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Abstract
Discontinuous finite element method (DFEM) based discrete ordinates (SN) for
solving particle transport is a heavy burden that costs plenty of calculation
time in multi-physics simulation. The emergence of the graphic processing unit
(GPU) has triggered a change in computing capabilities, which provides a new
way for DFEM SN calculation. However, the effect of the general GPU ac-
celeration algorithm for particle transport with unstructured grids is limited
due to the dependence of the SN spatial wavefront, and the computing capabil-
ity of GPU is not fully utilized. This paper proposes a CPU-GPU concurrent
computing algorithm, which is carried out as a large-scale linear system with
a block Jacobi parallel strategy. In the algorithm, the fission and scattering
source terms are calculated on the GPU, and the inflow terms are calculated on
the CPU simultaneously. Moreover, the coarse-grained domain decomposition
parallelism and fine-grained angular parallelism are adopted, where the data
transmission and computation are performed simultaneously. This new algo-
rithm not only takes full advantage of the huge number of threads on the GPU
but also has no limits to the total GPU utilization. Numerical results of typical
neutron transport benchmarks show that the CPU-GPU concurrent computing
algorithm achieves a 24-60 times acceleration effect than the CPU algorithm
and 6-11 times acceleration than the general GPU algorithm.
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Abstract: The discontinuous finite element method (DFEM) based discrete
ordinates (SN) method for solving particle transport problems imposes a heavy
computational burden, consuming substantial calculation time in multi-physics
simulations. The emergence of graphics processing units (GPUs) has trans-
formed computing capabilities, offering a new approach for DFEM-SN calcula-
tions. However, conventional GPU acceleration algorithms for particle transport
with unstructured grids achieve limited effectiveness due to dependencies in the
SN spatial wavefront, leaving GPU computing power underutilized. This paper
proposes a CPU-GPU concurrent computing algorithm formulated as a large-
scale linear system using a block Jacobi parallel strategy. In this algorithm,
fission and scattering source terms are computed on the GPU while inflow
terms are calculated on the CPU through coarse-grained domain decomposi-
tion. Furthermore, decomposition parallelism and fine-grained angular paral-
lelism are employed, enabling simultaneous data transmission and computation.
This novel algorithm not only leverages the massive number of threads on GPUs
but also eliminates constraints on total GPU utilization. Numerical results from
typical neutron transport benchmarks demonstrate that the CPU-GPU concur-
rent computing algorithm achieves 24–60× speedup over CPU-only algorithms
and 6–11× speedup over general GPU algorithms.

Keywords: GPU; Concurrent computing; Particle transport; Discrete ordi-
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1. Introduction
The particle transport equation plays a crucial role in modeling numerous scien-
tific domains, with significant applications in nuclear reactor analysis, radiation
physics, high-energy physics, and related fields [1-3]. This equation is multi-
dimensional, involving spatial, angular, energy, and temporal variables, and
can consume 50%–80% of total computational time in Department of Energy
(DOE) systems [1,4]. The discrete ordinates (SN) method is widely employed
for solving the transport equation by selecting representative discrete angles for
angular discretization [5]. Meanwhile, to accommodate increasingly complex
geometric designs and large deformation problems, SN methods often adopt the
discontinuous finite element method (DFEM) for spatial discretization [6]. How-
ever, DFEM-SN for particle transport problems demands substantial memory
and computational time [7].

With the advancement of high-performance computing (HPC), extensive re-
search has been conducted on DFEM-SN parallelization for unstructured grids.
Plimpton proposed an asynchronous algorithm based on grid partitioning and
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cycle detection [8]. Pautz described a low-complexity list-ordering heuristic for
determining the sweeping sequence [9,10]. Mo developed a parallel flux sweep
algorithm based on domain decomposition [11]. The essence of these algorithms
lies in converting the element sweep order into a directed acyclic graph (DAG)
[10]. Numerous efforts have been made to handle cyclic dependencies during
transport sweeps [12-14] and improve parallel efficiency on central processing
units (CPUs) [13-15]. On the other hand, heterogeneous CPU-GPU systems
have developed rapidly [16,17], providing new methods for high-fidelity DFEM-
SN transport calculations.

