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Abstract

Charge radii are sensitive indicators to identify the nuclear structure phenom-
ena throughout the whole nuclide chart. In particular, the shrunken trend of
changes of charge radii along a long isotopic chain is intimately associated with
the shell quenching effect. In this work, the systematic evolution of charge radii
along the proton numbers Z = 8, 10, 12, 14, 18 isotopes is investigated by a rel-
ativistic Hartree Bogoliubov model. A ansatz about neutron-proton correlation
around Fermi surface is considered for describing the abnormal behavior of nu-
clear charge radii. Our results show that the neutron-proton pairing corrections
around the Fermi surface lead to a sudden strengthening of the charge radii of
these isotopic chains at N = 8, 20 and 28, reflecting the fact that this correction
enhances the shell closure across N = 8, 20 and 28. The reproduction of the
N = 14 charge radius in the Mg isotopes is affected by the way in which pair-
ing correlations are handled, with BCS theory overestimating the shell effect of
N = 14, and the Bogoliubov quasiparticle transformation suggests a stronger
pairing correlation near the proton Fermi surface, which is more consistent with
experimental results. An analysis of the deviations from the theoretical and
available experimental data for the charge radii of the 24 selected even-even nu-
clei shows that the neutron-proton pairing correction around the Fermi surface
has an improved effect on the calculation of the charge radii using the meson-
exchange effective interactions, but it does not help to significantly improve the
results calculated by the density-dependent effective interactions.
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Charge radii serve as sensitive probes for identifying nuclear structure phenom-
ena across the entire nuclide chart. In particular, the contracted trend in charge
radius evolution along long isotopic chains is intimately associated with shell
quenching effects. In this work, we investigate the systematic evolution of charge
radii along isotopic chains with proton numbers Z = 8, 10, 12, 14, and 18 using
a relativistic Hartree-Bogoliubov model. An ansatz regarding neutron-proton
correlations around the Fermi surface is introduced to describe the anomalous
behavior of nuclear charge radii. Our results demonstrate that neutron-proton
pairing corrections near the Fermi surface lead to sudden enhancements in the
charge radii of these isotopic chains at N = 8, 20, and 28, reflecting that these
corrections strengthen shell closure across these neutron numbers. The reproduc-
tion of the N = 14 charge radius in Mg isotopes is sensitive to the treatment of
pairing correlations: BCS theory overestimates the N = 14 shell effect, while the
Bogoliubov quasiparticle transformation suggests stronger pairing correlations
near the proton Fermi surface, yielding better agreement with experimental
results.

An analysis of deviations between theoretical predictions and available exper-
imental data for the charge radii of 24 selected even-even nuclei reveals that
neutron-proton pairing corrections around the Fermi surface improve charge ra-
dius calculations using meson-exchange effective interactions, but do not signif-
icantly enhance results obtained with density-dependent effective interactions.

INTRODUCTION

Shell structure represents a distinctive feature of nuclear many-body systems,
characterized by the existence of proton and neutron magic numbers. These
magic numbers reveal the chemical stability and intrinsic structure of atomic
nuclei, holding profound significance for understanding nuclear physics, nucle-
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osynthesis, and practical applications. Magic nuclei manifest through various
phenomena, including sudden increases in binding energy [?], high excitation
energies, low quadrupole transition probabilities [?], localized abrupt changes
in charge radius [?, ?] and proton radius [?, ?], and reduced neutron/proton
capture cross sections [?] compared to neighboring nuclei. Modern radioactive
beam facilities have extended studies to exotic nuclei, potentially revealing new
magic numbers or revising traditional shell models [?].

The systematic evolution of bulk properties from oxygen to argon isotopic chains
contains rich information about shell structure, particularly regarding the disap-
pearance of traditional magic numbers and the emergence of new ones. Along
the oxygen isotopes, the high excitation energy and low B(E2) value of the
27+ _1 state [?, ?], small quadrupole deformation parameter 5_2 [?], reduced
proton radius [?], large inclusive cross sections, and broad momentum distribu-
tions from quasifree (p, pN) scattering [?] provide strong evidence for an N =
14 subshell closure in "{22}0. Additionally, a large shell gap is clearly identified
for N =16 in 7{24}0O from various measurements [?, ?, 7], establishing ~{24}0
as a doubly magic nucleus. Mass, charge radius, and Coulomb excitation mea-
surements of neutron-rich Ne, Na, and Mg isotopes [?, ?] have suggested the
breakdown of the traditional magic number N = 20 [?]. At higher masses, the
observation of a low-lying 27+ state in ~{42}Si provides transparent evidence
for the collapse of the N = 28 shell closure [?].

