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Abstract

This paper presents a mathematical formalism for generative artificial intelli-
gence (GAI). Our starting point is an observation that a “histories” approach
to physical systems agrees with the compositional nature of deep neural net-
works. Mathematically, we define a GAI system as a family of sequential joint
probabilities associated with input texts and temporal sequences of tokens (as
physical event histories as in [?, ?]). From a physical perspective on modern
chips, we then construct physical models realizing GAI systems as open quan-
tum systems. Finally, as illustration, we construct physical models in the Fock
space over the Hilbert space of tokens realizing large language models based on
a transformer architecture as open quantum systems.
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MATHEMATICAL FORMALISM AND PHYSICAL MODELS FOR
GENERATIVE ARTIFICIAL INTELLIGENCE

ZEQIAN CHEN

Abstract. This paper presents a mathematical formalism for generative artifi-
cial intelligence (GAI). Our starting point is an observation that a “histories”
approach to physical systems agrees with the compositional nature of deep neu-
ral networks. Mathematically, we define a GAI system as a family of sequential
joint probabilities associated with input texts and temporal sequences of tokens
(as physical event histories as in [?, ?]). From a physical perspective on modern
chips, we then construct physical models realizing GAI systems as open quan-
tum systems. Finally, as illustration, we construct physical models in the Fock
space over the Hilbert space of tokens realizing large language models based on
a transformer architecture as open quantum systems.
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1. Introduction

Generative artificial intelligence (AI) models are important for modelling in-
telligence machines. Generative Al is based on deep neural networks (DNNs
for short), and a common characteristic of DNNs is their compositional nature
(cf. [?]): data is processed sequentially, layer by layer, resulting in a discrete-
time dynamical system. The introduction of the transformer architecture for
generative Al in 2017 marked the most striking advancement in terms of DNNs
(cf. [?]). Indeed, the transformer is a model architecture eschewing recurrence
and instead relying entirely on an attention mechanism to draw global depen-
dencies between input and output. At each step, the model is auto-regressive,
consuming the previously generated symbols as additional input when generat-
ing the next. The transformer has achieved great success in natural language
processing (cf. [?]).

The transformer has a modularization framework and is constructed by two main
building blocks: self-attention and feed-forward neural networks. Self-attention
is an attention mechanism relating different positions of a single sequence in
order to compute a representation of the sequence. However, despite its me-
teoric rise within deep learning, we believe there is a gap in our theoretical
understanding of what the transformer is, and why it works physically (cf. [?]).

The modularization framework of generative Al models has two origins. One is
a mathematical origin that a joint probability distribution can be computed by
sequentially conditional probabilities. For instance, the probability of generating
a text ¢,,2---t5 given an input X in a transformer architecture is equal to the
joint probability distribution Py (¢q,:-,¢,) such that

PX(th ) tN) = Px(t1)PX(t2‘t1) "'PX(tN|t1’ s thl)v

where the conditional probability Py (¢,|t,...,t,_;) is given by the ¢-th attention
block in the transformer. Another is a physical origin that a physical process is
considered to be a sequence of events (history). That generating a text t1,2 -t
given an input X in a physical machine is a process that given an input X at
time 7, an event |t;)(¢;| occurs at time 7y, an event |t5)(t5| occurs at time 7y,
., and last, an event |ty)(ty| occurs at time 7. A theory of the “histories”
approach to physical systems is established by Isham [?], and the mathematical
theory of it associated with joint probability distributions is then developed by
Gudder [?]. According to their theory, in this paper, we present a mathematical
formalism for generative Al and construct the associated physical models.

To the best of our knowledge, physical models for generative Al are usually
described by using systems of mean-field interacting particles (cf. [?, ?] and
references therein), i.e., generative AT models are regarded as classical statistical
systems. However, since modern chips process data through controlling the flow
of electric current, i.e., the flow of many electrons, so they should be regarded
as quantum statistical ensembles or open quantum systems from a physical
perspective (cf. [?]). Consequently, according to the mathematical formalism
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for generative AI, we then construct physical models realizing generative Al
systems as open quantum systems. In particular, we construct physical models
in the Fock space over the Hilbert space of tokens realizing large language models
based on a transformer architecture as open quantum systems.

Key words: Generative artificial intelligence; attention mechanism; large lan-
guage model; sequential joint probability; event histories; open quantum system;
Kraus operator; Fock space.

2. Preliminaries

In this section, we present a mathematical description of attention mechanism
and transformer architecture for generative Al, and include some notations and
basic properties of o-effect algebras (cf. [?]). For the sake of convenience, we
collect some notations and definitions. Denote by N the natural number set
{1,2,---}, and for n € N, we use the notation [n] to represent the set {1,...,n}.
For d € N, we denote by R? the d-dimensional Euclidean space with the usual
inner product (—,—). For two sets X,Y, we denote by Hom(X,Y) the set of
all maps from X into Y. For a set S, we denote by S* = UneN 5 where S
is the set of all sequences (sq, ..., 5, ) of n elements in S, i.e., S* is the set of all
finite sequences of elements in S.

2.1. Deep Neural Networks

Generative artificial intelligence is based on DNNs. A neural network is con-
structed by connecting multiple neurons, and a common characteristic of it is
their compositional nature: data is processed sequentially, layer by layer, result-
ing in a discrete-time dynamical system.

Recall that a (feed-forward) neural network of depth L consists of some number
of neurons arranged in L + 1 layers. Layer £ = 0 is the input layer, where
data is presented to the network, while layer £ = L is where the output is read
out. All layers in between are referred to as the hidden layers and each hidden
layer has an activation that is a map in the same layer. Precisely, let {X e}eL:O
be a sequence of sets where X, indexes the neurons in layer ¢, and let {V,}L
be a sequence of vector spaces. A mapping ® : Hom(X,, V) — Hom(X,,V})
is called a feed-forward neural network of depth L, if there exist a sequence
{W,}E_ | of maps W, : Hom(X,_,,V,_;) — Hom(X,,V,) and a sequence {o,} 2!
of maps o, : V, = V, that is called the activation function at the layer ¢, such
that

(fo) =Wilop 1 (Wp g 01(Wi(fo)) )
for f, € Hom(X,, V), where f; is called the input and f; = ®(f;) €
Hom(X,,V;) the output. We call ({W,}l ;) the architecture of the neural

network ®. Of course, ® is determined by its architecture, and there exist
different choices of architectures yielding the same ®.
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In their most basic form, X, is a finite set of n, elements and V, = R, a feed-
forward neural network ® : R™ — R"z is a function of the form: the input
20 =z € R, 20 = g, (W, (2 V)) for £ =1,..., L — 1, and where 2() € R"z
is the output. This can be illustrated as follows

O(z) = zH) = Wilop (W "'Ul(Wl(xm))) 1)),
where the map W, : R%~! — R™ is usually of the form
W€$(471> = Aeﬂ:<£71) + be, E = 1, ceey L,

where A, is a n, x n,_;-matrix called a weight matrix and b, € R™ called a
bias vector for each ¢, and the function o, : R™* — R™¢ represents the activation
function at the /-th layer. The set of all entries of the weight matrices and bias
vectors of a neural network ® are called the parameters of ®. These parameters
are adjustable and learned during the training process, determining the specific
function realized by the network. Also, the depth L, the number of neurons in
each layer, and the activation functions of a neural network ® are called the
hyperparameters of ®. They define the network’s architecture (and training
process) and are typically set before training begins. For a fixed architecture,
every choice of network parameters as in (1) defines a specific function ®, and
this function is often referred to as a model.