Gong et al. demonstrated particle transport simulations on unstructured grids
using GPUs, achieving 11.03× speedup on an M2050 GPU compared to an Intel
X5355 processor [1,18]. However, the data dependency of wavefronts [19] limited
parallelism and prevented full utilization of GPU computing capability.

Modern HPC architectures incorporate many-core CPUs and GPUs, enabling
simultaneous execution on both processors [17,20-21]. To overcome the inherent
parallelism limitations of wavefront sweeping and adapt to contemporary com-
puting architectures, this paper proposes a CPU-GPU concurrent computing
DFEM-SN algorithm. The algorithm is designed in the form of a large-scale lin-
ear system using a hybrid Message Passing Interface (MPI) [22] programming
model. Domain and Compute Unified Device Architecture (CUDA) decompo-
sition [23] are implemented as coarse-grained parallelism, with each subdomain
assigned to a specific CPU processor. A block Jacobi parallel strategy [24]
is then applied: source terms are calculated on GPUs while inflow terms are
simultaneously computed on CPUs through coarse-grained domain decompo-
sition. Angular parallelism is implemented as fine-grained parallelism based
on GPU asynchronous streaming operations and Multi-Process Service (MPS)
[22]. Compared with traditional DAG-based CPU algorithms and general GPU
acceleration algorithms, this new CPU-GPU concurrent algorithm achieves sig-
nificant speedup in typical pressurized water reactor (PWR) [25] neutronics
benchmarks.

The remainder of this paper is organized as follows. Section 2 presents the
methodologies, including the SN transport equation, DFEM discretization, and
a brief comparison between block Jacobi and Gauss-Seidel parallel strategies.
Section 3 describes the detailed implementation of the CPU-GPU concurrent
computing algorithm. Section 4 presents performance evaluations on typical
PWR benchmarks and related discussions. Section 5 summarizes conclusions.

2.1 SN Transport Equation
Particle transport through various media is described by the Boltzmann equa-
tion, derived from particle balance conditions [26,27]. Using neutrons as an
example (the steady-state Boltzmann equation has a similar form for other par-
ticles like photons and electrons):
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where 𝜓(r, 𝐸, �) represents the angular flux as a function of position r, energy
𝐸, and angular direction �. The scalar flux 𝜙(r, 𝐸) is obtained through angu-
lar integration of the angular flux. The left-hand side (LHS) terms represent
streaming and collision removal, respectively, while the right-hand side (RHS)
represents neutron gain from scattering and fission. Here, Σ𝑡, Σ𝑠, and Σ𝑓 de-
note the total, scattering, and fission cross-sections, respectively; 𝜒 is the fission
spectrum; 𝑘eff is the effective eigenvalue; and 𝜈 is the number of fission neu-
trons per fission. For numerical solution using deterministic methods, the basic
problem is discretized in space, angle, and energy [18,28].

In this study, energy variables are discretized using the multi-group method [29],
and the anisotropic scattering term is simplified through isotropic scattering
approximation. Angle variables are discretized by the SN method. The multi-
group SN transport equation under 2D Cartesian coordinates becomes:

�𝑚⋅∇𝜓𝑔,𝑚(r)+Σ𝑡,𝑔(r)𝜓𝑔,𝑚(r) =
𝐺

∑
𝑔′=1

Σ𝑠,𝑔′→𝑔(r)𝜙𝑔′(r)+𝜒𝑔(r)
𝑘eff

𝐺
∑
𝑔′=1

𝜈Σ𝑓,𝑔′(r)𝜙𝑔′(r)

where subscript 𝑚 represents the angular index and 𝑔 represents the energy
group index. The scalar flux is calculated from the angular flux as shown in Eq.
(3).