Numerous nuclear structure models have been employed to unveil the underlying
mechanisms governing the emergence of new magicity and shell quenching phe-
nomena. Shell model calculations attribute the appearance of new magic num-
bers N = 14 and N = 16 to strong neutron-proton tensor interactions [?, ?, 7, ?].
Ab initio calculations with modern two- and three-nucleon forces achieve consid-
erable improvement in simultaneously describing binding energies, charge radii,
and matter radii for stable oxygen isotopes, though deficiencies persist for the
most neutron-rich systems [?]. The collapse of the N = 20 shell closure is at-
tributed to population of the neutron pf shell in the presence of sd orbitals at
substantial prolate deformation, a phenomenon known as the island of inversion
[?, ?]. Coupled-cluster methods based on nucleon-nucleon and three-nucleon po-
tentials qualitatively reproduce evolutionary trends in charge radii and the N =
14 neutron number in Ne and Mg isotopes after angular momentum projection,
though isotope shifts remain challenging [?]. In mean-field theories, the ground
state of “{32}Mg is spherical and only becomes deformed after increasing the
spin-orbit strength by 20% based on the Skyrme SLy4 force [?]. While deformed
ground states can be achieved by adjusting neutron and proton pairing gaps, the
magic number N = 20 persists for the ground state of “{32}Mg in relativistic
mean-field (RMF) theory [?]. Angular momentum projection approaches based
on the HFB model [?, 7] and RMF model [?] transform the spherical mean-field
ground state of {32} Mg into a deformed state with 32 close to the measured
value. A similar picture emerges from the projected shell model [?].

As noted above, the contracted trend in charge radius evolution along an isotopic
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chain serves as a signature for identifying shell closure effects. Charge radii are
influenced by various mechanisms, including pairing correlations [?], deforma-
tion [?, ?], cluster structure [?, 7], shell evolution [?], and center-of-mass corre-
lations [?]. The modified RMF plus BCS equation ansatz (RMF(BCS)* model),
which incorporates neutron-proton pairing correlations around the Fermi surface
into the charge radius formula [?, ?], successfully describes odd-even staggering
and inverted parabolic behavior. This method provides a good description of
charge radii for most O, Ne, and Mg isotopes. However, it predicts odd-even
staggering in the O isotopic chain with a sudden increase at N = 14, underesti-
mates charge radii for N = 14 and N > 18 nuclei in Mg isotopes, and overesti-
mates the charge radius of “{18}Ne (N = 8). Since the BCS approximation is
unsuitable for nuclei far from the S-stability line [?, ?], and the magic numbers
14, 16, and 20 in the sd shell appear in neutron-rich regions and even at the drip
line, it is necessary to further investigate charge radii using the same ansatz but
with a more appropriate treatment of pairing correlations.

The Bogoliubov transformation is considered superior to the BCS method for
treating pairing correlations in nuclei far from S-stability. In this context, we re-
cently introduced neutron-proton pairing correlations extracted from quasipar-
ticle states around the Fermi surface into the multidimensionally-constrained
relativistic Hartree-Bogoliubov (MDC-RHB) model [?]. This approach success-
fully reproduces charge radii of Ca and Ni isotopes and N = 28, 30, 32, and
34 isotones. Therefore, in this work, we revisit the problems encountered in
the RMF(BCS)* approach and examine the shell closure effects around neutron
numbers N = 14, 16, and 20 through the lens of nuclear charge radii, elucidat-
ing the relationship between shell structure in these isotopes and neutron-proton
pairing.

This paper is organized as follows. In Sec. II, we briefly introduce the MDC-
RHB model and the neutron-proton pairing correlation extracted from quasipar-
ticle states around the Fermi surface. In Sec. III, we investigate charge radii for
Z = 8, 10, 12, 14, and 18 isotopes using this method and discuss shell structure
phenomena around N = 14, 16, and 20. A summary is presented in Sec. IV.

