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Abstract

For the ideal transmission line governed by telegrapher’s equations, a mixed
finite element method, a generalization of popular spatially discretized schemes,
has been proposed. This numerical approximation scheme preserves both the
Dirac structure and passivity, ensuring that the spatially discretized system
retains its port-Hamiltonian nature. In this paper, we apply this method to
spatially discretize two infinite-dimensional port-Hamiltonian systems with vari-
able coefficients and boundary controls. We then investigate the preservation of
exponential stability in the resulting semi-discretized systems, demonstrating
their uniform exponential stability with respect to discretization parameters.
For both semi-discretized models, the uniform exponential stabilities are derived
through frequency domain analysis. Finally, numerical simulations validate the
effectiveness of this semi-discrete scheme.
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Abstract

For the ideal transmission line governed by telegrapher’s equations, a mixed fi-
nite element method—a generalization of popular spatially discretized schemes—
has been proposed. This numerical approximation scheme preserves both the
Dirac structure and passivity, ensuring that the spatially discretized system
retains its port-Hamiltonian nature. In this paper, we apply this method to
spatially discretize two infinite-dimensional port-Hamiltonian systems with vari-
able coefficients and boundary controls. We then investigate the preservation of
exponential stability in the resulting semi-discretized systems, demonstrating
their uniform exponential stability with respect to discretization parameters.
For both semi-discretized models, the uniform exponential stabilities are derived
through frequency domain analysis. Finally, numerical simulations validate the
effectiveness of this semi-discrete scheme.

Keywords: Port-Hamiltonian system, exponential stabilization, mixed finite
element, semi-discretization, frequency domain.

1. Introduction

It is widely recognized that control systems described by partial differential
equations (PDEs) are inherently infinite-dimensional. A pivotal challenge in
simulating and controlling these systems lies in achieving finite-dimensional ap-
proximations. To address this, various numerical approximation schemes have
been devised in the field of PDE numerical computation, aiming to preserve
system structures. A natural first step is spatial discretization of the PDEs,
while maintaining the continuity of the time variable. This process, known as
semi-discretization, offers significant advantages. Firstly, the resulting semi-
discretized models are finite-dimensional, allowing for their analysis and design
by control engineers. Secondly, if these models retain numerous physical prop-
erties of the original PDEs, they can be regarded as physical modes rather than
approximations of the infinite-dimensional system. Consequently, over the past
two decades, extensive research has focused on preserving geometric structure
[?], [?], [?], passivity [?, ?], [?], controllability [?], [?], observability [?], and
exponential stability [?, 7, ?, 7, ?, 7, ?].

The quest to maintain exponential stability in numerical approximations dates
back to the 1980s, when Gibson et al. [?, ?] examined linear quadratic optimal
control. Concurrently, Banks et al. [?] investigated numerical approximations
for linear quadratic regulator problems and solutions to operator Riccati equa-
tions for distributed parameter systems with unbounded input and boundary
control, highlighting the critical role of exponential stability. In 1990, Banks et
al. [?] pioneered the study of exponentially stable approximations for wave equa-
tions with boundary dampers, noting that popular discretization techniques like
finite differences or finite elements often fail to maintain a uniform decay rate
in semi-discretized systems. Later, Infante et al. [?] provided a mathematical
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explanation for this phenomenon, revealing that spurious high-frequency modes
generated during spatial semi-discretization can compromise this preservation.

A significant first attempt involved researchers modifying the finite difference
scheme to restore uniform exponential stability. For example, Tebou and
Zuazua introduced an artificial numerical viscosity term into the finite differ-
ence semi-discretization of the 1-D wave equation with boundary control [?],
thereby restoring uniform exponential stability in the new discrete systems.
Similar techniques have been applied to achieve uniform controllability [?]
and uniformly exponentially stable approximations for a class of abstract
second-order evolution equations [?]. More recently, Liu and Guo designed
a novel semi-discretized order reduction finite difference scheme to discuss
uniform approximation of the 1-D wave equation [?]. They formulated the
wave equation as a first-order port-Hamiltonian system and employed the
central finite difference scheme. These semi-discretized systems exhibited
uniform exponential stability without any additional measures. Using this
semi-discretization scheme, they analyzed the uniform exponential stability
of the wave equation with local viscosity and observer-based control [?], the
Schrédinger equation [?], the Timoshenko beam [?], and the heat-wave coupled
system [?].

However, while the finite difference scheme offers numerous conveniences and
advantages for dealing with PDEs with constant coefficients, discussing the uni-
form exponential stability of its semi-discretization for PDEs with varying coef-
ficients poses certain difficulties, often making it challenging to validate key con-
clusions [?]. Therefore, it is imperative to explore alternative semi-discretization
schemes for PDEs with varying coefficients that are suitable for investigating
uniform exponential stability.

To our knowledge, the mixed finite elements method may be the most suitable
approximating scheme for the ideal transmission line described by the telegra-
pher’s equations [?]. This assertion is based on three key reasons. Firstly, the
spatially discretized system remains a port-Hamiltonian system, and the geo-
metric structure of the spatially discretized system on a partition interval is
identical to that of the entire spatial domain. This greatly facilitates the anal-
ysis of discrete dynamics. Secondly, the discretized scheme derived from this
mixed finite element method exhibits similarities to the order reduction finite
difference method presented in [?]. Specifically, the temporal derivative compo-
nent of the spatially discretized system corresponds to a weighted averaging of
two adjacent node functions (see Remark 2.1 below), in contrast to the tempo-
ral derivative component of the order reduction finite difference method. This
similarity allows for leveraging the extensive research on uniform exponential
stability approximations for the order reduction finite difference method in the
context of mixed finite elements. Finally, although it is exceptionally challenging
to find an appropriate energy multiplier, the frequency domain characterization
of uniform exponential stability for a family of contractive semigroups [?][?][?]
can be applied to this scheme.
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In this paper, we conduct a comprehensive study on both the ideal transmission
line and the Timoshenko beam. The paper is structured as follows. In Section
2, we revisit the spatial discretization method based on mixed finite elements for
the ideal transmission line. In Section 3, we delve into the exponential stability
preservation of the resulting semi-discretized system for the ideal transmission
line, focusing on ensuring its uniform exponential stability with respect to the
discretization parameters. In Section 4, we propose a novel semi-discretized
scheme for the Timoshenko beam and analyze its exponential stability preserva-
tion using frequency domain analysis. Finally, in Section 5, we conduct several
numerical simulations to validate the effectiveness of our theoretical findings.