2.2 DFEM Discretization
Spatial variables in Eq. (2) are discretized using DFEM, which is stable and
accurate for solving first-order equations [30]. DFEM integrates Eq. (2) over
elements with weighting functions 𝑤(r):

∫
𝑉𝑒

𝑤(r)�𝑚 ⋅ ∇𝜓𝑔,𝑚(r)𝑑𝑉 + ∫
𝑉𝑒

𝑤(r)Σ𝑡,𝑔(r)𝜓𝑔,𝑚(r)𝑑𝑉 = ∫
𝑉𝑒

𝑤(r)𝑄𝑔,𝑚(r)𝑑𝑉

The total source term on the RHS contains scattering and fission source terms.
Applying the divergence theorem to the streaming term, Eq. (4) can be written
as:

∫
𝑉𝑒

�𝑚⋅∇𝑤(r)𝜓𝑔,𝑚(r)𝑑𝑉 +∫
𝑉𝑒
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Unlike continuous FEM, DFEM permits discontinuity in the surface integra-
tion term, as shown in the first term of Eq. (5). The superscript + indicates
the location outside the element surface, while − indicates the location inside.
DFEM here specifically refers to the linear discontinuous Galerkin finite ele-
ment method, where weight functions remain identical to trial functions [25].
The angular flux and source term are linearly expanded using 𝑁th-order basis
functions:

𝜓𝑔,𝑚(r) =
𝑁

∑
𝑖=1

𝜓𝑖
𝑔,𝑚𝑏𝑖(r), 𝑄𝑔,𝑚(r) =

𝑁
∑
𝑖=1

𝑄𝑖
𝑔,𝑚𝑏𝑖(r)

Substituting Eq. (7) into Eq. (5), the matrix form of the DFEM-SN equation
becomes:

A𝑒
𝑔,𝑚𝜓𝑒

𝑔,𝑚 = S𝑒
𝑔,𝑚 + ∑

neighbor
B𝑒,neighbor

𝑔,𝑚 𝜓neighbor
𝑔,𝑚
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𝑔,𝑚 = ∫

𝑉𝑒

𝑄𝑔,𝑚(r)𝑏𝑖(r)𝑑𝑉

The outflow term appears on the LHS, while the inflow term appears on the
RHS and is treated as a known variable during sweeping.

2.3 Parallel Strategies
The DFEM-SN equation in Eq. (8) is typically solved iteratively through loops
over energy, space, and angle, as shown in Algorithm 1. For neutron transport
calculations, an inner-outer iterative strategy is widely adopted to accelerate
convergence. During inner iterations, the scattering source term is updated
while the fission source term and eigenvalue remain constant. The effective
eigenvalue and fission source term are updated only during outer iterations
[5,28]. The energy loop typically proceeds from high to low energy groups, facil-
itating updates to down-scattering terms [23,29]. The angle loop has no specific
sequence requirements under 2D Cartesian coordinates. For a given direction,
the sweeping sequence on unstructured grids can be determined by a DAG, as
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illustrated in [Figure 1: see original paper]. Each node represents a triangular
grid element, and arrows between nodes denote dependency relationships. The
DAG defines cells by mapping each grid with each angular direction, with a cell’
s in-degree defined as the sum of its inflow counts [8-11]. Detailed DAG theory
can be found in Refs. [8-11].

Algorithm 1: DFEM-SN Iteration Calculation

While (Not converged) Outer iteration {
For (g=1:G) energy loop {

While (Not converged || Reach specific number of inner iterations) Inner iteration {
Update scattering source term
For (m=1:M) angle loop {

Sweep over whole space domain
}
End For (m=1:M)

}
End while (Inner iteration)

}
End For (g=1:G)
Update fission source term and eigenvalue

}
End While (Outer iteration)

