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Abstract

We extend the multireference covariant density functional theory (MR-CDFT)
to describe the low-lying states of the odd-mass nucleus *3S near the neutron
magic number N = 28 with shape coexistence. The wave functions of the low-
lying states are constructed as superpositions of configurations with different
intrinsic shapes and K quantum numbers, projected onto good particle num-
bers and angular momenta. The MR-CDFT successfully reproduces the main
features of the low-energy structure in #3S. Our results indicate that the ground
state, 3/27, is predominantly composed of the intruder prolate one-quasiparticle
(1gp) configuration v1/27[321]. In contrast, the 7/27 state is identified as a high-
K isomer, primarily built on the prolate 1gp configuration v7/27[303]. Addi-
tionally, the 3/2; state is found to be an admixture dominated by an oblate
configuration with K™ = 1/27, along with a small contribution from a prolate
configuration with K™ = 3/27. These results demonstrate the capability of MR-
CDFT to capture the intricate interplay among shape coexistence, K-mixing,
and isomerism in the low-energy structure of odd-mass nuclei around N = 28.
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We extend the multireference covariant density functional theory (MR-CDFT)
to describe the low-lying states of the odd-mass nucleus 43S near the neutron
magic number N = 28 with shape coexistence. The wave functions of the
low-lying states are constructed as superpositions of configurations with dif-
ferent intrinsic shapes and K quantum numbers, projected onto good particle
numbers and angular momenta. The MR-CDFT successfully reproduces the
main features of the low-energy structure in 43S. Our results indicate that the
ground state, 3/27;, is predominantly composed of the intruder prolate one-
quasiparticle (1gp) configuration 1/27[321]. In contrast, the 7/27; state is
identified as a high-K isomer, primarily built on the prolate 1qp configuration
7/27[303]. The 3/2, state is found to be an admixture dominated by an oblate
configuration with K= = 1/27, along with a small contribution from a prolate
configuration with Kz = 3/27. These results demonstrate the capability of MR-
CDFT to capture the intricate interplay among shape coexistence, K-mixing,
and isomerism in the low-energy structure of odd-mass nuclei around N = 28.

Introduction

The development of radioactive ion beam facilities [1-3] has significantly
advanced nuclear physics research, enabling studies of nuclei far from the (-
stability line, where the evolution of nuclear shell structure and the emergence
of exotic excitation modes have garnered considerable attention [4-7].

A striking example is the evolution of the N = 28 shell gap, a magic number
that arises from strong spin-orbit coupling in the single-nucleon potential [8, 9],
which drives the f;/, orbital significantly lower than the ps/, orbital. Exper-
imental data reveal a gradual weakening of the N = 28 shell gap in isotones
lighter than 48Ca. For instance, measurements of the $-decay half-lives of 443
and 45Cl revealed deviations from shell model predictions based on spherical
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configurations [10], indicating the weakening of the N = 28 shell effect. Subse-
quent Coulomb excitation experiments observed low excitation energies of the
2%, states and enhanced electric quadrupole transition strengths B(E2; 07, —
2%,) in 40,42,44S [11, 12]. Similar behavior has been reported in neighboring
nuclei, such as 42Si [13-15] and 40Mg [16]. These observations indicate the
onset of strong quadrupole collectivity in neutron-rich N = 28 isotones with
proton number Z < 18, leading to the crossing of the 1/27[321] component of
the 2 py/, orbital with the 7/27[303] component of the 1 f;/, orbital. Con-
sequently, several near-degenerate configurations with admixtures of 1f;/, and
2p4 /4 orbitals coexist at similar energies within these nuclei. In the case of 44S,
two coexisting low-lying 0" states have been observed [17], suggesting spherical-
deformed shape coexistence. The onset of a deformed ground state in 44S is
supported by quantum-number projected generator coordinate method (GCM)
studies based on the Gogny force [18, 19] and collective Hamiltonian studies
based on a relativistic energy density functional (EDF) [20]. These theoretical
studies reveal a general trend in shape evolution: the predominant shape tran-
sitions from a 7-soft, moderately deformed configuration with 5, [0.20, 0.30]
to a strongly prolate shape with 8, [0.35, 0.45] as the angular momentum
increases up to J = 4 in the ground-state band. This rotational band coexists
with a strongly prolate-deformed 07, state, characterized by 8, [0.35, 0.45].
The specific deformation parameter S, of the dominant configuration depends
on the details of the employed EDF. A two-proton knockout reaction from 46Ar
identified the 4T, state as an isomeric state [21], which, in combination with
shell-model calculations, was suggested to exhibit strong prolate deformation. A
half-life measurement revealed a hindered E2 transition with B(E2; 47, — 27)
= 0.61(19) W.u. [22], supporting the interpretation of the 47 state as a K =
4 isomer. Shell-model studies further indicated that this state is predominantly
characterized by the two-quasiparticle configuration 1/27[321] 7/27[303] [23].