THEORETICAL FRAMEWORK
In the MDC-RHB model, the RHB equation in coordinate space can be written

as follows [?, ?):
("2 25 () == (H0)

where A is the Fermi energy, A is the pairing tensor field, F, is the quasi-
particle energy, and (U, (r),V,(r))T is the quasiparticle wave function. The
single-particle Hamiltonian h can be expressed as:
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h=a-p+B[M+Sr)]+V(r)+Zp(r)

where M is the nucleon mass, and S(r), V(r), and X (r) are the scalar, vector,
and rearrangement potentials, respectively.

For meson-exchange interactions:
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where g,, g,,, and g, are coupling constants of o, w,, and p, meson fields, 4,
is the time-like component of the Coulomb field mediated by photons, e is the
charge unit for protons, and 73 = 41 distinguishes neutrons from protons. pg
and py, are the isoscalar and isovector densities, respectively.

For point-coupling interactions:

S(r) = agpg + apsprsTs + Bspd + 05Apg + 6pgAprgTs

1—r
V(r) = aypy + arypryTs + oy + 7505+ 0y Apy + Spy ApryTs + eTsAo
Oa
Sp(r) = 5" p
" Ipry mw

where ag, oy, arg, ary, Bs, Vs, Vv, g, Oy, Opg, and dpy are coupling con-
stants for different channels, and p;g and pgy are time-like components of
isoscalar and isovector currents, respectively.

The pairing field A is calculated from the effective pairing interaction V' and
the pairing tensor x as:

_ 3.7 33..7 /7 7 7 7 /7 7 /7’
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In this work, we adopt a separable pairing force of finite range with pairing
strength G = 728 MeV - fm? and effective range a = 0.644 fm [?].

The modified root-mean-square (rms) charge radius r, is given by [?]:

12, = (r2) +0.7056 fm* + A, fm” + %

where the first term represents the charge distribution of point-like protons, the
second term accounts for the finite size of protons, A is the mass number, and a
is a normalization constant. The term A, = |D,,— D, | measures neutron-proton
correlations around the Fermi surface:
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ﬁ’p and U,khp are the occupation amplitudes of the kth quasiparticle
orbital for neutrons or protons, with v’f:p =1— uf:p. In practice, quasiparticle
levels satisfying |E), — A| < 20 MeV are included in the sum. The parameters
ag = 0.561 and 0 = 0.355 (0.000 for even-even, odd-even, and even-odd nuclei)

are taken from Ref. [?].

where u

The MDC-RHB model allows for multipole moments under V4 symmetry [?,
?]. In this work, we restrict calculations to axial and reflection symmetries,
considering only quadrupole deformation £,,. To avoid parameter-dependent
biases, we employ the effective interactions PK1 [?], NL3 [?], DD-ME2 [?], and
DD-PC1 [?].

RESULTS AND DISCUSSION

As mentioned in the introduction, N = 14 and 16 shell effects are observed in
O, N, Ne, and Mg isotopes. To investigate these characteristic magicities, we
calculate the systematic evolution of charge radii along O, Ne, Mg, Si, and Ar
isotopic chains using the MDC-RHB model. For clarity, results obtained with
and without neutron-proton correlations around the Fermi surface are denoted
as RHB* and RHB models, respectively.

Figure 1 [Figure 1: see original paper] shows charge radii for O, Ne, Mg, Si,
and Ar isotopic chains calculated with the DD-ME2, NL3, DD-PC1, and PK1
effective interactions. RHB calculations yield charge radii for 1220 of com-
parable magnitude, with the PK1 force providing the most accurate estimate
for 160. However, all four forces underestimate the charge radius of #0. As
shown in Fig. 1(b), the RHB* model suppresses the systematic trend of charge
radius changes at N = 8 and 16, implying enhanced shell quenching at these
neutron numbers after implementing the neutron-proton correction. This cor-
rection increases the charge radius of *¥O, improving its description by the PK1
and NL3 parameter sets. The double-magic nature of 0 largely eliminates
surface proton-neutron correlations, leaving its charge radius unchanged by the
correction.