[Figure 1: see original paper] An illustration of DAG and domain decomposition

In [Figure 1: see original paper], the entire computational domain is partitioned
into several subdomains assigned to corresponding processors. Taking processor
2 as an example, it receives incoming information from processor 1 and sends
outgoing information to processor 3. Boundary node calculations depend on
messages from other processors. Two parallel strategies are widely adopted:
Gauss-Seidel and block Jacobi. In the Gauss-Seidel strategy, after receiving
incoming messages from other processors, relevant boundary cells decrease their
in-degree. When the in-degree reaches zero, the boundary cell becomes calcula-
ble, enabling subsequent computations. In the block Jacobi strategy, boundary
cells use delayed boundary information from other processors, with the in-degree
from other processors set to zero.

A key difference between the two strategies is that block Jacobi requires only
unified communication after completing the entire sweep, whereas Gauss-Seidel
requires continuous message passing during sweeping. Block Jacobi uses delayed
boundary information, reducing communication and waiting time at the cost of
increased outer iterations [24].

To improve block Jacobi convergence, energy group looping is widely applied in
practice. A cell’s in-degree is independent of energy index. To enhance parallel
efficiency, the Gauss-Seidel strategy computes cells across all energy groups at
each sweeping step, abandoning the energy group loop. Consequently, the itera-
tive calculations differ between the two strategies: block Jacobi uses Algorithm
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1, while Gauss-Seidel uses Algorithm 2. After an inner iteration, scattering
terms for all energy groups are unified and updated in the Gauss-Seidel strat-
egy. Compared with Algorithm 1, Algorithm 2 exhibits more significant lag
in down-scattering terms as the number of energy groups increases. Addition-
ally, for block Jacobi, the sweeping sequence remains identical for each inner
iteration, allowing pre-calculation and storage of the sweeping sequence to re-
duce DAG determination overhead. In contrast, Gauss-Seidel must determine
the sweeping sequence online for each inner iteration, representing a non-trivial
burden. Both block Jacobi and Gauss-Seidel parallel strategies have distinct ad-
vantages and are used in neutron transport calculations. Many improvements
have been made to enhance parallel efficiency with significant success [31,32],
though these are beyond this paper’s scope.

Algorithm 2: Gauss-Seidel Iteration Calculation

While (Not converged) Outer iteration {
While (Not converged || Reach specific number of inner iterations) Inner iteration {

Update scattering source term of all energy groups
Calculate cells for all energy groups

}
End while (Inner iteration)
Update fission source term and eigenvalue

}
End While (Outer iteration)

3.1 Framework of the DFEM-SN Code SNIPER
To implement CPU-GPU concurrent computing and compare different GPU al-
gorithms, a DFEM-SN code named SNIPER [33] was developed. SNIPER is
programmed in C++ and utilizes a hybrid MPI and CUDA programming model.
The framework of the steady-state SNIPER code is shown in [Figure 2: see orig-
inal paper]. The code employs the mature graph partitioning software METIS
from Karypis Lab for domain decomposition [34]. Control conditions, material
parameters, and iteration indices are specified in input and material cards. Flux
distributions, geometry, and material information are verified and displayed in
output cards. The code is organized into several classes: transport information,
mesh information, sweeping, integration, parallelization, and calculation. The
transport information class sets basic parameters such as cross-sections and
quadrature sets according to input cards. The mesh information class reads
unstructured meshes from msh-format mesh files and interfaces with METIS
for domain decomposition. The parallel class accumulates parallelization in-
formation including computation time, communication time, and waiting time.
Calculation of Eq. (8) is primarily implemented in the calculation class, while
integration terms in Eq. (8) are computed in the integration class. SNIPER
supports both Gauss-Seidel and block Jacobi parallel strategies. For block Ja-
cobi, the sweeping sequence is pre-calculated and stored, while for Gauss-Seidel,
it is determined online via DAG.
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[Figure 2: see original paper] Framework of DFEM-SN code SNIPER