In a feed-forward neural network, the inputs to neurons in the ¢-st layer are
usually exclusively neurons from the (¢ — 1)-th layer. However, residual neu-
ral networks (ResNets for short) allow skip connections, that is, information
is allowed to skip layers in the sense that the neurons in layer ¢ may have
2@ 2V as their input (and not just z=1D). In their most basic form,
20 =z c R 2 =2V 4 Q,0(A,2"Y +b,), where o : RY — R? is a vector
function, Q,, A,’s are d x d-matrices, and b,’s are vectors in R%. In contrast to
feed-forward neural networks, recurrent neural networks (RNNs for short) allow
information to flow backward, in the sense that =Y z(+1)  2(F) may serve
as input for the neurons in layer £ and not just z'~1). We refer to [?] for more
details, such as training for a neural network.

2.2. Attention

The fundamental definition of attention is given by Bahdanau, et al., in 2014.
For describing the mathematical definition of attention, we denote by @ C
R the query space, K C R% the key space and V C R% the value space
respectively. We call an element ¢ € @ a query, K € K a key and v € V
respectively.

Definition 2.1. (cf. [?]) Let a : @ x K — R be a function. Let K =
{ki,...,kn} C K be a set of keys and V C V a set of values. Given a ¢ € @,
the attention Att : (¢, K,V) — R is defined by

Att(q, K, V) = Zsoftmatcha(q, K), v

no
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where softmatch, (g, K) is a probability distribution over K = {ky, ..., ky} de-

fined by
ea<ngn>
SOﬂ]matCha(q,K>n = ﬁ’ n:1,...,N.
ijl ek
This means that a value v,, in (3) occurs with probability softmatch, (g, K),, for
n € [N].

For Q = {q,--,qy} C Q, we define Att(Q, K,V) = {Att(g,,, K,V)}M_,. In
particular, when @Q = K =V, Att(Q, Q, Q) is said to be self-attention at @,
and the following mapping is called the self-attention map, denoted by

SelfAtt(Q) = Att(Q, Q, Q).

We remark that: 1. For a finite sequence {x,,}_; of real numbers, define
e n
S e
1)

Therefore, softmatch,(q, K),, = softmax({a(q,k;)};Z1), as usual in the liter-
atures. 2. We have |K| = |V| = N, but |Q] = M # N in general. 3.
The function a : @ X K — R is called a similarity function, usually given
by a(q, k) = (W9q, WXE), where W? is a d’ x d, real matrix called a query
matrix, and WX is a d’ x d,, real matrix called a key matrix. For ¢ € Q, k € K,
the real number a(g, k) is interpreted as similarity between the query ¢ and the
key k. 4. In the representation learning framework of attention, we usually
assume the finite set T of tokens has been embedded in R?, where d is called
the embedding dimension, so we identify each ¢ € T with one of finitely-many
vectors = in R?. We assume that the structure (positional information, adja-
cency information, etc) is encoded in these vectors. In the case of self-attention,
we assume d, = d, = d,, = d.

softmax({z,;}N,), = , ne€N].

Since the self-attention mechanism can be composed to arbitrary depth, making
it a crucial building block of the transformer architecture, we mainly focus on
it in what follows. In practice, we need multi-headed attention (cf. [?]), that
process independent copies of the data X and combine them with concatena-
tion and matrix multiplication. Let X = {z,,})_; be the input set of tokens
embedded in R?. Let us consider nj,-headed attention with the dimension d,, for
every head. For every i € [n;], let WiQ be d;, x d (query, key, value) matrices
associated with the i-th self-attention, and the similarity function

Let WO = WP, ..., Wnoh ] denote the output projection matrix, where W¢ is a
d x d;, matrix for every i € [n,]. For n € [N], the multi-headed self-attention
(MHSelfAtt for short) is then defined by

MHSelfAtt(x,,, X, X) Z > softmax({(W2,,, WEz,) o), WO (WY, )],

i=1 j;€[n]
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that is, an output WZ-O(Wl-V:Eji)7 Jj; € |[n], occurs with the probability
IT;, softmax({ o= (WZa,, Wz, }p,) - As such,

MHSelfAtt(X) = {MHSelfAtt(z,,, X, X)}2_,

nr

yields a basic building block of the transformer
Transf(X) = FFN o MHSelfAtt(X),

as in the case of one-headed attention.

2.3. Transformer

In line with successful models, such as large language models, we focus on the
decoder-only setting of the transformer, where the model iteratively predicts
the next tokens based on a given sequence of tokens. This procedure is coined
autoregressive since the prediction of new tokens is only based on previous
tokens. Such conditional sequence generation using autoregressive transformers
is referred to as the transformer architecture.

Precisely, in the transformer architecture defined by a composition of blocks,
each block consists of a self-attention layer SelfAtt, a multi-layer perception
FFN, and a prediction head layer PH.

First, the self-attention layer SelfAtt is the only layer that combines different
tokens. Let us denote the input text to the layer by X = {z,,}_; embedded in
R? and focus on the n-th output. For each n € [N], letting

sg.n) = <Wan,WKxj>, Vj € [n],

where W® and WX are two d’ x d matrices (i.e., the query and key matrixes),
we can interpret S = {sg-m}?:l as similarities between the n-th token z,, (i.e.,
the query) and the other tokens (i.e., keys); for satisfying the autoregressive
structure, we only consider j = 1,...,n. The softmax layer is given by

)
e’i

softmaX(S(”>)j = Vj € [n],

(n)?

