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Abstract
In this paper, we introduce the generalized triangular fuzzy numbers and the
generalized trapezoidal fuzzy numbers. Then it is shown the representation
uniqueness of the generalized triangular fuzzy numbers and the representation
uniqueness of the generalized trapezoidal fuzzy numbers. As corollaries of these
conclusions, we have conclusions on the representation unique-ness of the tri-
angular fuzzy numbers and on the representation uniqueness of the trapezoidal
fuzzy numbers. Furthermore, we present several equivalent forms of some con-
clusions of the representation uniqueness. We also give some relationship among
the triangular fuzzy numbers, the trapezoidal fuzzy numbers, the generalized
triangular fuzzy numbers, and the generalized trapezoidal fuzzy numbers.
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Abstract
In this paper, we introduce generalized triangular fuzzy numbers and general-
ized trapezoidal fuzzy numbers. We then establish the representation unique-
ness of generalized triangular fuzzy numbers and generalized trapezoidal fuzzy
numbers. As corollaries of these results, we obtain conclusions regarding the
representation uniqueness of triangular fuzzy numbers and trapezoidal fuzzy
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numbers. Furthermore, we present several equivalent forms of some conclusions
concerning representation uniqueness and establish relationships among trian-
gular fuzzy numbers, trapezoidal fuzzy numbers, generalized triangular fuzzy
numbers, and generalized trapezoidal fuzzy numbers.

Keywords: triangular fuzzy numbers; trapezoidal fuzzy numbers; representa-
tion uniqueness; generalized triangular fuzzy numbers; generalized trapezoidal
fuzzy numbers

1. Introduction
Let ℕ denote the set of all positive integers and ℝ𝑚 the 𝑚-dimensional Euclidean
space. We write ℝ1 as ℝ. Usually, symbols (𝑎, 𝑏, 𝑐, 𝑑) with 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ represent
elements in ℝ4, and symbols (𝑎, 𝑏, 𝑐) with 𝑎, 𝑏, 𝑐 ∈ ℝ represent elements in ℝ3.

In this paper, for each 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ, we use [𝑎, 𝑏, 𝑐, 𝑑] instead of (𝑎, 𝑏, 𝑐, 𝑑) to
represent the corresponding element in ℝ4, and use [𝑎, 𝑏, 𝑐] instead of (𝑎, 𝑏, 𝑐) to
represent the corresponding element in ℝ3.

We denote by 𝑇 the set {[𝑎, 𝑏, 𝑐, 𝑑] ∈ ℝ4 ∶ 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑} and by 𝑇0 the set
{[𝑎, 𝑏, 𝑐, 𝑑] ∈ ℝ4 ∶ 𝑎 < 𝑏 ≤ 𝑐 < 𝑑}. Clearly 𝑇0 ⊂ 𝑇 .

We denote by 𝐺 the set {[𝑎, 𝑏, 𝑐] ∈ ℝ3 ∶ 𝑎 ≤ 𝑏 ≤ 𝑐} and by 𝐺0 the set {[𝑎, 𝑏, 𝑐] ∈
ℝ3 ∶ 𝑎 < 𝑏 < 𝑐}. Clearly 𝐺0 ⊂ 𝐺.

In theoretical research and practical applications, triangular fuzzy numbers and
trapezoidal fuzzy numbers are frequently used fuzzy sets [?, ?]. Each triangular
fuzzy number can be represented as (𝑎, 𝑏, 𝑐) with [𝑎, 𝑏, 𝑐] ∈ 𝐺0. Each trapezoidal
fuzzy number can be represented as (𝑎, 𝑏, 𝑐, 𝑑) with [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0.

Naturally, we ask: For each triangular fuzzy number 𝑢, does there exist a unique
[𝑎, 𝑏, 𝑐] ∈ 𝐺0 such that 𝑢 = (𝑎, 𝑏, 𝑐)? For each trapezoidal fuzzy number 𝑢, does
there exist a unique [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 such that 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)? If these repre-
sentation uniqueness questions can be answered affirmatively, it would greatly
facilitate the analysis and discussion of triangular and trapezoidal fuzzy num-
bers.

In this paper, we introduce the concepts of generalized triangular fuzzy num-
bers and generalized trapezoidal fuzzy numbers, which generalize triangular and
trapezoidal fuzzy numbers, respectively. The symbols Tag, Tap, Trag, and Trap
denote the sets of triangular fuzzy numbers, trapezoidal fuzzy numbers, gener-
alized triangular fuzzy numbers, and generalized trapezoidal fuzzy numbers,
respectively.

We show that for each generalized triangular fuzzy number 𝑢, there exists
a unique [𝑎, 𝑏, 𝑐] ∈ 𝐺 such that 𝑢 = (𝑎, 𝑏, 𝑐), and that for each generalized
trapezoidal fuzzy number 𝑢, there exists a unique [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 such that
𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). As corollaries, we affirmatively answer the representation unique-
ness questions for triangular and trapezoidal fuzzy numbers, providing enhanced
versions of these results.
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Furthermore, we present several equivalent forms of some conclusions regarding
representation uniqueness. Based on these equivalent forms and fundamental
properties of Tag, Tap, Trag, and Trap, we establish relationships among these
four families of fuzzy sets. We also present properties of Tag, Tap, Trag, and
Trap without relying on representation uniqueness results. The conclusions of
this paper contribute to research on triangular and trapezoidal fuzzy numbers.

The remainder of this paper is organized as follows. Section 2 reviews funda-
mental concepts related to fuzzy sets, triangular fuzzy numbers, and trapezoidal
fuzzy numbers, and establishes basic properties of the latter two. In Section 3,
we introduce generalized triangular and trapezoidal fuzzy numbers and exam-
ine properties of the four families Tag, Trag, Tap, and Trap. Section 4 presents
representation uniqueness results for Tag, Trag, Tap, and Trap, provides several
equivalent forms of some conclusions, and establishes relationships among these
sets. Section 5 explores relationships between Tag and Tap, and between Trag
and Trap. Finally, Section 6 concludes the paper.

2. Fuzzy Sets, Triangular Fuzzy Numbers, and Trapezoidal
Fuzzy Numbers
This section reviews fundamental concepts related to fuzzy sets, triangular fuzzy
numbers, and trapezoidal fuzzy numbers, and establishes basic properties of the
latter two. For fuzzy theory and applications, we refer readers to \cite{1–13}.

Let 𝑌 be a nonempty set. The symbol 𝒫(𝑌 ) denotes the power set of 𝑌 , i.e.,
the set of all subsets of 𝑌 . The symbol ℱ(𝑌 ) denotes the set of all fuzzy sets
in 𝑌 , i.e., functions from 𝑌 to [0, 1]. Given 𝑢 ∈ ℱ(𝑌 ) and 𝛼 ∈ (0, 1], the 𝛼-cut
[𝑢]𝛼 of 𝑢 is defined by [𝑢]𝛼 ∶= {𝑥 ∈ 𝑌 ∶ 𝑢(𝑥) ≥ 𝛼}.

Let 𝑌 be a topological space. The symbol 𝐶(𝑌 ) denotes the set of all nonempty
closed subsets of 𝑌 , and 𝐾(𝑌 ) denotes the set of all nonempty compact subsets
of 𝑌 . For 𝑢 ∈ ℱ(𝑌 ), the 0-cut [𝑢]0 of 𝑢 is defined by [𝑢]0 ∶= {𝑥 ∈ 𝑌 ∶ 𝑢(𝑥) > 0},
where 𝑆 denotes the topological closure of 𝑆 in 𝑌 . The set [𝑢]0 is called the
support of 𝑢, also denoted by supp 𝑢.

Properties of distances on fuzzy sets are discussed in \cite{14–17}.

Definition 2.1. We use Tag to denote the set of all triangular fuzzy numbers:

Tag ∶= {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0},

where for any [𝑎, 𝑏, 𝑐] ∈ 𝐺0, the triangular fuzzy number (𝑎, 𝑏, 𝑐) is defined as
the fuzzy set 𝑢 ∈ ℱ(ℝ) given by

𝑢(𝑥) =
⎧{
⎨{⎩

𝑥−𝑎
𝑏−𝑎 , if 𝑎 ≤ 𝑥 ≤ 𝑏,
𝑐−𝑥
𝑐−𝑏 , if 𝑏 ≤ 𝑥 ≤ 𝑐,
0, if 𝑥 ∈ ℝ � [𝑎, 𝑐].
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Definition 2.2. We use Tap to denote the set of all trapezoidal fuzzy numbers:

Tap ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0},
where for any [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0, the trapezoidal fuzzy number (𝑎, 𝑏, 𝑐, 𝑑) is defined
as the fuzzy set 𝑢 ∈ ℱ(ℝ) given by

𝑢(𝑥) =

⎧{{
⎨{{⎩

𝑥−𝑎
𝑏−𝑎 , if 𝑎 ≤ 𝑥 ≤ 𝑏,
1, if 𝑏 ≤ 𝑥 ≤ 𝑐,
𝑑−𝑥
𝑑−𝑐 , if 𝑐 ≤ 𝑥 ≤ 𝑑,
0, if 𝑥 ∈ ℝ � [𝑎, 𝑑].

Remark 2.3. (i) (a) Tag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0}. (b) Both the statement “if
𝑢 ∈ Tag, then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐)” and its converse
are true. (𝑢 ∈ {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0} means there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 such
that 𝑢 = (𝑎, 𝑏, 𝑐).) Clearly (a)�(b) and (b)�(a). Since (a) is known, (b) holds.
(ii) (a) Tap = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0}. (b) Both the statement “if 𝑢 ∈ Tap,
then there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)” and its converse are
true. (𝑢 ∈ {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0} means there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 such
that 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).) Clearly (a)�(b) and (b)�(a). Since (a) is known, (b) holds.

The statements in this remark are quite obvious and will be used without ci-
tation. If combining a statement (c) with a statement in this remark yields a
statement (d), we will say (c) implies (d).

We say that two fuzzy sets are equal if they have the same membership function.

Remark 2.4. (i) For each 𝑎, 𝑏, 𝑐 ∈ ℝ, (𝑎, 𝑏, 𝑐) ∈ Tag if and only if (𝑎, 𝑏, 𝑏, 𝑐) ∈
Tap. (ii) Each triangular fuzzy number (𝑎, 𝑏, 𝑐) is the trapezoidal fuzzy number
(𝑎, 𝑏, 𝑏, 𝑐). (iii) Tag ⊆ Tap. (iv) We can also define Tag based on Tap as follows:

Tag is the set of all triangular fuzzy numbers. Tag ∶= {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0},
where for any [𝑎, 𝑏, 𝑐] ∈ 𝐺0, the triangular fuzzy number (𝑎, 𝑏, 𝑐) is defined as
the (𝑎, 𝑏, 𝑏, 𝑐) in Tap.

(v) Each trapezoidal fuzzy number (𝑎, 𝑏, 𝑐, 𝑑) with 𝑏 = 𝑐 is the triangular fuzzy
number (𝑎, 𝑏, 𝑑).

We provide a routine proof of (i). Since Tag = {(𝑎′, 𝑏′, 𝑐′) ∶ [𝑎′, 𝑏′, 𝑐′] ∈ 𝐺0},
we have (i1) for each 𝑎, 𝑏, 𝑐 ∈ ℝ, (𝑎, 𝑏, 𝑐) ∈ Tag ⟺ [𝑎, 𝑏, 𝑐] ∈ 𝐺0. Since
Tap = {(𝑎′, 𝑏′, 𝑐′, 𝑑′) ∶ [𝑎′, 𝑏′, 𝑐′, 𝑑′] ∈ 𝑇0}, we have (i2) for each 𝑎, 𝑏, 𝑐 ∈ ℝ,
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap ⟺ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0. Clearly, for each 𝑎, 𝑏, 𝑐 ∈ ℝ, [𝑎, 𝑏, 𝑐] ∈ 𝐺0
if and only if [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0. By (i1) and (i2), (i) holds.

Given (𝑎, 𝑏, 𝑐) ∈ Tag, by (i) we have (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap. By Definitions 2.1 and
2.2, (𝑎, 𝑏, 𝑐) and (𝑎, 𝑏, 𝑏, 𝑐) have the same membership function. Thus (𝑎, 𝑏, 𝑐) =
(𝑎, 𝑏, 𝑏, 𝑐), so (ii) holds. (iii) and (iv) follow immediately from (ii).

We show (v). Given (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap with 𝑏 = 𝑐, by (i) we have (𝑎, 𝑏, 𝑑) ∈ Tag
(see also (I) below). Then by (ii), (𝑎, 𝑏, 𝑑) = (𝑎, 𝑏, 𝑏, 𝑑). So (v) holds.
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We believe it is acceptable not to point out contents such as those mentioned
in clauses (I) and (II), because they are easy to see. (I) (𝑎, 𝑏, 𝑐) ∈ Tag or
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap implies 𝑎, 𝑏, 𝑐 ∈ ℝ. So (i) can be stated as: (𝑎, 𝑏, 𝑐) ∈ Tag
if and only if (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap. (II) (ii) implies that if (𝑎, 𝑏, 𝑐) ∈ Tag then
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap. (v) implies that if (𝑎, 𝑏, 𝑏, 𝑑) ∈ Tap then (𝑎, 𝑏, 𝑑) ∈ Tag. So (ii)
and (v) holding implies (i) holds. The above proof of (v) indicates that (i) and
(ii) holding implies (v) holds. Below we show that (i) and (v) holding implies
(ii) holds.

Given (𝑎, 𝑏, 𝑐) ∈ Tag, by (i) we have (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap (see also (I)). Then by (v),
(𝑎, 𝑏, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑐). So (ii) holds.

3. Generalized Triangular Fuzzy Numbers and Generalized
Trapezoidal Fuzzy Numbers
This section introduces generalized triangular fuzzy numbers and generalized
trapezoidal fuzzy numbers, and presents properties of the four families of fuzzy
sets Tag, Trag, Tap, and Trap, including relationships among them.

