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Abstract
We propose a distribution-free method for testing symmetry of distribution with
copula entropy based two-sample test. The test statistic is defined as the statis-
tic of two-sample test on symmetric transformation of distribution and its non-
parametric estimation method is proposed. Three simulation experiments with
beta distribution, asymmetric Laplace distribution, and bimodal normal distri-
bution are conducted to verify the effectiveness of the proposed method and to
compare it with the existing methods in the field. Experimental results show
that the proposed method can measure the symmetry of the simulated distribu-
tions effectively and performs best among others.
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Abstract
We propose a distribution-free method for testing symmetry of distribution with
a copula entropy based two-sample test. The test statistic is defined as the statis-
tic of a two-sample test on a symmetric transformation of the distribution, and
its nonparametric estimation method is proposed. Three simulation experiments
with beta distribution, asymmetric Laplace distribution, and bimodal normal
distribution are conducted to verify the effectiveness of the proposed method
and to compare it with existing methods in the field. Experimental results
show that the proposed method can measure the symmetry of the simulated
distributions effectively and performs best among others.
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1 Introduction
Symmetry is an important property of probability distributions, and symmetry
of distribution is an assumption of many statistical models and methods. Tests
for symmetry are therefore of great importance in statistics and its various
applications. The first such test dates back to the 18th century by Arbuthnot
[1]. There are many existing methods for testing symmetry [2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13, 14].

Two-sample test is a common problem of hypothesis testing in statistics. It
is used to test the hypothesis of whether two samples are from the same dis-
tribution. There are many two-sample tests based on different mathematical
concepts. A typical way of defining test statistics for testing is based on mea-
sures of statistical independence in two samples, such as kernel-based measures
[15] and mutual information [16].

Copula Entropy (CE) is a recently defined mathematical concept for measuring
statistical independence [17]. It is proved to be equivalent to mutual information
in information theory. A nonparametric method for estimating CE was also
proposed [17]. Recently, CE has been applied to two-sample test [18], in which
the test statistic is defined as the difference between CEs of two hypotheses.
A method for change point detection based on this two-sample test was also
proposed recently [19]. CE was also proposed to test multivariate normality in
[20].

In this paper, we propose to test symmetry of distribution with a CE-based
two-sample test. The idea is to first derive a distribution from the target dis-
tribution via symmetry transformation, and then test the equality of these two
distributions with a CE-based two-sample test. Since the CE-based two-sample
test is distribution-free and universally applicable, so is the symmetry test based
on it. Another merit of the proposed method is that the test statistic can be
estimated nonparametrically.

This paper is organized as follows: Section 2 introduces copula entropy and the
two-sample test based on it, Section 3 presents the proposed methods for testing
symmetry, simulation experiments with three typical asymmetrical distribution
families are performed in Section 4, followed by discussion in Section 5, and
finally we conclude the paper in Section 6.

2.1 Copula Entropy
Copula theory is a probabilistic theory on representation of multivariate de-
pendence [21, 22]. According to Sklar’s theorem [23], any multivariate density
function can be represented as a product of its marginals and copula density
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function (cdf), which represents the dependence structure among random vari-
ables.

With copula theory, Ma and Sun [17] defined a new mathematical concept,
named Copula Entropy, as follows:

Definition 1 (Copula Entropy). Let X be random variables with
marginals u and copula density function 𝑐. The CE of X is defined as
𝐻𝑐(𝑥) = − ∫ 𝑐(𝑢) log 𝑐(𝑢)𝑑𝑢.

A non-parametric estimator of CE was also proposed in [17], which consists
of two simple steps: 1) estimating the empirical copula density function; 2)
estimating the entropy of the estimated empirical copula density.

The empirical copula density in the first step can be easily derived with rank
statistics. With the estimated empirical copula density, the second step is es-
sentially a problem of entropy estimation, which can be tackled with the KSG
estimation method [24]. In this way, a non-parametric method for estimating
CE was proposed in [17].

2.2 Two-sample test with CE
CE has been applied to solve the two-sample test problem [18]. Given two sam-
ples X1 = {𝑋11, ⋯ , 𝑋1𝑚} ∼ 𝑃1, X2 = {𝑋21, ⋯ , 𝑋2𝑛} ∼ 𝑃2, the null hypothesis
for the two-sample test is 𝐻0 ∶ 𝑃1 = 𝑃2, and the alternative is 𝐻1 ∶ 𝑃1 ≠ 𝑃2,
where X1, X2 ∈ ℝ𝑑 and 𝑃1, 𝑃2 are the corresponding probability distribution
functions.

