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Abstract
We investigate the influence of quark anomalous magnetic moments (AMM) on
the mass spectra of neutral pseudoscalar mesons (𝜋, 𝐾, 𝜂, 𝜂’) under external
magnetic fields, finite temperatures, and quark chemical potentials using the
three-flavor Nambu-Jona-Lasinio (NJL) model. By incorporating AMM at the
quark level, we reveal that AMM significantly alters the magnetic field depen-
dence of constituent quark masses, inducing first-order phase transitions for light
quarks at critical fields, while strange quarks exhibit non-monotonic mass behav-
ior. The inclusion of AMM reshapes the QCD phase diagram, suppressing chiral
transition temperatures and shifting critical endpoints (CEP) toward lower 𝜇
and 𝑇 . Notably, crossover transitions observed without AMM are replaced by
first-order transitions under strong fields, aligning with lattice QCD predictions
for IMC. For mesons, AMM triggers abrupt mass collapses and enhances flavor
mixing, accelerating chiral restoration for 𝐾 and 𝜂 mesons via thresholds tied
to strange quark masses. The 𝜂’ meson, as a resonance state, shows suppressed
mass growth and instability at strong fields, highlighting limitations in handling
non-perturbative decay widths within the NJL framework. These findings un-
derscore AMM critical role in reconciling effective model predictions with LQCD
results, particularly in explaining IMC and phase transition dynamics.
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Abstract
We investigate the influence of quark anomalous magnetic moments (AMM) on
the mass spectra of neutral pseudoscalar mesons (𝜋, K, �, ��) under external
magnetic fields, finite temperatures, and quark chemical potentials using the
three-flavor Nambu–Jona-Lasinio (NJL) model. By incorporating AMM at the
quark level, we reveal that AMM significantly alters the magnetic field depen-
dence of constituent quark masses, inducing first-order phase transitions for light
quarks at critical fields, while strange quarks exhibit non-monotonic mass behav-
ior. The inclusion of AMM reshapes the QCD phase diagram, suppressing chiral
transition temperatures and shifting critical endpoints (CEP) toward lower µ
and T. Notably, crossover transitions observed without AMM are replaced by
first-order transitions under strong fields, aligning with lattice QCD predictions
for IMC. For mesons, AMM triggers abrupt mass collapses and enhances flavor
mixing, accelerating chiral restoration for K and � mesons via thresholds tied
to strange quark masses. The �� meson, as a resonance state, shows suppressed
mass growth and instability at strong fields, highlighting limitations in handling
non-perturbative decay widths within the NJL framework. These findings un-
derscore AMM’s critical role in reconciling effective model predictions with
LQCD results, particularly in explaining IMC and phase transition dynamics.

∗ Corresponding author: fengsq@ctgu.edu.cn

Introduction
Strong magnetic fields play a pivotal role in numerous extreme physical environ-
ments, including ultra-strong magnetic fields (�1023 G) that may have existed
in the early universe [1, 2], the extreme magnetic field environments on the sur-
face (�1015 G) and interior (�1018 G) of magnetars [3, 4], and the instantaneous
strong magnetic fields (�1018 G) generated in relativistic heavy-ion collision ex-
periments such as RHIC and LHC [5–11]. In these scenarios, the non-trivial
effects of magnetic fields on quantum chromodynamics (QCD) matter have gar-
nered widespread attention, particularly their modulation of the phase struc-
ture and dynamical behavior of strongly interacting matter. The presence of
strong magnetic fields has led to the emergence of numerous new and observable
physical effects in quark matter, which contribute to a better understanding of
Quantum Chromodynamics (QCD), the fundamental theory of strong interac-
tions. These effects include magnetic catalysis (MC) [12] and inverse magnetic
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catalysis (IMC) [13] related to dynamical chiral symmetry breaking, as well as
related phenomena such as the chiral magnetic effect (CME) and chiral vorticity
effect (CVE) [14–16].