Definition 3.1. We use Trag to denote the set of all generalized triangular
fuzzy numbers:

Trag ∶= {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺},
where for any [𝑎, 𝑏, 𝑐] ∈ 𝐺, the generalized triangular fuzzy number (𝑎, 𝑏, 𝑐) is
defined as the fuzzy set 𝑢 ∈ ℱ(ℝ) in the following way: 𝑢 is the triangular fuzzy
number (𝑎, 𝑏, 𝑐) when 𝑎 < 𝑏 < 𝑐;

𝑢(𝑥) = {
𝑐−𝑥
𝑐−𝑏 , if 𝑏 ≤ 𝑥 ≤ 𝑐,
0, if 𝑥 ∈ ℝ � [𝑏, 𝑐], when 𝑎 = 𝑏 < 𝑐;

𝑢(𝑥) = {
𝑥−𝑎
𝑏−𝑎 , if 𝑎 ≤ 𝑥 ≤ 𝑏,
0, if 𝑥 ∈ ℝ � [𝑎, 𝑏], when 𝑎 < 𝑏 = 𝑐;

𝑢(𝑥) = {1, if 𝑥 = 𝑏,
0, if 𝑥 ∈ ℝ � {𝑏}, when 𝑎 = 𝑏 = 𝑐.

We note that (a) Tag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0}, Trag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺},
and 𝐺0 ⊂ 𝐺. In Definition 3.1, for any [𝑎, 𝑏, 𝑐] ∈ 𝐺, we define (𝑎, 𝑏, 𝑐) in four
different cases. The case when 𝑎 < 𝑏 < 𝑐 can be written as the case when
[𝑎, 𝑏, 𝑐] ∈ 𝐺0 because for any [𝑎, 𝑏, 𝑐] ∈ 𝐺, 𝑎 < 𝑏 < 𝑐 if and only if [𝑎, 𝑏, 𝑐] ∈ 𝐺0.
(In fact, for any [𝑎, 𝑏, 𝑐] ∈ ℝ3, 𝑎 < 𝑏 < 𝑐 ⟺ [𝑎, 𝑏, 𝑐] ∈ 𝐺0.) Thus we have (b) for
each [𝑎, 𝑏, 𝑐] ∈ 𝐺0, by Definition 3.1, (𝑎, 𝑏, 𝑐) ∈ Trag is just the (𝑎, 𝑏, 𝑐) ∈ Tag.
So by (a) and (b), the concept of generalized triangular fuzzy numbers is a
generalization of the concept of triangular fuzzy numbers. Hence Tag ⊆ Trag.

Definition 3.2. We use Trap to denote the set of all generalized trapezoidal
fuzzy numbers:

Trap ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 },
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where for any [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 , the generalized trapezoidal fuzzy number (𝑎, 𝑏, 𝑐, 𝑑)
is defined as the fuzzy set 𝑢 ∈ ℱ(ℝ) in the following way: 𝑢 is the trapezoidal
fuzzy number (𝑎, 𝑏, 𝑐, 𝑑) when 𝑎 < 𝑏 ≤ 𝑐 < 𝑑;

𝑢(𝑥) =
⎧{
⎨{⎩

1, if 𝑏 ≤ 𝑥 ≤ 𝑐,
𝑑−𝑥
𝑑−𝑐 , if 𝑐 ≤ 𝑥 ≤ 𝑑,
0, if 𝑥 ∈ ℝ � [𝑏, 𝑑],

when 𝑎 = 𝑏 ≤ 𝑐 < 𝑑;

𝑢(𝑥) =
⎧{
⎨{⎩

𝑥−𝑎
𝑏−𝑎 , if 𝑎 ≤ 𝑥 ≤ 𝑏,
1, if 𝑏 ≤ 𝑥 ≤ 𝑐,
0, if 𝑥 ∈ ℝ � [𝑎, 𝑐],

when 𝑎 < 𝑏 ≤ 𝑐 = 𝑑;

𝑢(𝑥) = {1, if 𝑏 ≤ 𝑥 ≤ 𝑐,
0, if 𝑥 ∈ ℝ � [𝑏, 𝑐], when 𝑎 = 𝑏 ≤ 𝑐 = 𝑑.

We note that (a) Tap = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0}, Trap = {(𝑎, 𝑏, 𝑐, 𝑑) ∶
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 }, and 𝑇0 ⊂ 𝑇 . In Definition 3.2, for any [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 , we
define (𝑎, 𝑏, 𝑐, 𝑑) in four different cases. The case when 𝑎 < 𝑏 ≤ 𝑐 < 𝑑 can
be written as the case when [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 because for any [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 ,
𝑎 < 𝑏 ≤ 𝑐 < 𝑑 if and only if [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0. (In fact, for any [𝑎, 𝑏, 𝑐, 𝑑] ∈ ℝ4,
𝑎 < 𝑏 ≤ 𝑐 < 𝑑 ⟺ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0.) Thus we have (b) for each [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0,
by Definition 3.2, (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap is just the (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap. So the concept
of generalized trapezoidal fuzzy numbers is a generalization of the concept of
trapezoidal fuzzy numbers. Hence Tap ⊆ Trap.

Remark 3.3. (i) (a) Trag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺}. (b) Both the statement “if
𝑢 ∈ Trag, then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐)” and its converse
are true. (𝑢 ∈ {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺} means there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺 such that
𝑢 = (𝑎, 𝑏, 𝑐).) Clearly (a)�(b) and (b)�(a). Since (a) is known, (b) holds. (ii)
(a) Trap = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 }. (b) Both the statement “if 𝑢 ∈ Trap,
then there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)” and its converse are
true. (𝑢 ∈ {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 } means there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 such
that 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).) Clearly (a)�(b) and (b)�(a). Since (a) is known, (b) holds.

The statements in this remark are quite obvious and will be used without ci-
tation. If combining a statement (c) with a statement in this remark yields a
statement (d), we will say (c) implies (d).

Remark 3.4. (i) For each 𝑎, 𝑏, 𝑐 ∈ ℝ, (𝑎, 𝑏, 𝑐) ∈ Trag if and only if (𝑎, 𝑏, 𝑏, 𝑐) ∈
Trap. (ii) Each generalized triangular fuzzy number (𝑎, 𝑏, 𝑐) is the generalized
trapezoidal fuzzy number (𝑎, 𝑏, 𝑏, 𝑐). (iii) Trag ⊆ Trap. (iv) We can also define
Trag based on Trap as follows:

Trag is the set of all generalized triangular fuzzy numbers. Trag ∶= {(𝑎, 𝑏, 𝑐) ∶
[𝑎, 𝑏, 𝑐] ∈ 𝐺}, where for any [𝑎, 𝑏, 𝑐] ∈ 𝐺, the generalized triangular fuzzy number
(𝑎, 𝑏, 𝑐) is defined to be the (𝑎, 𝑏, 𝑏, 𝑐) in Trap.
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(v) Each generalized trapezoidal fuzzy number (𝑎, 𝑏, 𝑐, 𝑑) with 𝑏 = 𝑐 is the
generalized triangular fuzzy number (𝑎, 𝑏, 𝑑).

We provide a routine proof of (i). Since Trag = {(𝑎′, 𝑏′, 𝑐′) ∶ [𝑎′, 𝑏′, 𝑐′] ∈ 𝐺},
we have (i1) for each 𝑎, 𝑏, 𝑐 ∈ ℝ, (𝑎, 𝑏, 𝑐) ∈ Trag ⟺ [𝑎, 𝑏, 𝑐] ∈ 𝐺. Since
Trap = {(𝑎′, 𝑏′, 𝑐′, 𝑑′) ∶ [𝑎′, 𝑏′, 𝑐′, 𝑑′] ∈ 𝑇 }, we have (i2) for each 𝑎, 𝑏, 𝑐 ∈ ℝ,
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap ⟺ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 . Clearly, for each 𝑎, 𝑏, 𝑐 ∈ ℝ, [𝑎, 𝑏, 𝑐] ∈ 𝐺 if
and only if [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 . By (i1) and (i2), (i) holds.

Given (𝑎, 𝑏, 𝑐) ∈ Trag, by (i) we have (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap. By Definitions 3.1 and
3.2, (𝑎, 𝑏, 𝑐) and (𝑎, 𝑏, 𝑏, 𝑐) have the same membership function in the four cases
𝑎 < 𝑏 < 𝑐, 𝑎 = 𝑏 < 𝑐, 𝑎 < 𝑏 = 𝑐, and 𝑎 = 𝑏 = 𝑐. Thus (𝑎, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑏, 𝑐), so
(ii) holds. (iii) and (iv) follow immediately from (ii).

We show (v). Given (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap with 𝑏 = 𝑐, by (i) we have (𝑎, 𝑏, 𝑑) ∈ Trag
(see also (I) below). Then by (ii), (𝑎, 𝑏, 𝑑) = (𝑎, 𝑏, 𝑏, 𝑑). So (v) holds.

We believe it is acceptable not to point out contents such as those mentioned
in clauses (I) and (II), because they are easy to see. (I) (𝑎, 𝑏, 𝑐) ∈ Trag or
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap implies 𝑎, 𝑏, 𝑐 ∈ ℝ. So (i) can be stated as: (𝑎, 𝑏, 𝑐) ∈ Trag
if and only if (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap. (II) (ii) implies that if (𝑎, 𝑏, 𝑐) ∈ Trag then
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap. (v) implies that if (𝑎, 𝑏, 𝑏, 𝑑) ∈ Trap then (𝑎, 𝑏, 𝑑) ∈ Trag.
So (ii) and (v) holding implies (i) holds. The above proof of (v) indicates that
(i) and (ii) holding implies (v) holds. Below we show that (i) and (v) holding
implies (ii) holds.

Given (𝑎, 𝑏, 𝑐) ∈ Trag, by (i) we have (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap (see also (I)). Then by
(v), (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑐). So (ii) holds.

4. Representation Uniqueness of Generalized Triangular
and Generalized Trapezoidal Fuzzy Numbers
This section establishes representation uniqueness for Tag, Trag, Tap, and Trap.
We provide several equivalent forms of some conclusions and establish relation-
ships among these sets.

For any [𝑎, 𝑏, 𝑐, 𝑑] and [𝑎1, 𝑏1, 𝑐1, 𝑑1] in ℝ4, [𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1] means 𝑎 =
𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1, and 𝑑 = 𝑑1. For any (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) in Trap,
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1) means (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) are the same fuzzy
set.

For any [𝑎, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑐1] in ℝ3, [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1] means 𝑎 = 𝑎1, 𝑏 = 𝑏1,
and 𝑐 = 𝑐1. For any (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) in Trag, (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) means
(𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are the same fuzzy set.

Theorem 4.1(ii) gives the representation uniqueness of generalized trapezoidal
fuzzy numbers. Theorem 4.1(iv) gives the representation uniqueness of trape-
zoidal fuzzy numbers.
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Theorem 4.1. (i) Let 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap. Then [𝑢]0 = [𝑎, 𝑑]
and [𝑢]1 = [𝑏, 𝑐]. (ii) Let (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Trap. Then
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1) if and only if [𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1]. (iii) Let
𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap. Then [𝑢]0 = [𝑎, 𝑑] and [𝑢]1 = [𝑏, 𝑐]. (iv) Let (𝑎, 𝑏, 𝑐, 𝑑)
and (𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Tap. Then (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1) if and only if
[𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1].
Proof. By Definition 3.2 and straightforward calculations, we obtain (i). (One
way to perform these calculations is based on observing the graphs of the mem-
bership functions of (𝑎, 𝑏, 𝑐, 𝑑) in the four cases 𝑎 < 𝑏 ≤ 𝑐 < 𝑑, 𝑎 = 𝑏 ≤ 𝑐 < 𝑑,
𝑎 < 𝑏 ≤ 𝑐 = 𝑑, and 𝑎 = 𝑏 ≤ 𝑐 = 𝑑.) Now we show (ii). If [𝑎, 𝑏, 𝑐, 𝑑] =
[𝑎1, 𝑏1, 𝑐1, 𝑑1], i.e., 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1, and 𝑑 = 𝑑1, then by Definition 3.2,
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1).
Suppose (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Then [(𝑎, 𝑏, 𝑐, 𝑑)]1 = [(𝑎1, 𝑏1, 𝑐1, 𝑑1)]1 and
[(𝑎, 𝑏, 𝑐, 𝑑)]0 = [(𝑎1, 𝑏1, 𝑐1, 𝑑1)]0. By (i), this means [𝑏, 𝑐] = [𝑏1, 𝑐1] and [𝑎, 𝑑] =
[𝑎1, 𝑑1], which is equivalent to 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1, and 𝑑 = 𝑑1; that is,
[𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1]. So (ii) is proved.

Since Tap is a subset of Trap, (iii) follows immediately from (i), and (iv) follows
immediately from (ii). (iii) is easy and should be known.

Proposition 4.2(ii) gives the representation uniqueness of generalized triangu-
lar fuzzy numbers. Proposition 4.2(iv) gives the representation uniqueness of
triangular fuzzy numbers.

Proposition 4.2. (i) Let 𝑢 = (𝑎, 𝑏, 𝑐) ∈ Trag. Then [𝑢]0 = [𝑎, 𝑐] and [𝑢]1 = {𝑏}.
(ii) Let (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) ∈ Trag. Then (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) if and only
if [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. (iii) Let 𝑢 = (𝑎, 𝑏, 𝑐) ∈ Tag. Then [𝑢]0 = [𝑎, 𝑐] and
[𝑢]1 = {𝑏}. (iv) Let (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) ∈ Tag. Then (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) if
and only if [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1].
Proof. By Definition 3.1 and straightforward calculations, we obtain (i). (One
way to perform these calculations is based on observing the graphs of the mem-
bership functions of (𝑎, 𝑏, 𝑐) in the four cases 𝑎 < 𝑏 < 𝑐, 𝑎 = 𝑏 < 𝑐, 𝑎 < 𝑏 = 𝑐,
and 𝑎 = 𝑏 = 𝑐.) Now we show (ii). If [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1], i.e., 𝑎 = 𝑎1, 𝑏 = 𝑏1,
and 𝑐 = 𝑐1, then by Definition 3.1, (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1).
Suppose (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Then [(𝑎, 𝑏, 𝑐)]1 = [(𝑎1, 𝑏1, 𝑐1)]1 and [(𝑎, 𝑏, 𝑐)]0 =
[(𝑎1, 𝑏1, 𝑐1)]0. By (i), this means {𝑏} = {𝑏1} and [𝑎, 𝑐] = [𝑎1, 𝑐1], which is
equivalent to 𝑎 = 𝑎1, 𝑏 = 𝑏1, and 𝑐 = 𝑐1; that is, [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. So (ii) is
proved.

Since Tag is a subset of Trag, (iii) follows immediately from (i), and (iv) follows
immediately from (ii). (iii) is easy and should be known.