Let X = (X1, X2) and 𝑌0, 𝑌1 be two labeling variables for the two hypotheses
respectively, such that 𝑌1 = (01, ⋯ , 0𝑚, 11, ⋯ , 1𝑛) and 𝑌0 = (11, ⋯ , 1𝑚+𝑛). So
the CE between X and 𝑌𝑖 can be calculated as 𝐻𝑐(X; 𝑌𝑖) = 𝐻𝑐(X, 𝑌𝑖)−𝐻𝑐(X).
Then the test statistic for 𝐻0 is defined as the difference between the CEs of
the two hypotheses, as follows:

𝑇𝑡𝑠𝑡(X1, X2) = 𝐻𝑐(X, 𝑌0) − 𝐻𝑐(X, 𝑌1).

It is easy to see that 𝑇𝑡𝑠𝑡 will be a small value if 𝐻0 is true and a large value if
𝐻1 is true.

The test statistic in (5) can be easily estimated from data by estimating the two
terms in it with the non-parametric estimator of CE. Since the CE estimator is
non-parametric, the estimator of the test statistic can be applied to any cases
without assumptions. Another merit of such an estimator of the test statistic is
that it is hyperparameter-free.
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3 Method for testing symmetry
Given a sample X = {𝑋𝑖, 𝑖 = 1, ⋯ , 𝑁} generated from probability density
function 𝑝(𝑥) ∈ ℝ. The problem is to test if 𝑝 is symmetric based on 𝑋𝑖.
The null hypothesis is 𝐻0 ∶ 𝑝 is symmetric, and the alternative is 𝐻1 ∶ 𝑝 is
asymmetric.

We propose to test symmetry of distribution function 𝑝 with a CE-based two-
sample test. Let X̂ be the sample derived by subtracting the mean of X from
X. Then the problem is transformed into testing whether X̂ and −X̂ are from
the same distribution. So the statistic for testing symmetry of 𝑝 is defined as:

𝑇𝑠𝑦𝑚(X) = 𝑇𝑡𝑠𝑡(X̂, −X̂).

𝑇𝑠𝑦𝑚 = 0 if 𝑝 is symmetric and 𝑇𝑠𝑦𝑚 > 0 if 𝑝 is asymmetric. The more asym-
metric, the larger 𝑇𝑠𝑦𝑚.

The proposed method consists of two simple steps: 1) deriving X̂ from X; 2)
calculating 𝑇𝑠𝑦𝑚 by performing a two-sample test on X̂ according to (8). Since
𝑇𝑡𝑠𝑡 can be estimated non-parametrically, so can 𝑇𝑠𝑦𝑚.

4.1 Experiments
In this section we conduct simulation experiments to test the effectiveness of
the proposed method and compare it with existing ones.

Three simulation experiments on different asymmetric distribution families are
designed. The asymmetric distribution families used in the experiments are:

Beta distribution: Beta distribution is a family of continuous probability
functions defined on the interval [0, 1] or (0, 1) with two parameters 𝑎, 𝑏 > 0
which control the shape of functions, as follows: 𝑓(𝑥; 𝑎, 𝑏) = Γ(𝑎+𝑏)

Γ(𝑎)Γ(𝑏) 𝑥𝑎−1(1 −
𝑥)𝑏−1.

Asymmetric Laplace distribution: The asymmetric Laplace distribution is
a continuous probability function that generalises the Laplace distribution. It
is defined as 𝛿(𝑘 + 𝑘−1) where 𝑠 = sgn(𝑥 − 𝜇) and 𝜇, 𝛿 are location and scale
parameters and 𝑘 is an asymmetry parameter. 𝑒−(𝑥−𝜇)𝑘𝑠/𝛿, 𝑓(𝑥; 𝜇, 𝛿, 𝑘) =
Bimodal normal distribution: Bimodal normal distribution is a continu-
ous probability distribution derived by mixing two normal distributions 𝑋1 ∼
𝑁(𝜇1, 𝛿1) and 𝑋2 ∼ 𝑁(𝜇2, 𝛿2) with a proportion parameter 𝑝.

