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Abstract
Shape quantum phase transition is an important topic in nuclear structure. In
this paper, we begin to study the shape quantum phase transition in the SU3-
IBM. In this new proposed model, spherical-like spectra was found to resolve
the spherical nucleus puzzle, which is a new 𝛾-soft rotational mode. In this
paper, the shape phase transition along the new 𝛾-soft line is first discussed,
and then the neighbouring case at the prolate side is also studied. We find that
double shape phase transitions occur along a single parameter path. The new
𝛾-softness is really a shape phase and the shape phase transition from the new
𝛾-soft phase to the prolate shape is found. The experimental support is also
found and 108Pd may be the critical nucleus.
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Shape quantum phase transitions represent an important topic in nuclear struc-
ture theory. In this paper, we investigate shape quantum phase transitions
within the SU3-IBM framework. In this newly proposed model, spherical-like
spectra were discovered that resolve the spherical nucleus puzzle, revealing a
new 𝛾-soft rotational mode. Here, we first discuss the shape phase transition
along the new 𝛾-soft line, and subsequently examine the neighboring case on the
prolate side. We find that double shape phase transitions occur along a single
parameter path. The new 𝛾-softness constitutes a genuine shape phase, and
we identify a shape phase transition from this new 𝛾-soft phase to the prolate
shape. Experimental support for this phenomenon is also found, with 108Pd
potentially serving as the critical nucleus.

Keywords: SU(3)-IBM, Quantum phase transitions, Spherical nucleus puzzle

## INTRODUCTION

Phase transitions are ubiquitous in nature [1, 2]. A familiar example occurs
under standard atmospheric pressure: as temperature increases, ice transforms
into water and then water vapor. If the atmospheric pressure is raised to a
certain level, water and water vapor become indistinguishable. In atomic nuclei,
nuclear shape can change as the number of protons or neutrons varies, leading to
shape quantum phase transitions [3–15]. Since the control parameter in nuclei
is discrete and finite, identifying these phase transitions becomes particularly
intriguing [16].

Fifty years ago, Arima and Iachello proposed the interacting boson model
(IBM), an influential algebraic model for describing the collective behavior of
nucleons. In its simplest formulation, only s (L = 0) and d (L = 2) bosons are
considered, and the Hamiltonian possesses U(6) symmetry. The model exhibits
four dynamical symmetry limits (see Fig. 1 Figure 1: see original paper left):
(1) the U(5) symmetry limit describes spherical shapes and their vibrations, (2)
the SU(3) symmetry limit describes prolate shapes and their rotations, (3) the
O(6) symmetry limit describes 𝛾-soft rotations, and (4) the SU(3) symmetry
limit describes oblate shapes and their rotations.

This simple model can describe shape phase transitions from spherical shapes to
various quadrupole deformations or among different deformed shapes (see Fig.
1(a) left) [3–15]. In these studies, along a single parameter path, the nuclear
shape changes only from one form to another. After 2000, an important class of
shape phase transitions has attracted attention and generated controversy: the
prolate-oblate shape phase transition [19, 20].

In the conventional IBM, the prolate-oblate shape phase transition is described
by moving from the SU(3) symmetry limit to the SU(3) symmetry limit, with the
O(6) symmetry limit serving merely as the first-order phase transition critical
point [19]. This implies that O(6) 𝛾-softness is not a shape phase. In this
description, the spectra of prolate and oblate shapes are identical, which is
not observed in realistic nuclei. In [21], for nuclei in the Hf-Hg region, the
energy ratio E4/2 = E(4+

1)/E(2+
1) is 3.33 for prolate shapes versus 2.55 for
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oblate shapes (E4/2 is independent of the boson number N). Thus, this mirror
symmetry appears not to exist.

Around 2020, an extension of the interacting boson model incorporating SU(3)
higher-order interactions (SU3-IBM) was proposed by one of the authors (T.
Wang) [22, 23], which combines ideas from the conventional IBM with the SU(3)
correspondence of rigid triaxial shapes [24–28]. In this new model, the role of
SU(3) symmetry is elevated to a new level, dominating all quadrupole defor-
mations of nuclei (see Fig. 1(a) right). The model contains only the U(5)
symmetry limit and the SU(3) symmetry limit. In the SU(3) symmetry limit,
higher-order interactions are required. The SU(3) second-order Casimir opera-
tor ̂𝐶2[SU(3)] can describe prolate shapes, while the SU(3) third-order Casimir
operator ̂𝐶3[SU(3)] can describe oblate shapes—a significant departure from the
SU(3) description in the conventional IBM. These two interactions, together
with the square of the SU(3) second-order Casimir operator ̂𝐶2

2[SU(3)], can
describe any rigid triaxial shape.