The above proofs of Theorem 4.1 and Proposition 4.2 are similar.

Remark 4.3. Proposition 4.2 is a corollary of Theorem 4.1. This is because for
𝑘 = 𝑖, 𝑖𝑖, 𝑖𝑖𝑖, 𝑖𝑣, Proposition 4.2(k) is a corollary of Theorem 4.1(k). “Theorem
4.1(ii)�Proposition 4.2(ii).” Assume Theorem 4.1(ii) holds. Let (𝑎, 𝑏, 𝑐) ∈ Trag.
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Then [(𝑎, 𝑏, 𝑐)]0 = [(𝑎, 𝑏, 𝑏, 𝑐)]0 = [𝑎, 𝑐] (by Remark 3.4(ii), (𝑎, 𝑏, 𝑐) is the
(𝑎, 𝑏, 𝑏, 𝑐) in Trap, so the first equality holds; by Theorem 4.1(i), the second
equality holds), and [(𝑎, 𝑏, 𝑐)]1 = [(𝑎, 𝑏, 𝑏, 𝑐)]1 = [𝑏, 𝑏] = {𝑏} (by Remark 3.4(ii),
(𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Trap, so the first equality holds; by Theorem
4.1(i), the second equality holds). So Proposition 4.2(i) holds. “Theorem
4.1(ii)�Proposition 4.2(ii).” Assume Theorem 4.1(ii) holds. Let (𝑎, 𝑏, 𝑐) and
(𝑎1, 𝑏1, 𝑐1) ∈ Trag. By Remark 3.4(ii), (𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Trap and
(𝑎1, 𝑏1, 𝑐1) is the (𝑎1, 𝑏1, 𝑏1, 𝑐1) in Trap. Then (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) means
(𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). By Theorem 4.1(ii), (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1)
means [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1]. Clearly [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1] means
[𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1] (see also (I) below). From this, it follows that
(𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) if and only if [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. So Proposition
4.2(ii) holds. “Theorem 4.1(iii)�Proposition 4.2(iii).” Assume Theorem 4.1(iii)
holds. Let (𝑎, 𝑏, 𝑐) ∈ Tag. Then [(𝑎, 𝑏, 𝑐)]0 = [(𝑎, 𝑏, 𝑏, 𝑐)]0 = [𝑎, 𝑐] (by Remark
2.4(ii), (𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Tap, so the first equality holds; by Theorem
4.1(iii), the second equality holds), and [(𝑎, 𝑏, 𝑐)]1 = [(𝑎, 𝑏, 𝑏, 𝑐)]1 = [𝑏, 𝑏] = {𝑏}
(by Remark 2.4(ii), (𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Tap, so the first equality holds;
by Theorem 4.1(iii), the second equality holds). So Proposition 4.2(iii) holds.
“Theorem 4.1(iv)�Proposition 4.2(iv).” Assume Theorem 4.1(iv) holds. Let
(𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) ∈ Tag. By Remark 2.4(ii), (𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Tap
and (𝑎1, 𝑏1, 𝑐1) is the (𝑎1, 𝑏1, 𝑏1, 𝑐1) in Tap. Then (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) means
(𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). By Theorem 4.1(iv), (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1)
means [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1]. Clearly [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1] means
[𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1] (see also (I-I) below). From this, it follows that
(𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1) if and only if [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. So Proposition 4.2(iv)
holds.

The contents in (I) and (II) below are easy to see. (I) (𝛼) For each
𝑙, 𝑚, 𝑛, 𝑙1, 𝑚1, 𝑛1 ∈ ℝ, the conditions (I-1) [𝑙, 𝑚, 𝑚, 𝑛] = [𝑙1, 𝑚1, 𝑚1, 𝑛1], (I-2)
𝑙 = 𝑙1, 𝑚 = 𝑚1, and 𝑛 = 𝑛1, and (I-3) [𝑙, 𝑚, 𝑛] = [𝑙1, 𝑚1, 𝑛1], are equivalent.
Clearly (I-1)�(I-2) and (I-2)�(I-3). This means (I-1)�(I-2)�(I-3). So (𝛼) holds.
That 𝑎, 𝑏, 𝑐, 𝑎1, 𝑏1, 𝑐1 ∈ ℝ is implicit in the fact that (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are
in Trag. So by (𝛼), [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1] means [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. (II)
That 𝑎, 𝑏, 𝑐, 𝑎1, 𝑏1, 𝑐1 ∈ ℝ is implicit in the fact that (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are
in Tag. So by (𝛼), [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1] means [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1].
Remark 4.4. (a) For each 𝑢 ∈ Trap, 𝑆(𝑢, 𝑇 ) is a singleton set, where 𝑆(𝑢, 𝑇 ) ∶=
{[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 ∶ 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)}. (b) For each 𝑢 ∈ Trag, 𝑆(𝑢, 𝐺) is a singleton
set, where 𝑆(𝑢, 𝐺) ∶= {[𝑎, 𝑏, 𝑐] ∈ 𝐺 ∶ 𝑢 = (𝑎, 𝑏, 𝑐)}.

Clearly (a) means the following ( ̄𝑎): ( ̄𝑎) For each 𝑢 ∈ Trap, there exists [𝑎, 𝑏, 𝑐, 𝑑]
which is the unique element of 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).
Clearly (b) means the following (𝑏̄): (𝑏̄) For each 𝑢 ∈ Trag, there exists [𝑎, 𝑏, 𝑐]
which is the unique element of 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).
Consider statements (𝑎′) Theorem 4.1(ii), and (𝑏′) Proposition 4.2(ii). It is easy
to see that (𝑎) ⇔ (𝑎′) and (𝑏) ⇔ (𝑏′) (see the proof below). Since (𝑎′) and (𝑏′)
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hold, it follows that (𝑎) and (𝑏) hold; that is, ( ̄𝑎) and (𝑏̄) hold.

Assume (𝑎′) holds. Let 𝑢 ∈ Trap. Then there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 satisfying
𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). If there is any [𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝑇 satisfying 𝑢 = (𝑎1, 𝑏1, 𝑐1, 𝑑1),
then (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) are in Trap and equal, and hence by (𝑎′),
[𝑎1, 𝑏1, 𝑐1, 𝑑1] = [𝑎, 𝑏, 𝑐, 𝑑]. So (a) holds.

Conversely, assume (a) holds. The “if” part of (𝑎′) is obvious. A routine proof of
this part is given in the proof of Theorem 4.1. The “only if” part of (𝑎′) follows
immediately from (a). A routine proof of this part is given as follows. Let
(𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) be in Trap with (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Then
[𝑎, 𝑏, 𝑐, 𝑑] and [𝑎1, 𝑏1, 𝑐1, 𝑑1] are in 𝑇 (in this paper, (𝑒, 𝑓, 𝑔, ℎ) is well-defined
only when [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝑇 ). Thus by (a), [𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1]. Then the
“only if” part of (𝑎′) is true. Hence (𝑎′) holds.

So (𝑎) ⇔ (𝑎′). Assume (𝑏′) holds. Let 𝑢 ∈ Trag. Then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺
satisfying 𝑢 = (𝑎, 𝑏, 𝑐). If there is any [𝑎1, 𝑏1, 𝑐1] ∈ 𝐺 satisfying 𝑢 = (𝑎1, 𝑏1, 𝑐1),
then (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are in Trag and equal, and hence by (𝑏′),
[𝑎1, 𝑏1, 𝑐1] = [𝑎, 𝑏, 𝑐]. So (b) holds.

Conversely, assume (b) holds. The “if” part of (𝑏′) is obvious. A routine proof
of this part is given in the proof of Proposition 4.2. The “only if” part of (𝑏′)
follows immediately from (b). A routine proof of this part is given as follows. Let
(𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) be in Trag with (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Then [𝑎, 𝑏, 𝑐] and
[𝑎1, 𝑏1, 𝑐1] are in 𝐺 (in this paper, (𝑒, 𝑓, 𝑔) is well-defined only when [𝑒, 𝑓, 𝑔] ∈ 𝐺).
Thus by (b), [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. Then the “only if” part of (𝑏′) is true. Hence
(𝑏′) holds.

So (𝑏) ⇔ (𝑏′). The above proofs of (𝑎) ⇔ (𝑎′) and (𝑏) ⇔ (𝑏′) are similar.

Remark 4.5. (a) For each 𝑢 ∈ Tap, 𝑆(𝑢, 𝑇 ) is a singleton subset of 𝑇0, where
𝑆(𝑢, 𝑇 ) ∶= {[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 ∶ 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)}. (b) For each 𝑢 ∈ Tag, 𝑆(𝑢, 𝐺) is a
singleton subset of 𝐺0, where 𝑆(𝑢, 𝐺) ∶= {[𝑎, 𝑏, 𝑐] ∈ 𝐺 ∶ 𝑢 = (𝑎, 𝑏, 𝑐)}.

Clearly (a) means the following ( ̄𝑎): ( ̄𝑎) For each 𝑢 ∈ Tap, there exists
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 which is the unique element of 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).
Clearly (b) means the following (𝑏̄): (𝑏̄) For each 𝑢 ∈ Tag, there exists [𝑎, 𝑏, 𝑐] ∈
𝐺0 which is the unique element of 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).
We show ( ̄𝑎). Let 𝑢 ∈ Tap. Then there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 satisfying 𝑢 =
(𝑎, 𝑏, 𝑐, 𝑑). Note that 𝑢 ∈ Trap and [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 . By Remark 4.4( ̄𝑎), this
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 is the unique element of 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). So ( ̄𝑎)
holds.

We show (𝑏̄). Let 𝑢 ∈ Tag. Then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).
Note that 𝑢 ∈ Trag and [𝑎, 𝑏, 𝑐] ∈ 𝐺. By Remark 4.4(𝑏̄), this [𝑎, 𝑏, 𝑐] ∈ 𝐺0 is the
unique element of 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐). So (𝑏̄) holds.

Obviously ( ̄𝑎) and (𝑏̄) holding means (a) and (b) hold.
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From the above proof of ( ̄𝑎), we can see that ( ̄𝑎) is a corollary of Remark 4.4( ̄𝑎).
This means (a) is a corollary of Remark 4.4(a).

From the above proof of (𝑏̄), we can see that (𝑏̄) is a corollary of Remark 4.4(𝑏̄).
This means (b) is a corollary of Remark 4.4(b).

Below we show that Theorem 4.1(iv)�( ̄𝑎). Assume Theorem 4.1(iv) holds. Let
𝑢 ∈ Tap. Then there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). If there
is any [𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝑇 satisfying 𝑢 = (𝑎1, 𝑏1, 𝑐1, 𝑑1), then (𝑎, 𝑏, 𝑐, 𝑑) = 𝑢 =
(𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Tap, and hence by Theorem 4.1(iv), [𝑎1, 𝑏1, 𝑐1, 𝑑1] = [𝑎, 𝑏, 𝑐, 𝑑].
Thus ( ̄𝑎) holds.

Assume ( ̄𝑎) holds. Let (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) be in Tap. If [𝑎, 𝑏, 𝑐, 𝑑] =
[𝑎1, 𝑏1, 𝑐1, 𝑑1], i.e., 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1, and 𝑑 = 𝑑1, then by Definition 2.2,
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Suppose (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Then [𝑎, 𝑏, 𝑐, 𝑑]
and [𝑎1, 𝑏1, 𝑐1, 𝑑1] are in 𝑇 (in this paper, (𝑒, 𝑓, 𝑔, ℎ) is well-defined only when
[𝑒, 𝑓, 𝑔, ℎ] ∈ 𝑇 ). Thus by ( ̄𝑎), [𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1]. Hence Theorem 4.1(iv)
holds.

So Theorem 4.1(iv)�( ̄𝑎). Below we show that Proposition 4.2(iv)�(𝑏̄).
Assume Proposition 4.2(iv) holds. Let 𝑢 ∈ Tag. Then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0
satisfying 𝑢 = (𝑎, 𝑏, 𝑐). If there is any [𝑎1, 𝑏1, 𝑐1] ∈ 𝐺 satisfying 𝑢 = (𝑎1, 𝑏1, 𝑐1),
then (𝑎, 𝑏, 𝑐) = 𝑢 = (𝑎1, 𝑏1, 𝑐1) ∈ Tag, and hence by Proposition 4.2(iv),
[𝑎1, 𝑏1, 𝑐1] = [𝑎, 𝑏, 𝑐]. Thus (𝑏̄) holds.

Conversely, assume (𝑏̄) holds. Let (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) be in Tag. If [𝑎, 𝑏, 𝑐] =
[𝑎1, 𝑏1, 𝑐1], i.e., 𝑎 = 𝑎1, 𝑏 = 𝑏1, and 𝑐 = 𝑐1, then by Definition 2.1, (𝑎, 𝑏, 𝑐) =
(𝑎1, 𝑏1, 𝑐1). Suppose (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Then [𝑎, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑐1] are in
𝐺 (in this paper, (𝑒, 𝑓, 𝑔) is well-defined only when [𝑒, 𝑓, 𝑔] ∈ 𝐺). Thus by (𝑏̄),
[𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. Hence Proposition 4.2(iv) holds.

So Proposition 4.2(iv)�(𝑏̄).
Remark 4.6. (a) For each 𝑢 ∈ Tap, 𝑆(𝑢, 𝑇0) is a singleton set, where
𝑆(𝑢, 𝑇0) ∶= {[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 ∶ 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑)}. (b) For each 𝑢 ∈ Tag, 𝑆(𝑢, 𝐺0) is
a singleton set, where 𝑆(𝑢, 𝐺0) ∶= {[𝑎, 𝑏, 𝑐] ∈ 𝐺0 ∶ 𝑢 = (𝑎, 𝑏, 𝑐)}.

Clearly (a) means the following ( ̄𝑎): ( ̄𝑎) For each 𝑢 ∈ Tap, there exists [𝑎, 𝑏, 𝑐, 𝑑]
which is the unique element of 𝑇0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).
Clearly (b) means the following (𝑏̄): (𝑏̄) For each 𝑢 ∈ Tag, there exists [𝑎, 𝑏, 𝑐]
which is the unique element of 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).
Obviously, we can also state ( ̄𝑎) and (𝑏̄) as follows: ( ̄𝑎) For each 𝑢 ∈ Tap, there
exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 which is the unique element of 𝑇0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).
(𝑏̄) For each 𝑢 ∈ Tag, there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 which is the unique element of
𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).
Based on these descriptions of ( ̄𝑎) and (𝑏̄) or directly, we can see that Remark
4.5( ̄𝑎) implies ( ̄𝑎) and Remark 4.5(𝑏̄) implies (𝑏̄). Note that Remark 4.5( ̄𝑎) and
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Remark 4.5(𝑏̄) are proved. So ( ̄𝑎) and (𝑏̄) hold. In other words, (a) and (b)
hold.