The odd-mass neutron-rich sulfur isotope 43S exhibits a more complex low-
energy structure than 44S due to the interplay between the single-particle mo-
tion of the unpaired neutron and the collective excitations of the 42S core. Mass
measurements, combined with theoretical studies based on the shell model and
relativistic mean-field (RMF) theory, suggested the coexistence of a prolate
deformed ground state and an isomeric state in 43S [24]. Subsequent g-factor
measurements [25], along with shell-model calculations and the collective Hamil-
tonian approach based on the Gogny force, determined the spin-parity of the iso-
meric state as 7/27, at an excitation energy of 320.5(5) keV. These studies also
established the intruder nature of the ground state with K = 1/2 [25], while ini-
tially suggesting that the 7/27; isomeric state is quasispherical. However, later
measurements of the spectroscopic quadrupole moment of the isomeric state
yielded Qs(7/27;) = 23(3) efm? [26], significantly larger than the expected value
for a single-particle state. This observation indicates a strong collective nature
of the isomeric state, which is further supported by shell-model calculations [26].
The structure of 43S was investigated using antisymmetrized molecular dynam-
ics plus GCM (AMD+GCM), which predicted a prolate-deformed ground state,
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a triaxially deformed 7/27, state, and an oblate-deformed excited band atop
the 3/27, state at low excitation energy [27]. In contrast, a recent shell-model
study suggested that the prolate ground-state band coexists with a triaxial band
built on the 7/27 isomer and an excited prolate structure associated with the
Knm = 5/2~ deformed orbital [28].

Meanwhile,  the angular-momentum-projected variation-after-projection
(AMP+VAP) approach suggests that the ground state 3/27; and the 7/27
state are dominated by K = 1/2 and K = 7/2, respectively, classifying the
7/27, state as a high-K isomer [23]. Experimental lifetime measurements of
excited states provide the first evidence of a doublet of (3/27 ) states. Together
with shell-model and AMD calculations, these results suggest the possible
existence of three coexisting bands built upon the 3/27,, 3/2 5, and 7/27,
states [29]. Furthermore, Coulomb excitation experiments have shown that the
intraband B(E2) values for transitions within the ground-state band 3/27; and
the isomeric band 7/27; are large and nearly equal [30], which was also found
in a study using the valence-space in-medium similarity renormalization group
[31].

Over the past decades, covariant density functional theory (CDFT) has achieved
remarkable success in various areas of nuclear physics [32-34]. A key advantage
of CDFT is that Lorentz invariance imposes strict constraints on the number of
parameters in the EDF. Moreover, the relativistic framework naturally accounts
for the spin-orbit interaction, while time-odd fields are incorporated without
introducing additional free parameters. This characteristic is particularly crucial
for accurately describing odd-mass nuclei and rotating systems. To restore the
missing quantum numbers, including particle numbers and angular momentum,
in the solution of CDFT and to consider shape-mixing effects, multireference
covariant density functional theory (MR-CDFT) has been developed [35-37] and
successfully applied to study low-lying spectra in even-even nuclei with either
triaxial or octupole shapes [38-41]. MR-CDFT has also been applied to studies
of neutrinoless double-beta decay [42-45] and the low-lying states of hypernuclei
[46-48].

