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Abstract
Reactor burnup calculations are crucial to the safe operation and fuel man-
agement of nuclear power plants. In recent years, the Chebyshev Rational
Approximation Method (CRAM) has emerged as one of the primary methods
for solving burnup equation systems. When employing CRAM, complex ma-
trix computations are typically performed using Sparse Gaussian Elimination
(SGE), encompassing both symbolic and numeric elimination, which offers lim-
ited improvements in computational efficiency. Building upon the self-developed
burnup calculation program AMAC, this study develops an accelerated solution
method for CRAM burnup equation systems based on the Gauss-Seidel (GS)
method. Utilizing three burnup databases of varying scales (containing 71, 221,
and 1487 nuclides), comprehensive computational analysis was performed on a
light water reactor benchmark problem in terms of both computational accuracy
and efficiency. Regarding computational accuracy, with the linear subchain an-
alytical method serving as the reference solution, the GS-based PFD and IPF
forms exhibit comparable accuracy. For the calculation of short-lived nuclides,
the IPF form achieves superior accuracy compared to the PFD form. In terms
of computational efficiency, the GS method significantly outperforms the SGE
method, achieving a maximum efficiency improvement of 80.17% across the
three burnup libraries, which facilitates enhanced efficiency in high-fidelity bur-
nup calculations. This study recommends the adoption of the GS-based IPF
form of the burnup equation system for practical burnup calculations, as it pro-
vides a balanced consideration of both computational accuracy and efficiency.
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Abstract

[Background]: Reactor burnup calculation is crucial for the safe operation and
fuel management of nuclear power plants. In recent years, the Chebyshev Ratio-
nal Approximation Method (CRAM) has become one of the primary approaches
for solving burnup equations. When employing CRAM, complex matrix calcula-
tions typically rely on Sparse Gaussian Elimination (SGE), which involves both
symbolic and numerical elimination, offering limited improvement in computa-
tional efficiency. [Purpose]: This study aims to develop a Gauss-Seidel (GS)-
based acceleration method for solving CRAM burnup equations to enhance the
computational efficiency of the burnup equation solver. [Methods]: Based on
the self-developed burnup calculation code AMAC, we developed an accelera-
tion method for solving CRAM burnup equations using the GS method. We
conducted computational analyses of a light-water reactor benchmark from both
accuracy and efficiency perspectives using three burnup databases of different
scales (containing 71, 221, and 1487 nuclides). For accuracy evaluation, the lin-
ear sub-chain analytical method served as the reference solution. The GS-based
Partial Fraction Decomposition (PFD) and Incomplete Partial Fractions (IPF)
formulations demonstrated comparable computational precision. For short-lived
nuclide calculations, the IPF formulation exhibited superior accuracy compared
to the PFD formulation. [Results]: In terms of computational efficiency, the
GS method significantly outperformed the SGE method, achieving a maximum
efficiency improvement of 80.17% across the three burnup databases, which
is beneficial for enhancing high-fidelity burnup calculation efficiency. [Conclu-
sions]: This study recommends adopting the GS-based IPF formulation for bur-
nup equations in practical calculations, as it effectively balances computational
accuracy and efficiency.

Keywords: Burnup equations; Chebyshev Rational Approximation Method;
Gauss-Seidel iteration; Sparse Gaussian Elimination; Acceleration method

Introduction
Reactor burnup calculation is essential for the safe and stable operation of re-
actors, as it optimizes core design and controls reactivity to ensure reactor
reliability throughout its entire lifecycle. In high-fidelity full-core calculations,
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burnup calculations must simultaneously consider both computational accuracy
and efficiency to achieve detailed characterization of various physical phenomena
in the core and accurately predict key safety parameters during reactor service
[1]. The Chebyshev Rational Approximation Method (CRAM) represents one
of the primary methods for solving burnup equations. This method requires
no special treatment for short-lived nuclides and offers high computational ac-
curacy, making it widely adopted in various physics codes such as SERPENT,
NECP-X, and Kylin-2 [2-4]. Most of these programs employ the Partial Fraction
Decomposition (PFD) formulation of CRAM burnup equations for calculations.
Since its introduction, numerous methodological studies and improvements have
been conducted by domestic and international scholars to enhance its computa-
tional accuracy and efficiency [5-6]. Pusa et al. proposed the Incomplete Partial
Fractions (IPF) rational approximation function expansion based on the PFD
formulation, which significantly improved numerical stability and accuracy [7].
However, solving IPF-formulated CRAM burnup equations involves multiple
complex matrix inversion and multiplication operations, resulting in relatively
low computational efficiency. Although burnup calculations are primarily domi-
nated by neutron transport equation solving, efficiency improvements in burnup
equation solving can save hundreds of core-hours in computational time under
conditions of large-scale burnup zones and detailed burnup chains, which is
beneficial for enhancing high-fidelity burnup calculation efficiency [8].