2.1. Continuous PDE System

The telegrapher’s equations for the transmission line with a boundary resistor
are given by PDEs with variable coefficients:

9q(t,z) _ 0I(t,2) _ —
8¢?1? 2) ax% 2)7 VIR s = RS (2.1)
6757 =— (‘3,2’ o q(0,2) = qo(2),  9(0,2) = ¢y(2),

where ¢(-, -) denotes the charge density, ¢(-,-) is the flux density, and the current
I(-,-) and voltage V(-,-) are defined as:

I(t,z) =

V(t,z) =

(2.2)

with C(z) and L(z) representing the distributed capacitance and distributed
inductance of the line, respectively. The spatial variable z belongs to the domain
I =10,S] with S > 0, and the voltage at z = 0 is set to zero, while a resistor
R > 0 is placed at the other end, resulting in V' (¢,.5) = RI(t,S).

The energy of the system (2.1) is expressed as

S 2 2
q(t,2)* | ¢(t,2)
E(t) = / ( + dz. (2.3)
b 2C(z) 2L(z)
Under certain assumptions, the energy along the solution to (2.1) decays expo-
nentially. This finding was primarily derived from exercise 9.1 in [?].

Theorem 2.1. Assuming C(-), L(-) € C*°(I) and gy, ¢, € L?(0,S), the system
(2.1) admits a unique solution in the state space X := L%(0,5) x L?(0,S).
Furthermore, there exist two positive constants M and w such that the energy
along the solution to (2.1) satisfies
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E(t) < Me~“'E(0). (2.4)

Drawing inspiration from the concepts and notations in [?], the telegrapher’s
equations (2.1) can be reformulated in a geometric version as

0
q(att’ Z) — —de¢(f, Z)’
99(t,2) _ —de,(t,2),

ot

where q(t, ), $(t, 2) are interpreted as one-forms, and e,(t, z), ¢,(t, z) are zero-
forms given by

eq=0,H, ey,=0,H, H= /I(;g((zz))q(z) + ;ii;qﬁ(z)) (2.5)

with d representing the exterior derivative, * the Hodge star operator, and ¢ the
variational derivative.

2.2. Semi-Discretization of a Part of the Transmission Line

This subsection is adapted from select parts of [?] to ensure the self-contained
nature of the paper.

Initially, a semi-discretization process is applied to a segment of the transmission
line spanning between two points ¢ and b (0 < a < b < S), with I, = [a, b].

Step 1: Approximations of one-forms on the domain 7. On the interval
I, the energy variables ¢(t, z) and ¢(t,z), as well as the infinitesimal charge
rate 0q(t, z) /0t and the infinitesimal flux rate d¢(t, z)/0t, are approximated as

dq(t,z) 4 6¢(t,z):: (2.7)

(
o = I(uiy(2), T = (Wi, (2),

{q(@z) = Qup(tlwip(2), 0t 2) = @yt (2),
where one-forms w?, (2) and w? (2) satisfy

/ wly(2) = / wh(2) =1, dQu(t) = f&(t), dP,,(t) = fo,(t). (2.8)
I I

Step 2: Approximations of zero-forms on the domain I ;. The co-energy
variables e (t, z) and e,(t, z) are approximated on I, according to the following
expressions:
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where zero-forms w?(z),w{(z) and w,f(z),wf(z) satisfy the boundary value con-

ditions:

as well as the compatibility of the forms, given by

—dwf = dwf = wl,, —dw! = dwi = w?,. (2.12)

Substituting (2.8), (2.11) and (2.12) into (2.5) gives

{ (1)l (2) = e (1) (2.13)

Fo,(Dwhy(2) = ed(t)wi (2)

By integrating these identities over the interval I, and utilizing expression (2.9),
we obtain

() =ed(t) — eg(t), ffb(t) = el (t) — eb(t). (2.14)

Step 3: Approximates of Hamiltonian and dynamics. On the one hand,
the power transmitted along the transmission line between points a and b is
given by

0o(t, z
qbéiﬁ )e¢(t,z)>.

By substituting expressions (2.8) and (2.11) into the above equation and apply-
ing proposition 1 from [?], we arrive at

dH (%) :/ <8p(t’z>eq(t,z)+
T

dt ot

gy —-[ wi(z) *wl (2). (2.15)

ab
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Since fI (t) and f(‘fb(t) correspond to the infinitesimal charge rate 9q(t,z)/0t
and the infinitesimal flux rate 0¢(t, z)/0t, respectively, we define new discrete
co-energy variables as follows:

{é;“’(t) = gy (t) + (1 — agy)eb(t),
ggb(ﬂ = (1 - O‘ab>e$(t) + aabeg(t)7

such that dH (t)/dt = f2, ()& (t) + f3,(t)E2(t).

On the other hand, if we define

_ [ wn(2) g (2) _ [ wn(2) x wip(2)
Cab/I Wa Lab/l bL—ba

ab ab

then the energy of the considered segment of the transmission line can be ap-
proximated by

Hou(0) = 5 (Car@2u(0) + Loy ®20(0)). (2.16)

The discrete co-energy variables are again derived through the following expres-
sion:

9H,, (1)
0%, (1)

COHL0)
= Qa0 W=

Therefore, the discrete dynamics of (2.1) on the interval I, is derived from
equations (2.10), (2.14)-(2.16), and is given by

Cualoaney8) + (1~ ,p)eb(0)] = e3ft) — cb1)
{Lab[(l — )€ (1) + el ()] = ea(t) — eb(t). (2.17)

Remark 2.1. Setting h,, = |I,;| as the length of the interval I, and dividing
both sides of the identities in (2.17) by h,,,, we obtain

el (t) — el (t
Cab[aabeg<t) + (]. - aab)eg(t)] = —¢<)hb¢()’
e by = Cal) —eq(®)
Lop(1— )€l (t) + agyel (t)] = »

In the above equation, the convex combinations C,pler,,ed(t) + (1 — el (t)]

and L, [(1—a,y e (t) +aqpely ()] can be interpreted as approximations of g(t, z)
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by a b (1) na
and ¢(t, z) on I, respectively. Similarly, eq(tz jq(t) and %(t})L %5(?) represent

a ab
approximations of the derivatives de,(t, z) and de,(t, 2) on I,,. This approach
is analogous to the finite difference scheme proposed in [?]. For brevity, (2.17)
will be retained for further discussion.