3.2 General GPU Acceleration Algorithm
The emergence of GPUs has transformed computing capabilities, rooted in their
parallel architectures that enable simultaneous handling of numerous tasks [35].
GPUs excel at massive Single Instruction Multiple Data (SIMD) processing,
making them ideal for repetitive, parallelizable tasks. Additionally, GPUs fea-
ture high-bandwidth memory hierarchies crucial for data-intensive computations
[36,37]. In CPUs, chip cache and control logic occupy relatively large areas,
limiting core count. Conversely, GPUs contain many more streaming multipro-
cessors (SMs). In the CUDA programming model, coarse-grained parallelism is
used for task-level macro-operations among SMs, while fine-grained parallelism
handles specific data operations within a single SM, delivering high parallel per-
formance [38]. In summary, CPUs with complex control logic and large caches
reduce latency and are suitable for general-purpose computing, especially com-
plex logical operations. GPUs, benefiting from massive thread counts, are ap-
plied to large-scale parallel tasks with high computational density and simple
logical branches.

For realistic problems, solving the DFEM-SN equation (8) represents a massive
computational burden requiring over 1013 degrees of freedom [1,4]. GPUs pro-
vide a new approach for solving Eq. (8), primarily for accelerating large-scale
computations. Flowcharts of GPU acceleration for unstructured grid neutron
transport are shown in [Figure 3: see original paper] and [Figure 4: see orig-
inal paper]. [Figure 3: see original paper] illustrates the Gauss-Seidel parallel
strategy in the MPI and CUDA programming model. To prevent iteration
degradation, pipeline SN sweeping is utilized, requiring frequent CPU-GPU
communication. The GPU acceleration algorithm for the block Jacobi parallel
strategy is shown in [Figure 4: see original paper], where updated information
is uniformly communicated after sweeping over all unknowns.

[Figure 3: see original paper] Flowchart of GPU acceleration algorithm in Gauss-
Seidel parallel strategy
[Figure 4: see original paper] Flowchart of GPU acceleration algorithm in block
Jacobi parallel strategy

Four kernel functions are employed on the GPU: scattering source update, inflow
term calculation, cell calculation, and fission source term update. The scattering
source and fission source updates in Eq. (4) are suitable for parallel computation
and easy to implement on GPUs. The inflow term calculation in Eq. (9) uses
neighbor angular flux and requires branch operations including CPU ownership
judgment and reflective boundary handling. For DFEM with iso-parametric
elements [39], neighbor side ownership must also be determined. Such extensive
branching reduces GPU efficiency. [Figure 5: see original paper] shows the
number of calculable elements at each sweeping step using the block Jacobi
parallel strategy in a typical PWR neutronics benchmark. The GPU thread
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count for kernels 2 and 3 is determined by the number of calculable elements,
with a maximum of 914 and minimum of only 4. The number of thread blocks
changes dramatically across sweeping steps, meaning GPU computing capability
is not fully utilized. Wavefront dependence in the sweeping sequence limits
parallelism and represents the bottleneck of GPU acceleration [1,18].

[Figure 5: see original paper] The number of calculable elements in each sweep-
ing step

3.3 GPU Acceleration Algorithm in Large-Scale Linear Sys-
tem Form
To fully utilize GPU computing capability, a new GPU acceleration algorithm
is necessary. When solving Eq. (8) in pipeline sweeping mode, insufficient GPU
resource utilization is a fundamental problem. Moreover, for small-scale matrix
computations, GPU advantages over CPU are not obvious [35-37,40]. Therefore,
a new GPU acceleration algorithm is designed in large-scale linear system form.