Charge radii for Ne isotopes are shown in Figs. 1(c) and 1(d). RHB results
align with the experimental isotopic evolution trend, with density-dependent in-
teractions (DD-ME2 and DD-PC1) yielding values closer to experiment, while
meson-exchange interactions (NL3 and PK1) slightly underestimate experimen-
tal values. Kinks in charge radii appear at N = 8 and N = 14 shell closures. After
including the neutron-proton surface pairing correction, charge radii increase,
and those calculated with meson-exchange interactions better match experimen-
tal data. The smallest charge radius at N = 14 is predicted by DD-ME2, NL3,
and PK1, while DD-PC1 gives the smallest value at N = 16. Furthermore, the
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RHB model predicts no abrupt change in charge radii across N = 20, whereas
the RHB* model anticipates a sudden increase in the charge radius of 3?Ne
due to proton-neutron surface pairing, thereby manifesting the magicity of N =
20. Notably, the RHB* model performs suboptimally on the proton-rich side,
overestimating the charge radius of '®Ne.

For the Mg isotopic chain (Figs. 1(e) and 1(f)), RHB calculations agree well
with experimental values for proton-rich isotopes but underestimate charge radii
of neutron-rich isotopes, exhibiting kinks at N = 14 and 20. The Fermi-surface
correlation between protons and neutrons enhances charge radii for isotopes
with neutron numbers greater than 14, yielding RHB* calculations in better
agreement with experiment than RHB calculations. Thus, neutron-proton sur-
face pairing vibrations may underlie the observed charge radius changes on the
neutron-rich side of Mg isotopes. Compared to Ref. [?], which showed exces-
sive charge radius depression at N = 14 using the same correction method, the
RHB* model with NL3 and PK1 interactions yields charge radii of 3.0434 fm
and 3.0415 fm, respectively, very close to the experimental value of 3.0340(26)
fm [?]. This indicates that characterizing N = 14 magicity significantly influ-
ences the treatment of correlations, necessitating investigation of the pairing
force form within the same mean-field Hamiltonian and thorough analysis of
the microscopic mechanism producing these results.

Charge radii of Si isotopes are displayed in Figs. 1(g) and 1(h). The RHB
model predicts a larger charge radius for 28Si (N = 14) than for 3°Si (N = 16),
contrary to experimental data. Including neutron-proton correlations around
the Fermi surface brings the charge radii of these nuclei into good agreement
with experiment, with PK1 and NL3 interactions giving theoretical values com-
parable to experimental ones. More pronounced kinks appear at N = 20 and
28 after considering the correction term, indicating enhanced shell closures at
these neutron numbers.

Figures 1(i) and 1(j) show charge radii of Ar isotopes calculated by RHB and
RHB* models, respectively. RHB calculations exhibit a parabolic dependence
on neutron number, showing larger deviations from experimental results. RHB*
calculations are generally in good agreement with experiment on the neutron-
rich side, except for N = 22 where the charge radius is somewhat underestimated.
On the proton-rich side, the charge radius of the N = 14 isotope deviates signif-
icantly from experiment after including the correction term.

As noted above, local variations in nuclear charge radii are influenced by the
treatment of pairing correlations. Figure 2 [Figure 2: see original paper] shows
charge radii along the Mg isotopic chain calculated using BCS and Bogoliubov
quasiparticle transformations, respectively, with the same single-particle Hamil-
tonian h. Given the concordance of corrected charge radii with experimental
values, these calculations employ the NL3 effective interaction. As shown in
Fig. 2(a), the charge radius determined by BCS pairing correlation exhibits a
pronounced trough at Mg, both before and after neutron-proton surface cor-
rection, suggesting strong N = 14 magicity as reported in the literature [?]. In
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Fig. 2(b), applying the Bogoliubov quasiparticle transformation to treat pair
correlation reveals that the charge radii of 24~2°Mg after neutron-proton correc-
tion show strong agreement with experimental data, demonstrating that this
correction facilitates reproduction of the charge radius at N = 14.

To understand the N = 14 magicity and its microscopic mechanism, we analyze
the depression of the charge radius and the effect of surface pairing corrections
through the single-particle energy levels of 26Mg in Fig. 3 [Figure 3: see origi-
nal paper]. Figures 3(a) and 3(b) show neutron and proton single-particle levels
calculated using the RMF+BCS method. These figures reveal that neutron
and proton single-particle levels are predominantly occupied below the Fermi
surface, with negligible occupation above it, indicating relatively small pairing
gaps for both N = 14 and Z = 12. This suggests enhanced nuclear stability and
small charge radii. According to Eq. (6), neutron-proton pairing correlation
around the Fermi surface is determined by A, which in turn depends on non-
integer occupation numbers of protons and neutrons. BCS calculations indicate
predominantly integer occupation, resulting in small A, and insignificant cor-
rection effects. In contrast, single-particle levels from RHB calculations (Figs.
3(c) and 3(d)) show neutron levels consistent with BCS results, but reveal clear
fractional occupations in several proton levels near the Fermi surface. This
enhanced proton pairing correlation yields a slightly larger charge radius from
RHB compared to BCS. Simultaneously, the increase in D, in Eq. (6) and the
enhanced correction term for neutron-proton surface pairing correlation cause
the Mg charge radius from RHB* to be substantially larger than that from
RHB, in better agreement with experimental measurements.

