {1,2,3}, then A is positive definite if a;;;; = @105 = a1935 = 0,

Qi = 0 for all 4,5 € {1,2,3}, i # j, ay190 > |ay193], and aq133 > aq93]-

Theorem 5.2. For a 4th-order 3-dimensional real interval tensor A; = [A, A],

where @,,,; = @5y, = 0 and a3333 =1, Aj is positive semi-definite if a,,,, =
Q113 = Gyggg = Oogoy = Gz = Gyp1p = Gy1i3 = Qiogp = Oggpz = Uy333 = 0,
Gyass = —1, G333 = 1, and one of the following conditions is satisfied: - (a)
Qi = g = 0 for all 4,5,k € [3], 1 # j, i # k, j # k, @1199,81133 > 0, and

Qoonz 2 2. = (D) @195 = =1, Gr1o3 = 1, Ggoy = Gypyy = Gigp3 = Gr33 = 0, and
Q19901135 = 1 and agygq > 2.

Proof. Let ay11; = @117 = G209 = G999y = 0, and agzz3 = @gqq, = 1.

(a) Take aq199 = ayy33 = Qyy9p = Gyyg3 = 0 and ag9g3 = a2233 = 2. Then
afy; = ag;; = 0 forall i,j € [3], @ # j, a§ss3 = 1, af;;;, = 0 for all
i,j,k € 3], #F 4,0 #F k, jF Kk, 85 = 04455 = Ojijk = 01112 = 01202 =

03903 = 01333 = 01113 = 0 for all 4,5 € [3], i # j, and Jpg35 = 1.
Since for = (2,74, 23)" € R® {0},

fAzl (z) = f/zz4( ) = 23 — 4xyxy + 120323 = (22,05 — x3)* + 82343,

fﬂz2 (z) = fA23 (z) = x4 + dwozd + 122323 = (2zy74 + 23)? + 82322,
A, is positive semi-definite for each z € Y. According to Theorem 3.2, A; is
positive semi-definite.

(b) Take G190 = aq133 = Qyy9p = Gyy33 = 1 and ag933 = a2233 = 2. Then

aiiii = a’u_]j = 0 for all 4,5 € [3], i # J, a333 = 1, afj9p = afy33 = 1,

af, = 0 for all 4,5,k € Bl,i# 4,0+ k, jFk, 00 = .5i?jj = 61'123 =
01223 = 01233 = 01900 = O993 = 01333 = 01993 = 0 for all 4,5 € (3], i # J,
and 0193 = Og333 = 1.

Since for z = (z1,24,75)" € R® {0},
fa, (@) =fa4 ()= g — dwyw} — 120fw,05 + 6(2723 + 2723 + 220323)
(2x2x3 —22)2 + 6(z 7y — 2,75)% + 82322,
fa (@) =faq ()= 3 + dayxf + 12077975 + 6(2tal + afag + 22573)
= (2z573 + 23)* + 6(z, 25 + 2125)% + 82323,
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A, is positive semi-definite for each z € Y. According to Theorem 3.2, A4; is
positive semi-definite.

Corollary 5.2. Let A = (a;;;) € Sy 3, where ay111, 09909 > 0 and az333 > 1.
Then A is positive semi-definite if a;;19 = G999 = G9993 = @333 = @113 = 0,
.o . . o o 2

;55 =0 for i,j € [3], i # J, a1203 = Q1233 = 0, a3333 > [@a333], An233 > §‘a2333|,
and one of the following conditions is satisfied: - (a) ay195 = 0. - (b) ay799 >
|agsssl, a1133 > |agsss|, asgss > lajiasl, @110 > lajiasl, an1sz > lagigg), and
(9933 = §|a1123|~

Moreover, if @111, @g909 > 0 and agzz33 > 1, then A is positive definite if condi-
tion (a) or (b) is satisfied.

Theorem 5.3. For a 4th-order 3-dimensional real interval tensor A; = [A, A],
where a,,,; = 0 and a,y55 = Q3555 = 1, A is positive semi-definite if a,,,, =
Gy113 = 1112 = Gy193 = 0, and one of the following conditions is satisfied: - (a)

Gg9o3 = gz = Gy193 = —1, Gogpg = o333 = Q1193 = 1, Q990 = Q333 = U1o9p =
Q333 = 0, Q1593 = Q533 = Qygg3 = Qo33 = 0, and g, ;. > 1forall i, j € (3], # j.
- (b) Q9333 = -1, Qo333 = 1, Q1999 = Q9993 = Q333 = Q999 = G9g23 = G333 = 0,
Qoo = =1, Tinoy = 1, @195 = Q935 = Tr1o3 = Tyozz = 0, @35, 85955 > 1, and
Qyp99 2 2.