Y e

which can be interpreted as the probability for the n-th query to “attend” to
the j-th key. Then the self-attention layer SelfAtt can be defined as

SelfAtt(X),, = ZsoftmaX(S("))jWVa:j, n € [NJ,

J=1

where WV is the d x d real matrix such that WVz € T for any = € T, the
output vaj occurring with the probability softmax(S™) ; is often referred to

as the values of the token z;. Thus, SelfAtt : (RY)* — (R?)* is a random map
such that SelfAtt[(R4)™M] c (RY)™) for each N € N.
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If the attention is a multi-headed attention with n; heads of the dimension d;,,
where for i € [n;], WZQ, WE WY are the d, x d (query, key, value) matrixes and
W is the d xd,, (output) matrix of the i-th self-attention, then the multi-headed
self-attention layer MHSoftAtt is defined by

MHSelfAtt(X Z Z softmax(S (n) ) i[WO(Wivxji)L n € [N],

i
11]6

cxp<<W?mmWiKa:ji>>

S el W e, wha) i S
S WO(WYx; ) occurs with the probability 1softmax(S(" );, for each
n € [N ]. In what follows, we only consider the case of one-headed attention,

since the multi-headed case is similar.

[n], i.e., an output u, =

where softmax(S; (n) )i, =

Second, the multi-layer perception is a feed-forward neural network FFN such
that y,, = FFN(WVz;) (j = 1,...,n) with the probability softmax(S(”>)j for
each n € [N]. Finally, the prediction head layer can be represented as a mapping
PH : (R%)* — [0,1]*, which maps the sequence of {y,}N | to a probability
distribution {p,, }_,, where p,, is the probability of predicting y,, as the next
token. Since y, contains information about the whole input text, we may define

P{y, } Z softmax(S >)j FEN(WVz;),

such that the next token xy,, = y; = FFN(WVz;) with the probability
softmax(SW))j for j € [N].

Hence, a basic building block for the transformer, consisting of a self-attention
module (SelfAtt) and a feed-forward network (FFN) followed by a predic-
tion head layer (HP), can be illustrated as follows: the input text ¢,,2---t,
is embedded as a sequence {z;}; in R% y; = FFN(WVz;) occurs with
the probability softmax(S™); for each j € [n], x,,, = y; is generated
with the probability softrrlaX(S(”))J for each j € [n], and so the output is
Z,.1 = PHoFFNoSelfAtt({z;}? ;). One can then apply the same oper-

ations to the extended sequence xy,2--x,,  in a next block, obtaining

T,.o = PHoFFNoSelfAtt({z,;}77]'), to iteratively compute further tokens
(there is usually a stopping criterion based on a special token or the mapping
HP). In the sequel, without loss of generality, we omit the prediction head
layer PH.

Typically, a transformer of depth L is defined by a composition of L blocks,
denoted by Transf;, consisting of L self-attention maps {SelfAttg},%:l and L
feed-forward neural networks {FFN,}Z | that is,

Transf; = (FFN o SelfAtt; ) o -+ o (FFN; o SelfAtt,)

where the indices of the layers SelfAtt and FFN in (9) indicate the use of different
trainable parameters in each of the block. This can be illustrated as follows:
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the input text ¢;---t, is embedded as {z;},, then FFN, o SelfAtt; produces
Yi, = t1, generating ,, .| = Y;,» and so on through L blocks, yielding output
text Transf; (¢, ---¢,) = t1t5 -t . Also, we can consider the transformer of the
form

Transf;, = ((id+FFN}) o (id 4+ SelfAtt; )) o --- o ((id + FFNy ) o (id + SelfAtt, ))

where id denotes the identity mapping in R%, commonly known as a skip or
residual connection.

2.4. Effect Algebras

For the sake of convenience, we collect some notations and basic properties of o-
effect algebras (cf. [?, 7, 7] and references therein). Recall that an effect algebra
is an algebraic system (F,0,1,®), where E is a non-empty set, 0,1 € F which
are called zero and unit elements of this algebra respectively, and @ is a partial
binary operation on E, that satisfies the following conditions for any a, b, c € E:

(E1) (Commutative Law): if a@®b is defined, then b®a is defined and bda = a®b,
which is called the orthogonal sum of a and b;

(E2) (Associative Law): if a @ b and (a ® b) & ¢ are defined, then b & ¢ and
a® (b@c) are defined and (a®b)Pc = a® (bDc), which is denoted by a®b P c;

(E3) (Orthosupplementation Law): there exists a unique ¢’ € E such that a®a’
is defined and a @ a’ = 1, such a’ is unique and called the orthosupplement of
a;

(E4) (Zero-One Law): if a @1 is defined, then a = 0.

We simply call E an effect algebra in the sequel. From the associative law (E2)
we can write a; ®a, @ @ a,, if this orthogonal sum is defined. For any a,b € E,
we define a < b if there exists a ¢ € E such that a @ ¢ = b; such ¢ is unique and
denoted by ¢ = b6 a, so a’ = 16 a. We also define a L b if a® b is defined, i.e.,
a is orthogonal to b. It can be shown (cf. [?]) that (E, <) is a bounded partially
ordered set (poset for short) and a L b if and only if a < b’. For a sequence
{a;}32, In E, if a; ®&--- D a,, is defined for all n € N such that \/Zil(a1 @ da,)
exists, then we call the sum @Zl a; = \/20:1(6” @ Da,) Wesay that F is a
o-effect algebra if @zl a; exists for any sequence {a,;}°, in E satisfying that
a, @ - @ a,, is defined for all n € N. It was shown in [?, ?] that F is a o-effect
algebra if and only if the least upper bound \/ji1 a; exists for any monotone
sequence {a;}5°,, i.e., a; <ay < -

Let F and F be o-effect algebras. A map ¢ : E — F is said to be additive if for
a,b € E, a L bimplies that ¢(a) L ¢(b) and ¢p(a®b) = ¢(a) D @(b). An additive
map ¢ : E — F is g-additive if for any sequence {a;}$°, of pairwise orthogonal
elements in E, ¢(P,", a;) = B, ¢(a;). A o-additive map ¢ : E — F is said
to be a o-morphism if ¢(1) = 1; and moreover, ¢ is called a o-isomorphism if ¢
is a bijective o-morphism and ¢! : F — E is a o-morphism. It can be shown
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(cf. [?]) that: 1. a map ¢ : E — F is additive if and only if ¢ is monotone in
the sense that a < b implies ¢(a) < ¢(b); 2. an additive map ¢ is o-additive if

and only if a; < ay < - implies ¢(\/ _, a;) exists and (;S(\/Z1 a;) = \/ji1 o(a;);
and 3. a o-morphism ¢ satisfies ¢(a’) = ¢(a)’.

The unit interval [0,1] is a o-effect algebra defined as follows: For any a,b €
[0,1], a® b is defined if a + b < 1 and in this case a @b = a +b. Then, we have
that @’ = 1 —a, and 0,1 are the zero and unit elements respectively. In what
follows, we always regard [0, 1] as a o-effect algebra in such way.

Let E be a o-effect algebra, a o-morphism ¢ : E — [0, 1] is called a state on E,
and we denote by S(E) the set of all states on E. A subset S of S(E) is said to
be order determining if a(a) < «(b) for all & € S implies a < b.