From the above proof of ( ̄𝑎), we can see that ( ̄𝑎) is a corollary of Remark 4.5( ̄𝑎).
This means (a) is a corollary of Remark 4.5(a).

From the above proof of (𝑏̄), we can see that (𝑏̄) is a corollary of Remark 4.5(𝑏̄).
This means (b) is a corollary of Remark 4.5(b).

Below we give a routine proof of ( ̄𝑎) ⇒ (𝑏̄). Assume ( ̄𝑎) holds. Let 𝑢 ∈ Tag.
Then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐). Suppose there exists
[𝑎1, 𝑏1, 𝑐1] ∈ 𝐺0 satisfying 𝑢 = (𝑎1, 𝑏1, 𝑐1). Note that 𝑢 ∈ Tag ⊂ Trap, that both
[𝑎, 𝑏, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑏1, 𝑐1] are in 𝑇0 (see also (I) below), and that by Remark
2.4(ii), (𝑎, 𝑏, 𝑏, 𝑐) = 𝑢 = (𝑎1, 𝑏1, 𝑏1, 𝑐1). Thus by ( ̄𝑎), [𝑎, 𝑏, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑏1, 𝑐1].
This means [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1] (see also (𝛼) in Remark 4.3). So (𝑏̄) holds. (I)
(𝛼) (𝛼-1) [𝑒, 𝑓, 𝑔] ∈ 𝐺0 if and only if [𝑒, 𝑓, 𝑓, 𝑔] ∈ 𝑇0; (𝛼-2) [𝑒, 𝑓, 𝑔] ∈ 𝐺 if and
only if [𝑒, 𝑓, 𝑓, 𝑔] ∈ 𝑇 . Clearly (𝛼) holds. Since [𝑎, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑐1] are in 𝐺0,
by (𝛼-1), [𝑎, 𝑏, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑏1, 𝑐1] are in 𝑇0.

We call both Remark 4.5( ̄𝑎) and Remark 4.6( ̄𝑎) the representation uniqueness
of trapezoidal fuzzy numbers, although Remark 4.5( ̄𝑎) is an enhanced version
of Remark 4.6( ̄𝑎).
We call both Remark 4.5(𝑏̄) and Remark 4.6(𝑏̄) the representation uniqueness
of triangular fuzzy numbers, although Remark 4.5(𝑏̄) is an enhanced version of
Remark 4.6(𝑏̄).
We mention that several equivalent forms of Theorem 4.1(ii) are given in Remark
4.7.

Remark 4.7. We claim the following statements. (a) Let (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap
and let 𝐴 be a subset of 𝑇 . Define 𝑆 ∶= {(𝑎1, 𝑏1, 𝑐1, 𝑑1) ∶ [𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝐴}.
Then (a-1) (𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑆 if and only if [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝐴; (a-2) (𝑎, 𝑏, 𝑐, 𝑑) ∉ 𝑆
if and only if [𝑎, 𝑏, 𝑐, 𝑑] ∉ 𝐴. (b) Let (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap and let 𝐴1 and 𝐴2
be two subsets of 𝑇 . Define 𝑆1 ∶= {(𝑎1, 𝑏1, 𝑐1, 𝑑1) ∶ [𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝐴1} and
𝑆2 ∶= {(𝑎2, 𝑏2, 𝑐2, 𝑑2) ∶ [𝑎2, 𝑏2, 𝑐2, 𝑑2] ∈ 𝐴2}. Then (b-1) (𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑆1 � 𝑆2 if
and only if [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝐴1 �𝐴2; (b-2) 𝑆1 �𝑆2 = {(𝑓, 𝑔, ℎ, 𝑘) ∶ [𝑓, 𝑔, ℎ, 𝑘] ∈ 𝐴1 �𝐴2}.
(c) Tap ⊊ Trap, (d) Trag ⊊ Trap, and (e) Tag ⊊ Tap.

First we show (a). To do this, we only need to show (a-1) as (a-1)�(a-2). The
“if” part of (a-1) is obvious. Suppose (𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑆. This means there exists
[𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝐴 such that (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Since (𝑎, 𝑏, 𝑐, 𝑑) and
(𝑎1, 𝑏1, 𝑐1, 𝑑1) are in Trap (see also (I) below), by Theorem 4.1(ii), [𝑎, 𝑏, 𝑐, 𝑑] =
[𝑎1, 𝑏1, 𝑐1, 𝑑1]. So [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝐴. Thus the “only if” part of (a-1) is proved. So (a-
1) holds. Hence (a) is true. (Theorem 4.1(ii)�(a-1) is proved in this paragraph.)

Next we show (b). Consider (i) (𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑆1 � 𝑆2, (ii) (𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑆1 but
(𝑎, 𝑏, 𝑐, 𝑑) ∉ 𝑆2, (iii) [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝐴1 but [𝑎, 𝑏, 𝑐, 𝑑] ∉ 𝐴2, and (iv) [𝑎, 𝑏, 𝑐, 𝑑] ∈
𝐴1 � 𝐴2. By (a), (ii)�(iii). This means (i)�(iv), as (i)�(ii) and (iii)�(iv). So (b-1) is
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proved. ((a)�(b-1) is proved in this paragraph.) (b-2) follows immediately from
(b-1). A routine proof of (b-2) is given below.

Let [𝑓, 𝑔, ℎ, 𝑘] ∈ 𝐴1 � 𝐴2. Then (𝑓, 𝑔, ℎ, 𝑘) ∈ Trap, and by (b-1), (𝑓, 𝑔, ℎ, 𝑘) ∈
𝑆1 �𝑆2. Thus 𝑆1 �𝑆2 ⊇ {(𝑓, 𝑔, ℎ, 𝑘) ∶ [𝑓, 𝑔, ℎ, 𝑘] ∈ 𝐴1 �𝐴2}. Let (𝑓, 𝑔, ℎ, 𝑘) ∈ 𝑆1 �𝑆2.
Then (𝑓, 𝑔, ℎ, 𝑘) ∈ Trap (see also (II) below), and by (b-1), [𝑓, 𝑔, ℎ, 𝑘] ∈ 𝐴1 � 𝐴2.
Thus 𝑆1 � 𝑆2 ⊆ {(𝑓, 𝑔, ℎ, 𝑘) ∶ [𝑓, 𝑔, ℎ, 𝑘] ∈ 𝐴1 � 𝐴2}. So (b-2) holds. ((b-1)�(b-2)
is proved in this paragraph.)

Now we show (c). Trap � Tap = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 } � {(𝑎, 𝑏, 𝑐, 𝑑) ∶
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0} = (by (b-2)) {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 � 𝑇0} ≠ ∅ (clearly
𝑇 � 𝑇0 ≠ ∅. This means the ≠ holds.). Thus Trap ≠ Tap. We have known that
Tap ⊆ Trap. So (c) is true.

Now we show (d). Put 𝑇1 ∶= {[𝑎, 𝑏, 𝑐, 𝑑] ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 with 𝑏 = 𝑐}. We can see
that Trag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶
[𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 } = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1}, where the second equality follows
from Remark 3.4(ii), the other equalities are easy to see (see also (III) below).
Thus Trap � Trag = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 } � {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1} =
(by (b-2)) {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 � 𝑇1} ≠ ∅ (clearly 𝑇 � 𝑇1 ≠ ∅. This means
the ≠ holds.). Thus Trap ≠ Trag. We have known that Trag ⊆ Trap. So (d) is
true.

Finally we show (e). Put 𝑇2 ∶= {[𝑎, 𝑏, 𝑐, 𝑑] ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 with 𝑏 = 𝑐}. We
can see that Tag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0} =
{(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0} = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2}, where the second
equality follows from Remark 2.4(ii), the other equalities are easy to see (see
also (IV) below). Thus Tap � Tag = {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0} � {(𝑎, 𝑏, 𝑐, 𝑑) ∶
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2} = (by (b-2)) {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 � 𝑇2} ≠ ∅ (clearly
𝑇0 � 𝑇2 ≠ ∅. This means the ≠ holds.). Hence Tap ≠ Tag. We have known that
Tag ⊆ Tap. So (e) is true.

(I) Clearly (𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Trap as [𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝐴 ⊆ 𝑇 .

Let 𝑙, 𝑚, 𝑛, 𝑡 ∈ ℝ. Consider (I-1) (𝑙, 𝑚, 𝑛, 𝑡) is well-defined, (I-2) [𝑙, 𝑚, 𝑛, 𝑡] ∈ 𝑇 ,
(I-3) (𝑙, 𝑚, 𝑛, 𝑡) ∈ Trap. In this paper, (𝑙, 𝑚, 𝑛, 𝑡) is well-defined only when
[𝑙, 𝑚, 𝑛, 𝑡] ∈ 𝑇 ; that is, (I-1)�(I-2). Clearly (I-2)�(I-3) and (I-3)�(I-1). So (I-1)�(I-
2)�(I-3). Thus when using (a), (b) or Theorem 4.1(i)(ii), we do not need to
verify that a certain (𝑙, 𝑚, 𝑛, 𝑡) is in Trap if it is well-defined. For example,
here we do not need to mention that “(𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) are in Trap”.
This conclusion follows from the fact that (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) are well-
defined. This fact is implicit in the previously given expression “(𝑎, 𝑏, 𝑐, 𝑑) =
(𝑎1, 𝑏1, 𝑐1, 𝑑1)”. That (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap is one of the prerequisites of (a).

We think that (I-1)�(I-2)�(I-3) can be used without citing as it is easy to see. In
this paper, we don’t always illustrate that there are multiple ways to prove that
a certain element belongs to Trap, as we do here, because it’s easy to see.

Let 𝐵 be a subset of ℝ4. Consider (I-4) 𝑆𝐵 = {(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐵} is
well-defined, (I-5) for each [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐵, (𝑒, 𝑓, 𝑔, ℎ) is well-defined, and (I-6)
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𝐵 ⊆ 𝑇 . Clearly (I-4)�(I-5) and (I-5)�(I-6). This means (I-4)�(I-5)�(I-6). Thus,
we can conclude that a certain subset 𝐷 of ℝ4 is included in 𝑇 if {(𝑒, 𝑓, 𝑔, ℎ) ∶
[𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐷} is well-defined.

(II) Clearly 𝑆1 ⊆ Trap as 𝐴1 ⊆ 𝑇 . So (𝑓, 𝑔, ℎ, 𝑘) ∈ 𝑆1 � 𝑆2 ⊆ 𝑆1 ⊆ Trap.

In fact (𝑓, 𝑔, ℎ, 𝑘) ∈ Trap does not need to be mentioned since it follows from
the fact that (𝑓, 𝑔, ℎ, 𝑘) is well-defined (see (I-1)�(I-3) given above), which is
implicit in the preceding expression “(𝑓, 𝑔, ℎ, 𝑘) ∈ 𝑆1 � 𝑆2”.

(III) Note that for any 𝑎, 𝑏, 𝑐 ∈ ℝ, [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 is equivalent to [𝑎, 𝑏, 𝑐] ∈ 𝐺.
So the third equality holds.

Put 𝐴 ∶= {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 } and 𝐵 ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1}.
The fourth equality means that (III-1) 𝐴 ⊆ 𝐵; that is, for each [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 ,
(𝑎, 𝑏, 𝑏, 𝑐) ∈ 𝐵, and (III-2) 𝐵 ⊆ 𝐴; that is, for each [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1, (𝑎, 𝑏, 𝑐, 𝑑) ∈
𝐴. Given [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 . Then [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇1 (obviously the converse is true).
Thus (𝑎, 𝑏, 𝑏, 𝑐) ∈ {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1} = 𝐵 (see (III-3) below). Hence
(III-1) holds. Given [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇1. This means 𝑏 = 𝑐 and [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇 . Then
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎, 𝑏, 𝑏, 𝑑) ∈ {(𝑙, 𝑚, 𝑚, 𝑛) ∶ [𝑙, 𝑚, 𝑚, 𝑛] ∈ 𝑇 } = 𝐴 (see (III-4) below).
Hence (III-2) holds. So the fourth equality holds.

(III-3) Conversely, suppose (𝑎, 𝑏, 𝑏, 𝑐) ∈ 𝐵. Then (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap as (𝑎, 𝑏, 𝑏, 𝑐)
is well-defined. Also 𝑇1 ⊆ 𝑇 . Thus by (a-1), [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇1.

(III-4) Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ. Suppose (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎, 𝑏, 𝑏, 𝑑). Then (𝑎, 𝑏, 𝑐, 𝑑)
and (𝑎, 𝑏, 𝑏, 𝑑) are in Trap as they are well-defined. Thus by Theorem 4.1(ii),
[𝑎, 𝑏, 𝑐, 𝑑] = [𝑎, 𝑏, 𝑏, 𝑑]; that is, 𝑏 = 𝑐. (𝑎, 𝑏, 𝑐, 𝑑) is well-defined means [𝑎, 𝑏, 𝑐, 𝑑] ∈
𝑇 .

(IV) Note that for any 𝑎, 𝑏, 𝑐 ∈ ℝ, [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0 is equivalent to [𝑎, 𝑏, 𝑐] ∈ 𝐺0.
So the third equality holds.

Put 𝐶 ∶= {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0} and 𝐷 ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2}.
The fourth equality means that (IV-1) 𝐶 ⊆ 𝐷; that is, for each [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0,
(𝑎, 𝑏, 𝑏, 𝑐) ∈ 𝐷, and (IV-2) 𝐷 ⊆ 𝐶; that is, for each [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2, (𝑎, 𝑏, 𝑐, 𝑑) ∈
𝐶. Given [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0. Then [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇2 (obviously the converse is true).
Thus (𝑎, 𝑏, 𝑏, 𝑐) ∈ {(𝑎, 𝑏, 𝑐, 𝑑) ∶ [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2} = 𝐷. Hence (IV-1) holds. Given
[𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇2. This means 𝑏 = 𝑐 and [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0. Then (𝑎, 𝑏, 𝑐, 𝑑) =
(𝑎, 𝑏, 𝑏, 𝑑) ∈ {(𝑙, 𝑚, 𝑚, 𝑛) ∶ [𝑙, 𝑚, 𝑚, 𝑛] ∈ 𝑇0} = 𝐶. Hence (IV-2) holds. So the
fourth equality holds.