Proof. Let ay1;; = a;,,; =0, and aggy0 = @y59y = 3333 = Qggq3 = 1.

(a) Take a;;;; = a;,;; =1 for all i,j € [3], i # j. Then af;; =0, af;;; =1 for
all 3,5 € (3], i # j, a§yss = 1, alyy = O for all i, 5,k € (3], i # j, i # k,
J 7/: k, 5iz‘m‘ = 5iz'jj = 51112 = 51222 = 51333 = 51113 = 51223 = 51233 =0 for
all 4,7 € [3], i # j, and Jg903 = d9333 = 01123 = 1.

Since for z = (z1,24,75)" € R® {0},
fa (@) =fu (x) =25+ 25— 423wy — 20523 + 2,23) — 120{20w; + 6(223 + 225 + 2323)
= (23 — 2w15 + 23) + 6(z, 25 — 2125)%,

fﬂz2 (x) = fAZ3 (z) = 25 + o3 + 4(2324 + 22322 + ,23) + 12022524 + 6(2223 + 2322 + 2322)

= (23 + 22924 + 235)? + 6(2y 29 + T175)?,

A, is positive semi-definite for each z € Y. According to Theorem 3.2, A; is

positive semi-definite.
(b) Take a@y133 = Gg933 = Gyj33 = Gggg3 = 1 and ayy99 = @79, = 2. Then
afy; = 0, af;; = 1forall 4,5 € (3], i # J, a§333 = 1, agi = 0 for

all i,5,k € [3], i # j, i # k, j # k, 035 = 51‘2’;’;" = 1112 = 51;22 =
09093 = 01333 = 01113 = 01103 = 01233 = 0 for all 4,5 € [3], i # j, and

52333 = 51223 =1
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Since for z = (z1,24,75)" € R® {0},

2

fa, ()

2
Ty + x4 — dwoxs — 122123254+ 6 (5621 + a2+ x%)

z1

= (23 — 22123)% + (23 — 22923 + 22125)” + 2(xy 25 — 2973)?,

2

.132
fa,, (@) =25 + a5 + dwpa} + 12012505 + 6 (; + a3 + x%)

= (23 4 22y23)% + (23 + 2m9x5 + 20,25)2 + 2(21 25 — To25)?,
9 2

fa () =23 + 24 + dwyas — 120,2375 4+ 6 (I; + 2%+ x%)

23
= (23 — 2m,23)? + (23 + 22905 — 20109)% + 2(x) 23 + Ty13)?,

2

f/lz4 (z) = 25 + x5 — dwyx3 + 122 2325 + 6 ( +ai+ m3>

= (23 + 2wy 23)° + (23 — 20925 — 20125)? + 2(xy 23 + 2o23),

A, is positive semi-definite for each z € Y. According to Theorem 3.2, A; is
positive semi-definite.

Corollary 5.3. Let A = (a;;) € Sy 3, where a;;1; > 0 and aggg, a3335 > 1.
Then A is positive semi-definite if a;119 = G999 = a1333 = ayy;3 = 0, and
one of the following conditions is satisfied: - (a) a;;;; > |ag3s3l, @i55 > |aga0sl,
Qiij5 = |laq103] for i,7 € [3], i # j, and @993 = G1933 = 0. - (D) @190 > %‘a2333|7
Q1122 2 §|a1223|7 ay133 2 |a2333\, a1133 = |‘11223‘7 (o933 = |a2333|, (o933 =
§|a1223|, and @195 = Gy933 = Gg993 = 0.

Moreover, if a;11; > 0 and ag999, a3333 > 1, then A is positive definite if a5, =
(1999 = Gq333 = aq113 = 0 and condition (a) or (b) is satisfied.

Theorem 5.4. For a 4th-order 3-dimensional real interval tensor A; = [A4, A],

where a,,,, = Qy99y = Q3445 = 1, Aj is positive definite if a,,0, = @yq45 =
Q113 = Qo2p = G333 = Q113 = 0, 115 = Q9993 = -1, a1112 = Ug993 = 1, and
one of the following conditions is satisfied: - (a) a;;;; = 3, Q51 = Qg = 0 for

all i, j,k € [3], i #j, i %k, j # b, and @555 = —1, Gyggs = 1. - (b) ay,;; = 1 for
all 4,7 € [3]7j F Jy Qy193 = Qyg9s = Q1123 = G203 = 0, Q1500 = —1, Tyog3 = 1,
and Q333 = 1333 = 0

Proof. Let q; =1 for all i € [3].