Another example of a o-effect algebra is a measurable space (Q,F) defined as
follows: For any A,B € F, A® B is defined if AN B = (), and in this case,
A®B =AUDB. We then have 0 = 0,1 = Q, and A’ = Q A. We always
regard a measurable space (2, F) as a o-effect algebra in such way. Let E be
a o-effect algebra, a o-morphism X : (Q,5) — E is called an observable on
E with valued in (Q,7) (a Q-valued observable for short). The elements of a
o-effect algebra are called effects, and so an observable X maps effects in & into
effects in F, i.e., X(A) is an effect in E for A € F. We denote by O(FE,Q, F)
the set of all Q-valued observables. Note that S(£2, F) is equal to the set of all
probability measures on (2, ). For o € S(F) and X € O(E,Q,5), we have
aoX € S(Q,5), which is called the probability distribution of X in the state
a.

3. Mathematical Formalism

In this section, we introduce a mathematical formalism for generative Al. We
utilize the theory of o-effect algebras to give a mathematical definition for a
generative Al system. Let E be a o-effect algebra and (2, %) a measurable
space. An orthogonal decomposition in E is a sequence {a,} in E such that
@D, a; = 1. We denote by D(E) the set of all completely orthogonal decompo-
sition in E. A completely orthogonal decomposition in F is called a countable
partition of Q, i.e., a sequence {A;} of elements in J such that 4; N A; = ()
for i # j and U;A; = Q. We denote by D(£2, F) the set of all countable par-
titions of Q. For n € N, an ordered n-tuple R = (e, ..., e, ) of effects in E is
called a n-time chain-of-effect, and we interpret R as an inference process of an
intelligence machine in which the effect e, occurs at time 7; for ¢ € [n], where
T < Ty < - < T,. Alternatively, no specific times may be involved and we
regard Rasa sequential effect in which e; occurs first, e, occurs second, ..., and
e,, occurs last.

Definition 3.1. With the above notations, a generative artificial intelligence
system S is defined to be a triple (E, 2, F), where E is a o-effect algebra, (2, F)
is a measurable space, such that:
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(G1) the input set In(S) of S is equal to the set S(E), i.e., an input is interpreted
by a state o € S(E);

(G2) the output set Out(S) of S is equal to the set Q* = UZ.;1 Q™ ie., the set
of all finite sequences of elements in );

(G3) an inference process in S is interpreted by a chain-of-effect (eq,-,€,,) for
n € N.

Remark 3.1. We refer to [?] for a mathematical definition of general artifi-
cial intelligence systems in terms of topos theory, including quantum artificial
intelligence systems.

In practice, one does not concern with a generative Al system S = (E,Q,5)
itself, but deals with models for S, such as large language models. To this end,
we need to introduce the definition of a model for S in terms of joint probability
distributions for observables associated with S.

For X € O(E,Q,%) and A € F, we may view the effect X(A) as the event
for which X has a value in A. For a partition D = {A,} € D(Q, ), we may
view (X, D) as a set of possible alternative events that can occur. One inter-
pretation is that (X, D) represents a building block of an artificial intelligence
architecture for processing X and the alternatives result from the dial readings
of the block. Given X, € O(E,Q,F), A, € F,i=1,...,n, an ordered n-tuple
R = (X,(A)),...,X,,(A,)) of events is called a n-time chain-of-event, and we
interpret R as an inference process of an intelligence machine in which X, has
a value a; in A, first, X, has a, in A, second, .., and X, has a,, in A, last,
so that the output result is (ai,ay,...,a,). We denote the set of all n-time

r'n

chain-of-events by R and the set of all chain-of-events by ®* = Uzozl R,

A n-step inference set has the form I = ((X,,D,),...,(X,,,D,)), where X, €
O(E, 0, F), D; € D(,F), i € [n]. We interpret I as ordered successive pro-
cesses of observables X, with partitions D,, i = 1,...,n. We denote the collec-
tion of all n-step inference sets by 7™ and the collection of all inference sets by
7=, I I R = (X, (4),...,X,(4,)) and T = (X, Dy),...,(X,,D,))
such that A; € D, for every i € [n], we say the chain-of-event R is an el-
ement of the inference set I and write B € I. This can be illustrated as
follows: the inference process takes an input a € S(F), processes through
X(A)), X5(4,),...,X,,(4,), yielding output (ay,as,...,a,) with probability
P, i(A; x - x A) = P(A))P(Ay|Ay) - P(A,|A,_q, ..., Ay), where P_ ; will
be explained later.

It fl = ((Xla D1)7 LR (Xna Dn)) and f2 = ((Yh Jl)a et (Ym? Jm)) are two
inference sets, then we define their sequential product by I = I,I, =
((Xy,Dy),...,(X,,D,), Y1,J1),...,(Y,,,J,)) and obtain a (n + m)-step
inference set. Mathematically, we can include the empty inference set () that
satisfies 0 = I = T , such that J* becomes a semigroup under this product,

but we need not this property in the sequel.
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For a partition D € D(Q, %), we denote by o(D) the o-subalgebra of F gener-
ated by D, and for n partitions {D,}} ,, we denote by o({D,} ) the o-algebra
on Q" generated by {D;}1,, i.e., ({D }l D) = o({A; x - x A, C Q"

A, € D,,i € [n]}). We denote by P(Q! ({D} 1)) the set of all proba-
bility measures on (0 ({Dz}zzl)) Also, for I = ((X,,D,),...,(X,,D,)),
we write o(I) = U({D } Given an input a € S(E), for an inference set
I=((X,,Dy),..., (Xn,Dn)) we denote by P 1 € P(Qm, (f)) the probability
measure that for A; x - x A, € U<{Dz}i_1 ' i(Ap X - x A,) is the prob-
ability within the inference set I that the event XI(AI) occurs first, X,(A4,)
occurs second, ..., X, (4,) occurs last. We call P, ; € P(Q™ o(I)) the joint

probability distribution of an inference set I under the input a € S(E).

For interpreting a model for a generative Al system, P, I ’s need to satisfy phys-
ically motivated axioms as follows.

Definition 3.2. With the above notations, a model M for S = (E,Q,F) is
defined to be a family of joint probability distributions of inference sets

[P, € P, () :a € S(EB),T €70},
that satisfies the following axioms:

(P1) For fl = (X, D)7f2 =(Y,J) €Y and A € 0(D), B € o(J), if P, (4) =
P, 1,(B) for all a € S(E), then X(A) = Y(B).

(P2) For I € 7%, I, = (X,D;), i = 1,2, if A € o(I) and B € o(D,) N a(D,),
then P ;; (Ax B) = P, ;; (A x B) for every o € S(E).
) 1 L2

(P3) For I € 7*, J = (X, D) with D = {B,}, if A € o(I) then
P, i7(Ax Q)= ZP 17(Ax B;) =P, ;(A), Vo€ S(E).