The DFEM-SN equation (8) can be expressed in both linear system and sweep-
ing forms, briefly illustrated in [Figure 6: see original paper]. Equation (8)
for all elements in the entire domain is unified into a large-scale linear system
Ax = Q, where x1 represents variables of the first grid, and so on. Note that
points in x are not single variables but sets of all unknowns for a grid. Based on
DAG, the first and second grids can be calculated first. Due to grid dependen-
cies, the third and fourth grids are calculated sequentially. The sweeping form
can be understood as a physical method for solving the large-scale linear sys-
tem, theoretically an optimization approach with clear physical meaning. The
linear system is sparse and can be solved by Krylov subspace methods such as
the Generalized Minimal Residual (GMRES) algorithm [41,42]. While GMRES
loses physical meaning and is not superior to sweeping under CPU architecture,
it conceals element dependencies in the sweeping sequence, enabling full utiliza-
tion of massive GPU threads and offering a potential solution for Eq. (8) on
GPU architecture.

Based on this analysis, a new GPU acceleration algorithm is proposed in [Figure
7: see original paper]. The entire calculation subdomain for each discretized
angle is uniformly written into a sparse linear system. Boundary inflow terms
from other CPUs are set as known variables and added to the RHS of the
linear system, uniformly updated and transmitted to the GPU after each outer
iteration. Consequently, only the block Jacobi parallel strategy can be adopted
in this new GPU acceleration algorithm. The sparse matrix A is assembled on
the CPU in Compressed Sparse Row (CSR) format and transferred to GPUs
during preparation. Traditional GMRES increases subspace dimension and data
storage during computation, which are difficult operations on GPUs. Therefore,
the restarted GMRES algorithm with fixed subspace dimension [42] is utilized
to solve the sparse linear system. Unlike general GPU acceleration algorithms,
calculable element inflow terms and element dependencies are concealed in the
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sparse linear system, and restarted GMRES calculations for all discretized angles
are performed on GPUs during each inner iteration.

[Figure 6: see original paper] Transport calculation in linear system form and
sweeping form
[Figure 7: see original paper] GPU acceleration algorithm in large-scale linear
system form

The restarted GMRES algorithm is listed in Algorithm 3. Three main aspects
limit GPU efficiency: (1) 2-norm calculations (step 2) require global information
reduction implemented via on-chip shared memory, resulting in low GPU utiliza-
tion; (2) step 3(3) checks for restarted GMRES interruption and involves branch
operations inefficient on GPUs; (3) step 5 contains Givens rotation operations
with minimal parallelism, preventing full GPU resource utilization. Despite uti-
lizing more threads, these limitations restrict total GPU utilization in the new
large-scale linear system GPU acceleration algorithm.

Algorithm 3: Restarted GMRES Algorithm for Ax = Q Sparse Linear
System

1. Initialize restart parameter 𝑚, initial guess x0 (flux from last iteration)
2. Calculate r0 = Q − Ax0, 𝛽 = ‖r0‖2, v1 = r0/𝛽
3. For 𝑗 = 1 ∶ 𝑚 { w = Av𝑗 For 𝑖 = 1 ∶ 𝑗 { ℎ𝑖,𝑗 = (w, v𝑖) w = w − ℎ𝑖,𝑗v𝑖 }

End For ℎ𝑗+1,𝑗 = ‖w‖2 v𝑗+1 = w/ℎ𝑗+1,𝑗 If ℎ𝑗+1,𝑗 is small, break to step 4
}

4. Solve least squares problem argmin ‖𝛽e1−𝐻̄𝑗y‖2 by Givens rotation, x𝑚 =
x0 + 𝑉𝑗y

5. Calculate ‖r𝑚‖2 = ‖Q − Ax𝑚‖2. If ‖r𝑚‖2 < tol, solution found; else set
x0 = x𝑚 and return to step 2

3.4 CPU-GPU Concurrent Computing Algorithm
As discussed in Section 3.3, GPU acceleration in large-scale linear system form
enables massive GPU thread utilization, but restarted GMRES for solving linear
systems limits total GPU utilization. Meanwhile, modern HPC architectures
contain many-core CPUs and GPUs, enabling simultaneous execution on both
processors. Inspired by these considerations, a CPU-GPU concurrent computing
algorithm is proposed.

