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Abstract

Based on the tensor-based large margin distribution and the nonparallel sup-
port tensor machine, we establish a novel classifier for binary classification
problem in this paper, termed the Large Margin Distribution based NonPar-
allel Support Tensor Machine (LDM-NPSTM). The proposed classifier has the
following advantages: First, it utilizes tensor data as training samples, which
helps to comprehensively preserve the inherent structural information of high-
dimensional data, thereby improving classification accuracy. Second, this clas-
sifier not only considers traditional empirical risk and structural risk but also
incorporates the marginal distribution information of the samples, further en-
hancing its classification performance. To solve this classifier, we use alterna-
tive projection algorithm. Specifically, building on the formulation where in
the proposed LDM-NPSTM, the parameters defining the separating hyperplane
form a tensor (tensorplane) constrained to be the sum of rank-one tensors, the
corresponding optimization problem is solved iteratively using alternative pro-
jection algorithm. In each iteration, the parameters related to the projections
along a single tensor mode are estimated by solving a typical Support Vector
Machine-type optimization problem. Finally, the efficiency and performance of
the proposed model and algorithm are verified through theoretical analysis and
some numerical examples.
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Abstract

Based on tensor-based large margin distribution and the nonparallel support
tensor machine, we establish a novel classifier for binary classification prob-
lems in this paper, termed the Large Margin Distribution based NonParallel
Support Tensor Machine (LDM-NPSTM). The proposed classifier offers several
advantages: First, it utilizes tensor data as training samples, which helps com-
prehensively preserve the inherent structural information of high-dimensional
data, thereby improving classification accuracy. Second, the classifier not only
considers traditional empirical risk and structural risk but also incorporates the
marginal distribution information of the samples, further enhancing its classifi-
cation performance. To solve this classifier, we employ an alternative projection
algorithm. Specifically, building on the formulation where the parameters defin-
ing the separating hyperplane form a tensor (tensorplane) constrained to be
the sum of rank-one tensors, the corresponding optimization problem is solved
iteratively using the alternative projection algorithm. In each iteration, the pa-
rameters related to the projections along a single tensor mode are estimated by
solving a typical Support Vector Machine-type optimization problem. Finally,
the efficiency and performance of the proposed model and algorithm are verified
through theoretical analysis and numerical examples.

Keywords. Nonparallel support tensor machine; margin distribution; CAN-
DECOMP/PARAFAC (CP) decomposition.

AMS subject classifications. 62H30, 15A63, 90C55.

Introduction

A significant number of real-world datasets, especially those involving image
data, are frequently represented in tensor format. For instance, a grayscale
face image [?] can be modeled as a second-order tensor (or matrix), while color
images [?, ?|, grayscale video sequences [?], gait contour sequences [?], and
hyperspectral cubes [?] are typically expressed as third-order tensors. Addition-
ally, color video sequences are often represented as fourth-order tensors [?, ?].
The tensor-based data representation, with its multi-dimensional structure that
complicates the capture of spatial and temporal relationships, high dimensional-
ity prone to the curse of dimensionality and overfitting, and substantial storage
and computational requirements, uniquely complicates feature extraction and
representation, thereby rendering it a fundamental challenge in the design of
classifier models.