( 4 ((X17D1>7'~'7(Xnan)>v f2 = (<X17J1)7"'7(Xn7jn)>7 and Ai €

) If

D;NJ; f rien,
Pa,f1<A1 X oo X An> = Pa,f2<A1 X e X An>

for every a € S(E).

For interpreting physical meanings for the model structure axioms, we remark
that: 1. The axiom (P1) means that the input set can distinguish different
events. 2. The axiom (P2) means that the partition of the last processing is
irrelevant. 3. The axiom (P3) means that the last processing does not affect
the previous ones. 4. The axiom (P4) means that the probability of a chain-of-
event does not depend on the partitions in general and hence is unambiguous.
However, for B € o(I,)No(I,) in (P4), P w.i1(B) # P, 75(B) in general and hence
is unambiguous. However, for B € o(I;) N o(I,) in (P4), P, 1(B) # P, 1,(B)
if X,’s are quantum observables, due to quantum interference.
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If I, = (X,,D,),...,(X,,D,)) and I, = (Y}, J,), ..., (Y,,,J,,)) are two infer-

ence sets, A € o({D;}i~,), and if o is an input such that P ; (A) # 0, then we
define the conditional probability of B given A within I;I, under the input o
as follows:

P 1 (4)

«

P, i1,

(BlA) =
Since P, 7,7 is a probability measure on Q™) o ({D}}™)), where D] = D,
for i € [n] and Dj,; = J; for j € [m], P, 157 (—|A) is a probability measure
on (,0({J}™,)), which is called a conditional sequential joint probability
distribution.

Proposition 3.1. Given o € S(E), I € 7* and A € o(I), if P, ;(A) # 0, then
the conditional sequential joint probability distribution P, 7(—]A) satisfies the
axioms (P2)-(P4) in Definition 3.2.

Proof. By the axiom (P2), we have

Pafjj(AXBXC) Pafff/(AXBXC)
P +(BxC|A) = —2!hl2 = _2lhb =P, :(BxC|A),
a,IlIQ\I( | ) P f(A) P f(A) a,l2 \I( | )

a7

a7

hence P, _ ;(—|A) satisfies the axiom (P2), and so does the axiom (P3). Simi-
larly, the axiom (P4) implies P, _;(—[A) satisfies the axiom (P4), we omit the
details.

We remark that when observables are quantum ones, Bayes’ formula need not
hold, i.e.,
P, 11, (BIA)P, 11 (A) # P, 11, (AIB)F, 15(B).

[

This is because that the left-hand side is P, 7,7 (A x B), so the order of the

occurrences is changed. For instance, consider a qubit with the standard basis

|0) and [1). Let |z) = 5(0) + [1)). If X;(A) = [0)(0], X,(B) = |z)(x], and

a = 10)(0], then

P, ni, (AxB) = Tr[a(X5(B)"? X1 (A4)/?)1 X, (B) /2 X, (A)V?] = Tr[aX, (4)/2X,(B) X, (4)"/?]
and the right-hand side is P, 7,7 (BxA) = Trla(X,(A4)'?X,(B)"?)1X,(A)2X,(B)"/?] =
Tr[aX,(B)"?X,(A)X,(B)"/?], and so, P, 7 (A x B) # P, 1, (B x A). We

refer to Section 4 for more details.

4. Physical Models for Generative Al

Physical models for generative Al are usually described by using systems of
mean-field interacting particles, such as large language models based on atten-
tion mechanism (cf. [?, 7] and references therein), i.e., generative Al systems
are regarded as classical statistical ensembles. However, since modern chips pro-
cess data through controlling the flow of electric current, i.e., the flow of many
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electrons, so they should be regarded as quantum statistical ensembles from
a physical perspective. Consequently, we need to model modern intelligence
machines involving open quantum systems. To this end, combining the history
theory of quantum systems (cf. [?]) and the theory of effect algebras (cf. [?, ?]),
we present physical models realizing generative Al systems as open quantum
systems.

Let H be a separable complex Hilbert space with the inner product (—,—)
being conjugate linear at the first variable and linear at second variable. We
denote by L(H) the set of all bounded linear operators on H, by O(H) the
set of all bounded self-adjoint operators, and by P(H) the set of all orthogonal
projection operators. We denote by I the identity operator on H. Without
stated otherwise, an operator means a bounded linear operator in the sequel.
An operator T is positive if (Tz,z) > 0 for all x € H, and in this case we write
T > 0. We define Tr[T] = >_.(z;, T'z;) for a positive operator T', where {x;} is
an orthogonal basis of H. It is known that Tr[T] is independent of the choice
of the basis, and it is called the trace of T if Tr[T] < oo. A positive operator p
is a density operator if Tr[p] = 1, and the set of all density operators on H is
denoted by S(H). Each positive operator is self-adjoint, and if two self-adjoint
operators S,T such that T'— S > 0, we write " > S or S < T. We refer to
[?, 7, ?] for more details on the theory of operator on Hilbert spaces.

A self-adjoint operator E that satisfies 0 < E < I is called an effect, and the set
of all effects on H is denote by £(H). For E, F € £(H), we define E®F = E+F
if E+ F < I, and in this case we write E L F. It can be shown (cf. [?, ?])
that (£(H),0,1,®) is a o-effect algebra, and each state a on £(H) has the form
a(E) = Tr[pE] for every E € £(H), where p is a unique density operator on H,
and vice versa. Thus, we identity S(E(H)) = S(H). Let (Q2, F) be a measurable
space. An observable X € O(£(H),Q, ) is a positive operator valued (POV
for short) measure on (Q, ), i.e.: 1. X(F) is an effect on £(H) for any F € F;
2. X(0) = 0 and X(Q) = I; 3. for an orthogonal decomposition {F;} in 7,
X (UJ F;) = Zj X(F}), where the series on the right hand is convergent in the
strong operator topology on L(H), i.e., X(Uj Fj)h = Zj X(Fj)h, Vh e H.

To understand the inference process, let us exhibit the conventional interpreta-
tion of joint probability distributions in an open quantum system that is subject
to measurements by an external observer. To this end, let E(¢,s) = {K,,(t,s)}
denote the time-evolution operator from time s to ¢, where K, (¢, s)’s are usually
called the Kraus operators, such that

> K, (t5) K, (t,s) = 1.

That is, E(t,s) are quantum operations (cf. [?]) such that for every state p €
S(H),
E(t,s)p =Y K,(t s)pK,(ts),
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in the Schrédinger picture, while for each observable X € O(H),

E(tv S)X = ZKm(t7 S)TXKm<ta 5)3

in the Heisenberg picture. We refer to [?] for the details on the theory of open
quantum systems.