The SU3-IBM has been successfully applied to explain the B(E2) anomaly [22,
29–38], the Cd puzzle [23, 39, 40], the prolate-oblate asymmetric shape phase
transition [41–43], 𝛾-softness in 196Pt at an improved level [44, 45], E(5)-like
spectra in 82Kr [46], rigid triaxiality in 166Er [47], and the boson number odd-
even effect in 196−204Hg [48]. Collectively, these results demonstrate that the
SU3-IBM provides a better description of collective behavior in nuclei. Conse-
quently, investigating shape phase transitions within the SU3-IBM framework
becomes increasingly important.

In the SU3-IBM, to resolve the Cd puzzle in Cd nuclei and other nuclei previ-
ously considered spherical [49], a spherical-like nucleus was proposed [22]. This
represents a new collective excitation mode that has recently been verified in
realistic nuclei [39, 40]. This new shape was not predicted by previous nuclear
theories. Furthermore, the prolate-oblate asymmetric shape phase transition in
the Hf-Hg region can be better described by the SU3-IBM [43]. The first transi-
tion occurs from the spherical shape to the new 𝛾-soft rotation, and the second
from the new 𝛾-soft mode to the prolate shape. Here, the new 𝛾-softness rep-
resents a genuine shape phase, distinct from the O(6) critical 𝛾-softness. These
results appear more realistic and highly significant.

## II. HAMILTONIAN

The simplest Hamiltonian for describing shape phase transitions related to the
new 𝛾-softness in the SU3-IBM is given by [23, 43]:

𝐻̂ = 𝑐[(1 − 𝜂)𝑛̂𝑑 + 𝜂(− ̂𝐶2[𝑆𝑈(3)] ̂𝐶3[𝑆𝑈(3)]

where � and � are two control parameters and c is the energy scale parameter,
with 0 ≤ � ≤ 1 and � ≥ 0. If � = 0, the Hamiltonian describes the spherical
shape. If � = 1 and � = 0, it describes the prolate shape. These two cases
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correspond to those in the conventional IBM [15]. If � = 1 and � varies, the
Hamiltonian describes the prolate-oblate shape phase transition [42], which is a
finite-N effect.

Fig. 1(a) left shows the phase diagram of the conventional IBM in the large-
N limit. Above the solid green line, spherical shapes exist, while below it,
deformed shapes exist. The deformed region is divided by the solid blue line,
which is part of the connection between the U(5) symmetry limit and the O(6)
symmetry limit. The left side of the blue line corresponds to prolate shapes,
while the right side corresponds to oblate shapes. The blue line represents the
critical line between prolate and oblate shapes. The intersection of the green
and blue lines is a triple point where spherical, prolate, and oblate shapes coexist
[50, 51]. Clearly, O(6) 𝛾-softness is not a shape phase. Furthermore, the IBM
with up to two-body interactions cannot describe rigid triaxial shapes [52].

The phase diagram of 𝐻̂ in the large-N limit was first discussed in [41] and is
shown in Fig. 1(a) right (or Fig. 14 [Figure 14: see original paper] in [41]).
The key difference between the SU3-IBM and the conventional IBM is the use
of the SU(3) third-order Casimir operator ̂𝐶_3[SU(3)] instead of the SU(3)
symmetry limit to describe oblate nuclei. Above the solid green line, spherical
shapes exist. Below the solid green line, deformed shapes exist. In the deformed
region, the phase diagram becomes more complex than in the conventional IBM
[15]. Between the SU(3) prolate and SU(3) oblate sides, there exists a SU(3)
degenerate point (the blue point). On the SU(3) prolate side of this degenerate
point, the ground state shape is always prolate, while on the SU(3) oblate
side, it is always oblate. Thus, the shape changes abruptly across the SU(3)
degenerate point. This finite-N first-order shape phase transition was studied
in [42]. Connected to the SU(3) degenerate point, in the middle of the deformed
region, there exists a shallow narrow region with rigid triaxial shapes, shown as
the region between the two blue lines in Fig. 1(a) right. The left side of this
narrow region corresponds to prolate shapes, while the right side corresponds
to oblate shapes. Therefore, along the dashed blue line in Fig. 1(a) right, the
shape changes from prolate to oblate via a narrow region with rigid triaxiality
[41]. Although the rigid triaxial region is narrow and shallow, rigid triaxial
shapes do exist. The intersection between the green line and the two blue lines
is a fourfold point.