One of the most representative and successful classification algorithms is the
Support Vector Machine (SVM) [?, ?, ?], which has been successfully applied to
a variety of real-world pattern recognition problems, such as text classification
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[?, ?], image classification [?, ?], feature extraction [?, ?, ?], web mining [?],
and function estimation [?, ?]. The central idea of SVM is to find the optimal
separating hyperplane between positive and negative examples. The optimal hy-
perplane is defined as the one that gives maximum margin between the training
examples that are closest to the hyperplane. Different from traditional SVM,
in 2007, Jayadeva et al. [?] proposed Twin SVM (TWSVM), which also aims at
generating two nonparallel planes such that each plane is closer to one of the
two classes and is as far as possible from the other. Notably, the formulation of
TWSVNMs is very much in line with standard SVMs. However, TWSVMs seek to
solve two dual QPPs of smaller size rather than solving a single dual QPP with
a large number of parameters in conventional SVM. As a result, the algorithm
achieves a processing speed roughly fourfold faster compared to traditional SVM
[?]. While the aforementioned classification methods focus on maximizing the
minimum margin, research by Gao et al. [?, ?] has indicated that doing so does
not necessarily guarantee improved generalization performance. Instead, the
distribution of margins has been shown to play a more critical role. Here, the
margin distribution is defined by the margin mean and the margin variance.
Therefore, in order to improve the generalization performance of SVM, Zhou et
al. [?] characterized margin distribution through its mean and variance, leading
to the development of the Large Margin Distribution Machine (LDM), which
builds upon the SVM framework. The effectiveness of LDM has been proved in
theory and experiments.

In recent years, there has been growing interest in extending traditional vector-
or matrix-based machine learning algorithms to better handle tensor data [?,
?]. This shift is motivated by the need to effectively process high-dimensional
datasets, such as those encountered in image and video analysis. In 2005, Tao et
al. [?] proposed a Supervised Tensor Learning (STL) scheme by replacing vector
inputs with tensor inputs and decomposing the corresponding weight vector
into a rank-1 tensor, which is trained by the alternating projection optimization
method. Based on this learning scheme, in 2007, Tao et al. [?] further extended
the standard linear SVM to a tensorial format known as the Support Tensor
Machine (STM). This adaptation allows for more effective classification of tensor
data by leveraging its inherent structure.

Following this development, Zhang et al. [?] generalized the vector-based learn-
ing algorithm TWSVM to the tensor-based method Twin STM (TWSTM) and
implemented the classifier for microcalcification cluster detection. Compared
with TWSVM, the tensor version reduces the overfitting problem significantly.
Additionally, Khemchandani et al. developed a least squares variant of STM,
termed Proximal STM (PSTM) [?], where the classifier is obtained by solving
a system of linear equations rather than a quadratic programming problem at
each iteration of the PSTM algorithm as compared to the STM algorithm. This
modification enhances computational efficiency while maintaining classification
performance. Tensor-based algorithms, on the other hand, decompose the whole
problem into several smaller and simpler subproblems, each defined over specific
tensor modes and characterized by lower dimensionality. This decomposition
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has been shown to reduce the degree of overfitting that appears in vector-based
learning techniques, particularly when few training samples are available [?].

In this paper, we propose a novel framework, termed Nonparallel Support Ten-
sor Machine based on Large Margin Distribution (LDM-NPSTM), aimed at
further enhancing the generalization performance of the Twin Support Tensor
Machine (TWSTM). Drawing on the strengths of Large Margin Distribution
theory [?] and TWSTM [?], our approach integrates their core principles to
address classification challenges more effectively. Specifically, we characterize
the margin distribution using first-order (margin mean) and second-order (mar-
gin variance) statistics, with the core objective of maximizing the margin mean
while minimizing the margin variance to improve classification robustness. To
ensure a more rigorous model structure, we incorporate a regularization term
into the LDM-NPSTM framework, balancing empirical risk and structural com-
plexity. For model optimization, we adopt an iterative solution based on CAN-
DECOMP/PARAFAC (CP) decomposition. In each iteration, parameters cor-
responding to projections along a single tensor mode are estimated by solving a
typical SVM-type optimization problem. Notably, the inverse matrix involved
in the dual problem is inherently nonsingular, eliminating the need for additional
assumptions and simplifying the computational process.

The remainder of this paper is structured as follows: In Section 2, we introduce
the notations consistently used throughout the paper and provide a concise
overview of fundamental concepts, including those related to SVM, TWSVM,
TWSTM, and LDM. Section 3 elaborates on our proposed framework, the LDM-
NPSTM, with detailed formulations and a discussion of its key advantages.
Experimental results that demonstrate the effectiveness of the LDM-NPSTM
are discussed in Section 4. Finally, concluding remarks are given in Section 5.