The absence of N = 20 shell closure in Mg isotopes is typically attributed to
the island of inversion. Level inversion produces substantial deformation in
the ground state of 32Mg, leading to dissolution of the N = 20 shell closure.
However, the RHB model fails to reproduce this phenomenon, as all four pa-
rameter sets yield spherical ground states. Beyond-mean-field calculations pro-
duce reasonably large deformation in 3>Mg ground states [?] and could address
the discrepancy between calculated and measured charge radii. In this study,
we demonstrate that RHB* calculations also yield more accurate charge radii
for 32Mg compared to RHB calculations, particularly with density-dependent
interactions DD-PC1 and DD-ME2. Beyond-mean-field calculations based on
the present framework are discussed in Refs. [?, 7], and further study in this
direction is warranted.

To facilitate understanding of N = 14 magicity, Fig. 4 [Figure 4: see original
paper] presents Ar;, defined as Ar,, (Z,N) =r_,(Z,N)—r,(Z —2,N) along
N = 14 isotones. The calculations with NL3 and PK1 are essentially identical.
The empirical formula r,, = r,AY3 (with r, = 1.2 fm), shown as the green
line, depends only on mass number and cannot reproduce shell structure. RHB
calculations show very small Ar_, (Z) for Z = 8, implying strong N = 14 magicity
in 220, consistent with measured proton radii [?]. After including neutron-
proton pairing corrections, the N = 14 shell closure in 220 is weakened while
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that in 28Si is enhanced. Combined with experimental values for Mg, the
RHB* model provides a better description of available experimental results than
the RHB model.

Finally, Table 1 lists the average deviation ¥ and root-mean-square deviation A
between experimental and calculated charge radii for 24 even-even nuclei from
O to Ar isotopes, defined as:

o3P is the experimental uncertainty of the measured charge radius r{,".

where Ar,"
for the ith nucleus. For DD-ME2, NL3, and PK1, the ¥? of RHB* is smaller
than that of RHB, while the opposite holds for DD-PC1. In terms of root-
mean-square deviation A, the values for meson-exchange interactions NL3 and
PK1 decrease after correction, while those for density-dependent interactions
DD-ME2 and DD-PC1 increase slightly. These results indicate that incorporat-
ing neutron-proton pairing corrections around the Fermi surface is necessary for
mean-field calculations with meson-exchange effective interactions to systemat-
ically describe charge radii from even-even O to Ar nuclei. Density-dependent
effective interactions do not require this correction, as RHB calculations already
yield larger charge radii than meson-exchange interactions.

SUMMARY

In this work, we systematically investigate charge radius evolution across oxy-
gen to argon isotopic chains using the RHB framework. A refined charge radius
formula incorporating neutron-proton pairing correlations near the Fermi sur-
face is employed to describe anomalous behavior. We analyze the emergence of
new magic numbers at N = 14 and 16 and the quenching of the traditional N
= 20 shell closure.

Notably, including neutron-proton pairing correlations induces abrupt enhance-
ments in charge radii at N = 8, 20, and 28, demonstrating that such correlations
amplify shell closure effects at these neutron numbers. The Mg isotopic chain
provides critical insights into the interplay between pairing treatments and shell
structure. While conventional BCS theory artificially enhances the N = 14 shell
effect, the Bogoliubov transformation approach predicts enhanced proton sur-
face pairing correlations, yielding results closer to experimental charge radii.
Further validation against experimental data for 24 even-even nuclei confirms
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that neutron-proton pairing corrections significantly improve charge radius de-
scriptions with meson-exchange effective interactions, though benefits diminish
for density-dependent interactions.

Future studies extending this framework to heavier isotopic chains are in
progress.  Additionally, the interaction-dependent performance of neutron-
proton pairing corrections calls for a unified theoretical approach to reconcile
meson-exchange and density-dependent interactions.
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