The discrete energy associated with the considered segment of the transmission
line is given by

1
Hop(0) = 5 (Canlape (8) + (1= g )eb(1)? + Lop (1 — ) (6) + el (1)?)
(2.18)
and it possesses the following noteworthy property.
Proposition 2.1. The discrete energy defined in (2.18) satisfies
dH ,;(t) Wi
TE =eg (t)ed)(t) — eg(t)eg(t). (2.19)

Proof. Starting from (2.17), we have

dHab (t)

a7 = loweg () +(1—ag)eg(D)]leg (1) —eg (O]+[(1—ag el () +aueg ()] [eg (1) —e

By simple calculation, (2.19) is derived from the above identity.

2.3. Semi-Discretization of the Whole Transmission Line

To achieve the semi-discretization of the entire transmission line, for any positive
integer n, we insert n—1 points S; (with j = 1,--,n—1) into the spatial domain
I. This results in a partition of I into segments ISJ-,ISJ- for j = 1, n, with
SO = O, Sn = S and Isjilsj = [S,:US]]

J

On each segment [ 5,.,5, We select

1

5155

C(2)dz, Lj:/ L(2)dz, ozjz/ wi (2w ¢ (2)dz,
e T j-1 J-1%3

S;_15; 5155

with &; = 1 —aq; for j = 0,1,-+,n. Subsequently, we obtain the semi-discretized
approximation of (2.5) on I s, s, as follows:
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Cilajeq i1 (t) +aje, (D] = ey j1(t) — ey ;(1),
Ljlaje, ;1 (1) + ajey j(0)] = e, 51 (t) —eg (1), j=0,1,,n. (2.20)
eq,O (t) = 0’ eq,n<t) = Re¢,n(t)7

The final two equations in (2.20) are derived directly from the boundary condi-
tions specified in (2.1). Furthermore, the discrete energy is given by

Ho(0) = 33 (g oa (6) Gy (00)7 + L(fseq 2 (1) + e 5 (1)?)
(2.21)

Remark 2.2. The discrete scheme (2.20) represents a generalization of two well-
known semi-discretization approaches. Specifically, when C(z) and L(z) are set
to constant values, and a; = 1, the scheme reduces to the finite difference
method on staggered grids as presented in [?]. On the other hand, if C(z) =
L(z) =1 and o is set to 3, then (2.20) corresponds to the order-reduced finite

difference scheme described in [?, ?].
Now, let us define some notations and outline certain assumptions.

Assumption 2.1. Let h; := |ISJ-,1SJ-‘ = §; — 5, denote the length of each
segment, and let A, := max;.;., h; be the maximum segment length. We
assume that A, < 1 for all n € N* and that A,, = O(n™!), meaning there
exists a positive constant C' such that A, < Cn~! for all n € N*.

Assumption 2.2. We assume the existence of positive constants ¢ and C such
that the coefficients a; satisfy

¢ < min a; < maxaj§C’<1
1<j<n 1<j<n

forall j =1,2,--,n and n € NT.

Assumption 2.3. Suppose there exist positive constants m and M such
that m < C(z),L(z) < M for all relevant z. This implies, in conjunction
with Assumption 2.1, that max,_;.,, C; = O(n™'), min,_;.,,C; = O(n™?),
max; <, L; = O(n~1) and min ., L; = O(n1).

3. Uniform Exponential Stability of (2.20)

Firstly, based on (2.18) and Proposition 2.1, the discrete energy H, (¢) defined
in (2.21) satisfies the following balance equation and dissipative property.
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Proposition 3.1. The balance equation and dissipative property, given by

dfi?t(t) = €g0(D)eg0(t) = g n(teg () = —Rley , (1) (3.1)

hold for all positive integer n.

Proof. Indeed, we can express the discrete energy H, (t) as the sum of local
contributions:

H,(t) = ZHsj,lsj (1),

where each local energy H S,45, (t) is given by:

(Cj(ajeq,jfl(t) + 54]»eq’j(t))2 + Lj(ases 54 (t) + aje(b’j(t))Q) )

N =

Hg, s,(t) =
By applying Proposition 2.1 to each Hsj,lsj (t), we obtain

dHg ()
# - €q,j,1(t)e¢7j71(t) - eq7,j(t)e¢,j(t>-

Therefore, summing over all segments gives

(6q,j—1(t)€¢,j—1(t> - eq,j<t)e¢,j(t>) = eq,O(t)e¢,0(t)_eq,n(t)eqS,n(t)'

Finally, substituting the boundary conditions from (2.21) yields the dissipative
property stated in (3.1). This completes the proof of the proposition.

Secondly, to analyze (2.20) from a frequency domain perspective, it is necessary
to reformulate the equation into suitable state equations defined on a particular
state space. To this end, we define the state space X,, = C*" endowed with the
inner product:

n n

(X, Yo, = Z Cila;z;y ‘*‘&jwj)(ajyjq"'&jyj)"'z L (0, 0% 1) QY 0 Yn i)
= =

(3.2)

where X,, = (z,,2s,) and Y, = (¥, , Ya,,) € X,, are elements of X, . Note
that in the definition of the inner product, additional terms like xg, Yy, T9,41
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and ¥y, appear. These are assigned specific values: o = 9y = 0, 5, = kz,,
and yo,,1 = ky,, with k = R~ > 0.

Now, we recast (2.20) into a vectorial form for clarity and convenience. To
do so, we introduce the vectors W, (t) = (e, (t),,e,, 1(t))" and V, () =
(eg.0(t), - e4,(t)" as the unknown variables of (2.20). Additionally, we define

the n x n matrices D,,, D, and M, as follows:

aq aq 1 -1
ay ay 1 -1

(3.3)

We further introduce the n x n diagonal matrices C,, = diag{C,,C,,---,C,.},
L, = diag{L,,Ly,--,L,} and E, = diag{0,0,---,1} to facilitate the vectorial
representation of (2.20). Consequently, the equation (2.20) can be rewritten in
the concise form:

H,®,X,(t)=V,X,(t) = X,(t)=4,X,(1), (3.4)

where A, = ® 1H, ¥, . and the vector X,,(t) combines both W, (t) and V, (¢)

xin= (V)

The matrices involved in this representation are defined as follows:

c, 0 D, D, (0 =M\ (0 o0
HTL B ( 0 Ln) ’ (I)” B (Dn Dn) ’ \I]n B (Mn 0 )(O R_lEn> .