2 Preliminaries

In this section, we first introduce some notation and basic definitions used
throughout the paper, and then briefly review related works.

2.1 Notation and Basic Definitions

An m-th order tensor is defined as a collection of measurements indexed by
m indices, with each index corresponding to a mode. Vectors are considered
first-order tensors, while matrices represent second-order tensors [?].

In this paper, we will utilize lowercase letters (e.g., x) to denote scalars, boldface
lowercase letters (e.g., x) and boldface capital letters (e.g., X) to represent
vectors and matrices, respectively. Tensors of order 3 or higher will be denoted
by boldface Euler script calligraphic letters (e.g., X). Furthermore, we denote
the set of all mth-order n-dimensional real tensors as T, ,. The i-th element of
a vector x € R" is denoted by z,, ¢« = 1,2,...,n. In a similar way, the elements

of an m-th order tensor ' will be denoted by T iy, where i; = 1,2,...,n;
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for 5 =1,...,m. Moreover, we summarize some notations used throughout the
paper in Table 1 .

In the following, we introduce some notation and definitions of tensors and
matrices in the area of multilinear algebra [?, ?].

Definition 2.1. (Inner product) Given tensors X,Y € RIt**Im  the inner
product of X and Y is defined as

Il 12 IJM

(X, Y) = Z Z Z Li i gy Yigig. g,

ii=lig=1 ip=1

Definition 2.2. (Frobenius norm) The Frobenius norm of a tensor A €
RIv<I2xxIn g defined as || A := \/(A, A).

Remark 2.1. Given two same-sized tensors 4 € Rh and
B € RL*I2x>xIm  the distance between tensors A and B is defined as
| A — B||r. Note that the Frobenius norm of the difference between two tensors
equals the Euclidean distance of their vectorized representations [?].

X Ty X-x Ty

Definition 2.3. (Outer product) We use ® to denote tensor outer product;
that is, for any two tensors A € T,,, , and B € T, ,, is given by:

b eT

m+p,n-

AQB=(a; ; il...ip)

According to this definition, it is easy to check that

XQ@ - ®x=(z; ;) €Ty,

1

Definition 2.4. (CP decomposition) Given X' € RI1>*Ia if there exist ul!) €

[Rll,ug) ER:, ..., u<rM) € R such that

R
X = Z wWeu?e.eu
r=1

where R is a positive integer, we call this a tensor CANDECOMP/PARAFAC
(CP) decomposition of X.

Definition 2.5. (Matricization) The matricization (also known as unfolding
or flattening of a tensor) is the reordering of the tensor elements into a matrix.
The n-mode matricization of a tensor X' € R+ N denoted by X, €

Rin*(zn Ik), arranges the n-mode fibers to become the columns of the final

matrix. Each tensor element (iq,iy,...,%,,) maps to the matrix element (3,,, j),
where
M k-1
j=1+ > (ipy—1J, with J,= [[ &
k=1,k#n 1=1,l#n
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A more general treatment of matricization can be found in [?].

Definition 2.6. (Matrix Kronecker product) The Kronecker product of matri-
ces A € R/ and B € RE*L is denoted by A ® B. The result is a matrix of
size (IK) x (JL) and defined as

ap B apB o a ;B
A_ ® B _ CL21B a22B A a/2JB
apnB apB - ap;B

Definition 2.7. (Matrix Khatri-Rao product) Given matrices A € R/*X and
B € R7*X | their Khatri-Rao product is denoted by A ® B. The result is a
matrix of size (IJ) x K defined as

A@B:[al ®b1 az®b2 aK®bK]

Remark 2.2. If matrices A and B in Definition 2.7 are vectors, i.e., a and b,
then the Khatri-Rao and Kronecker products are identical, i.e., a®@ b =a ® b.

