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Abstract
Currently, high-performance computing for large-scale finite elements primarily
relies on parallel computing using multi-CPU computer clusters, which incurs
high computational costs and offers limited improvements in computational ef-
ficiency. Leveraging the advantages of advanced GPU chips in large-scale data
parallel processing, this paper proposes a GPU-based parallel solution method
for large-scale finite element sparse matrices, encompassing compressed storage
encoding and decoding of large-scale sparse matrices, preconditioned parallel
iterative solution strategies, and the development of GPU kernel functions for
the main solution steps. A GPU parallel computing finite element program
was developed using C++, and solution experiments were conducted on finite
element sparse matrices of various scales. Numerical results demonstrate that
the computational efficiency of GPU-based parallel solving is significantly en-
hanced, with the advantage becoming more pronounced as matrix dimensions
increase. Furthermore, preconditioning the global sparse matrix during GPU
solution substantially accelerates convergence, while maintaining relatively high
computational accuracy.
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Abstract: Currently, high-performance computing for large-scale finite ele-
ments primarily relies on multi-CPU computer cluster parallel computing, which
entails high computational costs yet offers limited efficiency improvements.
Leveraging the advantages of internationally advanced GPU chips in large-scale
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data parallel processing, this paper proposes a GPU-based parallel solution
method for large-scale finite element sparse matrices, encompassing compression
storage encoding and decoding for large-scale sparse matrices, preconditioned
parallel iterative solution strategies, and GPU kernel function implementation
methods for key solution steps. A GPU parallel finite element program was
developed using C++, and numerical experiments were conducted on finite el-
ement sparse matrices of varying scales. The numerical examples demonstrate
significantly improved computational efficiency through GPU-side parallel solv-
ing, with greater advantages observed for larger matrix dimensions. Addition-
ally, preconditioning the global sparse matrix during GPU solution substantially
accelerates convergence while maintaining relatively high computational accu-
racy.

Key words: parallel computing; finite element method; GPU computing;
sparse matrix

1 Introduction
Large-scale geotechnical engineering numerical calculations currently face sev-
eral fundamental challenges. First, geotechnical projects operate at massive
scales, with computational domains spanning thousands or even tens of thou-
sands of meters. Due to limitations in computer memory and computational
efficiency, conventional commercial software requires mesh discretization at the
scale of hundreds or thousands of meters. Such coarse meshes fail to capture
local deformation and failure characteristics, yet engineering disasters typically
initiate from local regions [1], rendering the computational results of limited
practical guidance value. Second, many major geotechnical projects in China
are situated under complex geological conditions, significantly influenced by
faults, fractures, topography, hydrogeology, in-situ stress conditions, and rock
properties. These projects also incorporate numerous reinforcement measures
such as rock bolts and anchors. However, current computational efficiency lim-
itations force substantial model simplifications or reduced computational do-
mains, neglecting many important influencing factors and reinforcement effects.
Consequently, the obtained results struggle to objectively reflect the actual dis-
aster initiation and evolution processes. Third, the disaster incubation and
occurrence processes may represent nonlinear, complex multi-field coupling phe-
nomena whose simulation involves ultra-long timescale iterative solutions across
multiple physical fields, sometimes requiring years or decades of simulation time.
Such problems demand millions to hundreds of millions of iterations, which is
impossible to accomplish using current commercial software capabilities.

To address these numerical challenges in large-scale geotechnical engineering, nu-
merous scholars have conducted pioneering research. Some researchers [2-4] pro-
posed parallel computation methods based on domain decomposition strategies,
distributing computational information across different computers for divide-
and-conquer processing. Wang et al. [5] employed ParMetis software for parallel
pre- and post-processing and utilized preconditioning techniques for parallel so-
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lution of finite element linear equations, achieving parallel simulation of tunnel
excavation processes. Ni et al. [6, 7] implemented master-slave distributed paral-
lel improvements to optimization algorithms using computer clusters, proposing
a parallel optimization inversion method for large-scale underground geotechni-
cal engineering. References [8-10] presented finite element EBE (Element-By-
Element) parallel algorithms for distributed memory parallel machines, adopting
on-demand collection and exchange strategies for multi-CPU data storage and
exchange to reduce data transfer and storage requirements. Xie et al. [11] ran
their independently developed RFPA3D-Parallel program on computer clusters
for parallel computational analysis of three-dimensional fracture processes in
rock specimens containing voids. Reference [12] conducted dynamic analysis
of seismic response for metro tunnel and civil air defense basement interaction
based on the Abaqus software 64CPU explicit parallel computing cluster plat-
form.