When solving burnup equations using CRAM, computational time is mainly
consumed by burnup matrix inversion, typically addressed using the Sparse
Gaussian Elimination (SGE) method [6], which offers limited improvement in
burnup calculation efficiency. Therefore, this study develops a Gauss-Seidel
(GS)-based acceleration method for solving CRAM burnup equations within
our self-developed burnup calculation code AMAC. We further employ a light-
water reactor test case and analyze computational accuracy and efficiency using
three burnup databases of different scales. By comparing the PFD and IPF
formulations under the GS method, this research provides valuable insights for
optimizing burnup calculation efficiency.

1 Burnup Equations
A burnup system typically contains hundreds to thousands of nuclides. For a
burnup system containing different nuclides, it is necessary to solve the burnup
equation to obtain the variation of nuclide densities, expressed in matrix form
as:

𝑑N(𝑡)
𝑑𝑡 = AN(𝑡)

where N(𝑡) represents the nuclide density vector at time 𝑡, and A denotes the
burnup matrix. The burnup matrix A exhibits strong sparsity and stiffness
due to significant orders-of-magnitude differences in half-lives among radioactive
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nuclides [9]. To visually demonstrate its distribution characteristics, Figure 1
[Figure 1: see original paper] illustrates the transmutation relationships among
nuclides based on the ORIGEN burnup database. Only non-zero elements in
the burnup matrix are color-coded in the figure. Row and column indices are
arranged according to ZAI order (ZAI = 10000×Z + 10×A + I, where Z is
the proton number, A is the mass number, and I is the excitation state of the
nuclide) to facilitate rapid indexing and positioning of different nuclides [10-
11]. As shown in Figure 1, matrix elements are primarily concentrated near the
diagonal and on the right side, with a few elements at the top. Elements near
the diagonal result from decay or transmutation reactions, right-side elements
represent fission products, and top elements are mainly byproducts of certain
reactions, such as H and He.

When all eigenvalues of the burnup matrix are distributed near the negative
real axis, CRAM can achieve optimal rational approximation for the matrix
exponential in the interval (−∞, 0] [6]. The rational approximation function
𝑟(𝑧) can be expressed as:

𝑟(𝑧) = 𝑝(𝑧)
𝑞(𝑧) ≈ 𝑒𝑧

where 𝑝(𝑧) and 𝑞(𝑧) are rational polynomials of order less than or equal to 𝑘; 𝑘
is the rational expansion order. When the order reaches 16, relatively accurate
computational results can be obtained:

𝑟16(𝑧) = 𝛼0 +
8

∑
𝑖=1

𝛼𝑖
𝑧 − 𝜃𝑖

where I is the identity matrix of the same order as the burnup matrix; N0
represents the initial nuclide density vector; 𝛼0 is the limit value of the function
as time approaches infinity; and scalar 𝛼𝑖 and 𝜃𝑖 are the residues and poles,
respectively. To enhance CRAM computational accuracy, one must consider
increasing the expansion order or employing detailed burnup chains.