It is noteworthy that ®,, serves as a weighting operator, reflecting the influence
of a; and &;. If we substitute the weighting operator ®, with the identity
operator I, then the equation (3.4) simplifies to the classical finite difference
scheme of (2.1).

Furthermore, the inner product defined in (3.2) within the space X,, can be
elegantly expressed as

<XnaYn>Xn =(®,X,,H,?,Y,), VX, Y, €X,

n n-n
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where X,, = (21,,%9,), Yy, = (Y1, Yan) € X,, under the conditions x, =
Yo =0, Tg, 41 = kz,,, and Yy, 1 = ky,, with k= R~! > 0. Here (-, -) represents
the standard inner product in C2".

Lemma 3.1. The operator A, is dissipative and generates a Cj-semigroup of
contractions T, (t) on the state space X,,.

Proof. By setting A, X, = Y, with the boundary conditions 2, = y, = 0,
Topp1 = kx,, and Yy, = ky,,, for j =1,---,n and any X, € X,,, we obtain

Cj(ajyjq + djyj) = Tntj = Tpgjrls Lj(&jyn+j + ajyn+j+1) =T — Ly
Subsequently, utilizing the definition of the inner product (-, -),,, we derive:

2Re<A X Xn>n = <A X X7L>n + <Xn’Aan>n = _2k|xn|2' (35)

n<Tn’ n<tn’

Equation (3.5) directly implies that the operator A,, is dissipative. The second
statement is self-evident, thus completing the proof of this lemma.

Lemma 3.2. The intersection of the spectral set o(A,,) of the operator A,
with the imaginary axis is empty.

Proof. Given X, € X, and s € R, by setting A, X,, = isX,, with the boundary
conditions zy = 0 and x,,,,; = kx,,, we obtain from (3.4)

isCi(aw; g+ a;a5) =T — Ty iqs ISLI(GGT, i+ 0T, i) =T — Ty

From (3.5) and the fact that A, X, =isX,,, we have

0=TRe(4,X,,X,), =—klz,[*. 3.7)

Setting j = n in (3.6) and using (3.7) along with x,, ., = kz, = 0, we get

isC,a;x, | —T9, =0, —x, 4 +isL;a;x,, =0.

This implies that x,,_; = z,,, = 0 since the determinant of the coefficient matrix

isC’jaj - —1~
-1 zsLjaj

= soz]ajC']L] 1

is nonzero. Similarly, by setting j = n — 1 in (3.6) and using the fact that
Tp_1 = Ty, = 0, we can deduce that x,,_o = z,,,_; = 0. By induction on j,
we can show that z; = 0 for all j = 1,--+,2n. This implies that X, = 0, which
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contradicts the assumption that X, is a nonzero eigenvector corresponding to
an eigenvalue is. Therefore, is does not belong to the spectral set o(4,,) of the
operator A,,. Thus, we have completed the proof of Lemma 3.2.

Now, we are ready to present the uniform stability standard, as outlined in [?],
which will be instrumental in proving Theorem 3.2.

Theorem 3.1. Let A* > 0 and consider a family of semigroups of contractions
(S,(t)) on the Hilbert space (X),). Let (/Ih) denote the corresponding infinitesi-
mal generators. The family (S}, (¢)) is uniformly exponentially stable if and only
if the following two conditions are met:

(i) For all h € (0,h*), iR is contained in the resolvent set p(/Ih) of /Ih.

(i) suPye(o ) per 1B — Ap) 7 45, ) < 00

By using the preceding results, we can now arrive at the main result of this
section.

Theorem 3.2. Let h* be h* = max, ., A,. Then the semigroups T, (t) gen-
erated by the operators A, are uniformly exponentially stable, i.e., there exist
two positive constants M and w independent of A, and ¢ such that

1T, ()], < Me.

Proof. Since (i) of Theorem 3.1 has already been established in Lemma 3.2,
our focus in this proof is to demonstrate that condition (ii) of Theorem 3.1 also
holds. To do so, we employ a proof by contradiction.

Suppose, to the contrary, that condition (ii) is false. Then, for any n € N, there
exist 3, € R, m,, € N, and X, € X, such that

1X,, =1 and |Y,, <n7Z (3.8)

oM, ol

where V,, = (i3, — 4,, )X

Firstly, the equation Y,, = (i, — 4,, )X,
system

with the property that m, — oo as n — oc.

mn7

is equivalent to the following

n

Cj[%‘(wn%q - yj71) + &j(iﬂn%’ - Z/j)] = T, 45— T, +j+10
Lj[dj(iﬁnxanrj - ymn+j) + aj(iﬁnmmn+j+l - ymn+j+1)] =T — Ly

where j = 1,2, -+, 2m,,, with the initial conditions zy =y = 0, 5, 1 = kz,, ,
and Yy, 1 = kYy, .- By regrouping the terms in the above equations, we obtain
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1Bn0;Csjy = Ty, 15 = Cilagy;y + &5y;) — 18,8;C505 = T s
—Tj i L, (= L@y i+ QY i) = B0 LT, L — T

(3.9)
Since the determinant of the coefficient matrix
i8, C.a; —1
D,:= |77 . |=—Fa.a.C.L.—1
J —1 iB,L;a; n®j 5~ 5
is always nonzero, we can uniquely solve the system (3.9) to obtain
w, = PSbliC 0y, |+ d.y;) —iB,0,Cox —x ]
-1 = T D, J\¥Yj—1 T AYj n@GY5T5 T T, vl
1+iB, o, C; ~ .
Cpij = D LY, g Y, 1) = B Ly, g — ).
For any 3, € R, we derive the following relations:
CyLj0;6,67
|D;| > 1, |—=——| <1, (3.10)
D;

and

\/ Cilajy; 1 +a;y;l = O(n?), VL0, it QY ] = O(n™?), (3.11)

JCilaga, g+ &gl = 0(), \JLilG s, i+ gz, el =O0(1). (3.12)

The relations (3.11) and (3.12) are straightforward consequences of ||V, |, =
O(n™2). For (3.13), we utilize the inequality a? + b? > 2ab. By Assumptions

(2.1)-(2.3), it follows that ,/a;a,C;L; = O(1). The inequality (3.14) can be

proven similarly.

Secondly, (3.8) and (3.5) imply that

klz,, 12 = Re{(iB,— Ay )Xy s X Y, | = Re(Yy, X D | <Y i, = O(72).