In [23], one of the authors (T. Wang) discovered an important result: for finite-
N, the rigid triaxial shape becomes a new 𝛾-soft rotational mode. This new
𝛾-softness is a shape phase, not a critical phenomenon. Along the dashed blue
line in Fig. 1(a) right, the shape changes from prolate to the new 𝛾-soft phase,
and then to oblate, which was used to describe the prolate-oblate asymmetric
shape phase transition in the Hf-Hg region [43].

In [23], the solid blue line in Fig. 1(b) represents a critical line between the
prolate shape and the new 𝛾-soft rotation in the deformed region, along which
the 4+

2, 2+
2, and 6+

3 states are degenerate. However, for large-N, this critical
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line is actually a curve that bends to the left. Thus, for large-N, the critical line
cannot be described by the solid blue line [44]. To the right of the degenerate
line, there exists another line along which the 4+

2 states are also degenerate
[44]. Between these two degenerate lines for the 4+

2 states, it was previously
supposed that the new 𝛾-softness exists; however, this paper shows that this new
𝛾-soft region may be larger than expected. Importantly, we find that double
shape quantum phase transitions can be observed along a single parameter path.

In this paper, we study the shape phase transition along the solid blue line
without emphasizing the degenerate line, which is difficult to discuss. The
SU(3) degenerate point is at �0 = 3N/(2N+3) and the red point is at 0.9�0.
Based on previous analysis, the red point represents the prolate shape. This is
very interesting. For the solid red line from the U(5) symmetry limit to the red
point, one might intuitively expect the shape to change directly from spherical
to prolate. However, through detailed numerical calculations, we find that this
shape transition is not direct but proceeds through the new 𝛾-softness region,
and double shape quantum phase transitions can occur. The right portion of
the solid blue line is not discussed in this paper and will be examined in a future
work investigating the scope of the new 𝛾-soft region [53].

It is important to emphasize why the O(6) 𝛾-softness in the conventional IBM
does not match actual 𝛾-soft nuclei. In realistic nuclei, many nuclei exist in
the 𝛾-soft region, such as Os, Pt, Xe, and Ba nuclei [54], making it difficult to
believe that this is merely the O(6)-softness in the conventional IBM—a critical
point of shape phase transition. In the SU3-IBM, such a conceptual conflict
does not exist. We believe that the shape phase transitions described by the
SU3-IBM provide an accurate description of realistic shape phase transitions
in nuclei. This point has been preliminarily confirmed by the prolate-oblate
asymmetric shape phase transition in the Hf-Hg region [43].

For understanding the B(E2) anomaly, B(E2) values are essential. The E2
operator is defined as ̂𝑇 (E2) = q𝑄̂, where q is the boson effective charge. We
discuss the evolution of B(E2; 2+

1 → 0+
1), B(E2; 4+

1 → 2+
1), B(E2; 0+

2 →
2+

1), and B(E2; 2+
2 → 2+

1) values.

## III. DOUBLE SHAPE QUANTUM PHASE TRANSITION

Shape quantum phase transitions are first manifested through the energy evo-
lution of the ground state. While not directly observable, this quantity is very
useful for understanding shape quantum phase transitions. Fig. 2(a) shows the
energy evolution of the ground state of 𝐻̂ along the solid blue line in Fig. 1(b)
for N = 10 (dashed blue line) and N = 60 (solid blue line). Clearly, around �
= 0.2 (denoted by the left dashed line), a shape phase transition from spherical
to the new 𝛾-soft phase occurs. Between � = 0.2 and � = 1, the new 𝛾-softness
exists. It should be noted that the SU(3) degenerate point is not 𝛾-soft.
Fig. 2(a) also shows the energy evolution of the ground state of 𝐻̂ along the
solid red line in Fig. 1(b) for N = 10 (dashed red line) and N = 60 (solid red
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line). For N = 60, a new shape phase transition appears around � = 0.5 (denoted
by the middle dashed line). The portion of the solid red line deviating from the
solid blue line is prominent, showing a steeper descent. Between � = 0 and �
= 0.2, the spherical shape exists, while between � = 0.5 and � = 1, the prolate
shape exists. Obviously, between these two shapes, the new 𝛾-softness exists.
When � changes from �0 to 0.9�0, the new 𝛾-soft region shrinks but still exists.