Recently, MR-CDFT was successfully extended to describe low-lying states in
odd-mass nuclei [49]. In this work, we further extend the MR-CDFT framework
by mixing configurations with different quadrupole shapes and K quantum num-
bers, providing a complementary approach to previous studies [23, 27], with
explicit consideration of triaxial deformation. The success of our framework is
demonstrated through its application to the low-energy structure of 43S. It is
worth noting that a similar idea has been implemented in the projected shell
model (PSM) to study the effect of K-mixing on isomeric states in even-even iso-
topes with N = 104 [50], although shape mixing was not included in that study.
Our extended MR-CDFT enables us to identify the dominant mechanism re-
sponsible for the formation of the isomeric state, shedding new light on the
interplay among shape coexistence, K-mixing, and isomerism in the low-energy
structure of odd-mass nuclei.
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The article is arranged as follows. In Sec. II, we present the extended frame-
work of MR-CDFT for odd-mass nuclei. The results of calculations for 43S are
discussed in Sec. III. The conclusion of this study is summarized in Sec. IV.

II. The MR-CDFT for Odd-Mass Nuclei

The MR-CDFT theory for the low-lying states of odd-mass nuclei has been
introduced in detail in Ref. [49]. Here, we present only a brief description. The
wave functions of low-lying states are constructed as a mixing of configurations
with different deformation parameter q and quantum number K:

(Um) = > flT()INZTmsc). (1)

c

Here, c is a collective label for (K, q), and « distinguishes states with the same
angular momentum J. The basis function with quantum numbers (NZJ) is
given by

INZJm;e) = Py PN PZ120Y (q)), (2)

where PJ\{IK and PN@) are projection operators that select components with
angular momentum J and neutron (proton) number N (Z) [51].

The mean-field configurations |®(©4)(q)) for odd-mass nuclei are chosen as one-
quasiparticle (1qp) states:

|209%(q)) = k| ®(x)(q)), 3)

where |®(k)) denotes a quasiparticle vacuum state with even number parity
obtained through the false quantum vacuum (FQV) scheme [49] in the single-
reference (SR)-CDFT calculation starting from a relativistic EDF [34, 52]. The
quasiparticle creation operator . switches the number parity to odd. The index

distinguishes different quasiparticle states.

In the present study, axial symmetry is assumed. In this case, each configuration
is labeled with the quantum numbers K, which are determined by the Nilsson
quantum number Qm of the blocked orbital, i.e., K = Q.

The weight function fJ/™ in Eq. (1) is determined by variational principles,
which lead to the following Hill-Wheeler-Griffin (HWG) equation [51, 53]:

> HXZm — B NN fiT() =0, ()

C/
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where the Hamiltonian kernel and norm kernel are defined by

ONZIT — (NZJm;c|O|NZJm;c'), ()

with the operator o representing H and 1, respectively. In the present study
based on a covariant EDF, the mixed-density prescription is employed in the
evaluation of the Hamiltonian kernel. Details on the calculation of the kernels
in Eq. (5) can be found in Ref. [49].

The HWG equation (4) for a given set of quantum numbers (NZJr) is solved in
the standard way as discussed in Refs. [36, 51]. This is done by first diagonal-
izing the norm kernel NV477 A new set of basis functions is then constructed
using the eigenfunctions of the norm kernel with eigenvalues larger than a pre-
chosen cutoff value, which removes possible redundancy in the original basis.
The Hamiltonian is diagonalized on this new basis. In this way, the energies
EJ™ of the nuclear states [U/™) can be obtained.

Since the basis functions |N ZJ; ¢) are nonorthogonal to each other, one usually
introduces the collective wave function g/ (K, q) and the mixing weights f/™(c)
as

gam (K. q) = Y (NNl (), (6)

!

which fulfills the normalization condition. The distribution of g™ (K, q) over K
and q reflects the contribution of each basis function to the nuclear state |¥J/™).