Then the density operator state p(t,) at time t, evolves in time t; — ¢, to the
state p(t;), where

p(ty) = E(ty,t0)p(ty) = ZKm(tl’ to)p(to) K (t, o)

m

Suppose that a measurement (X,,D;) is made at time ¢;, where X; €
O(E(H),,F) and D, € D(Q,F). Then the probability that an event X, (A;)
with A, € D, occurs is

P(X, (A1), p(ty)) = Tr[X;(Ay)p(t)]-

If the result of this measurement is kept then, according to the von Neumann-
Liiders reduction postulate, the appropriate density operator to use for any
further calculation is

1/2 12
ot -S4

Next suppose a measurement (X,, D,) is performed at time ¢, > ¢;. Then
according to the above, the conditional probability of an event X, (A,) for A, €
D, occurs at time ¢, given that the event X;(A;) occurs at time ¢; (and that
the original state was p(t,)) is

P(Xy(A5)[X1(Ay), p(ty)) = Tr[Xy(Ay)p(ts)],
where p(ty) = E(tg, ty)prea(t1), and the appropriate density operator to use for
any further calculation is
Proq(ts) = XQ(Az)l/QP(tz)Xz(Az)l/z.
re Tr[X5(Ay)p(ty)]

The joint probability of X;(A;) occurring at ¢; and X,(A,) occurring at ¢, is
then

P((X1(A1), X5(As)), p(tg)) = P(X1 (A1), p(t1)) P(X5(A2)| X1 (A1), p(tn)) = Tr[X; (Ay)p(t:)] Tr[Xo(Ag)p(ts)]-

Generalizing to a sequence of measurements (X, D;), (X5, Ds), ..., (X,,, D,,) at
times t; < t, < -+ < t,, where X; € O(6(H),Q, ) and D; € D(Q,7) for
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i € [n], the sequential joint probability of associated events X;(4,) with A, € D;,
occurring at t; for ¢ € [n] is

P((X1(A1), X5(Ay), ., X, (A,)), p(to)) = Tr[ X, (Ay)p(t)] Tr[X5(Ag)p(ts)] -+ Tr[X,, (A,,)p(t,)],
where p(t;) = E(t;,t0)prea(ti—1) for i € [n], preq(to) = p(ty), and

= Xi(Ai)l/zP(ti)Xi(Ai)l/Q
pred(ti) - TI‘[Xl(Al)p(tl)]

for i € [n —1].
Therefore, given an inference set I = ((X;,D;),...,(X,,,D,)), for an input
p(ty) € S(E), the sequential joint probability within the inference set I that the

event X, (A;) occurs at t;, X5(Ay) occurs at t, .., X,,(A,,) occurs at t,,, where
A; e D, forie€n]and t) <ty <ty <--<t,,is given by

Py 1(Ar X X Ay ) = Tr[X (Ay)p(8)] Tr[Xo (Az)p(ts)] - Tr[X,, (A,,)p(t,)]

where p(t;) = E(t;,tg)prealt; 1) for i € [n], and E(t;,tg)prealt; 1) =
> Ko (i t0) Prea(ti1) K, (5, 1)1 in the Schrédinger picture operator defined
with respect to the fiducial time %.

Proposition 4.1. Let H be a separable complex Hilbert space and let (£2, %)
be a measurable space. A physical model associated with (£(H),Q,F) defined
by

{P,; € PQ™, o(I)):peSH),TeI™},

where P ;’s are given by (14), satisfies the axioms in Definition 3.2.
Proof. For I, = (X, D), I, = (Y,J) € 7 and A € (D), B € o(J), by (14)

we have

P, 1(A) = TrlpX(A)], P, ;,(B) = Tr[pY (B)].
If P

' 11(A) = P, 1p(B) for all p € S(H), then X(A) = Y(B), ie., the axiom
(P1) holds.

For I = ((X,,D,),...,(X,,D,)) € 7%, I, = (Y, J,), if A; € D, for i € [n] and
B € J,, by (14) we have

P, 11, (Ar X x Ay x B) = Tr[ X, (Ay)p(ty)] - Tr[X, (A,)p(t,)] Tr[Y (B)p(t,,41)];

where t; <t} < <t, <t,.q, p(ty) = p, p(t;) = E(t;,t0)Prea(tiz1); Prealto) =
p(ty), for i € [n], and

Xi(Ai)1/2p<ti)Xi<Ai)1/2
Tr[X;(A;)p(t;)]

Pred (tz) =

for i € [n — 1]. Also, for I, = (Y, .J,) and B € J,, by (14) we have

P, 11, (A XX Ay x B) = Tr[ X, (Ay)p(ty)] - Tr[X, (A,)p(t,)] Tr[Y (B)p(t,41)]-
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Hence, we have P, (A) x - x A, x B) = P, 3 (A; x - x A, x B) for
B € o(J;)No(J,). Since o(I) is generated by D,’s, this concludes the axiom
(P2). Similarly, we can check the axioms (P3) and (P4) and omit the details.

Note that the probability family Pp(toy 7's are determined by the time-evolution

operator E(t, s) consisting of Kraus operators, which define physical models for
generative Al systems.

5. Large Language Models

In this section, we construct physical models in the Fock space over the Hilbert
space of tokens for large language models based on a transformer architecture.
Consider a large language model S with the set 7" of N tokens. A finite sequence
{z;}7; of tokens is called a text for S, simply denoted by T' = z,,2---x,, or
(zq,29,,x,), where n is called the length of the text 7'

Let h be the Hilbert space with {|z) : € T} being an orthogonal basis, and
we identity = |z) for x € T. Let H = F (h) be the Fock space over h, that is,

F(h)=Cea P nrem,
n=1

where h®" is the n-fold tensor product of h. We refer to [?] for the details of
Fock spaces. In what follows, for the sake of convenience, we involve the finite
Fock space H = FM)(h) = C @ EBS; h®™ for a large integer M > N. Note
that an operator A™ = A, ®--®A,, € L(h®") for Aj; € L(h) satisfies that for all
™ = h,®...®h, € h®", Ah™ = (A;,1)®--®(A,,,n) € h®", and in particular,
if p, € S(h) for i € [n], then p™ = p; ® - ® p,, € S(h®"). Given o € C and a
sequence A™ € L(h®") for n € [M], the operator diag(c, A, ..., AM)) ¢ L(H)
is defined by

diag(a, AV ... . AMNHAM) — (qe; ADRD) ... s A (M)
for every h™M) = (¢, AV, ... h(M)) € H. In particular, if p™ € S(h®"), then
pM) = diag(0,00), ..., 0= p) o+l . oM))y € S(H),

where 00 denotes the zero operator in h® for i > 1.