A key point is that between � = 0.2 and � = 0.5, the red and blue lines are
nearly degenerate, so when � changes from �0 to 0.9�0, the energies of the new
𝛾-softness remain nearly the same and do not decrease. This implies that the
new 𝛾-softness is truly a shape phase. Thus, along the left solid red line, double
shape quantum phase transitions can occur. This cannot happen for shape
phase transitions along the solid blue line or in the conventional IBM.

Some details require further elaboration. For N = 10, the solid blue line in Fig.
1(b) is nearly the critical line between the prolate shape and the new 𝛾-soft
region, so to the left of the solid blue line, it appears to be only the prolate
shape region. This implies that the new 𝛾-soft region is larger than expected,
which will be further clarified in [53]. For N = 35, the critical line curves to the
left, making the new shape phase transition more prominent.

In the conventional IBM, a similar result for ground state energy evolution
along the solid blue line can be obtained along the evolution path from the
U(5) symmetry limit to the O(6) symmetry limit. If the O(6) symmetry limit
were the prolate-oblate critical point, the connected line in the deformed region
between the U(5) symmetry limit and the O(6) symmetry limit would be a
prolate-oblate critical line. When deviating from this critical line, the energies
in the deformed region decrease, and double shape phase transitions cannot be
observed [15].

The mean value of the d-boson number in the ground state, 𝑛̄_d, is also im-
portant. Fig. 2(b) shows the evolution of 𝑛̄_d along the solid blue line in Fig.
1(b) for N = 10 (dashed blue line) and N = 60 (solid blue line). The phase
transition behavior from spherical to new 𝛾-soft across � = 0.2 is clearly visible.
Fig. 2(b) also shows the 𝑛̄_d evolution along the solid red line in Fig. 1(b)
for N = 10 (dashed red line) and N = 60 (solid red line). The double shape
quantum phase transitions are also evident. When � > 0.5, the two red lines
deviate significantly from the two blue lines. Importantly, between � = 0.2 and
� = 0.5, the red and blue lines are nearly degenerate for both N = 10 and N =
60, confirming that the new 𝛾-soft phase truly exists.

We now discuss observable quantities such as excited state energies, B(E2) val-
ues, and the electric quadrupole moment of the 2+

1 state. Previous discussions
help confirm that double shape quantum phase transitions do exist, and these
observable quantities can help identify them experimentally.

We first study the shape phase transition along the solid blue line in Fig. 1(b)
from the U(5) symmetry limit to the SU(3) degenerate point. This study was
previously performed in [23] for N = 7. Here, the evolution of partial low-lying
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states for N = 10 is shown in Fig. 3(a). The 4+
2 and 2+

2 states are nearly
degenerate. At � = 0.5, spherical-like spectra appear, where the energy of the
0+

3 state is nearly twice that of the 0+
2 state. The spherical-like spectra were

recently confirmed in 106Pd [40], demonstrating that the shape phase transition
discussed in this paper can be found in Pd nuclei.

Fig. 3(b) shows the evolution of B(E2) values for B(E2; 2+
1 → 0+

1), B(E2; 4+
1

→ 2+
1), B(E2; 0+

2 → 2+
1), and B(E2; 2+

2 → 2+
1) along the solid blue line in

Fig. 1(b). The results are similar to evolutions from the U(5) symmetry limit
to the O(6) symmetry limit.

Fig. 4(a) presents the evolution of partial low-lying states for N = 35 along
the solid blue line in Fig. 1(b), representing new results. The shape phase
transition from spherical to the new 𝛾-soft rotation becomes more prominent.
When � > 0.2, the 4+

2 and 2+
2 states begin to separate because the degenerate

line curves to the left. Additionally, the level anticrossing of the 0+
4 and 0+

3
states becomes more pronounced [37, 55, 56]. Fig. 4(b) shows the evolution of
B(E2) values for B(E2; 2+

1 → 0+
1), B(E2; 4+

1 → 2+
1), B(E2; 0+

2 → 2+
1),

and B(E2; 2+
2 → 2+

1) along the solid blue line in Fig. 1(b). The shape phase
transition becomes clearer. As N increases, the values of B(E2; 2+

2 → 2+
1)

become smaller.

We now discuss the double shape phase transitions along the solid red line in
Fig. 1(b). Fig. 5(a) shows the evolution of partial low-lying states for N = 10.
Between � = 0.2 and � = 0.5, the 4+

2 and 2+
2 states are nearly degenerate, and

the spectra resemble spherical-like spectra, indicating that this is the new 𝛾-soft
phase. When � > 0.5, the shape is clearly prolate. Fig. 6(a) shows the case
for N = 35, where the shape phase transition from 𝛾-soft rotation to prolate
shape becomes very prominent. Thus, � = 0.9�0 and � = 0.5 represents the phase
transition critical point.