Thus, by considering z,,, 4 = kz,, , we derive
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@y, |2 =0(72), gy, ]? =O0(n"2). (3.15)

m,,

Substituting (3.15) into (3.10) with j = m,,, we obtain

(€, 1|2 =O(n72),  |2g, |* = O(n?), (3.16)

since the coefficients of Cja;(y;_1 + &,y;), L;j(QYm, 15+ @Y 1ji1) Ty, and
Ty, in (3.10) are all of the forms of 1/D;, |C;L;0;0,8% ) Dy, respectively.
Similarly, for j = 1,2,---,m,, — 1, it can be readily proven by induction and
using an analogous approach as from (3.15) to (3.16) that

|xmn—j|2 =0(n?), \J:an+1_j|2 =0(n?). (3.17)
Finally, by the definition of the norm | - ||,,, ~and the Assumptions 2.1 and 2.3,
we have
m,, m, My
Han ||2mn = Cj|ajzj—1+&jxj|2+z Lj|&j$mn+j+ajxmn+j+l|2 <4C,, Z(|xj|2+‘xmn+j|2)+cmn|$2mn+1 2
J=1 Jj=1 J=1

which contradicts the assumption that | X,, |, =1.

4.1. PDE Timoshenko Beam

The Timoshenko beam equation, which describes the dynamics of a beam under
transverse loading and rotational effects, is given by

pi(t =) = K(w/(1,2) — 0(1,2)) "
Ip¢(ta Z) = Eld)”(ta Z) + K(wl<ta Z) - ¢<ta Z))? .

where - w(t, z) represents the transverse displacement of the beam at time ¢ and
spatial position z € [0, S]; - ¢(t, 2) is the rotation angle of a filament of the beam
at time ¢ and spatial position 2; - p(z), I,(2), EI(z) and K (2) are the material
properties of the beam: mass per unit length, rotary moment of inertia of a
cross-section, the product of Young’s modulus of elasticity and the moment of
inertia of a cross-section, and the shear modulus, respectively.

Here, the dot " and the prime ' denote derivatives with respect to time and
spatial variables, respectively.

Additionally, we assume that the beam is clamped at the left-hand side (z = 0),
meaning that both the transverse displacement and the rotation angle are zero
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there. At the right-hand side (z = S), we apply a damping force proportional to
the velocity of the transverse displacement. Therefore, the boundary conditions
are

w(t,0) =0, é(t0) =0, (4.2)

EI(S)¢'(t,8) = —k,¢(t,S), K(S)(w'(t,8)+ d(t,8)) = —kytr(t,S). (4.3)

To formulate the Timoshenko beam model as a port-Hamiltonian system, we
introduce the following physical notations that represent key dynamical quanti-
ties:

x1(t,2) = w,(t,z) — ¢(t, z), shear displacement

xo(t, 2) = pw,(t, 2), transverse momentum

x5(t, z) = ¢, (t, 2), angular displacement gradient
zy(t,2) = 1,04(1, 2), angular momentum

By utilizing equations (4.1) through (4.4), we derive the time derivatives of the
variables z;(t, z) for i = 1,2, 3,4, which are given by

@1 (t, 2) = [Bama(t, 2)]" — Bamy(t, 2),
To(t, 2) = [Pz (2, 2)],
3(t, 2) = [Byzy(t, 2],
y(t,2) = [B3z3(t, 2)]" + Bz (2, 2),

with boundary conditions

xl(taS> = _K2x2(t75)a l'g(t,O) = Ov 1’3(t,5> = _K1x4(ta‘g>7 $4(t,0) = 07
(4.5)

where 8, = K, By = p7!, B3 = EI and B, = I, K; = k;3,(5)/5,(S) and

Ky = kyB4(5)/B3(S)

Let us define the vector z(t, z) = (z4(t, 2), xQ(t 2),x5(t, 2),24(t, 2)) " and intro-

duce the diagonal matrix L(z) = diag{;(z), 85(2), 3(,2)7 ,(2)}. Additionally,
we define the matrices P, and P, as follows:

01 00 0 0 0 —1
1 0 0 0 0 00 O
Pye= 00 0 1}f° Fo = 0 00 O
0 010 10 0 O
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Utilizing these definitions and the time derivative expressions derived in (4.5),
we can rewrite the Timoshenko beam equations without boundary conditions
into the form

(t, 2) = Py[L(z)2(t, 2)] + By[L(2)2(t, 2)]. (4.6)

The Hamiltonian/energy associated with either (4.6) or (4.5) is defined as

s
H(t):/ x'(t,2)L(2)x(t, 2)dz. (4.7)
0

According to Exercise 9.2 in [?], it is shown that if both k; and k, are positive,
then the system described by (4.5) is exponentially stable with respect to the
energy H(t). For a more comprehensive understanding of the well-posedness
and exponential stability of (4.5), please also refer to theorem 2.1 in [?].

4.2. Semi-Discretization of Timoshenko Beam

In this subsection, we apply the concepts introduced in subsections 2.2 and
2.3 to discretize the spatial variable of the Timoshenko beam in its port-
Hamiltonian form (4.6). For this purpose, we treat the components of the
flow variables x(t,z) and the matrix L(z) as one-forms, whereas the compo-
nents e;(t,z),e5(t, 2),e5(t, 2),e4(t,z) of effort variables e(t,z) := L(z)x(t,z2)
are considered as zero-forms. The partitioning of the interval [0,S] into
I'=Uj,I5, s, remains valid in this section.

To approximate x;(t,2) and x3(t,2) on each interval [S; ;,5,], we utilize the
one-form finite elements w¥_ S Specifically,
J— J

z1(t, 2) = Xl,j<t)wg'jilsj(z>a z4(t, 2) = Xs,j@)ng,lsj (2),
where XLj(t) = xy 4(t) and X37j(t) = x5 ;(t). The one-form finite elements
ng,l 5, are employed to approximate xz,(t,z) and z,(t,z) within the interval

[S;_1,5;]. Specifically, the approximations take the form

Ty(t, z) = Xz,j(t)ngflsj (2), @y(t,2) = X4,j(t)ngflsj (2),

where X27j(t) = x5 ;(t) and X47j(t) =y ().