(V) (f) The six statements (a), (a-1), (a-2), (b-1), (b-2), and Theorem 4.1(ii)
are equivalent.

Clearly (a-1)�(a-2). So (a)�(a-1)�(a-2). (Obviously, the converse is true.) Theo-
rem 4.1(ii)�(a-1) and (a)�(b-1)�(b-2) have been shown in the above contents. To
show (f) we only need to show that (b-2)�Theorem 4.1(ii), a proof of which is
given below.

Assume (b-2) holds. Let (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) be in Trap. Clearly

chinarxiv.org/items/chinaxiv-202508.00187 Machine Translation

https://chinarxiv.org/items/chinaxiv-202508.00187


if [𝑎, 𝑏, 𝑐, 𝑑] = [𝑎1, 𝑏1, 𝑐1, 𝑑1] then (𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Suppose
(𝑎, 𝑏, 𝑐, 𝑑) = (𝑎1, 𝑏1, 𝑐1, 𝑑1). Set 𝑆1 ∶= {(𝑎1, 𝑏1, 𝑐1, 𝑑1)}, 𝑆2 ∶= {(𝑎, 𝑏, 𝑐, 𝑑)},
𝐴1 ∶= {[𝑎1, 𝑏1, 𝑐1, 𝑑1]} and 𝐴2 ∶= {[𝑎, 𝑏, 𝑐, 𝑑]}. Clearly 𝑆1 = {(𝑒, 𝑓, 𝑔, ℎ) ∶
[𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐴1} and 𝑆2 = {(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐴2}. We can see that
{(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2} = (by (b-2)) 𝑆1 � 𝑆2 = ∅ (see (V-1) below). So
𝐴1 � 𝐴2 = ∅; that is, [𝑎1, 𝑏1, 𝑐1, 𝑑1] = [𝑎, 𝑏, 𝑐, 𝑑] (see (V-2) below). Thus Theorem
4.1(ii) holds. Hence (b-2)�Theorem 4.1(ii). So (f) is proved.

(V-1) (𝑎, 𝑏, 𝑐, 𝑑) and (𝑎1, 𝑏1, 𝑐1, 𝑑1) are in Trap means that [𝑎, 𝑏, 𝑐, 𝑑] and
[𝑎1, 𝑏1, 𝑐1, 𝑑1] are in 𝑇 , which means that 𝐴1 and 𝐴2 are subsets of 𝑇 . So (b-2)
can be used here. We think that the fact that 𝐴1 and 𝐴2 are subsets of 𝑇
does not need to be mentioned as it is implicit in the fact that (𝑎, 𝑏, 𝑐, 𝑑) and
(𝑎1, 𝑏1, 𝑐1, 𝑑1) are in Trap (the contents in the first sentence of this paragraph
indicate that these two facts are equivalent.).

(V-2) (𝛼) Let 𝐵 be a subset of ℝ4. Put 𝑆𝐵 ∶= {(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐵}.
Then 𝑆𝐵 = ∅ if and only if 𝐵 = ∅.

Clearly if 𝐵 = ∅ then 𝑆𝐵 = ∅. Suppose 𝑆𝐵 = ∅. Then 𝑆𝐵 is well-defined.
This means 𝐵 ⊆ 𝑇 (see (I-4)�(I-6)). So if 𝐵 ≠ ∅, then 𝑆𝐵 ≠ ∅, which is a
contradiction. Thus 𝐵 = ∅. Hence (𝛼) holds. (𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Trap means
[𝑎1, 𝑏1, 𝑐1, 𝑑1] ∈ 𝑇 . So 𝐴1 ⊆ 𝑇 . Thus 𝐴1 � 𝐴2 ⊆ 𝑇 ⊆ ℝ4. Thus by (𝛼),
{(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2} = ∅ if and only if 𝐴1 � 𝐴2 = ∅.

It is easy to see that the fact that 𝐴1 � 𝐴2 ⊆ ℝ4 is implicit in the fact that
(𝑎1, 𝑏1, 𝑐1, 𝑑1) ∈ Trap. Also (𝛼) can be used directly without citing as it is easy
to see. So we think we can directly write {(𝑒, 𝑓, 𝑔, ℎ) ∶ [𝑒, 𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2} = ∅
if and only if 𝐴1 � 𝐴2 = ∅.

We mention that several equivalent forms of Proposition 4.2(ii) are given in
Remark 4.8.

Remark 4.8. We claim the following statements. (a) Let (𝑎, 𝑏, 𝑐) ∈ Trag and
let 𝐴 be a subset of 𝐺. Define 𝑆 ∶= {(𝑎1, 𝑏1, 𝑐1) ∶ [𝑎1, 𝑏1, 𝑐1] ∈ 𝐴}. Then
(a-1) (𝑎, 𝑏, 𝑐) ∈ 𝑆 if and only if [𝑎, 𝑏, 𝑐] ∈ 𝐴; (a-2) (𝑎, 𝑏, 𝑐) ∉ 𝑆 if and only
if [𝑎, 𝑏, 𝑐] ∉ 𝐴. (b) Let (𝑎, 𝑏, 𝑐) ∈ Trag and let 𝐴1 and 𝐴2 be two subsets
of 𝐺. Define 𝑆1 ∶= {(𝑎1, 𝑏1, 𝑐1) ∶ [𝑎1, 𝑏1, 𝑐1] ∈ 𝐴1} and 𝑆2 ∶= {(𝑎2, 𝑏2, 𝑐2) ∶
[𝑎2, 𝑏2, 𝑐2] ∈ 𝐴2}. Then (b-1) (𝑎, 𝑏, 𝑐) ∈ 𝑆1 � 𝑆2 if and only if [𝑎, 𝑏, 𝑐] ∈ 𝐴1 � 𝐴2;
(b-2) 𝑆1 � 𝑆2 = {(𝑓, 𝑔, ℎ) ∶ [𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2}. (c) Tag ⊊ Trag.

First we show (a). To do this, we only need to show (a-1) as (a-1)�(a-2). The
“if” part of (a-1) is obvious. Suppose (𝑎, 𝑏, 𝑐) ∈ 𝑆. This means there exists
[𝑎1, 𝑏1, 𝑐1] ∈ 𝐴 such that (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Since (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1)
are in Trag (see also (I) below), by Proposition 4.2(ii), [𝑎, 𝑏, 𝑐] = [𝑎1, 𝑏1, 𝑐1]. So
[𝑎, 𝑏, 𝑐] ∈ 𝐴. Thus the “only if” part of (a-1) is proved. So (a-1) holds. Hence
(a) is proved. (Proposition 4.2(ii)�(a-1) is proved in this paragraph.)

Next we show (b). Consider (i) (𝑎, 𝑏, 𝑐) ∈ 𝑆1 � 𝑆2, (ii) (𝑎, 𝑏, 𝑐) ∈ 𝑆1 but (𝑎, 𝑏, 𝑐) ∉
𝑆2, (iii) [𝑎, 𝑏, 𝑐] ∈ 𝐴1 but [𝑎, 𝑏, 𝑐] ∉ 𝐴2, and (iv) [𝑎, 𝑏, 𝑐] ∈ 𝐴1 � 𝐴2. By (a),
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(ii)�(iii). This means (i)�(iv), as (i)�(ii) and (iii)�(iv). So (b-1) is proved. ((a)�(b-
1) is proved in this paragraph.) (b-2) follows immediately from (b-1). A routine
proof of (b-2) is given below.

Let [𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2. Then (𝑓, 𝑔, ℎ) ∈ Trag, and by (b-1), (𝑓, 𝑔, ℎ) ∈ 𝑆1 � 𝑆2.
Thus 𝑆1 � 𝑆2 ⊇ {(𝑓, 𝑔, ℎ) ∶ [𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2}. Let (𝑓, 𝑔, ℎ) ∈ 𝑆1 � 𝑆2. Then
(𝑓, 𝑔, ℎ) ∈ Trag (see also (II) below), and by (b-1), [𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2. Thus
𝑆1 � 𝑆2 ⊆ {(𝑓, 𝑔, ℎ) ∶ [𝑓, 𝑔, ℎ] ∈ 𝐴1 � 𝐴2}. So (b-2) holds. ((b-1)�(b-2) is proved in
this paragraph.)

Now we show (c). Trag � Tag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺} � {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈
𝐺0} = (by (b-2)) {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺 � 𝐺0} ≠ ∅ (clearly 𝐺 � 𝐺0 ≠ ∅. This
means the ≠ holds.). Thus Trag ≠ Tag. We have known that Tag ⊆ Trag. So
(c) is true.

(I) Clearly (𝑎1, 𝑏1, 𝑐1) ∈ Trag as [𝑎1, 𝑏1, 𝑐1] ∈ 𝐴 ⊆ 𝐺.

Let 𝑙, 𝑚, 𝑛 ∈ ℝ. Consider (I-1) (𝑙, 𝑚, 𝑛) is well-defined, (I-2) [𝑙, 𝑚, 𝑛] ∈ 𝐺, (I-3)
(𝑙, 𝑚, 𝑛) ∈ Trag. In this paper, (𝑙, 𝑚, 𝑛) is well-defined only when [𝑙, 𝑚, 𝑛] ∈ 𝐺;
that is, (I-1)�(I-2). Clearly (I-2)�(I-3) and (I-3)�(I-1). So (I-1)�(I-2)�(I-3). Thus
when using (a), (b) or Proposition 4.2(i)(ii), we do not need to verify that a
certain (𝑙, 𝑚, 𝑛) is in Trag if it is well-defined. For example, here we do not need
to mention that “(𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are in Trag”. This conclusion follows
from the fact that (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are well-defined. This fact is implicit
in the previously given expression “(𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1)”. That (𝑎, 𝑏, 𝑐) ∈ Trag
is one of the prerequisites of (a).

We think that the fact (I-1)�(I-2)�(I-3) can be used without citing as it is easy
to see. In this paper, we do not always illustrate that there are multiple ways to
prove that a certain element belongs to Trag, as we do here, because it is easy
to see.

Let 𝐶 be a subset of ℝ3. Consider (I-4) 𝑆𝐶 = {(𝑙, 𝑚, 𝑛) ∶ [𝑙, 𝑚, 𝑛] ∈ 𝐶} is well-
defined, (I-5) for each [𝑙, 𝑚, 𝑛] ∈ 𝐶, (𝑙, 𝑚, 𝑛) is well-defined, and (I-6) 𝐶 ⊆ 𝐺.
Clearly (I-4)�(I-5) and (I-5)�(I-6). This means (I-4)�(I-5)�(I-6). Thus, we can
conclude that a certain subset 𝐷 of ℝ3 is included in 𝐺 if {(𝑙, 𝑚, 𝑛) ∶ [𝑙, 𝑚, 𝑛] ∈
𝐷} is well-defined.

(II) Clearly 𝑆1 ⊆ Trag as 𝐴1 ⊆ 𝐺. So (𝑓, 𝑔, ℎ) ∈ 𝑆1 � 𝑆2 ⊆ 𝑆1 ⊆ Trag.

In fact (𝑓, 𝑔, ℎ) ∈ Trag does not need to be mentioned since it follows from the
fact that (𝑓, 𝑔, ℎ) is well-defined (see (I-1)�(I-3) given above), which is implicit
in the preceding expression “(𝑓, 𝑔, ℎ) ∈ 𝑆1 � 𝑆2”.

(III) (d) The six statements (a), (a-1), (a-2), (b-1), (b-2), and Proposition
4.2(ii) are equivalent.

Clearly (a-1)�(a-2). So (a)�(a-1)�(a-2). (Obviously the converse is true.) Propo-
sition 4.2(ii)�(a-1) and (a)�(b-1)�(b-2) have been shown in the above contents.
To show (d) we only need to show that (b-2)�Proposition 4.2(ii), a proof of which
is given below.
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Assume (b-2) holds. Let (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) be in Trag. Clearly if [𝑎, 𝑏, 𝑐] =
[𝑎1, 𝑏1, 𝑐1] then (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Suppose (𝑎, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑐1). Set 𝑆1 ∶=
{(𝑎1, 𝑏1, 𝑐1)}, 𝑆2 ∶= {(𝑎, 𝑏, 𝑐)}, 𝐴1 ∶= {[𝑎1, 𝑏1, 𝑐1]} and 𝐴2 ∶= {[𝑎, 𝑏, 𝑐]}. Clearly
𝑆1 = {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐴1} and 𝑆2 = {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐴2}. We can see
that {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐴1 � 𝐴2} = (by (b-2)) 𝑆1 � 𝑆2 = ∅ (see (V-1) below). So
𝐴1 � 𝐴2 = ∅; that is, [𝑎1, 𝑏1, 𝑐1] = [𝑎, 𝑏, 𝑐] (see (V-2) below). Thus Proposition
4.2(ii) holds. Hence (b-2)�Proposition 4.2(ii). So (d) is proved.

(V-1) (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are in Trag means that [𝑎, 𝑏, 𝑐] and [𝑎1, 𝑏1, 𝑐1] are
in 𝐺, which means that 𝐴1 and 𝐴2 are subsets of 𝐺. So (b-2) can be used here.
We think that the fact that 𝐴1 and 𝐴2 are subsets of 𝐺 does not need to be
mentioned as it is implicit in the fact that (𝑎, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) are in Trag
(the contents in the first sentence of this paragraph indicate that these two facts
are equivalent.).

(V-2) (𝛼) Let 𝐵 be a subset of ℝ3. Put 𝑆𝐵 ∶= {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐵}. Then
𝑆𝐵 = ∅ if and only if 𝐵 = ∅. Clearly if 𝐵 = ∅ then 𝑆𝐵 = ∅. Suppose
𝑆𝐵 = ∅. Then 𝑆𝐵 is well-defined. This means 𝐵 ⊆ 𝐺 (see (I-4)�(I-6)). So if
𝐵 ≠ ∅, then 𝑆𝐵 ≠ ∅, which is a contradiction. Thus 𝐵 = ∅. Hence (𝛼) holds.
(𝑎1, 𝑏1, 𝑐1) ∈ Trag means [𝑎1, 𝑏1, 𝑐1] ∈ 𝐺. So 𝐴1 ⊆ 𝐺. Thus 𝐴1 � 𝐴2 ⊆ 𝐺 ⊆ ℝ3.
Thus by (𝛼), {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐴1 � 𝐴2} = ∅ if and only if 𝐴1 � 𝐴2 = ∅.