01T uzz

(a) Take a;;;; = a;,,; = % forall i,j € [3], i # j. Then af;; = 1, af;;; =
for all 4,5 € [3], i # j, af;;;, = 0 for all 4,5,k € [3], i # j, i # &, j#k
0400 = 5iijj = 01999 = 09333 = 01113 = 6iijk =0 for all 4,5 € [3], i # j, and

01112 = 52223 = 51333 =1

2
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Since for z = (z1,24,75)" € R® {0},
fa, (@) =21+ a5 + 25 — dafz, — 20823 + 2,23) — dadzy — 20325 + zp2])
— d(zfwy — 20{2] + xy23) + A(afwors + w0305 + 21 2503)
= (27 — 22129)% + (23 — 2w025)% + (23 — 22,25),
fa. (@) = 2} + 25 + a3 — A(afay — 22723 + 2123) + (2325 + 20303 + 2y
z2
— 4232y — 22222 + 3y 23) — 4232914 + T 224 + T 297E)
= (27 — 22129)% + (23 + 2w025)% + (23 — 22,25),
fa, (@) = 2i + a3 + o5 + Hafz, + 20723 + 2,23) — Hadey — 20323 + wow3)
— 4(x3xy — 20203 + 1y 23) — A(2iwyzy + v 2Ty + T 2y7E)
= (27 + 22129)% + (23 — 2w25)% + (23 — 22,25),
fa (@) =21+ a5 + 25 + Aafz, + 20723 + 2,23) + dadzg + 20323 + 2o23)
— d(zfwy — 20{2] + x123) + A(afwors + w0305 + 21 2903)
= (27 + 22129)% + (23 + 2x025)% + (23 — 22,25),

A, is positive definite for each z € Y. According to Theorem 3.2, A; is positive
definite.

(b) Take a;;.; = a...=1foralli,j € [3], ¢ # j. Then a$,;;, =

c _
157 Ziij7 191917 aiijj =1 for

all 4,5 € 3], 4 # j, a§;,, = 0 for all 4,5,k € [3], @ # j, i # k, j # k,

iij
fsii@i = 51‘@ = 01909 = 09333 = 01113 = 01333 = 01123 = 01993 = 0 for all
i,j € [3], 1 # j, and 61715 = G003 = G933 = L.

Since for z = (z1,24,75)" € R {0},

fa (@) =21 + 25 + a5 — Aajwy — 20%a] + vy23) — (25w, — 20323 + 0y73)
— 122,223 + 6(z323 + 2323 + 2323)
= (2 — 22129 + 23)° + (23 — 22y23 + 22, 23)° + 2(xo73 — 2125)?,
fa, (@) = 21 + 25 + a5 — Aajwy — 20%a] + wy23) — (25w, — 20323 + 0y73)
+ 12212923 + 6(zi23 + 2323 + 2323)
= (22 — 2z w9 + 23)? + (23 + 20505 — 22, 13)% + 2(To5 + T,75)?,
fa (@) =21 + 25 + a5 + dajwy + 20803 + 2123) + (25w + 20323 + 2y73)
+ 122, 2973 + 6(z323 + 2322 + 2322)
= (af + 22,25 + 23) + (23 + 20923 + 22,25)% + 2(2o15 — 2,75)%,
fa. (@) =i+ a5 + 25 + Hafz, + 20823 + 2125) — A(—afzs + 20523 — 2,73)
+ 122, 2923 + 6(z323 + 2323 + 2323)
= (21 + 22129 + 23)° + (23 — 22y23 — 22123)° + 2(xo75 + 125)?,

A, is positive definite for each z € Y. According to Theorem 3.2, A; is positive
definite.
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Corollary 5.4. Let A = (a;;;;) € Sy 5, Where aqy11, 9929, 3333 > 1. Then A is
positive definite if @999 = G9333 = a1115 = 0, and one of the following conditions
is satisfied: - (a) @y > |ay119l, Qs > |a9903ls Ggiz > lasasls asij; = 5lagsasl,
and a;;;, = 0 for i,5,k € [3], i # j, i # k, j #F k. - (b) a5 > lagiaals
Qi 2> |agoasls @i > lagqasl, Q5 = lai112l, Qiii5 = lasaos], Q55 = |ay 10| for
i,J € [3], i # j, and @115 = @293 = Gy933 = 0.

6 Conclusions

This paper studies the positive definiteness and Hurwitz stability of interval
tensors, clarifying that the positive definiteness of an interval tensor is equivalent
to that of its symmetric interval tensor and auxiliary tensors A ,. It also reveals
that the stability of a symmetric interval tensor implies the stability of the
interval tensor, and the stability of the symmetric interval tensor is equivalent
to that of auxiliary tensors A,. In addition, sufficient conditions for the positive
definiteness of 4th-order 3-dimensional interval tensors are provided.
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