Further research revealed that when nuclide densities of certain isotopes decrease
sharply within a burnup time step, the computational accuracy of the PFD
formulation decreases or directly leads to erroneous results [7]. Consequently,
Pusa proposed the Incomplete Partial Fractions rational approximation function
expansion, which offers higher computational accuracy and numerical stability
compared to the PFD formulation. The IPF formulation is expressed as:

N(𝑡) ≈ 𝛼0N0 + 2Re{
8

∑
𝑖=1

𝛼𝑖 [
𝑖

∏
𝑗=1

(A − 𝜃𝑗I)−1] N0}
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where 𝛼𝑖 are IPF coefficients. Comparing equations (4) and (5) reveals that the
IPF formulation of CRAM burnup equations requires 𝑘/2 complex matrix inver-
sion and multiplication operations as the expansion order 𝑘 increases, resulting
in relatively low computational efficiency.

2 GS-Based CRAM Burnup Equation Solving Method
As shown in equations (4) and (5), the key to solving different formulations of
CRAM burnup equations lies in efficiently and accurately computing the coeffi-
cient matrix inverse (A−𝜃𝑖I)−1. Different solving methods are typically selected
based on the scale and sparsity of the coefficient matrix. For matrices with low
order and sparsity, direct matrix inversion methods are commonly employed.
However, for large sparse matrices, this approach suffers from low computa-
tional efficiency, prompting most current codes to adopt the SGE method for
solving CRAM burnup equations.

The SGE-based solving process comprises symbolic factorization and numerical
elimination [12]. Symbolic factorization analyzes potential non-zero elements
(fill-in) generated during matrix elimination, aiming to reduce storage overhead
during numerical elimination. Numerical elimination performs actual Gaussian
elimination on the coefficient matrix based on symbolic factorization results,
including forward elimination and back substitution. In the forward elimination
stage, a non-zero element is selected as the pivot from unprocessed rows, which
is then used to eliminate elements in the same column of other rows, making
them zero. Repeating this process yields an upper triangular matrix. The back
substitution stage solves unknowns sequentially starting from the last equation
of the upper triangular matrix, ultimately obtaining the nuclide density vector.
Notably, due to nuclide production and depletion during burnup, the positions
of non-zero elements in the coefficient matrix change. Consequently, symbolic
factorization must be repeated for the coefficient matrix at each burnup step
before numerical elimination can be completed.

In contrast, the GS method is an iterative approach for solving linear systems
that exhibits rapid convergence for diagonally dominant matrices. The core
idea involves continuously updating each component of the solution vector to
gradually approach the exact solution without requiring matrix preprocessing.
Therefore, the GS method eliminates the need for repeated symbolic factor-
ization across different burnup steps, yielding higher computational efficiency.
Additionally, the GS method offers storage advantages, requiring only the coeffi-
cient matrix, vectors, and the iterative solution vector without storing numerous
intermediate results, resulting in lower computational overhead. The method’s
computational process is relatively straightforward, facilitating easier code im-
plementation and maintenance. Considering the sparse and stiff characteristics
of burnup matrices, and combining them with the magnitude of coefficients 𝛼𝑖
and 𝜃𝑖 in PFD and IPF formulations, the coefficient matrix exhibits diagonal
dominance. Therefore, this study develops a GS-based acceleration method for
solving CRAM burnup equations to enhance computational efficiency.
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The inverse calculation of the coefficient matrix can be expressed as:

x = (A − 𝜃𝑖I)−1N0

where coefficient 𝜃𝑖 and vector N0 correspond to 𝜃𝑖 and N0 in PFD and IPF
formulations, respectively. By defining the iteration matrix M = (A − 𝜃𝑖I)
and substituting the matrix expression, equation (6) can be transformed into
iterative form:

Mx(𝑙+1) = N0

where x(0) = N0 serves as the initial boundary condition; x(𝑙+1) represents the
solution vector at the (𝑙 + 1)-th iteration; and 𝑙 is the iteration number.

When solved using the GS iteration, the component-wise iterative format is as
follows:

𝑥(𝑙+1)
𝑖 = 1

𝑚𝑖𝑖
(𝑏𝑖 −

𝑖−1
∑
𝑗=1

𝑚𝑖𝑗𝑥(𝑙+1)
𝑗 −

𝑛
∑

𝑗=𝑖+1
𝑚𝑖𝑗𝑥(𝑙)

𝑗 )

where 𝑚𝑖𝑖 denotes the diagonal element of coefficient matrix M; 𝑚𝑖𝑗 represents
the element in the 𝑖-th row and 𝑗-th column of the coefficient matrix; 𝑥(𝑙+1)

𝑖 is
the 𝑖-th component of the solution vector at the (𝑙 + 1)-th iteration; 𝑥(𝑙)

𝑗 is the
𝑗-th component of the solution vector at the 𝑙-th iteration; and 𝑙 indicates the
iteration count.