Since large language models are based on a transformer architecture, we suffice
to construct a physical model in the Fock space H = FM)(h) (M > L) for
a transformer Transf; (9) with a composition of L blocks, consisting of L self-
attention maps {SelfAtt,}} | and L feed-forward neural networks {FFN,}Z .
Precisely, let us denote the input text to the layer by T' = {z;}?, and

n+f—1
FEN, o SelfAtt,(T) = > softmax(Sy""* "), FFN, (W) z,),

=1
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where Sénﬁfm = {5\t with
s = (Wi, W), Vie[n+—1]

Then, a physical model for Transf; consist of an input p(¢,) and a sequence of
quantum operations {E(t,,t,)}% , in the Fock space H defined above, where
tg <ty < <tp. Weshow how to construct this model step by step as follows.

To this end, we denote by Q = {§} UT and write D = ({w} : w € ). At first,
the input state pp is defined by

Pr = p(tO) = dlag(070<1)a .“70(7171)’ |I1><1‘1| ®...® ‘xn><xn|? O(n+1)7 ) € S(H)

Then there is a physical operation E(t,,t,) in H depending only on the attention
mechanism (W® and W) and FFN, such that

E(ty,to)p Zsoftmax ); diag(0, 00 -+ 0, [z} (2, ]®...0|2,) (2, @[5S (5], 02 o),

K3

E(H) by

where ¢! = FFN, (W) ;) and {yZ(l) n, C{lz): z € T}. Define X; : 2% —

X1<{h}) = dlag(lv Iha ,I;?TL’()UH—I), I;?(nJrQ)? )a

and for every x € T,

Xl({x}) = dlag(oa O(l)a 70(71)7 Ih Q- ® Ih ®|x><x‘70(n+2)’ )
=

n times

Making a measurement (X, D) at time ¢;, we obtain an output y(»1>

;. with proba-
bility softmax(S(™); and the appropriate density operator to use for any further
calculation is

1 1
BV p(ty) B

?

pred(tl)i = = dlag(oa 0(1) Ty O(n)7 ‘x1><xl|®®|$n><xn‘®|y£1)><y§1)|v 0<n+2)’ )a

for every i € [n], where p(t;) = E(t,ty)p(ty), and

B = diag(0,0Y,...,00, I, ® ... ® I, ®lyi”) (5], 0+ o).
—,—/

n times

Next, there is a physical operation E(t,, ;) in H depending only on the attention
mechanism (W® and W) and FFN, at time t, such that

n+1
n . 1
E<t2at0)pred( Z SOftmaX<S( +1))i2><dlag<070(1)a"'70<n+1)a |x1><x1‘®®‘xn><xn|®|y£1)><yzl |®|y12 ><y12>

ig=1
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for i, € [n], where g2 = FFNQ(WQVJ%) (with z,, ., = IUS)) and {yg) o

(2 ig=1

{|z) : € T}. Define X, : 2% — E(H) by
X2({h}) = dlag(la Iha 71}?(n+1>70<n+2)3 I;Q?("‘Q'?))’ )a
and for every x € T,

X,({z}) = diag(0,0), .. 0"V [, @ - ® I}, ®|x) (x|, 003 ...).
—,_/

(n+1) times

(2)

Making a measurement (X,, D) at time ¢,, we obtain an output Yi,

ability softmax(Sg”l))i2 and the appropriate density operator to use for any

further calculation is

with prob-

(2) (2)
E;, p(ty); B
220 B = diag(0,00), -, 0, [a)) (2, |®... @2, ) (2, [®lys ) (ys @]y ) (yi2 |, 0+, o).

prealta)iy g, = — e
B Tr[Ezf)p(tQ)il]

for each iy € [n + 1], where p(t,);, = E(ts,t)prea(ts);, and

2 . 2 2
EZ§2) = diag(0,0),...,.0"*) [ @ ... ® I, ®|yz(_2)><yz(_2)|’ 03 ..).
(n+1) times

Step by step, we can obtain a physical model {E(¢,, to)}g‘:1 with the input state
p(ty) such that a text (y(1> oyt

iy iy

) is generated with the probability

PT(yEi), . yg?) = softmax(S™)), - softmax(Si"jLL*l))iL
within the inference ((X;, D), ..., (X, D)). Thus, we can construct a physical
model for Transf; if we prove that E(t,,t,)’s exist.

Proposition 5.1. With the above notations, there exists a physical model
{E(ty o)}k, in H=FM)(h) (M > L) for a transformer Transf, (9) such that
given an input text T' = {z,} ,, a text (yl(-j)7 ,ygf)) is generated with the prob-
ability PT(yilm7 7y§f)) = softmax(S™) RS softmaX(Si"+L71))iL within the in-
ference ((X;, D), ..., (X, D)).

?

Proof. We regard 1, |z){x|, and |z,){(z1| ® ... ® |z,,){(x,| as elements in L(H)
in a natural way, i.e.,

1 = diag(1,0M, 02, ...), |x) (x| = diag(0, |z){x|, 02, ..,

|Z’1><$1|®®|.’L‘n><$n‘ = dlag(07 0<1)7 ] 0(7171)7 ‘$1><l‘1|®®|$n><.’)§n|, 0(n+1)7 )a
for n > 1. We need to construct E(¢,,t,) to satisfy (16). We first define

O(1) = [ao) (x|
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where z, € T' is a certain token. Secondly, define
®(|z) () = diag(0,0", ) (x| @ |FEN(WVa))(FEN(WV2)[, 0%, ), vz €T,

and in general, for n € [L] define
(|2,) (@)@ @z, ) (2, ]) = D softmax($™), diag(0, 0 -+, 00, |z,) (z, |®...0|x, ) (x, | @yt") (5], 0+2) )
=1

for any x; € T and ¢ € [n]. Let
S =span{l, |z,){(z1| ® ... @ |z,) (x| : x; €T, € [{];£ =1, ..., L}.

Then & extends uniquely to a positive map Eg from S into L(H), that is,

Etb <a01+Zax1:><1:|—|——|— Z azl,“.,xn|x1><$l|®"'®|1‘n><zn+"'>

xeT Ty, €T
= aglao) (@ol+ Y a,®(|z)(x))++ Oy, oz, P21 (21 @B 2 ) (2,0 )+,
zeT Tq,.,x, €T

where ag, a,,a

xr Y,z

~are any complex numbers for n > 1. Since S is a com-
mutative C*-algebra, by Stinespring’s theorem (cf. [?, ?]), we follows that Ey :
S — L(H) is completely positive.

Hence, by Arveson’s extension theorem (cf. [?, ?]), E4 extends to a completely
positive operator E(tq,t,) in L(H) (note that E(t;, ;) is not necessarily unique),
i.e.,, a quantum operation in H. By the construction, E(t,,t,) satisfies (16).
Also, by Kraus’s theorem (cf. [?]) we conclude that F(t;,%,) has the Kraus
decomposition (12).