It is easy to see that the fact that 𝐴1 � 𝐴2 ⊆ ℝ3 is implicit in the fact that
(𝑎1, 𝑏1, 𝑐1) ∈ Trag. Also (𝛼) can be used directly without citing as it is easy to
see. So we think we can directly write {(𝑒, 𝑓, 𝑔) ∶ [𝑒, 𝑓, 𝑔] ∈ 𝐴1 � 𝐴2} = ∅ if and
only if 𝐴1 � 𝐴2 = ∅.

Remark 4.9. (𝛼) Suppose (𝑎) ⇒ (𝑏). Clearly if (𝑎′) ⇒ (𝑎) and (𝑏) ⇒ (𝑏′),
then (𝑎′) ⇒ (𝑏′). Of course, (𝑐) = (𝑐′) is a special case of (𝑐) ⇔ (𝑐′), and
(𝑐) ⇔ (𝑐′) is a special case of (𝑐) ⇒ (𝑐′).
In this paper, we give some conclusions in the form of “(𝑎) ⇒ (𝑏)”. These include
“Theorem 4.1(ii)�Theorem 4.1(iv)” (see the proof of Theorem 4.1), “Proposition
4.2(ii)�Proposition 4.2(iv)” (see the proof of Proposition 4.2) and some conclu-
sions in Remark 4.3. We also give several equivalent forms of Theorem 4.1(ii),
Theorem 4.1(iv), Proposition 4.2(ii), Proposition 4.2(iv), respectively. By (𝛼),
it is easy to obtain various conclusions in the form of “(𝑎) ⇒ (𝑏)” from certain
conclusions in this paper. We will not list them one by one as they are easy to
see. Below are a few examples.

We know that Remark 4.4( ̄𝑎) (�Remark 4.4(a))�Theorem 4.1(ii), Remark 4.4(𝑏̄)
(�Remark 4.4(b))�Proposition 4.2(ii), and Theorem 4.1(ii)�Proposition 4.2(ii). So
Remark 4.4( ̄𝑎)�Remark 4.4(𝑏̄).
We know that Remark 4.5( ̄𝑎) (�Remark 4.5(a))�Theorem 4.1(iv), Remark 4.5(𝑏̄)
(�Remark 4.5(b))�Proposition 4.2(iv), and Theorem 4.1(iv)�Proposition 4.2(iv).
So Remark 4.5( ̄𝑎)�Remark 4.5(𝑏̄).
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5. Relationships Between Tag and Tap, and Between Trag
and Trap
Let 𝐴 be a set. A mapping 𝑓 ∶ 𝐴 → 𝐴 is said to be the identity mapping on 𝐴
if 𝑓(𝑥) = 𝑥 for each 𝑥 ∈ 𝐴. A mapping 𝑔 is said to be an identity mapping if
there exists a set 𝑆 and 𝑔 is the identity mapping on 𝑆.

Define Trap1 ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap and 𝑏 = 𝑐}. Clearly Trap1 ⊊
Trap and Trap1 = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap}.

Proposition 5.1. (i) Trag = Trap1. (ii) Define a mapping 𝐾 ∶ Trag → Trap1
as follows: for each 𝑢 ∈ Trag, find [𝑎, 𝑏, 𝑐] ∈ 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐), and then
define 𝐾(𝑢) to be (𝑎, 𝑏, 𝑏, 𝑐). Then 𝐾 is the identity mapping on Trag.

Proof. Remark 3.4(ii) implies that Trag ⊆ Trap1. Remark 3.4(v) implies
that Trap1 ⊆ Trag. (For each 𝑎, 𝑏, 𝑐 ∈ ℝ, (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap if and only if
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap1.) So (i) is true.

We claim the following (a) and (b). (a) 𝐾 is well-defined; that is, by virtue of
𝐾, for each 𝑢 ∈ Trag, (a-1) 𝐾(𝑢) is one element, and (a-2) 𝐾(𝑢) ∈ Trap1. (b)
For each 𝑢 ∈ Trag, 𝐾(𝑢) = 𝑢.

Let 𝑢 ∈ Trag. Then there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐). Thus
(𝑎, 𝑏, 𝑏, 𝑐) is a value of 𝐾(𝑢) (formally, 𝐾(𝑢) may have multiple values). By
Remark 3.4(ii), (𝑎, 𝑏, 𝑐) = 𝑢 ∈ Trag implies that (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap, which means
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap1 (see also (I) below), and that (𝑎, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑏, 𝑐). So to show
(a) and (b), we only need to show (c) 𝐾(𝑢) is one element. (Suppose 𝐾(𝑢) is
one element. Then 𝐾(𝑢) = (𝑎, 𝑏, 𝑏, 𝑐). Hence 𝐾(𝑢) ∈ Trap1 and 𝐾(𝑢) =
(𝑎, 𝑏, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑐) = 𝑢. So (a) and (b) hold.) Let [𝑎1, 𝑏1, 𝑐1] be an element
of 𝐺 which satisfies 𝑢 = (𝑎1, 𝑏1, 𝑐1). Then (𝑎1, 𝑏1, 𝑏1, 𝑐1) is a value of 𝐾(𝑢).
To show (c), we only need to show that (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). (If this is
true, then 𝐾(𝑢) can only be the element (𝑎, 𝑏, 𝑏, 𝑐), and so (c) holds.) Notice
that (𝑎, 𝑏, 𝑐) = 𝑢 = (𝑎1, 𝑏1, 𝑐1) ∈ Trag. Thus (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1), as by
Remark 3.4(ii), (𝑎, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). Hence (c)
is proved. So (a) and (b) hold.

Combining (i), (a) and (b) yields that 𝐾 is the identity mapping on Trag. So
(ii) is true. (Clearly that 𝐾 is the identity mapping on Trag also implies (i), (a)
and (b).) The proof is completed. (I) By Remark 3.4(i), (𝑎, 𝑏, 𝑐) = 𝑢 ∈ Trag
(obviously, 𝑎, 𝑏, 𝑐 ∈ ℝ in this case) implies that (𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap, which means
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Trap1.

Remark 5.2. In this remark, the symbols are consistent with those in the above
proof of Proposition 5.1. (i) From the above proof of Proposition 5.1, we can see
(i-1) Remark 3.4(ii)(v) implies Proposition 5.1; (i-2) (a) Remark 3.4(ii) implies
(a) and (b). Obviously, combining (a) and (b) yields Remark 3.4(ii); Proposition
5.1(ii) implies Remark 3.4(ii)(v). (ii) The above proof of Proposition 5.1 will
become a new proof of Proposition 5.1 if the contents from “Let [𝑎1, 𝑏1, 𝑐1] be
an element of 𝐺” to “Hence (c) is proved.” in it are replaced by the contents in
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clause (ii-1). (ii-1) By Remark 4.4(𝑏̄), [𝑎, 𝑏, 𝑐] is the unique element of 𝐺 that
satisfies 𝑢 = (𝑎, 𝑏, 𝑐). Then 𝐾(𝑢) can only be the element (𝑎, 𝑏, 𝑏, 𝑐). So (c)
holds. (c) can be stated as “Let 𝑢 ∈ Trag. Then 𝐾(𝑢) is one element.” (c)
holds means that (a-1) holds. (iii) Clearly Trap1 = Trag = {(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈
𝐺} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 }, where the
third equality follows from Remark 3.4(ii) or Proposition 5.1(ii), and the fourth
equality follows from the fact that [𝑎, 𝑏, 𝑐] ∈ 𝐺 if and only if [𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇 .

Define Tap1 ∶= {(𝑎, 𝑏, 𝑐, 𝑑) ∶ (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap and 𝑏 = 𝑐}. Clearly Tap1 ⊊ Tap
and Tap1 = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap}.

Proposition 5.3. (i) Tag = Tap1. (ii) Define a mapping 𝐿 ∶ Tag → Tap1 as
follows: for each 𝑢 ∈ Tag, find [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐), and then
define 𝐿(𝑢) to be (𝑎, 𝑏, 𝑏, 𝑐). Then 𝐿 is the identity mapping on Tag.

Proof. Remark 2.4(ii) implies that Tag ⊆ Tap1. Remark 2.4(v) implies that
Tap1 ⊆ Tag. (For each 𝑎, 𝑏 and 𝑐 in ℝ, (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap if and only if (𝑎, 𝑏, 𝑏, 𝑐) ∈
Tap1.) So (i) is true.

We claim the following (a) and (b). (a) 𝐿 is well-defined; that is, by virtue of
𝐿, for each element 𝑢 ∈ Tag, (a-1) 𝐿(𝑢) is one element, and (a-2) 𝐿(𝑢) ∈ Tap1.
(b) For each 𝑢 ∈ Tag, 𝐿(𝑢) = 𝑢.

Let 𝑢 ∈ Tag. We can find [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐). Then (𝑎, 𝑏, 𝑏, 𝑐) is
a value of 𝐿(𝑢) (formally, 𝐿(𝑢) may have multiple values). By Remark 2.4(ii),
(𝑎, 𝑏, 𝑐) = 𝑢 ∈ Tag implies that (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap, which means (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap1
(see also (I) below), and that (𝑎, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑏, 𝑐). So to show (a) and (b), we
only need to show (c) 𝐿(𝑢) is one element. (Suppose 𝐿(𝑢) is one element. Then
𝐿(𝑢) = (𝑎, 𝑏, 𝑏, 𝑐). Hence 𝐿(𝑢) ∈ Tap1 and 𝐿(𝑢) = (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑐) = 𝑢.
So (a) and (b) hold.) Let [𝑎1, 𝑏1, 𝑐1] be an element of 𝐺0 which satisfies 𝑢 =
(𝑎1, 𝑏1, 𝑐1). Then (𝑎1, 𝑏1, 𝑏1, 𝑐1) is a value of 𝐿(𝑢). To show (c), we only need
to show that (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). (If this is true, then 𝐿(𝑢) can only
be the element (𝑎, 𝑏, 𝑏, 𝑐) in Tap1, and so (c) holds.) Notice that (𝑎, 𝑏, 𝑐) =
𝑢 = (𝑎1, 𝑏1, 𝑐1) ∈ Tag. Thus (𝑎, 𝑏, 𝑏, 𝑐) = (𝑎1, 𝑏1, 𝑏1, 𝑐1), as by Remark 2.4(ii),
(𝑎, 𝑏, 𝑐) = (𝑎, 𝑏, 𝑏, 𝑐) and (𝑎1, 𝑏1, 𝑐1) = (𝑎1, 𝑏1, 𝑏1, 𝑐1). Hence (c) is proved. So
(a) and (b) hold. (i), (a) and (b) hold if and only if (ii) holds. So (ii) is
proved as (i), (a) and (b) are proved. (I) By Remark 2.4(i), (𝑎, 𝑏, 𝑐) = 𝑢 ∈ Tag
(obviously, 𝑎, 𝑏, 𝑐 ∈ ℝ in this case) implies that (𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap, which means
(𝑎, 𝑏, 𝑏, 𝑐) ∈ Tap1.

Remark 5.4. In this remark, the symbols are consistent with those in the above
proof of Proposition 5.3. (i) From the above proof of Proposition 5.3, we can see
(i-1) Remark 2.4(ii)(v) implies Proposition 5.3; (i-2) Remark 2.4(ii) implies (a)
and (b). Obviously, combining (a) and (b) yields Remark 2.4(ii); Proposition
5.3(ii) implies Remark 2.4(ii)(v). (ii) The above proof of Proposition 5.3 remains
true if the contents from “Let [𝑎1, 𝑏1, 𝑐1] be an element of 𝐺0” to “Hence (c) is
proved.” in it are replaced by the contents in clause (ii-1) or by the contents in
clause (ii-2). (ii-1) By Remark 4.6(𝑏̄), [𝑎, 𝑏, 𝑐] is the unique element of 𝐺0 that
satisfies 𝑢 = (𝑎, 𝑏, 𝑐). Then, by the definition of 𝐿, 𝐿(𝑢) can only be the element
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(𝑎, 𝑏, 𝑏, 𝑐). Hence (c) holds. (ii-2) Note that 𝑢 ∈ Tag ⊂ Trag and 𝐺0 ⊂ 𝐺. Thus,
by the definitions of 𝐿 and 𝐾, each value of 𝐿(𝑢) is a value of 𝐾(𝑢), where 𝐾 is
defined in Proposition 5.1. Hence 𝐿(𝑢) is one element, as 𝐾(𝑢) is one element
and (𝑎, 𝑏, 𝑏, 𝑐) is a value of 𝐿(𝑢). (c) can be stated as “Let 𝑢 ∈ Tag. Then 𝐿(𝑢)
is one element.” (c) holds means that (a-1) holds. (iii) By Remark 4.5(𝑏̄), we
have the fact that for each 𝑢 ∈ Tag, whether you perform the operation “find
an [𝑎, 𝑏, 𝑐] ∈ 𝐺0 satisfying 𝑢 = (𝑎, 𝑏, 𝑐)” or the operation “find an [𝑎, 𝑏, 𝑐] ∈ 𝐺
satisfying 𝑢 = (𝑎, 𝑏, 𝑐)”, the same one element [𝑎, 𝑏, 𝑐] will be found. (Conversely,
this fact also implies Remark 4.5(𝑏̄).) So 𝐿 is invariant if we replace “find an
[𝑎, 𝑏, 𝑐] ∈ 𝐺0” by “find an [𝑎, 𝑏, 𝑐] ∈ 𝐺” in the definition of 𝐿. In other words,
we can also define 𝐿 as follows:

Define a mapping 𝐿 ∶ Tag → Tap1 as follows: for each 𝑢 ∈ Tag, find an
[𝑎, 𝑏, 𝑐] ∈ 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐), and then define 𝐿(𝑢) to be (𝑎, 𝑏, 𝑏, 𝑐).
And if we define 𝐿 in this way, then for each 𝑢 ∈ Tag, 𝐿(𝑢) = 𝐾(𝑢), and
hence 𝐿(𝑢) is one element as 𝐾(𝑢) is one element. (iv) Clearly Tap1 = Tag =
{(𝑎, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑐] ∈ 𝐺0} = {(𝑎, 𝑏, 𝑏, 𝑐) ∶ [𝑎, 𝑏, 𝑏, 𝑐] ∈
𝑇0}, where the third equality follows from Remark 2.4(ii) or Proposition 5.3(ii),
and the fourth equality follows from the fact that [𝑎, 𝑏, 𝑐] ∈ 𝐺0 if and only if
[𝑎, 𝑏, 𝑏, 𝑐] ∈ 𝑇0.