However, the zero-form finite elements w?  (2),w? (2) and w?  (2),w? (2) are
S; S, S, s,

utilized to approximate the effort variables e, (¢, 2), e5(t, 2) and ey(t, 2), e, (¢, 2)

respectively, within the interval [S; ;,S;]. More precisely, we set:
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e;(t,z) = ez‘,jq(t)ng,l

{ei(tﬂ z) = ei,jq(t)wgﬂ

where e, ;(t) will be determined later for i = 1,---,4 and j = 0,1,---,n. By uti-

lizing the concepts outlined in Remark 2.1, we derive the following relationships

on the interval [S;_;, S;]:

ei(t,z) ~

where h; = S; — S, ; and

fori=1,-,4.

Consequently, we formulate the semi-discretization scheme for (4.5) as follows:

By jloier o1 (t) + ajéq ;)] = eq ;(t) —eg ;1 (t) — hylajeq ;1 (t) + ajey ;(D)],
52,]'[54;'552,;‘71(75) + ajéZ,j(t)] = el,j(t) - 61,];1@),
Bs jloiés i1 (t) + ajés ;(H)] = eq ;(t) —eq ;1 (1),
By jlees i1 (t) +ajéy ;(0)] = e3 ;(t) —e5 ;1 (1) + hjlajes ;4 (t) + azeq ;(D)],

with boundary conditions

ern(t) = —Kyey (1), €30(t) =0, e, (t) = —Kaey,(t), ey0(t) = (27 )
4.9

where j = 1,2, ,n. Furthermore, the discrete energy H,, is defined as follows:

1 & » ~ 1 & ~ |
H,(t) = B (51,;‘[%%,;‘—1@) + ajey ()] 4 By lazeq ;1 () + ajez,j(t>]2)+§ Z (ﬂ3,j[04j63,j—1(t) + ayes ;(1)]
Jj=1 j=1
(4.10)

The state space associated with equations (4.8) through (4.13) resides in the
Hilbert space, denoted as X,, = C*", with inner product (Z,,, Z,,),, defined as
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~

n n n
(Zy, Zy)n = Zﬂl,j[ajzl,j—l+&jzl,j} [O‘j‘gl,j—lerjgl,j]JrZ B 020 ;1 +azg ] [&jZQ,j—1+aj52,j]+Z B3 jlovz

Jj=1 j=1 j=1
where Z,,, 7, € X,,, subject to the additional constraints z,, = 2,4 = 0,
Zin = _K122,na and Z3n = _K2Z4,n'

To express equations (4.8) through (4.13) in a vectorial form, we introduce
several n x n matrices. Specifically, let M, and E, be defined as out-
lined in section 3. Furthermore, define C, = diag{h,, hy, -, h,}, B, =
diag{a,, ay, -+, o, }, B, = diag{a,, &y, a,}, L, = diag(L,, Ly, Ly, L,), with
L; = diag{ﬁi,hﬁi,zv"',5i,n}7 i=1,...,4,

o (B B\ ¢ _(0 M\ o _( 0 -CB)\ (KE, 0
" \B, B,)7 " \M, o0 ) " \CB 0 0 K,E,)

n—n

The state variables of equations (4.8) through (4.13) are consolidated into the
vector Y, (t), defined as:

Y, (t) = () (1), Y3, (1), U3, (1), 44, (1)) T

where each component vector y, ,,(t) is specified as follows:

y1,n(t) = (el,o(t)a"',61,n71(t))T, yz,n(t) = (62,1(t)a "'aez,n(t))Ta

y3,n(t) = (6370(75),"-,es,n_l(t))T, y4,n(t) = (64,1(t)a "'764,n<t)>T-

Subsequently, the system of equations (4.8) through (4.13) can be equivalently
expressed in the compact form

{Yn(t) = A,Y,(t), (4.11)

Y,(0) = (yl,hayS,h7y2,huy4,h>T €X,,
where the matrix 4, = ®,'L,1 (¥, + Q,,), assuming that both ®, and L,, are
invertible, as stated.

Furthermore, for any Z,, Zn € X,,, the inner product in the space X,, can be
reformulated as

<Z77/7Z7L>TL = <‘I) Z L (I) Z~ >7 (412)

nTn’ n n—n
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where (-, -) denotes the standard inner product in C*".

In the context of this section, Assumptions 2.1 and 2.2 continue to hold. How-
ever, Assumption 2.3 is superseded by the following:

Assumption 4.1. Assume that there exist two positive constants ¢’ and C’
such that for all ¢ = 1,---,4, the inequality ¢’ < 3, < C’ holds. Further-
more, when combined with Assumption 2.1, it implies that both max, j<n 15
O(n™') and min,;,, 3 O(n~1) are valid.

i =
ij —
Furthermore, we require an additional assumption regarding h;, which is crucial
for our analysis.

Assumption 4.2. Assume that h; satisfies the following inequality for all
j=12- n

200,00
h?< —L1 (4.13)
7T BB

Given these assumptions, we can now present the following result on dissipativ-
ity.
Lemma 4.1. The operator A, is dissipative on the space X, for all n € N*.
Consequently, A,, generates a family of semigroups of contractions T, (¢) that
ensures the existence and uniqueness of the solution Y, (¢) to the system of
equations (4.8)-(4.13). This solution satisfies the balance equations in their
discrete version, which can be expressed as

H

n

(t) = —Kiley ()7 — Kyley ,, (1) . (4.14)

Proof. Given Z, € X, defined by (4.15), we can derive the following identity
by considering the inner product involving the operator A,,:

(4.15)

From the definition of ®,, ¥,, and €Q,,, we have

n

n n
(@,2,,(V,+Q,)Z,) = Zﬂl,j[ajzl,jfl+&jzl,j} [ZZ,j*ZQ,jfl]JFZ ﬂz,j[&jz2,j71+aj22,j][Zl,jle,jfﬂJFZ Bs jla;
=1 = =

(4.16)

By substituting equations (4.16) and (4.17) into (4.15), and leveraging the same
calculation methodology as in (3.5), we arrive at the following result
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Re<AnZn7 Zn)n = _[(1|2”2,n|2 - K2‘Z4,TL|2’ (418)
where we have utilized the identities z;,, = —Kj2,, and 23, = —Kyzy,.

This confirms that the balance equation (4.14) holds true, as can be seen by
considering the energy functional H, (t) = (Y,,(¢),Y,,(¢)),, and utilizing equation
(4.11).

To provide a precise frequency domain analysis, we establish a crucial Lemma
4.2 following.