2.2 Related Works

Support Vector Machines (SVMs) form a class of supervised machine learning
algorithms that train the classifier function using pre-labeled data. Specifically,
for a given training set {(x;,y;) | ¢ = 1,---,m}, where data points x; € R™ and
class labels y; € {—1, 1}, the objective of the support vector machine problem
is to identify a hyperplane w'x + b = 0, where w € R® and b € R, in such a
way that the two different classes of data points are separated with maximal
separation margin and minimal classification loss. The standard SVM problem
can be formulated as the following convex quadratic program [?]:

w,b,&;

: 1, -
min gl +CY e

st y(wix, +b)>1-¢, &>0, i=1,2..,m.

%)
where ¢, is a slack variable, and C' > 0 is a penalty parameter that represents
the loss weight.

Moreover, the standard SVM model requires solving a single large-scale opti-
mization problem, which can be computationally intensive. To address this
issue, Khemchandani et al. proposed Twin SVM (TWSVM) [?]. TWSVM gen-
erates two non-parallel planes such that each plane is closer to one of the two
classes and is as far as possible from the other. This approach allows TWSVM
to solve a pair of smaller-sized quadratic programming problems (QPPs) rather
than a single large QPP, resulting in a computational speed that is approx-
imately four times faster than that of traditional SVMs. The optimization
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problems in TWSVM can be formulated as the following pair of quadratic pro-
gramming problems:

1
min 2 (AW ey )T (Awl) 4 ebV) + cpe’q

w1 (1) g

st. —(Bwl fed)+q>e,, q>0

1
min  —(Bw® +eyp?) T (Bw? + eyb?) + cre'q
w@ b2 q 2

st. —(Aw® +eb?)+q>e;, q>0

where ¢, ¢, > 0 are penalty parameters, e; and e, are vectors of ones of appro-
priate dimensions, and q is the vector of slack variables to deal with linearly
nonseparable problems.

Both SVM and TWSVM are vector-based learning algorithms that accept vec-
tors as inputs. In practice, real-world image and video data are more naturally
represented as matrices (second-order tensors) or higher-order tensors. There-
fore, Zhang et al. [?] generalized the vector-based learning algorithm TWSVM
to the tensor-based method Twin Support Tensor Machines (TWSTM), which
accepts general tensors as input. The following formulation for TWSTM can be
established:

min kwk "+ eybl Ve bW+ crelq
wil) bl q
st — (BH kagcl) Jrezb(l)) +q=>e;, q=0
k=1
M (2) /R (2)
i z 2 2 T
(zr)mg) H Xy Wy +egd H XpWy +exb | +ce'q
w62 q k=1 k=1

M
st. AJ] xow +eb?+q>e, q>0
k=1
where ¢; and ¢, are penalty parameters, e; and e, are vectors of appropriate
dimensions, and q is the vector of slack variables to deal with linearly nonsepa-
rable problems.

The objective function of the above model is based on minimizing the margin.
From the perspective of structural risk, Gao et al. [?] have verified that the
margin distribution is more important than minimum margins in optimizing
generalization performance. By characterizing the margin distribution in terms
of margin mean and margin variance, Zhou et al. proposed the Large Margin
Distribution Machine (LDM) on the basis of SVM, which focuses on optimizing
the distances from the center of the other category. The following formulation
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for LDM can be established:

m
mign WTW—i—)\fy—)\zﬁ—i—CZéi
W,8i =1
st oywix, >1-¢, §2>0,

where \; and A, are the parameters for trading off the margin variance 7, the
margin mean v, and the model complexity.

3 Proposed LMD-NPSTM

In this section, LDM-NPSTM is proposed. Specifically, Subsection 3.1 intro-
duces the structure of the model, optimization strategies, and associated dual
problems. Moreover, the detailed implementation algorithm of LDM-NPSTM
will be shown in Subsection 3.2.