Compared with CPU parallel computing, GPU parallel computing offers sub-
stantial advantages in efficiency and cost. Currently, extensive research exists
on GPU-based sparse matrix computations. Bolz et al. [13] implemented GPU-
accelerated conjugate gradient algorithms. Göddeke et al. [14, 15] investigated
GPU-based multigrid methods. Naumov [16] demonstrated how to implement
IC/ILU preconditioned conjugate gradient and biconjugate gradient stabilized
algorithms using CUSPARSE and CUBLAS libraries. Chen et al. [17] proposed
using incomplete Cholesky decomposition preconditioned conjugate gradient
methods for solving large-scale sparse symmetric positive definite linear sys-
tems. Zhang et al. [18] explored optimization methods for sparse matrix-vector
multiplication using the CUSPARSE library.

This paper systematically addresses the large equation system solution problem
in large-scale geotechnical engineering finite element parallel computing, propos-
ing corresponding storage methods for large-scale finite element sparse matrices,
GPU parallel iterative solution methods, and developing finite element GPU par-
allel computing programs using C++ for systematic evaluation of GPU parallel
solution efficiency and accuracy through numerical experiments.

2 Preconditioned Iterative Solution of Large-Scale Sparse
Matrices
Standard conjugate gradient iteration converges rapidly for well-conditioned
matrices but may converge slowly for matrices with large condition numbers.
Preconditioning techniques can substantially improve convergence rates.

The fundamental idea of preconditioning involves applying the standard conju-
gate gradient method to a transformed system equation. Assuming the trans-
formed equation is:

Ãx̃ = b̃ (1)
where Ã = C−1AC−1, x̃ = Cx, b̃ = C−1b, with C being a symmetric positive-
definite matrix. A proper matrix C must be selected to reduce the condition
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number of Ã. Applying the standard conjugate gradient method with initial
solution x̃0 and setting p̃0 = r̃0, the preconditioned iterative solution process
for 𝑘 = 0, 1, 2, 3, … until convergence is:

x̃𝑘+1 = x̃𝑘 + 𝛼𝑘p̃𝑘 (3)

r̃𝑘+1 = r̃𝑘 − 𝛼𝑘C−1AC−1p̃𝑘 (6)

p̃𝑘+1 = r̃𝑘+1 + 𝛽𝑘p̃𝑘 (5)

Currently, numerous mature matrix preconditioning methods exist, including
Jacobi preconditioning, block Jacobi preconditioning, and incomplete factoriza-
tion preconditioning.

For the finite element equation system Ax = b, performing incomplete Cholesky
decomposition on matrix A yields:

A = LL𝑇 − R (7)

where L is a lower triangular matrix. Considering C = LL𝑇 as the precondi-
tioning matrix, the following relationship holds:

(LL𝑇 )−1A(LL𝑇 )−1 ⋅ LL𝑇 x = (LL𝑇 )−1b (8)

According to (LL𝑇 )−1 = (L𝑇 )−1(L)−1, we can further derive:

L−1Ax = L−1b (9)

L−1A(L𝑇 )−1L𝑇 x = L−1b (10)
Ã = L−1A(L𝑇 )−1, x̃ = L𝑇 x, b̃ = L−1b (11)

3.1 General Steps for CUDA-Based Large-Scale Sparse Ma-
trix Parallel Solution
The general procedure for solving large-scale sparse matrices using CUDA in-
volves the following steps:

1. Initialize the cuSPARSE and cuBLAS libraries required for computations
in the CUDA system.

2. Allocate appropriate memory sizes for pointers and arrays used in the
program and initialize them to zero.

3. Ensure that sparse matrix values, row indices, and column index parame-
ters have been computed and exist in device (GPU) memory.

4. Convert data to standard cuSPARSE library formats for function interface
compatibility using conversion functions cusparseCreateCsr (create CSR
compressed matrix) and cusparseCreateDnVec (create vector).
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5. Transfer specific sparse matrix parameters from host memory to device
memory using the cudaMemcpy function (CPU-to-GPU data transfer func-
tion). For CSR-compressed matrices [19], transferred parameters include
matrix dimensions, non-zero values, and row/column indices of non-zero
elements.

6. Develop GPU kernel functions for vector multiplication (z = xy), sparse
matrix-vector multiplication (y = Ax), and scalar multiplication with
vector addition (𝛼x + y).

7. Compute the initial residual r = b−Ax using the developed GPU kernels
(including sparse matrix-vector multiplication and scalar multiplication
with vector addition).

8. Perform iterative calculations of equations (2)-(6) using the developed ker-
nels (including vector inner products, sparse matrix-vector multiplication,
and scalar multiplication with vector addition) until the residual converges
to the required tolerance, then terminate and obtain the final solution.