Similar to Section 3.3, the large-scale linear system form of transport calculation
is retained. Non-diagonal block elements in matrix A are rearranged into the
RHS of the linear system. Instead of Krylov subspace methods, a block-Jacobi-
point-iterative-like method is applied to solve the linear system. [Figure 8: see
original paper] illustrates the physical and mathematical meaning. Mathemati-
cally, Ax = Q is transformed to Mx = Q+Nx, where Nx represents the inflow
terms of each element physically. Through point iteration, the exact linear sys-
tem solution is obtained. Physically, all grid inflow terms are placed on the RHS,
using lagged information among grids. Each grid is assigned to a GPU thread
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for computation, making the new linear system particularly suitable for GPU
calculation and yielding significant acceleration. Additionally, as mentioned in
Section 3.2, the inflow term calculation kernel is unsuitable for GPUs. In the
new linear system, this function is isolated as Nx and can be executed on CPU
architecture simultaneously with GPU calculation. The CPU-GPU concurrent
computing algorithm flowchart is shown in [Figure 9: see original paper]. In
this algorithm, scattering source terms are computed on the GPU while inflow
terms are computed on the CPU simultaneously. Based on GPU asynchronous
streaming operations and MPS, angular parallelism is realized. For each angle,
inflow terms are sent from CPU to GPU, the sparse linear system is solved, and
related information is sent from GPU to CPU. Data transmission and compu-
tation are performed simultaneously, improving GPU performance. Compared
with GPU acceleration algorithms in Sections 3.2 and 3.3, the new algorithm
utilizes both CPU and GPU resources. Massive GPU threads are fully utilized
in the new large-scale linear system form, and the sparse linear system is solved
through simple matrix operations without limiting total GPU utilization.

[Figure 8: see original paper] Physical and mathematical meaning of the new
method
[Figure 9: see original paper] Flowchart of CPU-GPU concurrent computing
algorithm

4. Performance and Discussions
Typical PWR neutronics problems including the 2D TWIGL [43] and 2D C5G7
benchmarks [44] are used to evaluate algorithm performance. Six algorithms are
tested: (1) Gauss-Seidel CPU Algorithm 1, (2) block Jacobi CPU Algorithm 2,
(3) Gauss-Seidel GPU acceleration Algorithm 3 ([Figure 3: see original paper]),
(4) block Jacobi GPU acceleration Algorithm 4 ([Figure 4: see original paper]),
(5) linear system form GPU acceleration Algorithm 5 ([Figure 7: see original
paper]), and (6) CPU-GPU concurrent computing Algorithm 6 ([Figure 9: see
original paper]). Unless otherwise specified, first-order DFEM with triangular
mesh discretization is applied, S4 Gauss-Legendre quadrature set is used, and
convergence criteria are set to eigenvalue error < 10−6 and scalar flux error
< 10−5.

The experimental platform consists of a 3.7 GHz Intel CPU (i5-12600KF) and
an NVIDIA RTX-4070 Super GPU (7168 CUDA cores, 2.48 GHz) compiled
under CUDA version 12.6.

4.1 2D TWIGL Benchmark

The geometry of the 2D TWIGL seed-blanket reactor benchmark and its dis-
cretization and domain decomposition are shown in [Figure 10: see original
paper]. The TWIGL benchmark is a 160 cm × 160 cm square geometry with
three different fuel regions using a two-group energy structure. Four vacuum
boundary conditions are applied. Based on maximum grid size limitations, the
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problem is divided into 2,162 to 101,758 grids, with the entire domain distributed
across 16 CPU processors.