From a theoretical perspective, magnetic fields significantly affect the properties
of the QCD vacuum and matter. The magnetic catalysis (MC) effect indicates
that magnetic fields can enhance chiral symmetry breaking through dimensional
reduction mechanisms, leading to an increase in quark condensation and a rise
in the phase transition temperature [17–21]. However, lattice QCD (LQCD)
simulations at finite temperatures reveal an opposite trend: near the phase
transition region, chiral condensation exhibits non-monotonic behavior with in-
creasing magnetic fields, and the phase transition temperature decreases as the
magnetic field increases [16, 22–24]. This phenomenon is known as inverse
magnetic catalysis (IMC) [25–28]. The microscopic mechanism underlying this
anomalous behavior remains incompletely elucidated, posing a significant chal-
lenge for current theoretical research.

To explain the IMC effect, researchers have proposed various phenomenological
schemes, including introducing a magnetic field-dependent coupling constant
in the NJL model [32], considering the anomalous magnetic moment (AMM)
of quarks [28, 33, 34], or going beyond the mean-field approximation [35]. It
is worth noting that the physical origin of AMM is closely related to chiral
symmetry breaking: studies have shown that AMM can not only be induced by
an external magnetic field [36–38], but its dynamic generation mechanism may
also be intrinsically linked to the magnetic catalytic effect [39–42]. Therefore,
once quarks obtain dynamical mass, they should also obtain a dynamical AMM.

In recent years, the study of magnetic field effects on hadron spectra has
attracted widespread attention. As Goldstone bosons associated with chiral
(isospin) symmetry breaking, the properties of pseudoscalar mesons under finite
temperatures, magnetic fields, and densities have been extensively studied
[43–59]. However, existing research has mostly focused on the two-flavor NJL
model, and the correlation between AMM and the mass spectrum of neutral
pseudoscalar mesons in the three-flavor system has not been systematically
explored, which limits the model’s predictive ability for the phase structure of
multi-flavor quark systems.

Based on the three-flavor NJL model, this article systematically investigates
for the first time the influence of quark AMM on the mass spectra of neutral
pseudoscalar mesons (𝜋, K, �, ��) under the joint regulation of magnetic field,
temperature, and chemical potential. By introducing AMM at the quark level,
we reveal the following key issues: (1) how AMM modifies the dependence of
quark mass on magnetic field, thereby reshaping the QCD phase diagram; (2)
the enhancement effect of AMM-induced flavor symmetry breaking on meson
mixing (such as 𝜋0–�–�� mixing); (3) the correlation mechanism between the
abrupt change behavior of meson mass and chiral symmetry restoration under
strong magnetic fields. This study not only provides a new perspective for
understanding the IMC effect but also verifies the necessity of AMM in effective
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models by comparing with LQCD results.

The structure of the full text is as follows: Section II introduces the theoreti-
cal framework of the three-flavor NJL model with AMM; Section III presents
numerical results for quark masses, phase diagrams, and meson mass spectra,
and analyzes their physical implications; Section IV summarizes the main con-
clusions and makes discussions.

II. Model and Formalism
The SU(3) NJL model with the AMM of quarks is defined via the following
Lagrangian density under an external constant magnetic field:

ℒ𝑁𝐽𝐿 = ∑
𝑓=𝑢,𝑑,𝑠

̄𝜓𝑓(𝑖𝛾𝜇𝐷(𝑓)
𝜇 −𝑚𝑓−1

2𝑒𝑓𝜅𝑓𝜎𝜇𝜈𝐹 𝜇𝜈)𝜓𝑓+𝐺[( ̄𝜓𝜆𝑎𝜓)2+( ̄𝜓𝑖𝛾5𝜆𝑎𝜓)2]−𝐾(det[ ̄𝜓(1+𝛾5)𝜓]+det[ ̄𝜓(1−𝛾5)𝜓]),

where 𝜓 = (𝜓𝑢, 𝜓𝑑, 𝜓𝑠) are Dirac spinors for 𝑢, 𝑑, and 𝑠 quarks, respectively, 𝜆𝑎
with 𝑎 = 1, 2, ..., 8 are Gell-Mann matrices with 𝜆0 = √ 2