3.1 Model Construction and Optimization

Consider the binary classification problem in tensor space, where the training
set is defined as T,,, = {(X,,y,) [p=1,2,.... m }U{(¥,v,) | ¢ =1,2,...,my}.
Here, X,.Y, € RI<I2x>Iym denote the feature tensor of the p-th and g¢-th
sample, respectively, y, = 1 and y, = —1 are their corresponding class labels;
and m = my + my, (where m; and m, are the numbers of positive and negative
samples in T, respectively). Let y; = [1,--+,1]" € R™*! be the label vector for
all positive samples, where each element corresponds to the label of a positive
instance, and y, = [—1,---,—1]T € R™2*! denote the label vector for all negative
samples, with each element corresponding to the label of a negative instance.
The LDM-NPSTM identifies two non-parallel hyperplanes in the feature space:

[HX) =W, X) =0, f(¥)=(WyY) =0,

where W, W, € RI2xxIar,

Notably, inspired by the work of Zhou et al. [?], the bias term does not affect
the overall derivation process. Furthermore, unlike the conventional approach
that calculates margin mean and variance using the entire dataset, the LDM-
NPSTM separates these calculations into positive-class and negative-class com-
ponents [?]. Specifically, these metrics are associated with the distances to their
respective hyperplanes, as elaborated below.

The distance from an individual data point to the hyperplane is defined by

(W, )|
rY;)L = yp HWQHF ’ b= 17 y MMy,
N A
IYq yq HW1HF ) q y ey Mo,
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where y, € {1,—1} and y, € {1,—1} denote the labels of positive/negative
samples, respectively.

The margin means are defined as follows:

W:Lfy:iml (W, Z,)|
m 53 Pomy =1 Walp

7_:i§ 1 §\<W1,yq>|
ma =3 ? M2 =1 Wil e

The margin variances are defined as follows:

1 - <W23Xp>2 ~ 1 2 <W13yq>2

At = A= .
my — 1 ,; W5 my — 14 W%

1

To effectively capture complex data relationships and enhance classification per-
formance, we assume the weights in subsequent classifiers form a tensor W. This
tensor can be decomposed into a sum of R rank-one tensors, as defined by the
CP decomposition:

R
W= Z weou? @ @u™
r=1
where ugj) € R, j=1,2,...,M, and M is the number of tensor modes. The
weight tensor W generalizes the weight vector w in SVMs.

For mode j (j = 1,..., M), we stack the rank-one components {u(rﬁ}ﬂi1 into a
matrix: ‘ ) ‘
Ul = gj),ugﬁ ...,ug)] e RL*R,

The j-th matricization of W is given by:

W, = UU (UM @ ..o U+ @ U 0.0 UMW) = UW) (U-9)

. T
Similarly, the j-th matricization of samples XU is given by X, = vU) (V(’”) .

Further, consider the tensor inner product property:
-
_ Ty _
(W, W) =Tr (W(j)W<j)) = vec <W<j>> vec (W(j)) .

Analogous to the above, for individual sample tensors X', and Y, their inner
products with weight tensors W,, W, satisfy:
_ T
(W, X,) =Tr (W], X

wi) s Wa Z,) =Tr (W, X))

W, yq> =Tr (WI(j)Yq(j)> (W, yq> =Tr <W;(j)Yq(j)> :
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To guarantee that the matrices in the LDM-NPSTM dual problem are nonsin-
gular, we add a regularization term |W,||%, i = 1,2.

LMD-NPSTM seeks a pair of tensors W, and W, simultaneously maximizing the
mean of positive and negative margin while minimizing the variance of margin:

my

. 1 al _
g Z<W1»Ip>2 +IWilE + M = A7 + el
1:62 p:1
mo
s.t. —Z(Wl,yq>+£§21, 5320, g=1,...,mq,
q=1
12
min - Z<W27 Yo)? +IWslf + 23" = A7 + g’y
W6, 2 s
my
st = Wy, X))+ >1, >0, p=1,..,m,
p=1

where A, Ay, A3, A, are hyperparameters; c; and ¢, weight the penalty on slack
variables £, and &,.