In the simulation with Beta distribution, 9 samples are simulated by letting
𝑎 = 0.1, ⋯ , 0.9 and 𝑏 = 0.9, ⋯ , 0.1. In the simulation with asymmetric Laplace
distribution, 9 samples are simulated with 𝜇 = 0, 𝛿 = 1 and 𝑘 = 0.1, ⋯ , 0.9. In
the simulation with bimodal normal distribution, 9 samples are simulated with
𝜇1 = 0, 𝜇2 = 5, 𝛿1 = 𝛿2 = 1 and 𝑝 = 0.1, ⋯ , 0.9. The size of all samples is
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300. All three experiments simulate distributions changing from asymmetry to
symmetry then to asymmetry again.

In the simulations, the R packages stats, ald, and FamilyRank are used for sim-
ulating Beta distribution, asymmetric Laplace distribution, and bimodal normal
distribution respectively.

In the experiments, we compare the proposed method with existing ones in the
field. The R package copent [25] is used as the implementation of the CE-based
two-sample test. The methods implemented in the R package symmetry are used
for comparison, including: - MI: The Mira test statistic [9] - CM: The Cabilio–
Masaro test statistic [10] - MGG: The Miao, Gel and Gastwirth test statistic
[6] - B1: The b1 test statistic [8] - KS: The Kolmogorov–Smirnov test statistic
[8] - SGN: The Sign test statistic [8] - WCX: The Wilcoxon test statistic
[8] - FM: The characterization-based test statistic [11] - RW: The Rothman-
Woodroofe test statistic [12] - BHI: The Litvinova test statistic [13] - BHK: The
Baringhaus and Henze supremum-type test statistic [4] - BH2: The Baringhaus-
Henze test statistic [4] - MOI and MOK: The Milošević and Obradović test
statistics [7] - NAI and NAK: The Nikitin and Ahsanullah test statistics [14]
- K2 and K2U: The Božin, Milošević, Nikitin and Obradović Kolmogorov type
statistics based on V- and U-statistics respectively [5] - NAC1, NAC2, BHC1
and BHC2: The Allison and Pretorius test statistics

The code for the simulation experiments is available at https://github.com/majianthu/symmetry.

4.2 Results
Experimental results are shown in Figure 1 [Figure 1: see original paper], Figure
2 [Figure 2: see original paper], and Figure 3 [Figure 3: see original paper]
respectively.

It can be learned from the results of the experiments with Beta distributions
and asymmetric Laplace distributions that the statistics of the proposed method
can reflect the change of distribution symmetry, while only 4 of the compared
methods succeed in the first simulation and 13 of the compared methods succeed
in the second simulation. For the simulation with bimodal normal distribution,
the statistics of the proposed method present results with two peaks, which
means the distributions are symmetric at first, middle, and last. The ‘BHC1’
and ‘BHC2’ methods present results with one peak which is close to the situation
of the simulation.

5 Discussion
From the simulation results, one can learn that the proposed method presents
more reasonable results than the compared methods. Especially in the simula-
tion with bimodal normal distributions where the distribution is symmetric in
the middle and close to symmetry at first and last as the proportion of two nor-
mal distributions changes by the parameter 𝑝, only the statistics of our method
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measure the symmetry of the simulated distributions correctly.

In this paper, our method only deals with univariate distributions. However, it
can be easily generalized to multivariate distributions by testing symmetry in
high-dimensional spaces. It can also be generalized to test more complicated
symmetry since the symmetry considered in this paper is the most basic one.
Exchangeability, a special case of distribution symmetry, can also be tested with
a CE-based two-sample test in a similar way.

6 Conclusions
We propose a method for testing symmetry of distribution with a CE-based two-
sample test. The test statistic is defined as the statistic of a two-sample test
on symmetric transformation of distributions, and its nonparametric estimation
method is proposed. Three simulation experiments with beta distribution, asym-
metric Laplace distribution, and bimodal normal distribution are conducted to
verify the effectiveness of the proposed method and to compare it with existing
methods in the field. Experimental results show that the proposed method can
measure the symmetry of the simulated distributions effectively and performs
best among others.
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Figure 1
Simulation results with Beta distributions.

Figure 2
Simulation results with asymmetric Laplace distributions.

Figure 3
Simulation results with bi-modal normal distributions.

Note: Figure translations are in progress. See original paper for figures.
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