By the same way, we can prove that E(t,,t,) exists and satisfies (17). Step by
step, we thus can obtain a physical model {E(t,,t,)}}, as required.

Remark 5.1. A physical model for the transformer with a multi-headed atten-
tion (7) can be constructed in a similar way. Also, we can construct physical
models for the transformer of the form (10), even for the transformer of more
complex structure (cf. [?] and reference therein). We omit the details.

Physical models satisfying the above joint probability distributions associated
with a transformer Transf; are not necessarily unique. However, a physical
model {E(ty,ty)}L, uniquely determines the joint probability distributions,
that is, it defines a unique physical process for operating the large language
model based on Transf;. Therefore, in a physical model {E(t,t,)}k , for
Transf;, training for Transf; corresponds to training for the Kraus operators
E(t;,ty) = {Kj@) (ty,to)}, which are adjustable and learned during the train-
ing process, determining the physical model, as corresponding to the parame-
ters WEQ , WK and WZV in Transf;. From a physical perspective, training for
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a large language model is just to determine the Kraus operators E(t,,t,) =
{K;Z)(tg, ty)} associated with the corresponding physical system (cf. [?]).

Example 5.1. Let T = {eg, e, } be the set of two tokens embedded in R? such
that e, = (1,0) and e; = (0,1). Then h = C? with the standard basis |0) = |e,)
and [1) = |e;). Let H=F®(C?)=CaC?’a®[C?®C?} @ [C*®C?®C?.

Suppose that W@ = WX = FFN = I in R? and let WY =0, i.e., WVe, = ¢;
and WVe; = e;. In the sequel, we construct a quantum operation E associated
with SelfAtt = (I,1,0) and FFN = I in R?. To this end, define

©(]0){0]) = [0){0] x [V eq) (W eq| = [0)(0] x [1)(1],
(L)1) = [L)(1] x [WVer)(WVey | = [1)(1] x [0){0;
@(|0)(0] ® [0)(0[) = [0){0[ > [0)¢0[ > [1){1],

©(|0)(0[x[1){1]) = @([1){1]®|0)(0]) = %H|0><0|><\1><1|><|0><0|+17;|0><0|><I1><1I><|1><1|7
(1) (L @ [1)(L]) = [1)(L] x [1){L] > [0){0].

We regard 1, [e;)(e;|, and le;){e;| ® [e)(ex| (i,5,k = 0,1) as elements in
L(F®)(C?)) in a natural way. Let

S = span{l, |e;)(e;], le;) (e;| © [eg)(ex| 4,4, k = 0,1}

Then S is a subspace of L(F®)(C?)) and ® extends uniquely to a positive map
E from S into L(F®)(C?)), i.e.,

E (a|0><0| + ) bileel+ Y ciulee|® |6k><6k|>

i=0,1 4,k=0,1

= al0)(0[+ > b:®(le)e) + Y eiu®llen e @ leg)exl),
i=0,1 ,k=0,1
for any a,b;, c; ;, € C. As shown in Proposition 5.1, F' can extend to a completely
positive operator in L(F 3)(C?)), which is a quantum operation in H = F)(C?)
associated with SelfAtt = (I,1,0) and FFN = I in R?. Note that E is not
necessarily unique.

Example 5.2. As in Example 5.1, T = {z,,2,} is the set of two tokens
embedded in R? such that z, = (1,0) and z; = (0,1). Then h = C? with the
standard basis |[0) = |z,) and |1) = |z,). Let H = F()(C?). Assume an input
text T = (x4, %, Zy). The input state pp is then given by

pr = plty) = diag(0,0"),0%), |z,) (zo| ® |21) (x| & [azg) (wol, 0,060, 0(0)).
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If WlQ = FFN, = I and W} = o, in R?, an associated physical operation
E(ty,t) at time ¢, satisfies

1 .
Bty to)plty) = 5~ diag(0,00,0%, 09, ) (a|@lary) (21| ®rg) o | @ o) (o 0P, 0)

+ 2e
2e+1

diag(0,0(1>, 0,00, |0) (0| ® [@1) (1] ® |z0) (o] & |21) (21, 0(5>70<6))~

By measurement, we obtain x, with probability s—— and obtain =, with prob-
0 2e+1 1

ability 325, while

Prea(ty)o = diag(0,0M,0%, 08, [aq) (zo| @2 ) (2 |®]a0) (20| ®]2) (2], 0%, 009)),

pred(tl)l = diag(o, 0(1>7 0(2)7 0(3)7 |x0>(m0|®|x1><x1 |®|x0><$0‘®|$1><x1 |, 0(5)7 O<6))'

If WQQ = FFN, = I and W = o, in R?, an associated quantum operation
E(ty,t,) at time ¢, satisfies

o
B(ty,to)prea(tr)o = ——— diag(0,0%,0%, 009,00, [ag) (wo|@ 1) (1 |@]o) (o |®l0) 0 @l0) (o, 0
€ .
o diag(0,01, 0,009,004, o) (o @11 ) (1] @ o) (o | @l ) o | @l ) 4], 0°).

Lo,
Bt to)prea () = 7 diag(0,0, 01,0, 00, )o@y ) (1@ o) (o @l ) 1 | m0) (o, 0°)
€ .
+e 1 diag(0,01,012),06), 0, |x0>(x0|®|z1><x1|®|x0)<xo|®\x1><x1|®|x1><xl\,O<6>).

By measurement at time ¢,, when z, occurs at ¢,, we obtain x; with probability
eig and obtain x, with probability _t3; when z, occurs at ¢;, we obtain z, with
probability ﬁ and obtain z; with probability

€
e+1"

Therefore, we obtain the joint probability distributions:

1 e

Pr(zy,zy) = et et 3) Pr(zg, ) = 2e+1)(e+3)
1 e

Pp(zy,xy) = Ger)ex1) Pp(2y,2,) = et Dlet 1)
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6. Conclusion

In conclusion, we present a mathematical formalism for generative Al and de-
scribe physical models realizing generative Al systems as open quantum systems.
Our formalism shows that a transformer architecture used for generative Al sys-
tems is characterized by a family of sequential joint probability distributions.
The physical models realizing generative Al systems are described by sequential
event histories in open quantum systems. The Kraus operators in the physical
models correspond to the query, key and value matrices in the attention mech-
anism of a transformer, which are adjustable and learned during the training
process. As illustration, we construct physical models in the Fock space over
the Hilbert space of tokens, realizing large language models based on a trans-
former architecture as open quantum systems. This means that our physical
models underlie the transformer architecture for large language models. We
refer to [?] for an argument on the physical principle of generic Al and to [?]
for a mathematical foundation of general Al, including quantum Al
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