In the conventional IBM, O(6) 𝛾-softness is merely the shape phase transition
critical point between prolate and oblate shapes, not a shape phase itself. No
shape phase transition exists from the O(6) symmetry limit (𝛾-soft rotation) to
the SU(3) symmetry limit (prolate shape). In the SU3-IBM, the new 𝛾-softness
is a shape phase, and the shape phase transition from the new 𝛾-soft phase to
the prolate shape truly exists.

Fig. 5(b) and Fig. 6(b) present the evolution of B(E2) values for B(E2; 2+
1 →

0+
1), B(E2; 4+

1 → 2+
1), B(E2; 0+

2 → 2+
1), and B(E2; 2+

2 → 2+
1) for N =

10 and N = 35. The double shape phase transitions are clearly visible. Across
� = 0.5, the value of B(E2; 0+

2 → 2+
1) first increases and then decreases, a

behavior not seen in Fig. 3(b) and Fig. 4(b).

In [39], the first evidence confirming the existence of sphere-like spectra was
found through the anomalous evolution trend of electric quadrupole moments
of the first 2+

1 states (Q2
+) in Cd nuclei. We now further investigate this inter-

esting phenomenon. Fig. 7 [Figure 7: see original paper] shows the evolution of
Q2

+ values along the solid blue line (blue lines in Fig. 7) and the solid red line
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(red lines in Fig. 7) for N = 7 (dotted), N = 10 (dashed), and N = 15 (solid).
Along the solid red line in Fig. 1(b), the double shape phase transitions can be
clearly observed. The key result is the different evolution trends along the two
parameter paths. The blue path shows anomalous behavior: as N increases, the
value evolves toward the oblate side. The red path shows the opposite trend:
as N increases, its magnitude also increases when � ≥ 0.5.

Finally, we search for experimental evidence supporting the shape phase tran-
sition from the new 𝛾-soft phase to the prolate shape. Fig. 8(a) [Figure 8: see
original paper] shows the different evolution trends of Q2

+ values for 108−114Cd
and 104−110Pd. This was first observed in [39] and can be regarded as the first
strong support for the existence of spherical-like spectra. The discussions in this
paper further support this conclusion and provide indirect experimental support
for the shape phase transition. Direct support can be seen in Fig. 8(b). In our
previous analysis, we observed that from the new 𝛾-soft phase to the prolate
shape, the value of B(E2; 0+

2 → 2+
1) first increases and then decreases. Here

we define 𝛽 = B(E2; 0+
2 → 2+

1)/B(E2; 2+
1 → 0+

1). Fig. 8(b) presents the 𝛽
evolution for 104−110Pd, which clearly aligns with theoretical predictions.

Thus, 104Pd and 106Pd are two typical new 𝛾-soft nuclei [40], and 108Pd may
be a critical nucleus at the transition from the new 𝛾-soft phase to the prolate
shape. However, for finite-N, spherical-like spectra and critical spectra may
be difficult to distinguish, which can help us further discuss those nuclei that
appear spherical.

It should be noted that these double shape quantum phase transitions cannot
be verified directly. In the last two decades, the experimental discovery that
nuclei previously thought to be spherical cannot be confirmed as truly spherical
represents a breakthrough in nuclear structure [49]. If spherical nuclei are ab-
sent, it becomes difficult to confirm the shape phase transition from spherical
to the new 𝛾-soft phase. In our discussion, we also found that spherical nuclei
and the critical nucleus at � = 0.2 are difficult to distinguish, which can help us
further investigate those nuclei that appear spherical.

## IV. CONCLUSION

Based on the existence of sphere-like spectra [23, 39, 40], we have further in-
vestigated the related shape quantum phase transitions. In this paper, we have
reached several new conclusions. First, the new 𝛾-softness is a shape phase, fun-
damentally different from previous O(6)-softness which represents only a critical
point. Second, we have discovered double quantum phase transitions along a
single parameter path. We confirm that a shape phase transition indeed oc-
curs from the new 𝛾-soft phase to the prolate shape, and we find experimental
evidence that 108Pd may be a critical nucleus, which will be studied in detail
later. In a future paper, we will present the scope of the new 𝛾-soft region in
the SU3-IBM for finite-N and discuss the oblate side [53].
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