With the mixing weight f/™(c), it is straightforward to determine the observ-
ables of nuclear low-lying states, including electric quadrupole moment Qs, mag-
netic dipole moment , as well as E2 and M1 transition strengths. The strength

of the EA(M) transition from the initial state |\Ili:7r’> to the final state |\Ili’;ﬁf>
is determined by

1
2J; + 1

Jpm gk

~ T
Zfaf () ) (NZJ s, ch||TN|INZ Ty c5) fai  (c;)

CpCi
(7)

B(TA, Jyoym; — Jpapmy) =

The configuration-dependent reduced matrix element is given by

2Jf +1
e, (—=1)> 2Ji +1

(NZJmpsehITNINZTmse;) =6

171

Z/dQDif}g(Q)@(OA)(qf)lﬁyR(Q)ﬁ’ZpNPm|‘I><OA)( i)
vM (8)
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where T)\V represents either an electric or magnetic multipole operator and R(Q)
is the rotation operator. The detailed formulas can be found in Ref. [49].

In the calculation of the mean-field configurations, Dirac spinors for single nu-
cleons are solved using a harmonic oscillator basis with a major shell number
of N, = 10. Pairing correlations between nucleons are treated within the BCS
approximation using a density-independent ¢ force with a smooth cutoff 35,
54]. The PC-PK1 parameterization is employed for the relativistic EDF [52]. In
the calculation of the projected kernels ONZ7™  the number of mesh points in
the interval [0, 7] for the rotation angle 8 and the gauge angle ¢ are chosen as
Ng =12 and N, = 7, respectively. These values are found to be sufficient to
achieve convergent results for 43S.

ITI. Results and Discussion

Figure 1 Figure 1: see original paper presents the energies of mean-field states
|®(k)(q)) from the SR-CDFT calculation based on the FQV scheme [49] as
a function of the quadrupole deformation parameter ¢ = 5. A pronounced
energy minimum appears on the prolate side with §, ~ 0.3, with a second
minimum on the oblate side with 8, ~ —0.2, suggesting that 43S may exhibit
coexisting prolate and oblate shapes in its low-lying states. This phenomenon
can be understood from the Nilsson diagram of neutrons in 43S, as shown in
Fig. 1(b). One can see large shell gaps or low level densities on both prolate
and oblate sides around the Fermi energy. Moreover, the downward 1/27[321]
component of the 2 py/, orbital crosses with the upward 7/27[303] component
of the 1 £/, orbital at 8, ~ 0.22 around the Fermi energy. This crossing leads
to the population of valence neutrons from 7/27[303] to 1/27[321]. This result
is consistent with the AMD+GCM calculation [27]. On the oblate side, the N
= 28 shell gap increases with |5,].

The wave functions of the mean-field states |®(x)(3,)) in Fig. 1(a) do not
preserve particle numbers or total angular momentum. By applying quantum-
number projection operators onto the 1qp configurations with Kmr = 1/27,3/27,
5/27, and 7/2~ (cf. Egs. (2) and (3)), one obtains the energies of symmetry-
conserved 1qgp states in 43S, as displayed in Fig. 2 [Figure 2: see original paper].

Figure 2(a) displays the energies of symmetry-conserving states with angular
momentum J increasing from 1/2 to 9/2, projected from configurations with
Km = 1/27 as a function of the quadrupole deformation f3,. Similar to the
energy curve from mean-field calculation in Fig. 1(a), all projected energy curves
present two minima on the prolate and oblate sides, respectively, with |3,] =~ 0.3.
It is interesting to note the change in energy ordering of states with different
angular momenta as a function of deformation. For configurations with 35 > 0.4,
the energies of projected states with AJ = 1 follow the ordering (1/27, 3/27,
5/27, 7/27, 9/27), consistent with the strong-coupling limit of the particle-
rotor model (PRM) [51]. In contrast, for weakly deformed configurations with
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By < 0.3, the 1/2 state rises rapidly from the bottom as /3, decreases toward
zero. When considering only configurations from the oblate energy minima,
the energy ordering becomes (7/27, 3/27, 1/27, 9/27, 5/27). After mixing
configurations with different shapes but the same quantum numbers Km =1/27,
one obtains yrast states with the energy ordering (3/27, 1/27, 5/2—, 7/27)
located mainly around 5, = 0.3.