6. Conclusions
In this paper, we establish the representation uniqueness of generalized trian-
gular fuzzy numbers and generalized trapezoidal fuzzy numbers, which are (i)
and (ii) listed below, respectively.

(i) (Remark 4.4(𝑏̄)) For each 𝑢 ∈ Trag, there exists [𝑎, 𝑏, 𝑐] which is the unique
element of 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).

(ii) (Remark 4.4( ̄𝑎)) For each 𝑢 ∈ Trap, there exists [𝑎, 𝑏, 𝑐, 𝑑] which is the
unique element of 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).

We show the representation uniqueness of triangular fuzzy numbers and trape-
zoidal fuzzy numbers, which are (iii) and (iv) listed below, respectively.

(iii) (Remark 4.5(𝑏̄)) For each 𝑢 ∈ Tag, there exists [𝑎, 𝑏, 𝑐] ∈ 𝐺0 which is the
unique element of 𝐺 satisfying 𝑢 = (𝑎, 𝑏, 𝑐).

(iv) (Remark 4.5( ̄𝑎)) For each 𝑢 ∈ Tap, there exists [𝑎, 𝑏, 𝑐, 𝑑] ∈ 𝑇0 which is
the unique element of 𝑇 satisfying 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).

We point out that (ii)�(i)�(iii) and (ii)�(iv)�(iii) (see Section 4). Furthermore, we
obtain the following relationships among Tag, Trag, Tap and Trap: Tap ⊊ Trap,
Trag ⊊ Trap, Tag ⊊ Tap, and Tag ⊊ Trag.

The results of this paper have potential effects on the analysis and applica-
tions of generalized triangular fuzzy numbers and generalized trapezoidal fuzzy
numbers.

chinarxiv.org/items/chinaxiv-202508.00187 Machine Translation

https://chinarxiv.org/items/chinaxiv-202508.00187


7. Supplementary Content
The following representation theorem should be a known conclusion. A proof
for this theorem is given in [?]. See Theorem 3.1 in [?] and its proof.

In this paper we assume that sup ∅ = 0.

Theorem 7.1. Let 𝑌 be a nonempty set. If 𝑢 ∈ ℱ(𝑌 ), then for all 𝛼 ∈ (0, 1],
[𝑢]𝛼 = ⋂𝛽<𝛼[𝑢]𝛽.

Conversely, suppose that {𝑣𝛼 ∶ 𝛼 ∈ (0, 1]} is a family of sets in 𝑌 with 𝑣𝛼 =
⋂𝛽<𝛼 𝑣𝛽 for all 𝛼 ∈ (0, 1]. Define 𝑢 ∈ ℱ(𝑌 ) by 𝑢(𝑥) ∶= sup{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ 𝑣𝛼}
for each 𝑥 ∈ 𝑌 . Then 𝑢 is the unique element of ℱ(𝑌 ) which satisfies [𝑢]𝛼 = 𝑣𝛼
for all 𝛼 ∈ (0, 1]; that is, 𝑢 is the unique element of the set {𝑤 ∈ ℱ(𝑌 ) ∶ [𝑤]𝛼 =
𝑣𝛼 for all 𝛼 ∈ (0, 1]}.

Remark 7.2. Let 𝑌 be a nonempty set and let {𝑣𝛼 ∶ 𝛼 ∈ (0, 1]} be a family of
sets in 𝑌 . Denote 𝑆 ∶= {𝑤 ∈ ℱ(𝑌 ) ∶ [𝑤]𝛼 = 𝑣𝛼 for all 𝛼 ∈ (0, 1]}. (i) Suppose
that the statement “𝑣𝛼 = ⋂𝛽<𝛼 𝑣𝛽 for all 𝛼 ∈ (0, 1]” does not hold. Then 𝑆 = ∅.
(ii) Suppose that 𝑣𝛼 = ⋂𝛽<𝛼 𝑣𝛽 for all 𝛼 ∈ (0, 1]. Then 𝑆 is a singleton set.
(iii) 𝑆 is an empty set or a singleton set. (iv) Let 𝑣 ∈ ℱ(𝑌 ). Then the set
𝑆(𝑣) ∶= {𝑤 ∈ ℱ(𝑌 ) ∶ [𝑤]𝛼 = [𝑣]𝛼 for all 𝛼 ∈ (0, 1]} is a singleton set. (v) Let
𝑣 ∈ ℱ(𝑌 ). Then 𝑆(𝑣) = {𝑣}.

We show (i). By Theorem 7.1, for each 𝑤 ∈ ℱ(𝑌 ), it holds that [𝑤]𝛼 = ⋂𝛽<𝛼[𝑤]𝛽
for all 𝛼 ∈ (0, 1]. Thus 𝑆 = ∅. So (i) is proved.

By Theorem 7.1, (ii) holds. (iii) follows immediately from (i) and (ii).

We show (iv). Since 𝑣 ∈ ℱ(𝑌 ), by Theorem 7.1, for all 𝛼 ∈ (0, 1], [𝑣]𝛼 =
⋂𝛽<𝛼[𝑣]𝛽. Then by (ii), 𝑆(𝑣) is a singleton set. So (iv) is proved.

It is easy to see (a) for each 𝑣 ∈ ℱ(𝑌 ), 𝑣 ∈ 𝑆(𝑣); and (b) for each 𝑣 ∈ ℱ(𝑌 ),
𝑆(𝑣) ≠ ∅. ((a)�(b).) Clearly (a) and (iv) hold if and only if (v) holds. So (v)
holds.

Combining (b) and (iii) yields (iv).

The following Proposition 7.3 should be known. We cannot find the original ref-
erence which gave this conclusion, so we give a proof here for the self-containing
of this paper.

Let 𝑌 be a nonempty set and 𝑢 ∈ ℱ(𝑌 ). Then [𝑢]0 is well-defined if and only
if 𝑌 is a topological space.

Proposition 7.3. Let 𝑌 be a nonempty set, 𝑥 ∈ 𝑌 and 𝑢, 𝑣 ∈ ℱ(𝑌 ). (i)
(i-1) 𝑢(𝑥) = sup{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼}. (i-2) If [𝑢]0 is well-defined, then
𝑢(𝑥) = sup{𝛼 ∈ [0, 1] ∶ 𝑥 ∈ [𝑢]𝛼}. (ii) (ii-1) If for each 𝛼 ∈ (0, 1], [𝑢]𝛼 = [𝑣]𝛼,
then 𝑢 = 𝑣. (ii-2) Assume that 𝑢 = 𝑣. Then (ii-2a) for each 𝛼 ∈ (0, 1],
[𝑢]𝛼 = [𝑣]𝛼; (ii-2b) 𝑌 is a topological space if and only if [𝑢]0 = [𝑣]0. (ii-3)
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𝑢 = 𝑣 if and only if for each 𝛼 ∈ (0, 1], [𝑢]𝛼 = [𝑣]𝛼. (ii-4) Assume that 𝑌 is a
topological space. Then 𝑢 = 𝑣 if and only if for each 𝛼 ∈ [0, 1], [𝑢]𝛼 = [𝑣]𝛼.

Proof. First we show (i). Put 𝑢(𝑥) = 𝜉. If 𝜉 > 0, then {𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} =
(0, 𝜉], and so sup{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} = sup(0, 𝜉] = 𝜉 = 𝑢(𝑥). If 𝜉 = 0, then
{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} = ∅, and so sup{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} = 0 = 𝑢(𝑥). Thus
(i-1) holds.

Below we show ( ̄𝑎) If [𝑢]0 is well-defined, then sup 𝑆1 = sup 𝑆2, where 𝑆1 ∶=
{𝛼 ∈ (0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} and 𝑆2 ∶= {𝛼 ∈ [0, 1] ∶ 𝑥 ∈ [𝑢]𝛼}.

Case (I). Assume 𝑆1 = ∅. Then sup 𝑆1 = 0, and it holds that 𝑆2 = ∅ or 𝑆2 = {0}.
Clearly sup 𝑆2 = 0 regardless of 𝑆2 = ∅ or 𝑆2 = {0}. So sup 𝑆1 = sup 𝑆2.

Case (II). Assume 𝑆1 ≠ ∅. Then there exists 𝛼 ∈ (0, 1] with 𝑥 ∈ [𝑢]𝛼. So
𝑥 ∈ [𝑢]0 as [𝑢]𝛼 ⊆ [𝑢]0. Thus we obtain (a) 𝑆2 = 𝑆1 ∪ {0}. Clearly we have (b)
sup 𝑆1 > 0. Thus sup 𝑆2 = (by (a)) sup(𝑆1 ∪{0}) = sup 𝑆1 ∨sup{0} = sup 𝑆1 ∨0
(i.e., (sup 𝑆1) ∨ 0) = (by (b)) sup 𝑆1. The proof of ( ̄𝑎) is completed.

Combining (i-1) and ( ̄𝑎) yields (i-2). Hence (i) is proved. (Obviously, combining
(i-1) and (i-2) yields ( ̄𝑎).)
Now we show (ii-1). Notice that for each 𝑦 ∈ 𝑌 , 𝑣(𝑦) = (by (i-1)) sup{𝛼 ∈
(0, 1] ∶ 𝑦 ∈ [𝑣]𝛼} = sup{𝛼 ∈ (0, 1] ∶ 𝑦 ∈ [𝑢]𝛼} = (by (i-1)) 𝑢(𝑦). So 𝑢 = 𝑣 as
𝑢, 𝑣 ∈ ℱ(𝑌 ). This proof of (ii-1) is essentially given in the proof of Theorem 3.1
in [?]. (see also (I) below)

Now we show (ii-2). (ii-2a) holds obviously. Assume 𝑌 is a topological space.
This means that [𝑢]0 and [𝑣]0 are well-defined. Then 𝑢 = 𝑣 implies that [𝑢]0 =
[𝑣]0. If [𝑢]0 = [𝑣]0 then [𝑢]0 and [𝑣]0 are well-defined, which means that 𝑌 is
a topological space. So (ii-2b) holds. (ii-3) follows immediately from (ii-1) and
(ii-2a). (ii-4) follows immediately from (ii-1) and (ii-2).

(I) We can see that (ii-1) is equivalent to (ii-1)’ Given 𝑣 ∈ ℱ(𝑌 ), if 𝑢 ∈ 𝑆(𝑣)
then 𝑢 = 𝑣. It holds that (a) for each 𝑣 ∈ ℱ(𝑌 ), 𝑣 ∈ 𝑆(𝑣). Clearly (a)
and (ii-1)’ hold if and only if Remark 7.2(v) holds (we use (b) to denote
this statement.). Below (I-1) and (I-2) are two proofs of (ii-1). (I-1) Since
Remark 7.2(v) is proved, by (b), (ii-1)’ holds; that is, (ii-1) holds. (I-2)
Suppose that 𝑢 and 𝑣 are in ℱ(𝑌 ) satisfying for all 𝛼 ∈ (0, 1], [𝑢]𝛼 = [𝑣]𝛼.
Then it holds that (c) 𝑢 and 𝑣 are in 𝑆(𝑣). By Remark 7.2(iv), we have
(d) 𝑆(𝑣) is a singleton set. By (c) and (d), we have that 𝑢 = 𝑣. So (ii-1)
is proved. ((d) also follows from (c) and Remark 7.2(iii).) In some sense,
all the proofs of (ii-1) given in this paper are essentially the same.

The corresponding author of this paper is Huan Huang (email: hhuangjy@126.com).

First, the corresponding author of this paper independently gave all contents
of ChinaXiv:202507.00428, which include the contents from the beginning of
this section to the “(□)” at the end of the proof of Proposition 7.3 (see Chi-
naXiv:202507.00428 at https://chinaxiv.org/abs/202507.00428). Then we gave
the rest of this paper.
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The corresponding author of this paper also independently gave at least the
following contents of this paper: all sentences that contain the expression “the
unique element of”, Remarks 4.4, 4.5 and 4.6, and clauses (i), (ii), (iii) and (iv)
of Section 6.

Proposition 7.4. Let 𝑢 ∈ ℱ(ℝ) and (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap. Then 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) if
and only if for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑐 + (1 − 𝜉)(𝑑 − 𝑐)].
Proof. We prove the “only if” part. Suppose 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). Then, by Defini-
tion 3.2 and easy calculations, (1) holds (see also (I) below).

We prove the “if” part. Suppose (1) holds. By Proposition 7.3(i-2), 𝑢(𝑥) =
sup{𝛼 ∈ [0, 1] ∶ 𝑥 ∈ [𝑢]𝛼} for each 𝑥 ∈ ℝ. From this, by easy calculations, we
can obtain that 𝑢(𝑥) = (𝑎, 𝑏, 𝑐, 𝑑)(𝑥) for each 𝑥 ∈ ℝ (see also (II) below). This
means 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) as both 𝑢 and (𝑎, 𝑏, 𝑐, 𝑑) are in ℱ(ℝ).
Another proof of the “if” part is as follows. Suppose (1) holds. Note that the
“only if” part says that for each 𝜉 ∈ [0, 1], [(𝑎, 𝑏, 𝑐, 𝑑)]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑐 + (1 −
𝜉)(𝑑 − 𝑐)]. Thus (1) means that for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [(𝑎, 𝑏, 𝑐, 𝑑)]𝜉. As both
𝑢 and (𝑎, 𝑏, 𝑐, 𝑑) are in ℱ(ℝ), by Proposition 7.3(ii-1), 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). This proof
is based on the result of the “only if” part.

(I) One way to perform these calculations is to do it based on watching the
graphs of the membership functions of (𝑎, 𝑏, 𝑐, 𝑑). In this way, it is easy to
calculate that for each 𝜉 ∈ [0, 1], [(𝑎, 𝑏, 𝑐, 𝑑)]𝜉 = [𝜉(𝑏−𝑎)+𝑎, 𝑐+(1−𝜉)(𝑑−𝑐)]
in all the four cases 𝑎 < 𝑏 ≤ 𝑐 < 𝑑, 𝑎 = 𝑏 ≤ 𝑐 < 𝑑, 𝑎 < 𝑏 ≤ 𝑐 = 𝑑 and
𝑎 = 𝑏 ≤ 𝑐 = 𝑑. So (1) holds as we suppose that 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).