[Figure 10: see original paper] The discretization and domain decomposition of
the TWIGL benchmark

Algorithm performance under varying grid numbers is tested, with results shown
in . GPU memory usage and computation time for all six algorithms are listed.
Comparing CPU Algorithms 1 and 2, block Jacobi CPU Algorithm 2 reduces
total computation time by approximately 30% compared to Algorithm 1 for the
TWIGL benchmark. General GPU Algorithms 3 and 4 achieve 4–5× speedup
over CPU algorithms. Algorithm 4 uses less computation time than Algorithm 3
but requires slightly more GPU memory. Algorithm 4 treats boundary angular
flux as calculable during sweeping, requiring more GPU memory than Algo-
rithm 3. Linear system form GPU Algorithm 5 achieves approximately 1.5×
speedup over general GPU Algorithm 4. Although more threads can be utilized
in Algorithm 5, the serial computational process in restarted GMRES limits
total utilization, yielding only modest acceleration over Algorithm 4. shows
that CPU-GPU concurrent computing Algorithm 6 achieves the shortest com-
putation time, delivering 24–60× speedup over CPU Algorithm 2 and 6–11×
speedup over general GPU Algorithm 4. Algorithm 6 stores angular flux, source
terms, and inflow terms, requiring the most GPU memory among all algorithms.
As grid numbers increase from 2,162 to 8,474, Algorithm 6’s speedup increases
from 6× to 11×, but as grids continue increasing, speedup gradually decreases
to approximately 8×.

The performance of algorithms under different discretized grid numbers

4.2 2D C5G7 Benchmark

To further verify the concurrent computing algorithm’s efficiency, the more
complex 2D C5G7 benchmark is tested. The geometry and discretization are
shown in [Figure 11: see original paper]. The C5G7 benchmark is a heteroge-
neous transport problem with control rods published by OECD/NEA [44]. The
62.46 cm × 62.46 cm model is partitioned into 126,244 triangular meshes using
an S8 quadrature set. The reactor core consists of four assemblies (two UO2 and
two MOX) surrounded by moderator. Both UO2 and MOX assemblies follow a
17$×$17 configuration with 264 fuel pins, 2 guide tubes, and 1 fission chamber.
Pin pitch is 1.26 cm × 1.26 cm with a cell radius of 0.54 cm. North and west
boundaries are reflective; south and east boundaries are vacuum. The bench-
mark uses a seven-group energy library with detailed parameters in reference
[44]. Numerical results are shown in . The CPU-GPU concurrent computing
algorithm again achieves the highest speedup: 33× faster than CPU Algorithm
2 and 6.5× faster than general GPU Algorithm 4. Compared with TWIGL re-
sults, the concurrent computing algorithm’s speedup slightly decreases, possibly
due to three factors: (1) Algorithm 6’s thread requirements may exceed phys-
ical GPU threads, exceeding SM processing capacity and causing performance
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degradation; (2) iterative format degradation from using delayed boundary in-
formation increases iteration count; (3) CPU capability for calculating inflow
terms may be insufficient for larger-scale problems, increasing overall computa-
tion time.

[Figure 11: see original paper] The geometry and mesh partition of the 2D C5G7
benchmark
The performance of algorithms in C5G7 benchmark

5. Conclusions
General GPU acceleration algorithms for particle transport with unstructured
grids are limited by wavefront dependence and cannot fully utilize GPU ca-
pability. To address this fundamental problem, the sweeping form of particle
transport calculation is transformed into an equivalent linear system form. How-
ever, Krylov subspace methods like restarted GMRES for solving linear systems
contain sequential and logical branch operations that reduce total GPU utiliza-
tion. To solve these problems and leverage modern many-core CPU and GPU
architectures, this paper proposes a CPU-GPU concurrent computing algorithm.
The new algorithm utilizes more GPU threads, enables simultaneous CPU and
GPU computation, and performs simultaneous data transmission and GPU com-
putation. It achieves significant acceleration in typical neutronics TWIGL and
C5G7 benchmarks, delivering 24–60× speedup over CPU algorithms and 6–11×
speedup over general GPU algorithms.

Future work includes: (1) investigating methods to improve convergence and
further accelerate the concurrent computing algorithm; (2) conducting theoret-
ical convergence analysis; (3) addressing the challenging problem of CPU-GPU
task allocation for large-scale simulations on heterogeneous CPU/GPU super-
computers.
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