Lemma 4.2. Define I'; by

ia;fy ;8 a8y ;8 —hja; h;&;
_|ia;B5,8 ia;B, ;8 0 _ 9~ . 22
L= 30 ! 30 ! ic;Bs ;8 i&jﬁ4,j5 = 1+(61,j62,j+63,jﬂ4,j_hjajaj52,jﬂ3,j)ajajﬁ +61,582,583,5Pa,;

for any § € R and 0 < h; < A,. Then,

L; > 14 (88, + 53,;‘»34,3')04]'5‘]'52 + 51,j52,j53,j54,j04§54§ 1>1. (419)

Furthermore, if we define I, ; = (ﬁ*ﬂ-)iﬁiF_l for i = 0,1,2,3,4, where (ﬂ*)j)i is
the product of i terms selected from {3, ;, B ;, B3 ;; B4 ;}, then I; ; are uniformly
bounded, and the upper bounds are all independent of 3. Specifically, the
following estimates hold:

|7

.3

=0(1), i=0,1,2,3,4. (4.20)

Proof. The inequality (4.19) holds due to Assumption 4.2, which implies that
the middle term of the right-hand side of (4.18) satisfies

(51,3'52,]' + B3 jBa — hiaj&jﬂzjﬂ&j)%&j@ > [51@52,;‘ + 53,j54,j]04j07j52~

This ensures the inequality |, ;/ < 1. Furthermore, by (4.19), Assumption
4.1, and Young’s inequality, we can derive bounds for |Il,j| for i = 1,2,3,4.
Specifically,

26*,j|ﬁ| (6*,]‘)252 (/8*,])2 o
|1 ;0 < 05 < 55 < =
1+ (By,jBa 5 + B3 jBa,j)0s@582 = 1+ By ;85 ;B3 B4 j05658% — /2B ;B ;B3 ;Ba

o),
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and similarly for |1 4|, |13 |, |1, ;|, which implies that (4.20) hold for i = 1,2, 3,4.

The dissipativity of A,, guarantees that the spectral set o(A4,,) of A,, lies strictly
within the open left half-plane of the complex plane. This is a strengthening of
the basic fact that o(A,,) lies within the closed left half-plane, as dissipativity
implies that the real part of every eigenvalue of A,, is strictly negative, ensuring
that no eigenvalues lie on the imaginary axis. Thus, for any n € N, the spectral
set 0(A,,) is contained entirely within the open left half-plane of C.

Lemma 4.3. For every n € N, iR C p(4,,).
Proof. If there exist § € R and nonzero Z, € X,, such that iZ, = A,Z

n<n’

then it follows from the definition of A, that A,,Z,, = ifZ,, is equivalent to

iBBy jlozy 1 + &2 4l = 29 ZQJ 1= hylagz jog +agzy gl

BBy (020 j1 + a2 ;] = 2 115 (4.21)
iBBs jloyzs 1 + Gz 5] = 24 5 — 24 51,

i,8,6’4j[0¢z4]1+az4]] 25 Z3J1+h[az1]1+az1J]

On the other hand, from (4.18), we derive the following:

n<n’

0= Re<zﬁzn’zn>n Re <A Zps 2, > = _[(1|’Z27n|2 _K2|Z4,n|2'

Given that 2y, = —K;2,, and z3, = —Kyz4,, the only way for the above
equation to hold true is if 2, , = 25, = 23, = 24, = 0. Substituting these
values into (4.21) with j = n, we obtain

ilgﬁl,nanzl,nfl + Z27n71 + hndnzll,nfl = O’
Zl,n—l + iﬂ/@Z,n&nZZ,n—l = 07

iﬂﬂ&nanz&nfl + Z4,n71 = 07

_hnanzlﬁnfl + Z3,n71 + 7;554,71&7124,7171 =0.

(4.22)

The coefficients determinant of above equations is just I',, which is defined in
Lemma 4.2 with j = n. Since Lemma 4.2 shows that the coefficients determinant
['; is positive, and by using Cramer’s rule, I'; # 0 is equivalent to the unique
solution to the equations (4.22) being zeros, ie., 2y, 1 = 2z, 1 = 23,1 =
2451 = 0. By induction and employing the same reasoning from (4.21) to
(4.22), we can conclude that 2, ; = 0 for all i = 1,2,3,4 and j = 0,1,--,n
Consequently, Z, = 0, which contradicts the initial assumption that Z, was

nonzero.

Now, we are poised to present the main result of this section. Accordingly, we
define h* as
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‘P 2044,
h* = max< A, max . (4.23)
1<j<n 51 jB?),j

Theorem 4.1. For the matrices A4,, defined by (4.11), the associated family of
Cy-semigroups T, (t) generated by A,, is uniformly exponentially stable. Specif-
ically, there exist two constants M > 0 and w > 0, both independent of ¢ and
A, € (0,h*), such that for all A, in this range,

1T, ()] < Me™*t ¥Vt >0. (4.24)

Proof. Building upon Lemma 4.1, we know that for every A,, € (0,h*), the
semigroup T, (t) is a Cj,-semigroup of contractions. Moreover, Lemma 4.3 has
already verified that A, satisfies the first condition of Theorem 3.1.

Now, following a similar contradiction argument as in the proof of Theorem 3.2,
we suppose that the second condition of Theorem 3.1 is false. If this supposition
holds, then there exists a sequence {(By, A, , Z),) tren+ With n, +1=[1/A, |
(where |a] denotes the largest integer less than or equal to the real number a),
By €R, A, €(0,h), and Z; € X,, such that

1Zelln, =1, Ul < k2, Uy = (iBrl,, — Ap, ) 2

The proof is structured into the following three steps for clarity and precision.

Step 1: U, = (i81,,, — A, )Z;, is equivalent to

By jliBy (a2 jo1 + @2 ) —
B iliBr(@20 ;1 + aj2g ) —
Bs g[zﬁk@‘ 231 T a; %3 ])
B jliB a2y i1 + @j2y ) —

(ajuy ;1 + &uy )]
(Qjug ;g +ajuy ;)] =
(augg 1+0‘“3 |= 24,5 7 R4,5-1>
(Qjuy jq + ajuy ;)] =

(4.25)
for j =1,---,n,. To streamline the above formulas, we introduce the simplifica-
tions zp g = 2490 =0, 2y, = —K125,,,, and z3,, = —Kyz,, for Z;. Similarly,
we apply these settings to Uj,.