Figures 2(b), 2(c), and 2(d) display the energies of symmetry-conserving states
with J > K, projected from configurations with Kr = 3/27, 5/27, and 7/27,
respectively. Additionally, the two lowest energy states from shape-mixing cal-
culations are shown. One can see that the energy level 7/27; dominated by the
prolate configuration with Km = 7/27 is the yrast state among all Jom = 7/2~
states. The low-lying states from shape-mixing calculations are plotted at their
mean quadrupole deformation 3;,,, defined as

BJwa Kﬂ- Z |g K ﬂZ | 52 (9)
KB,

Figure 3 [Figure 3: see original paper| presents the energy spectra of low-lying
states in 43S from MR-CDFT calculations. Panel (b) shows results including
configuration mixing with different shapes and K values, while panel (c) shows
results without K mixing. Experimental data [25, 30] are displayed in panel
(a). Black and blue arrows indicate B(E2) values (in units of e?fm?*) and B(M1)
values (in units of 2_N), respectively. States dominated by a prolate (oblate)
configuration, with a small admixture of oblate (prolate) components, are la-
beled as “(Prolate)” and “(Oblate)” , respectively. The distributions of the
collective wave functions |gZ™|? for the first two states with J = 3/2, 5/2, and
7/2 are shown in panels (d, e), (f, g), and (h, i), respectively.

The main features of the measured low-lying states of 43S (cf. Fig. 3(a)) are
reasonably well reproduced only in the MR-CDFT calculations that incorporate
mixing of both K values and shapes with different 3, values. Here we summarize
the main findings from the MR-CDF'T study based on Fig. 3. The ground state
(3/27) of 43S is predominantly characterized by a prolate-deformed configura-
tion 1/27[321] with Km = 1/27. In contrast, the 3/2, state is dominated by
an oblate configuration with 3, ~ —0.3 and K7 = 1/27, with a small admixture
of a prolate configuration having K7 = 3/2~. We note that in the AMD+GCM
calculation [27], the 3/27, state is dominated by an oblate configuration with
K = 3/27, followed by the 5/27 and 7/2~ states, forming an oblate rotational
band. As shown in Fig. 3(b), we predict a strong E2 transition between the
5/27 and 3/2~ states, whereas the E2 transition from the 5/2~ and 7/27, states
to the 3/27, state is much weaker. This behavior can be understood from Fig.
3(g), which shows that the 5/27, state is dominated by a prolate-deformed con-
figuration with Km = 5/27, in contrast to the oblate structure of the 3/27,
state.

The first excited state of 43S, 1/27, shares a similar predominant configuration
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with the ground state and exhibits a strong E2 transition to the ground state.
The MR-CDFT (labeled with “B,+K mixing” ) predicts B(E2; 1/27; — 3/27)
= 144 e*fm?, as well as a sizable M1 transition with B(M1; 1/27; — 3/27,) =
0.45 2_N, as shown in Fig. 3(b). In the AMD+GCM [27], these values are 180
e?fm* and 0.34 2_N, respectively. The B(E2; 1/27; — 3/27) value has not yet
been measured, but experimental data are available for B(M1; 1/27; — 3/27)
= 1.2(3) 2_N [29], which is underestimated by both methods. We find that
this underestimation is due to the extension of the wave function of the 3/27
state into the region of large prolate deformation with 5, > 0.4, as shown in Fig.
3(d). Moreover, we observe two AJ = 2 rotational bands: (3/27,5/27, 7/27,
9/27,, 11/27) and (3/274, 5/275, 7/275), which are connected by strong E2
transitions. The predicted B(E2; 7/27; — 3/27;) = 59 e2fm? is slightly larger
than the data 46(9) e?fm* [30]. All these states are predominantly characterized
by the prolate-deformed configuration 1/27[321], originating from the spherical
P3/4 orbital, with deformation 8, ~ 0.3 and Kn = 1/27, as illustrated in Fig.
1. The energy ordering of the (3/27,, 5/27, 7/27;) sequence follows the weak-
coupling limit of the particle-rotor model [51], which predicts a parabolic energy
pattern with a minimum at J j = 3/2.