For model optimization, we adopt an alternating optimization scheme. At the
iterations for the j-th mode we solve:

my

i 33 (T (WEX,00)) + T (WWE) 4 05 A + e,
(@52 p=1

mo
1T 2 2 _
st =y Tr(WUY, ) +&>1, £>0, g=1,.,my,
q=1

My

wh, : 2 (Tr (W ¥,))" + T (WETWE ) 4 023" = A7 + e,
6 25

my
st — Y Tr(W2X, )+ >1, >0, p=1,..,m,.
p=1

Under the CP constraint, we replace W, using U<j)(U<’j))T. To simplify,
define A = U TUD) and U! = U(1j>A1/2. Define transformed data matrices:

~

_ —5) A —1/2 v —j) A —1/2
X, =X, UVATZ Y, =Y, UCIAT2

P

chinarxiv.org/items/chinaxiv-202507.00342 Machine Translation


https://chinarxiv.org/items/chinaxiv-202507.00342

The subproblem for U! becomes:

my

1 2 A

min = Z (vec(ﬁl)T VGC(XP)> + vec(UY) T vee(T) + — Z (vec(fjl)T vec(?q))
veC(Ul),£2 p=1 moy =1
)‘3 S 71\ T v T
- Zvec(U ) vee(Y,) +cze’ &,
m2 q:1
st —vec(OH)T Vec(?q) +&2>1, £>0, g=1,...,my.
Similarly for U2 with B = U)TU) and Y, XY
liz:( (NQ)T (’(j)))2 <~2)T (~2) A il:( (NQ)T (’(j)))Q
min - vec(U?) ' vec(Yy + vec(U?) ' vec(U?) + vec(U?) ' vec(Xp
vec(U?2),¢, =1 my — 1 p=1
e
4 72\ T 5 J) T
- — vec(U?) " vec(X;') +c e’ &
3 vee(O vee X)) sy

st —vee(U?)T vee(X ) +&6>1, >0, p=1,..,m;.

Theorem 3.1. The optimal solution Vec(le)* and Vec(fJ2)* can be expressed
as vec(Ul)* = V(j)ﬁl and vec(U?)* = VU)BQ, where 3, 8, € R™ are coefficient
vectors.

Theorem 3.2. The original problem can be transformed into the Wolfe dual
problem:

1 A !
max — §aIH1a1 + <3H1y2 + e2> oy
oy m2

s.t. 0 < oy < cge,,

where H; = M;G;'M/, G, = KK, + ¢K + -2:M[M,, and
Z10 A

pr= Gll(nT;MlTYQ ~Mjq).

Similarly for asy:

1 . Ay !
max — S0y Hoay+ | —Hyy, +e, | oy
my

Qg

st. 0<ay, <cyeyq,

where Hy = M,G;'Mj, G, = KK, + K + ;25M;M,, and
—1/ A
By= Gzl(ﬁiM;Y1 ~Mja,).

Theorem 3.3. The expression for the decision function of LDM-NPSTM is:

K. 5.
f(I):argminKW L)l = arg min KB

N2/ i T
i=1,2 |W. i=1,2 T '
Wl r /5i 126
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3.2 Algorithm and Pseudocode
Algorithm 1 Alternating Projection for LDM-NPSTM

Input: Training tensors {X',}, {¥,}, labels y;, N = 5000. Output: Parameters
W, and W,.

1. Initialize W, W, as sum of random rank-one tensors, k = 0.
2. While [W* — w* /W | > e or k < N do
e Forj=1,...,M do:
— Update aq, a, using QPP toolkit.
— Update 3, 3,.
— Update factor matrices U(lj), U(Zj).
e End for
» Update W} Wi,
3. End while

Theorem 3.4. The sequences { fz(Uij),f(jZ)} generated in Algorithm 1 are
monotonically non-increasing and converge to limit points.

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.
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