Substituting equation (8) into equation (7) and iterating until convergence, and
combining with equations (4) and (5), we obtain the final iterative forms for
PFD and IPF formulations, respectively:

N(𝑡) ≈ 𝛼0N0 + 2Re{
8

∑
𝑖=1

𝛼𝑖x
(𝑙)
𝑖 }

N(𝑡) ≈ 𝛼0N0 + 2Re{
8

∑
𝑖=1

𝛼𝑖 [
𝑖

∏
𝑗=1

x(𝑙)
𝑗 ]}

As shown in equations (9) and (10), each iteration result represents the nu-
clide density at the current iteration count. This study employs a convergence
criterion based on the nuclide density norm:

‖x(𝑙+1) − x(𝑙)‖2
‖x(𝑙+1)‖2

< 𝜖
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where 𝜖 is a convergence value set according to actual computational accuracy
requirements.

We implemented the GS-based CRAM burnup equation solving acceleration
method in the burnup calculation code AMAC. AMAC is a self-developed code
for burnup and radioactive decay calculations, designed to compute material
nuclide compositions and radiation characteristics. The program integrates
multiple burnup solving methods and can be flexibly coupled with transport
calculation codes, demonstrating good computational accuracy and efficiency
in validation analyses against internationally recognized codes such as ORI-
GEN and FISPACT [13-14]. In transport-burnup coupling calculations, trans-
port computations account for over 90% of the total computational cost. To
improve efficiency and reduce computational expense, AMAC has developed
a model-order-reduction-based transport-burnup coupling framework, primarily
including: (1) a dynamic mode decomposition-based transport-burnup coupling
method to significantly reduce transport calculation frequency and improve ef-
ficiency [15]; and (2) a Grassmann manifold-based burnup reduction model to
substantially reduce burnup matrix construction costs during coupling calcula-
tions [16].

The AMAC program architecture, shown in Figure 2 [Figure 2: see original
paper], consists of three main components: pre-processing, solver, and post-
processing. Pre-processing reads input cards to obtain material compositions,
time steps, flux levels, and other relevant parameters, while simultaneously read-
ing and storing decay constants, microscopic cross-sections, fission yields, and
other parameters from the burnup database to construct the burnup matrix for
the solver. Considering the sparse nature of burnup matrices, AMAC employs
sparse matrix storage formats to reduce storage overhead and improve compu-
tational efficiency. The solver includes four different solving methods: TTA,
MMPA, CRAM, and QRAM. The CRAM method is further divided into PFD
and IPF formulations based on solving form. The post-processing component
formats output results, covering nuclide densities, radioactivity, decay heat, de-
cay photon spectra, etc. Based on the aforementioned computational methods
and procedures, the method implementation was completed in the AMAC pro-
gram, with the computational flow shown in Figure 3 [Figure 3: see original
paper].

3 Numerical Verification and Analysis
This study selected three burnup databases of different scales to analyze a light-
water reactor test case, with an irradiation flux of 1.5×1014 cm�²s�¹, 200 days of
irradiation followed by 10 years of cooling, and material compositions as shown
in Table 1 [7]. The three selected burnup databases contain 71, 221, and 1487
nuclides (hereinafter referred to as Database-71, Database-221, and Database-
1487). The verification strategy for the GS-based CRAM burnup equation solv-
ing method comprises two aspects: first, computational accuracy, where GS and
SGE methods are employed under PFD and IPF formulations to solve burnup
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matrices of different scales, comparing and analyzing their numerical precision;
second, computational efficiency, where efficiency analyses of CRAM equations
under both solving formulations are conducted across the three databases, con-
sidering the impact of different expansion orders on computational efficiency
to validate the effectiveness of the GS method. The Transmutation Trajectory
Analysis (TTA) method, based on analytical solutions, can precisely calculate
every nuclide in burnup chains and is commonly used as a reference solution for
various numerical methods [17]. Therefore, this study selected TTA results as
the reference solution to verify the correctness of the GS method, with a conver-
gence value 𝜖 of 1.0 × 10−20. The computational hardware used was a computer
with an AMD Ryzen 7 7745HX with Radeon Graphics (3.60 GHz) processor.