Figure 3(h) shows that the 7/27, state is dominated by the prolate-deformed
configuration 7/27[303] with 8, =~ 0.22 and Km = 7/27. Consequently, the
decay of the 7/27, state to the ground state (3/27;) is strongly quenched due
to AK = 3. Quantitatively, the predicted B(E2; 7/27; — 3/27;) = 0.24 e?fm*
compares to the data 0.41 e*fm? [25]. As a result, the 7/27, state is classified as
a high-K isomer state, consistent with previous studies [23, 28]. A comparison
between Figs. 3(b) and 3(c) reveals that the excitation energy of the 7/27
state decreases significantly and becomes closer to the experimental value after
incorporating the K-mixing effect. In contrast, the 7/27, state of oblate nature
in Fig. 3(c) is pushed very high and is not shown in Fig. 3(b). As shown in
Fig. 3(h), the isomeric 7/27; state also contains a small admixture of an oblate
configuration with K7 = 1/27. The remaining discrepancy is expected to be
further reduced by including triaxial deformation effects, as suggested by the
AMD+GCM calculation [27].

Table I lists the spectroscopic quadrupole moments Qs and magnetic dipole mo-
ments for 43S obtained from MR-CDFT calculations with both shape-mixing
and K7 mixing effects, in comparison with AMD+GCM calculations [27] and
available data for the isomer state with Qs(7/27;) = 23(3) efm? and (7/27;) =
-1.110(14) _ N. Overall, the results from MR-CDFT and AMD+GCM are simi-
lar, with both models reasonably reproducing the experimental data. Quantita-
tively, the Qs values of states in the ground-state band predicted by MR-CDFT
are slightly smaller than those from AMD+GCM. Notably, the magnetic mo-
ments of the 1/27; and 7/27; states obtained with MR-CDFT are only about
half the values predicted by AMD+GCM. A significant difference arises in the
prediction for the 5/27, state: while the AMD+GCM calculation indicates that
this state is dominated by an oblate configuration, the MR-CDFT result sug-
gests a prolate deformation, consistent with the latest shell-model calculations
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[28]. Further experimental and theoretical benchmarks are needed to ultimately
validate these findings.

IV. Summary

In this work, we have further extended the multireference covariant density
functional theory (MR-CDFT) with particle-number and angular-momentum
projections for odd-mass nuclei by simultaneously mixing quasiparticle configu-
rations with different quadrupole shapes and K quantum numbers. The success
of this extended framework is demonstrated through its application to the low-
lying states of 43S, where the available experimental data on energy spectra,
electric quadrupole and magnetic dipole transition strengths, and electromag-
netic moments are reasonably well reproduced.

Our calculations reveal a pair of prolate rotational bands with AJ = 2, built
on the ground-state configuration 1/27[321] (Km = 1/27), consistent with the
weak-coupling limit of the particle-rotor model. In addition, a rotational band
is found based on the configuration 7/27[303] (Km = 7/27), corresponding to
the isomeric 7/27; state. These findings are generally consistent with those
from AMD+GCM and shell-model calculations, supporting the erosion of the
N = 28 shell gap. We also identify a 3/27, state dominated by an oblate con-
figuration with K7 = 1/27, where the valence neutron occupies the 1/27[330]
orbital, and a 5/2~, state dominated by a prolate configuration with Kz =5/27.
The latter differs from the predictions of AMD+GCM with triaxiality, which
suggest an oblate shape, and thus calls for further clarification through lifetime
measurements.

It is worth emphasizing that the present framework is based on axially de-
formed quasiparticle configurations, with triaxial effects partially incorporated
through K mixing explicitly. This makes it a computationally efficient alter-
native to previous approaches that explicitly treat triaxiality and require full
three-dimensional angular-momentum projection. The resulting efficiency en-
ables systematic beyond-mean-field studies of shape coexistence and isomeric
states in heavy deformed odd-mass nuclei, such as 229Th.
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