Rearranging equations (4.25) results in
BBy 021 -1 + 22501+ 1Az 50 = by,
2y jo1 +1BBs j0 20 1 = by 4 (4.26)

1B, j0 73 i1 + 2451 = by j,
—hjouzy o+ 23 50 + BBy 02 i1 = by
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where

= Brjloguy jy + Qguy ) + 29 5 — i8Sy ;02 j — hjoyzy
52 G Oug 1+ ajuy ) — BBy jozs  + 2y (4.27)
i )
(a )

Qg i+ Qgug ;) — 1B fs ;02 5+ 2y 4

543 Qjuy ;g taguy ) +haz + 25— BBy ja 2y 4

It is straightforward to observe that the determinant of the coefficient ma-
trix associated with equations (4.26) is precisely I';, as defined in Lemma 4.2,
where 8 = ;. According to Lemma 4.2, I'; is guaranteed to be nonzero,
implying that the system of equations (4.26) possesses a unique solution for

T .
(zl,j—laZ2,j—1723,j—1vz4,j—1) , given by

2151 as. BJ —hjozja27j —hjdjaQ)jaB,j hjdj

#2451 | _pt ay jB; + aja;hias —h;aa, 4%, g hjdj —hj;aja?,,j
23 j-1 J —hja;a, ja; ; a, JA] +a; O hJaQ i Ny O Qs jas i hidsag ;
2451 hjo?ja&j —h;aa; ; a3JAJ " 28)_hjdja3’j

where ay ; = B0, ;0 ay; = i»BkﬂQ,jdja ag; = P30, ay; = i6k54,j5éja
A;=ayas;—1,and B; = ag ja, ; — 1.

Step 2: It is casy to see that |U],, < k™ ? directly implies that

,j|( 7 2] 1 + &jui,j>| = O(k72)a i = 17273743 (429)

for all j=1,2,--,n;. From (4.25) and (4.18), we deduce that

K1|22,n,€|2 + K2‘24,nk|2 = Re((18), — Ank)Zlm Zk>nk = Re(Uy, Zk>nk <k

Combining this with the given conditions z;, = —Kjz;, and 23, =
—Kyz4,, , we obtain

zi, =0k, i=1,234. (4.30)

RO

Step 3: We assert the claim that

zi; =0k, i=1,2,34, j=1,2,-,n,. (4.31)

In fact, from (4.27) and (4.28) with j = ny, we derive
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|Zl,nk71| = |F;3“a2,nk (61 My (ankul ny— 1+anku1 nk)+z2 ny Zﬂkﬂl nkankzl ny h’nk nkz4,nk)+Bnk (BQ,nk (dn

The coefﬁ(nents Of 61 nk ‘(ank Uq nk—1+anku1 nk)| ﬁQ Ny, |(04n,V Ug n—1 +anku2 ”k)|
ﬂl} Mg ‘(ankUB np—1 +OlnkU3 nk>| ﬂ4 M |(ank 4,mp—1 +OénkU4 nk)| along Wlth |Zz RO |
(i =1,2,3,4) all share the form of |I; ,, | as defined in Lemma 4.2 with j = n
and B = f,. According to Lemma 4.2 and equations (4.29)-(4.30), it follows
that z,, ; = O(k™"). Similarly, we can deduce that |z, ;| = O(k™") for
i = 2,3,4. This establishes that (4.30) implies (4.31) for j = n; —1 with the aid
of (4.28)-(4.29). By extending this reasoning through induction, we can prove
that (4.31) holds for all j =1,2,---,n

Finally, utilizing (4.31) alongside Assumptions 2.1 and 4.1, we obtain

g
”Zk”%k = Z Bl,j

ny ny, ny,
2y oGz P Y B gl jatagz P4y By jlagzs j oz Y Buyldz oty
= = = =

which contradicts the fact that [Z[,, = 1. This completes the proof of the
theorem.

5. Numerical Simulations

In this section, we present numerical simulations to demonstrate the validity of
our theoretical findings. These simulations are performed under the assumption
of uniform mesh size h; = h = S/n, where S = 1. The coefficients C; and L, in
(2.20) are approximated as C(jh)h ~ C;, L(jh)h ~ L;, j=0,--,n

We present four figures to highlight the significance of the discrete schemes
(2.20) and (3.4). In Figure 1 [Figure 1: see original paper], the blue points
represent the maximal real parts of the eigenvalues of A, obtained from (3.4)
with a; = 3/4 and the inclusion of the weighting operator ®,,. In contrast, the
red points represent the maximal real parts of the eigenvalues of A, using the
same «; but without the weighting operator ®,,, which essentially reduces to
the classical finite difference scheme. Notably, the maximal real parts of the red
points approach zero, indicating that the classical finite difference scheme fails
to uniformly preserve the exponential stability of (2.1). This observation aligns
with the conclusions presented in [?]. However, for the semidiscrete scheme
(2.20) with the same step size, the maximal real parts of the eigenvalues approach
a negative number, which is consistent with the statement of Theorem 3.1.

With a; = 3/4, Figure 2 [Figure 2: see original paper] illustrates the distribution
of the eigenvalues of A, both with and without the weighting operator ®,,. This
figure reinforces the same conclusions drawn from Figure 1. Similarly, Figures
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3 and 4 mirror Figures 1 and 2, respectively, but with a; = 1/2. For a; = 1/2,
similar numerical simulations were previously reported in [?]. In these figures,

we use C(z) =In(1+ z), L(z) = exp(z), R = 5.

Furthermore, numerical experiments indicate that the discrete schemes (2.20)
and (3.4) with a; = 1/2 and identical parameters exhibit an optimal decay
rate. Specifically, the maximal real parts observed in Figures 3 and 4 are notably
smaller than those in Figures 1 and 2, respectively. These findings are consistent
across various numerical simulations conducted with a; # 1/2. However, we
are only drawing conclusions from numerical simulation results, which deserve
rigorous theoretical verification in the future.

For the Timoshenko beam model, we have generated four additional figures,
numbered Figure 5 [Figure 5: see original paper| through Figure 8 [Figure &:
see original paper], to showcase the numerical results obtained from the discrete
schemes (4.8)-(4.11) or (4.11). For these simulations, we set K; = K, = 1, and
choose B; = exp(z), By = 1+ 22, B3 = 2 +sinz, and B, = 1 + 2. Figures
5 through 8 demonstrate the same effectiveness and conclusions as Figures 1
through 4.
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