3.1 Computational Accuracy

We first calculated the test case using GS and SGE methods under CRAM’s two
different solving formulations, PFD and IPF, across the three burnup databases.
Database-71 contains 71 nuclides, including 21 fissile nuclides, 49 fission prod-
ucts, and 1 pseudo-nuclide. Database-221 contains 221 nuclides, including 28
fissile nuclides and 193 fission products. Both databases include 8 reaction types:
(𝑛, 𝛾), (𝑛, 2𝑛), (𝑛, 3𝑛), (𝑛, 𝑝), (𝑛, 𝛼), (𝑛, 𝑓), decay, isomeric transition, and elec-
tron capture reactions [18], which have been extensively validated and applied in
software such as MVP [19] and MOSRA [20]. Database-1487 integrates burnup
databases from ORIGEN-S and ORIGEN-2, containing 1487 nuclides, 23 neu-
tron reaction cross-sections, 11 decay reactions, and 30 fission yields for heavy
nuclides.

Table 2 presents the number of short-lived nuclides, minimum nuclide lifetime,
maximum nuclide lifetime, and number of non-zero elements in the constructed
burnup matrix for the three databases. The selection criterion for short-lived
nuclides follows the ORIGEN program [10,17], as shown in equation (12):

𝑇1/2 ≤ 0.1Δ𝑡

where 𝑇1/2 is the nuclide half-life (s) and Δ𝑡 is the time step (s).

To evaluate the numerical precision performance of GS and SGE, we compared
the Maximum Nuclide Absolute Relative Difference (MNARD) and Average
Nuclide Absolute Relative Difference (ANARD). MNARD refers to the maxi-
mum absolute relative difference among all calculated nuclide densities, while
ANARD represents the average absolute relative difference across all calculated
nuclide densities.

Table 3 shows the MNARD and ANARD for nuclide densities in Database-1487,
using SGE calculation results as the reference solution. The results indicate
that PFD-16 achieves MNARD and ANARD on the order of 1.0 × 10−10 and
1.0 × 10−12, respectively, with GS having minimal impact on PFD formulation
calculation accuracy. Meanwhile, the three IPF formulations (IPF-16, IPF-32,
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and IPF-48) achieve MNARD and ANARD on the order of 1.0×10−13 and 1.0×
10−14, respectively, demonstrating that GS possesses excellent computational
accuracy for solving IPF-formulated burnup equations.

Tables 4 and 5 present the MNARD and ANARD for Databases-221 and 71,
respectively. In Database-221 calculations, PFD-16 achieves MNARD and
ANARD on the order of 1.0 × 10−10 and 1.0 × 10−12, while the three IPF
formulations reach 1.0 × 10−13 and 1.0 × 10−14. Further reducing the database
scale to Database-71, IPF-16 achieves MNARD and ANARD on the order
of 1.0 × 10−10 and 1.0 × 10−11, while IPF formulations reach 1.0 × 10−14,
approaching the effective digit limit of double-precision floating-point numbers
and indicating excellent numerical precision of the GS method. Tables 3
through 5 show that MNARD and ANARD under IPF formulation using
the GS method across the three databases all reach above 1.0 × 10−13, while
PFD formulations reach above 1.0 × 10−10. The order-of-magnitude difference
between the two formulations primarily stems from the PFD formulation’s
sensitivity to rounding errors in the rational approximation function, whereas
the IPF formulation employs an incomplete partial fraction decomposition
rational expansion that is less sensitive to rounding errors, offering better
numerical stability and precision. These results verify that the GS method
exhibits good numerical precision for solving both IPF and PFD burnup
equations across different database scales, meeting the accuracy requirements
for practical burnup calculations.