(II) One way to perform these calculations is to do it based on watching the
graphs of the cut sets [𝑢]𝛼, 𝛼 ∈ [0, 1]. In this way, it is easy to calculate
that 𝑢(𝑥) = (𝑎, 𝑏, 𝑐, 𝑑)(𝑥) for each 𝑥 ∈ ℝ in all the four cases 𝑎 < 𝑏 ≤ 𝑐 < 𝑑,
𝑎 = 𝑏 ≤ 𝑐 < 𝑑, 𝑎 < 𝑏 ≤ 𝑐 = 𝑑 and 𝑎 = 𝑏 ≤ 𝑐 = 𝑑.

For 𝑢 ∈ ℱ(ℝ), we call 𝑢 a 1-dimensional compact fuzzy number if 𝑢 has the
following properties: (i) [𝑢]1 ≠ ∅; and (ii) for each 𝛼 ∈ [0, 1], [𝑢]𝛼 is a compact
interval of ℝ. The set of all 1-dimensional compact fuzzy numbers is denoted
by 𝐸.

Let 𝑢 ∈ Trap. Denote 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑). By Proposition 7.4, [𝑢]1 = [𝑏, 𝑐] ≠ ∅
and for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑐 + (1 − 𝜉)(𝑑 − 𝑐)] is a compact
interval of ℝ. Also 𝑢 ∈ ℱ(ℝ). Thus 𝑢 ∈ 𝐸. So Trap ⊆ 𝐸. Below Example
7.5 shows that 𝐸 � Trap ≠ ∅. Hence Trap ⊊ 𝐸. So Tap ⊊ Trap ⊊ 𝐸 and
Tag ⊊ Trag ⊊ Trap ⊊ 𝐸, where the first ⊊, the third ⊊ and the fourth ⊊ have
already been given earlier in this paper.

Example 7.5. Define 𝑢 ∈ ℱ(ℝ) by

𝑢(𝑥) = {𝑒−𝑥, if 𝑥 ∈ [0, 1],
0, if 𝑥 ∈ ℝ � [0, 1].
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Then

[𝑢]𝛼 = {[0, − ln 𝛼], if 𝛼 ∈ [𝑒−1, 1],
[0, 1], if 𝛼 ∈ [0, 𝑒−1].

Thus [𝑢]1 = {0} ≠ ∅, and for each 𝛼 ∈ [0, 1], [𝑢]𝛼 is a compact interval of ℝ.
So 𝑢 ∈ 𝐸. We claim 𝑢 ∉ Trap. Suppose 𝑢 ∈ Trap. Denote 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑).
Then {0} = [𝑢]1 = [𝑏, 𝑐] and [0, 1] = [𝑢]0 = [𝑎, 𝑑], where the second and fourth
equalities follow from Proposition 7.4 or Theorem 4.1(i). So 𝑎 = 𝑏 = 𝑐 = 0 and
𝑑 = 1. Hence, by Proposition 7.4, [𝑢]𝑒−1 = [𝑒−1(0−0)+0, 0+(1−𝑒−1)(1−0)] =
[0, 1 − 𝑒−1]. However, by (2), [𝑢]𝑒−1 = [0, 1]. This is a contradiction. Thus
𝑢 ∉ Trap.

Corollary 7.6. Let 𝑢 ∈ ℱ(ℝ) and (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap. Then 𝑢 = (𝑎, 𝑏, 𝑐, 𝑑) if and
only if for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑐 + (1 − 𝜉)(𝑑 − 𝑐)].
Proof. Note that (𝑎, 𝑏, 𝑐, 𝑑) ∈ Tap implies (𝑎, 𝑏, 𝑐, 𝑑) ∈ Trap (see also (I) below).
So the desired result follows immediately from Proposition 7.4. (I) Tap ⊊ Trap.
This means that if 𝑤 ∈ Tap then 𝑤 ∈ Trap but the converse is false.

From the above proof of Corollary 7.6, we can see that Corollary 7.6 is a corollary
of Proposition 7.4.

Proposition 7.7. Let 𝑢 ∈ ℱ(ℝ) and (𝑎, 𝑏, 𝑐) ∈ Trag. Then 𝑢 = (𝑎, 𝑏, 𝑐) if and
only if for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑏 + (1 − 𝜉)(𝑐 − 𝑏)].
Proof. By Remark 3.4(ii), (𝑎, 𝑏, 𝑐) is the (𝑎, 𝑏, 𝑏, 𝑐) in Trap. And, by Proposition
7.4, 𝑢 = (𝑎, 𝑏, 𝑏, 𝑐) if and only if for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑏 + (1 −
𝜉)(𝑐 − 𝑏)]. So we obtain the desired result.

From the above proof of Proposition 7.7, we can see that Proposition 7.7 is a
corollary of Proposition 7.4.

Corollary 7.8. Let 𝑢 ∈ ℱ(ℝ) and (𝑎, 𝑏, 𝑐) ∈ Tag. Then 𝑢 = (𝑎, 𝑏, 𝑐) if and only
if for each 𝜉 ∈ [0, 1], [𝑢]𝜉 = [𝜉(𝑏 − 𝑎) + 𝑎, 𝑏 + (1 − 𝜉)(𝑐 − 𝑏)].
Proof. (𝑎, 𝑏, 𝑐) ∈ Tag implies (𝑎, 𝑏, 𝑐) ∈ Trag (see also (I) below). So the desired
result follows immediately from Proposition 7.7. (I) Tag ⊊ Trag. This means
that if 𝑤 ∈ Tag then 𝑤 ∈ Trag but the converse is false.

From the above proof of Corollary 7.8, we can see that Corollary 7.8 is a corollary
of Proposition 7.7. So Corollary 7.8 is a corollary of Proposition 7.4.

Theorem 7.9. Let 𝑢 and 𝑣 be in Trap. Then 𝑢 = 𝑣 if and only if there exist
two distinct elements 𝜆 and 𝜏 in [0, 1] with [𝑢]𝜆 = [𝑣]𝜆 and [𝑢]𝜏 = [𝑣]𝜏 .

Proof. Clearly 𝑢 = 𝑣 implies that [𝑢]𝜉 = [𝑣]𝜉 for all 𝜉 ∈ [0, 1]. So the “only if”
part is true.

Conversely, assume there exist two distinct elements 𝜆 and 𝜏 in [0, 1] with [𝑢]𝜆 =
[𝑣]𝜆 and [𝑢]𝜏 = [𝑣]𝜏 . Denote 𝑢 ∶= (𝑎, 𝑏, 𝑐, 𝑑) and 𝑣 ∶= (𝑎1, 𝑏1, 𝑐1, 𝑑1). Then

[𝜆(𝑏−𝑎)+𝑎, 𝑐+(1−𝜆)(𝑑−𝑐)] = [𝑢]𝜆 = [𝑣]𝜆 = [𝜆(𝑏1−𝑎1)+𝑎1, 𝑐1+(1−𝜆)(𝑑1−𝑐1)],
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[𝜏(𝑏−𝑎)+𝑎, 𝑐+(1−𝜏)(𝑑−𝑐)] = [𝑢]𝜏 = [𝑣]𝜏 = [𝜏(𝑏1−𝑎1)+𝑎1, 𝑐1+(1−𝜏)(𝑑1−𝑐1)],
where the first and third equalities in (3) and the first and third equalities in
(4) follow from Proposition 7.4. (3) implies (5) and (6) below. (4) implies (7)
and (8) below.

𝜆(𝑏 − 𝑎) + 𝑎 = 𝜆(𝑏1 − 𝑎1) + 𝑎1,
𝑐 + (1 − 𝜆)(𝑑 − 𝑐) = 𝑐1 + (1 − 𝜆)(𝑑1 − 𝑐1),

𝜏(𝑏 − 𝑎) + 𝑎 = 𝜏(𝑏1 − 𝑎1) + 𝑎1,
𝑐 + (1 − 𝜏)(𝑑 − 𝑐) = 𝑐1 + (1 − 𝜏)(𝑑1 − 𝑐1).

We claim (a) (5) and (7) hold if and only if 𝑎 = 𝑎1 and 𝑏 = 𝑏1; and (b) (6) and
(8) hold if and only if 𝑐 = 𝑐1 and 𝑑 = 𝑑1.

We show (a). Obviously 𝑎 = 𝑎1 and 𝑏 = 𝑏1 implies (5) and (7). Conversely,
suppose (5) and (7) hold. Computing (5)−(7), we obtain (c) (𝜆 − 𝜏)(𝑏 − 𝑎) =
(𝜆−𝜏)(𝑏1 −𝑎1). (c) is equivalent to (d) (𝑏−𝑎) = (𝑏1 −𝑎1), as 𝜆 ≠ 𝜏 . Computing
(5)−𝜆⋅(d), we obtain (e) 𝑎 = 𝑎1. Computing (d) + (e), we obtain 𝑏 = 𝑏1. Thus
(a) is proved.

We show (b). Obviously 𝑐 = 𝑐1 and 𝑑 = 𝑑1 implies (6) and (8). Conversely,
suppose (6) and (8) hold. Computing (6)−(8), we obtain ( ̄𝑐) (𝜏 − 𝜆)(𝑑 − 𝑐) =
(𝜏 −𝜆)(𝑑1 −𝑐1). ( ̄𝑐) is equivalent to ( ̄𝑑) (𝑑−𝑐) = (𝑑1 −𝑐1), as 𝜆 ≠ 𝜏 . Computing
(6)−(1 − 𝜆) ⋅ ( ̄𝑑), we obtain ( ̄𝑒) 𝑐 = 𝑐1. Computing ( ̄𝑑) + ( ̄𝑒), we obtain 𝑑 = 𝑑1.
Thus (b) is proved.

The above proofs of (a) and (b) are similar. See also (I) below.

By (5), (6), (7), (8), (a) and (b), we have 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1 and 𝑑 = 𝑑1.
Then obviously 𝑢 = 𝑣 (see also (II) below). So the “if” part is true.

The proof is completed. (I) We can also show (a) and (b) as follows. Below two
proofs of (a) and (b) are similar.

The following is a proof of (a). We see (5) and (7) as a system of linear equations
in 2 unknowns 𝑎 and 𝑏. We use (A) to denote this system of linear equations.
Clearly (a) means that 𝑎 = 𝑎1 and 𝑏 = 𝑏1 is the unique solution of (A). Obvi-
ously, by (5) and (7), 𝑎 = 𝑎1 and 𝑏 = 𝑏1 is a solution of (A). So to show (a), we
only need to show that (A) has a unique solution.

We can write (A) as

{𝜆𝑏 + (1 − 𝜆)𝑎 = 𝜆(𝑏1 − 𝑎1) + 𝑎1,
𝜏𝑏 + (1 − 𝜏)𝑎 = 𝜏(𝑏1 − 𝑎1) + 𝑎1.

We can see that (A) is square. Computing the determinant of the coefficient
matrix of (A), we obtain

∣𝜆 1 − 𝜆
𝜏 1 − 𝜏 ∣ = 𝜆(1 − 𝜏) − (1 − 𝜆)𝜏 = 𝜆 − 𝜏 ≠ 0.
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Thus (A) has a unique solution. So (a) is proved.

The following is a proof of (b). We see (6) and (8) as a system of linear equations
in 2 unknowns 𝑐 and 𝑑. We use (B) to denote this system of linear equations.
Clearly (b) means that 𝑐 = 𝑐1 and 𝑑 = 𝑑1 is the unique solution of (B). Obvi-
ously, by (6) and (8), 𝑐 = 𝑐1 and 𝑑 = 𝑑1 is a solution of (B). So to show (b), we
only need to show that (B) has a unique solution.

We can write (B) as

{𝜆𝑐 + (1 − 𝜆)𝑑 = 𝑐1 + (1 − 𝜆)(𝑑1 − 𝑐1),
𝜏𝑐 + (1 − 𝜏)𝑑 = 𝑐1 + (1 − 𝜏)(𝑑1 − 𝑐1).

We can see that (B) is square. Computing the determinant of the coefficient
matrix of (B), we obtain

∣𝜆 1 − 𝜆
𝜏 1 − 𝜏 ∣ = 𝜆(1 − 𝜏) − (1 − 𝜆)𝜏 = 𝜆 − 𝜏 ≠ 0.

Thus (B) has a unique solution. So (b) is proved.

(II) In fact, by Theorem 4.1(ii), 𝑢 = 𝑣 is equivalent to [𝑎, 𝑏, 𝑐, 𝑑] =
[𝑎1, 𝑏1, 𝑐1, 𝑑1], which means 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1 and 𝑑 = 𝑑1. In other
words, 𝑢 = 𝑣 if and only if 𝑎 = 𝑎1, 𝑏 = 𝑏1, 𝑐 = 𝑐1 and 𝑑 = 𝑑1.

Corollary 7.10. (i) Let 𝑢 and 𝑣 be in Tap. Then 𝑢 = 𝑣 if and only if there
exist two distinct elements 𝜆 and 𝜏 in [0, 1] with [𝑢]𝜆 = [𝑣]𝜆 and [𝑢]𝜏 = [𝑣]𝜏 .
(ii) Let 𝑢 and 𝑣 be in Trag. Then 𝑢 = 𝑣 if and only if there exist two distinct
elements 𝜆 and 𝜏 in [0, 1] with [𝑢]𝜆 = [𝑣]𝜆 and [𝑢]𝜏 = [𝑣]𝜏 . (iii) Let 𝑢 and 𝑣 be
in Tag. Then 𝑢 = 𝑣 if and only if there exist two distinct elements 𝜆 and 𝜏 in
[0, 1] with [𝑢]𝜆 = [𝑣]𝜆 and [𝑢]𝜏 = [𝑣]𝜏 .

Proof. We show (i). 𝑢 and 𝑣 are in Tap implies 𝑢 and 𝑣 are in Trap. So
(i) follows immediately from Theorem 7.9. (This proof indicates that (i) is a
corollary of Theorem 7.9.)

We show (ii). 𝑢 and 𝑣 are in Trag implies 𝑢 and 𝑣 are in Trap (see also (I)
below). So (ii) follows immediately from Theorem 7.9. (This proof indicates
that (ii) is a corollary of Theorem 7.9.)

We show (iii). 𝑢 and 𝑣 are in Tag implies 𝑢 and 𝑣 are in Trag. So (iii) follows
immediately from (ii). (This proof indicates that (iii) is a corollary of (ii). So
(iii) is a corollary of Theorem 7.9.) (I) Trag ⊊ Trap. This means that if 𝑤 ∈ Trag
then 𝑤 ∈ Trap but the converse is false.
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