3.2 GPU-Side Parallel Multi-Thread Kernel Function De-
sign
The preconditioned sparse matrix iterative solution process involves three pri-
mary operations: vector multiplication (z = xy), scalar multiplication with vec-
tor addition (y = 𝛼x + y), and sparse matrix-vector multiplication (y = Ax).
These operations consume substantial memory and time, necessitating GPU-
side kernel design for parallel computation.

(1) GPU Kernel Function Design for Vector Multiplication

The GPU device-side kernel function for vector multiplication (z = xy) can be
designed as follows:

Algorithm 2: GPU Kernel Function Design for Vector Multiplication

__{global}_ void dot(float *x, float *y, float *z) {
int tid = threadIdx.x + blockIdx.x * numThread;
while (tid < N) {

z[tid] = x[tid] * y[tid];
tid += numThread * numBlock; // Advance by total threads per grid

}
}
cudaMemcpy(z, dev_z, N*sizeof(float), cudaMemcpyDeviceToHost);
sum = 0;
for (int i = 0; i < N; i++) {

sum += z[i];
}

(2) GPU Kernel Function Design for Scalar Multiplication and Vector
Addition
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Assuming 𝑛 is the length of vectors x and y, and 𝛼 is the scalar parameter
in the operation, designing each thread to compute one element of vector x
multiplied by scalar 𝛼 and added to the corresponding element of vector y yields
the following simple GPU parallel kernel function for scalar multiplication and
vector addition (y = 𝛼x + y):

Algorithm 3: GPU Kernel Function Design for Scalar Multiplication
and Vector Addition

__{global}_ void saxpy(int n, float alpha, float *x, float *y) {
int i = blockIdx.x * blockDim.x + threadIdx.x;
if (i < n) {

y[i] = alpha * x[i] + y[i];
}

}

(3) GPU Kernel for Sparse Matrix-Vector Multiplication Based on
CSR Storage

In sparse matrix iterative solutions, matrix-vector multiplication appears repeat-
edly. CPU-side computation consumes substantial time and memory, making
efficient GPU-side parallel computation essential for large-scale sparse matrix
solving. Under the CUDA framework, three different kernel programming ap-
proaches can implement high-performance parallel computation for CSR storage
format matrix-vector multiplication. The first method assigns each thread to
compute one element of the output vector, i.e., each thread is responsible for
computing the product of non-zero elements in each matrix row with the vec-
tor and summing them [20], as detailed in Algorithm 4. The second approach
utilizes each warp to compute one output vector element, where threads within
a warp compute products of non-zero elements per matrix row with the vector,
then perform warp-level reduction [21]. The third method assigns each block
to compute one output vector element, followed by block-level reduction of in-
termediate results. Assuming matrix A in CSR format has three vectors: data
(non-zero values), col (column indices), and rowptr (row offsets), one possible
GPU kernel implementation for y = Ax is:

Algorithm 4: GPU Kernel Design for Sparse Matrix-Vector Multi-
plication Based on CSR Storage

__{global}_ void spmv_{{{scalar}}_{{kernel}}}(const int num_{rows},
const int *rowptr,
const int *col,
const float *data,
const float *x,
float *y) {

int row = blockDim.x * blockIdx.x + threadIdx.x;
if (row < num_{rows}) {

float dot = 0;
int row_{start} = rowptr[row];
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int row_{end} = rowptr[row + 1];
for (int jj = row_{start}; jj < row_{end}; jj++)

dot += data[jj] * x[col[jj]];
y[row] += dot;

}
}

4 Numerical Experiments
4.1 Experimental Platform and Model
This study employs a conventional laboratory desktop computer for experi-
ments. The CPU specifications are: Intel(R) Core(TM) i7-8700 @ 3.20 GHz
with 8192 MB total memory. The GPU is an NVIDIA GeForce GTX 1050
Ti with DAC type Integrated RAMDAC, 8026 MB total memory, 4019 MB
dedicated memory, and 4007 MB shared memory. According to NVIDIA’s com-
putational capability calculation method, the GPU capability is 6.1. The system
is Windows 7, 64-bit; the experimental environment is Visual Studio 2019 with
CUDA 12.4.