3.1.1 Burnup Database-1487 Among the three databases used in this
study, Database-1487 contains the most comprehensive nuclide types and
reaction types, with the largest burnup matrix scale. When stored in sparse
format in AMAC, the number of non-zero elements reaches 37,847, as shown in
Table 2. Additionally, the magnitude difference between the longest-lived and
shortest-lived nuclides reaches 1031, making the burnup matrix the most stiff.
Using the TTA method as the reference solution with a truncation value of
1.0 × 10−20, Figure 4 [Figure 4: see original paper] shows the relative deviation
of nuclide densities calculated using the GS method based on Database-1487.
The results indicate that relative deviations for both GS-based PFD and IPF
formulations are less than 1.0 × 10−7, with PFD-16 achieving an ANARD of
1.347 × 10−9, while IPF demonstrates overall better accuracy than PFD. As
the IPF expansion order increases, computational accuracy gradually improves,
with IPF-48 reaching an accuracy of 1.0 × 10−15 for nuclide calculations.

Considering that Database-1487 contains 484 short-lived nuclides that directly
affect the calculation accuracy of end-of-chain nuclides, Table 6 further presents
the relative deviations of short-lived nuclides at the end of irradiation under
PFD and IPF formulations. The results show that compared to PFD, the
GS-based IPF formulation significantly improves calculation accuracy for short-
lived nuclides, with most achieving relative deviations on the order of 1.0×10−15.
Nuclide 126Sb exhibits the maximum relative deviation of 3.963 × 10−8, corre-
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sponding to a nuclide density of 1.930 × 10−15 atoms/cm³, which has negligi-
ble impact on the burnup system. These results verify the correctness of the
GS-based CRAM burnup equation solving method for detailed burnup chain
calculations.

3.1.2 Burnup Database-221 In Database-221 calculations, the number of
short-lived nuclides decreases to 51 compared to Database-1487, and the magni-
tude difference between longest-lived and shortest-lived nuclides decreases from
1031 to 106, significantly reducing burnup matrix stiffness. The number of non-
zero elements in the burnup matrix is 5,703. Figure 5 [Figure 5: see original
paper] shows the relative deviation of nuclide densities calculated using the GS
method. As the expansion order increases, IPF computational accuracy gradu-
ally improves, with IPF-16, IPF-32, and IPF-48 all achieving relative deviations
below 1.0 × 10−10. For PFD results, except for nuclide 237U with a relative
deviation of 4.055 × 10−10, all other nuclides show relative deviations below
1.0 × 10−10. Table 7 further presents the relative deviations of short-lived nu-
clides at the end of irradiation under both formulations. The IPF formulation
demonstrates enhanced accuracy for short-lived nuclides compared to PFD, with
relative deviations below 1.0×10−15. These results demonstrate that IPF offers
higher computational accuracy for short-lived nuclides and verify the applica-
bility and effectiveness of the GS method for medium-scale burnup database
calculations.

3.1.3 Burnup Database-71 Database-71 represents a simplified burnup
chain containing only 19 short-lived nuclides, with a magnitude difference of
1.0 × 103 between longest-lived and shortest-lived nuclides, the lowest burnup
matrix stiffness, and 1,149 non-zero elements. By tracking this minimal-scale
burnup system, we evaluated the correctness of the GS method for simplified
burnup chain calculations. Figure 6 [Figure 6: see original paper] shows the
relative deviation of nuclide densities calculated using the GS method, with
PFD and IPF results showing good agreement with the reference solution.
PFD achieves an ANARD of 1.578 × 10−11, while IPF reaches 1.0 × 10−13

across three expansion orders, demonstrating higher accuracy. For short-lived
nuclides, Table 8 presents the relative deviations of 237U and 242Cm at the
end of irradiation, confirming that IPF formulation again provides superior
accuracy compared to PFD.