The numerical experiment model considers a two-dimensional soil site with
height and width of 100 m. The model parameters include an elastic modu-
lus of 10 MN/m2, Poisson’s ratio of 0.3, and a top-loading condition of 1 kN.
The computational domain is discretized using four-node rectangular elements.
The domain is meshed with different element sizes and node counts: 18, 800,
1800, 80000, 180000, and 8000000 nodes (see [Figure 1: see original paper]).
Each node has two degrees of freedom (displacements in x and y directions).
Consequently, the dimensions of the global stiffness sparse matrix are: 36 × 36,
1600 × 1600, 3600 × 3600, 160000 × 160000, 360000 × 360000, and 16000000
× 16000000. By discretizing the computational model with different mesh sizes,
finite element global sparse matrices of various scales were designed.

4.2 Experimental Results and Analysis
Using the sparse matrix conjugate gradient solution method described in Section
2, we developed iterative solution programs running on both CPU and GPU
sides to solve the global sparse matrices of the computational model. The CPU
program is serial, while the GPU program is CUDA-based parallel.

With a convergence tolerance of 1 × 10−12, the CPU and GPU runtimes under
different mesh sizes and matrix dimensions are presented in . The results in-
dicate that for small- to medium-scale matrices, CPU serial iterative solving is
even more efficient than GPU parallel solving. At matrix orders of 36 and 1600,
CPU runtime outperforms GPU, while at order 3600, CPU and GPU efficien-
cies are comparable. This phenomenon primarily occurs because GPU solving
requires initial data transfer from CPU to GPU, incurring additional overhead.
For large-scale global sparse matrices (dimensions in the hundreds of thousands
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to tens of millions), GPU parallel solving demonstrates vastly superior efficiency,
with advantages becoming more pronounced as matrix dimensions increase. For
instance, at a matrix dimension of 160000, the GPU parallel solving achieves
a speedup of 18.1×; at 360000, 23.7×; and at the ten-million scale (16000000),
GPU solving efficiency reaches 176.7× that of CPU.

To verify the validity of our numerical results, we generated finite element
meshes identical to those in reference [22] and conducted numerical experiments
on both CPU and GPU. The detailed comparisons are shown in . Compared
with reference [22], our computational efficiency shows significant improvement,
partially attributable to our newer CPU and GPU versions with hardware ad-
vantages. However, the overall pattern remains consistent: for low-dimensional
sparse matrix solving, CPU-side efficiency is higher, while GPU-side accelera-
tion increases exponentially with matrix dimension.

Regarding whether preconditioning improves finite element sparse matrix solv-
ing, we conducted numerical experiments on GPU by performing incomplete
Cholesky decomposition preconditioning on the global stiffness matrix before it-
erative solving. The results are presented in . Under the specified tolerance (1 ×
10−12), preconditioning substantially reduces convergence steps. For example,
at matrix order 160000, convergence requires 1742 steps without preconditioning
versus 545 steps with preconditioning.

[Figure 2: see original paper] illustrates the residual reduction during the first
200 iteration steps for matrix dimension 160000 × 160000 with and without pre-
conditioning. The preconditioned residual decreases significantly faster, reach-
ing 5.35 × 10−5 at iteration 200, compared to 1.21 × 10−1 for the standard
conjugate gradient method. These results demonstrate that preconditioning
finite element global sparse matrices substantially improves convergence and
computational efficiency.

With a convergence tolerance of 1 × 10−4, we analyzed the final computational
errors for preconditioned matrices solved on GPU, as shown in and [Figure 3: see
original paper]. The results indicate that final errors exhibit some randomness
without direct correlation to matrix dimension, but overall, preconditioned solu-
tions yield smaller errors and higher accuracy compared to non-preconditioned
solutions.

Compared with open-source sparse matrix solvers provided in the CUDA plat-
form, our optimized preconditioned parallel solving method significantly reduces
matrix condition numbers, thereby decreasing numerical errors during solution.
Additionally, preconditioning accelerates algorithm convergence, meaning fewer
iteration steps and reduced accumulated numerical errors.

5 Conclusions
This paper proposes a GPU-based parallel solution method for large-scale finite
element sparse matrices in geotechnical engineering, detailing storage methods
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for large-scale sparse matrices, preconditioned optimization solution methods,
and corresponding GPU kernel function implementation approaches. Numerical
experiments were conducted on an NVIDIA GeForce GTX 1050 Ti graphics card
in a conventional desktop computer, yielding the following conclusions:

1. For large-scale finite element sparse matrices, GPU-side parallel solving
significantly improves computational efficiency compared to CPU-side se-
rial solving, with greater advantages for larger matrix dimensions.

2. Preconditioning large-scale finite element global sparse matrices during
GPU parallel solving substantially accelerates matrix solution convergence
and improves computational efficiency.

3. Preconditioning large-scale finite element global sparse matrices during
GPU parallel solving yields relatively smaller computational errors and
higher solution accuracy.
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