3.2 Computational Efficiency

As described in Section 2, the SGE method requires symbolic factorization pre-
processing before numerical elimination when solving CRAM burnup equations.
The GS method requires no preprocessing and directly performs iterative solving
on diagonally dominant coefficient matrices. Table 9 presents the computational
time for PFD-16 formulation based on SGE and GS methods across the three
databases. Runtime statistics were collected with actual execution times pre-
sented at a 95% confidence level. For Database-71, the GS method required only
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0.857 ms, achieving a 69.27% efficiency improvement over the SGE method’s
2.789 ms. When the database scale increased to Database-221, SGE computa-
tion time increased from 2.789 ms to 19.335 ms, while GS time only increased
from 0.857 ms to 2.977 ms. As the burnup database scale further increased,
the number of non-zero elements in the burnup matrix grew significantly, with
SGE computation time for Database-1487 reaching 65.948 ms compared to GS’s
35.305 ms, representing a 46.92% efficiency improvement. For the SGE method,
symbolic factorization accounts for approximately 30-40% of total computation
time, with the primary time consumption in numerical elimination growing with
the number of non-zero elements. For the GS method, the average number of
iterations is 3 for Databases-71 and 221. For Database-1487, the introduction of
numerous short-lived nuclides increases the average iteration count to 5, leading
to increased computation time.

Table 10 further presents computational times for IPF-16 formulation based on
SGE and GS methods. The results demonstrate significant efficiency improve-
ments with the GS method. Comparing Tables 9 and 10 reveals that under
identical database scales and expansion orders, IPF formulation computation
time is slightly longer than PFD formulation. This difference primarily stems
from their mathematical expressions: as shown in equations (4) and (5), PFD
involves summation operations while IPF involves successive multiplication op-
erations, which are computationally more complex and thus marginally increase
computation time. As demonstrated in Section 3.1, IPF offers better compu-
tational accuracy and numerical stability. This study recommends using IPF
formulation for CRAM burnup equation solving in practical applications, as the
increased computation time compared to PFD is negligible.

Further increasing the IPF expansion order, Tables 11 and 12 present compu-
tational times for IPF-32 and IPF-48 formulations using SGE and GS methods.
As the IPF expansion order increases, the number of successive matrix multipli-
cations in equation (5) increases accordingly, leading to increased computation
time. Additionally, for Database-1487 calculations, the GS iteration count is 5
compared to an average of 3 for Databases-71 and 221. The introduction of nu-
merous short-lived nuclides increases iteration count, and with 37,847 non-zero
elements, each GS iteration consumes more time, increasing overall computation
time. Nevertheless, compared to the SGE method, the GS method achieves a
34.30% efficiency improvement for Database-1487 calculations. In summary,
the GS-based CRAM burnup equation solving method developed in this study
demonstrates computational efficiency advantages over the SGE method across
three different database scales.

Conclusion
Based on the self-developed burnup calculation code AMAC, this study de-
veloped a GS-based acceleration method for solving CRAM burnup equations.
Using three burnup databases of different scales, we completed verification and
analysis of CRAM burnup equations based on PFD and IPF formulations. In

chinarxiv.org/items/chinaxiv-202508.00056 Machine Translation

https://chinarxiv.org/items/chinaxiv-202508.00056


terms of computational accuracy, we first verified that GS and SGE methods
achieve comparable numerical precision. Using TTA algorithm results as the
reference solution, we completed calculations for GS-based PFD-16, IPF-16,
IPF-32, and IPF-48. The results demonstrate that the maximum relative devi-
ation for all nuclides using the GS method is less than 1.0 × 10−7, meeting the
accuracy requirements for practical burnup calculations in both PFD and IPF
formulations. Regarding computational efficiency, the GS method offers advan-
tages over the SGE method, with maximum efficiency improvements reaching
80.17%. Considering that high-fidelity full-core burnup calculations may re-
quire solving burnup equations billions of times, an 80% reduction in burnup
equation solving time translates to savings of hours or even days of computation
time. Future work will integrate this method into a model-order-reduction-based
transport-burnup coupling framework for large-scale burnup zone calculations to
further enhance overall burnup calculation efficiency and reduce computational
costs. This study recommends employing the GS-based IPF formulation for
burnup equation solving in practical calculations, as it effectively balances com-
putational accuracy and efficiency, proving beneficial for improving high-fidelity
burnup calculation efficiency.
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