3 1, 𝐷(𝑓)
𝜇 = 𝜕𝜇 + 𝑖𝑞𝑓𝐴𝜇

is the covariant derivative with quark charge 𝑞𝑓 = diag( 2
3 𝑒, − 1

3 𝑒, − 1
3 𝑒), 𝐹𝜇𝜈 =

𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 is the electromagnetic field strength, 𝜅𝑓 denotes the AMM of
quarks with flavor 𝑓 , 𝑚𝑓 is the current quark mass, and 𝑓 = 𝑢, 𝑑, 𝑠. Without
loss of generality, we consider the magnetic field along the 𝑧 direction and take
the Landau gauge 𝐴𝜇 = (0, 0, 𝑥𝐵, 0). The last term in Eq. (1) is the six-
fermion Kobayashi-Maskawa-’t Hooft interaction [60–64] that breaks the 𝑈𝐴(1)
symmetry.

Under the mean-field approximation, the thermodynamic potential is given by

Ω𝑀𝐹 = Ω𝑞 + 2𝐺(𝜎2
𝑢 + 𝜎2

𝑑 + 𝜎2
𝑠) − 4𝐾𝜎𝑢𝜎𝑑𝜎𝑠,

where

Ω𝑞 = −3 ∑
𝑓=𝑢,𝑑,𝑠

|𝑞𝑓𝐵|
(2𝜋)2 ∑

𝑛,𝑠
∫

∞

−∞
𝑑𝑝𝑧 {𝐸𝑓𝑛𝑠 + 𝑇 ln [1 + 𝑒−(𝐸𝑓𝑛𝑠+𝜇)/𝑇 ] + 𝑇 ln [1 + 𝑒−(𝐸𝑓𝑛𝑠−𝜇)/𝑇 ]} ,

with 𝐸𝑓𝑛𝑠 = √𝑝2𝑧 + (𝑀𝑛𝑓 − 𝑠𝜅𝑓𝑒𝑓𝐵)2, 𝑀𝑛𝑓 = √𝑀2
𝑓 + 2𝑛|𝑒𝑓𝐵|, and chi-

ral condensates 𝜎𝑓 . The corresponding effective quark masses satisfy
𝑀𝑓 = 𝑚𝑓 −4𝐺𝜎𝑓 +2𝐾 ∏𝑓′≠𝑓 𝜎𝑓′ . By minimizing the thermodynamic potential
𝜕Ω𝑀𝐹 /𝜕𝜎𝑓 = 0, one can obtain the chiral condensates 𝜎𝑓 = ⟨ ̄𝜓𝑓𝜓𝑓⟩ as

⟨ ̄𝜓𝑓𝜓𝑓⟩ = − |𝑒𝑓𝐵|
(2𝜋)2 ∑

𝑛,𝑠
(1−𝑠𝜅𝑓𝑒𝑓𝐵) ∫

∞

−∞
𝑑𝑝𝑧

𝑀𝑛𝑓 − 𝑠𝜅𝑓𝑒𝑓𝐵
𝐸𝑓𝑛𝑠

( 1
𝑒(𝐸𝑓𝑛𝑠−𝜇)/𝑇 + 1 + 1

𝑒(𝐸𝑓𝑛𝑠+𝜇)/𝑇 + 1) ,
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where 𝑠 = +1 for 𝑢 quark and 𝑠 = −1 for 𝑑 and 𝑠 quarks, respectively, at the
lowest Landau level.

To obtain the expression for the meson propagator, it is necessary to intro-
duce the self-consistent Bethe-Salpeter equation (BSE) with the random phase
approximation (RPA) in the NJL model [65–70]. Under the mean-field approxi-
mation, it is necessary to transform the six-fermion interaction into an effective
four-fermion interaction [71]. The corresponding Lagrangian density can be
expressed as:

ℒ𝑁𝐽𝐿 = ∑
𝑓=𝑢,𝑑,𝑠

̄𝜓𝑓(𝑖𝛾𝜇𝐷(𝑓)
𝜇 −𝑚𝑓−1

2𝑒𝑓𝜅𝑓𝜎𝜇𝜈𝐹 𝜇𝜈)𝜓𝑓+∑
𝑎

[𝐾+
𝑎 ( ̄𝜓𝜆𝑎𝜓)2 + 𝐾−

𝑎 ( ̄𝜓𝑖𝛾5𝜆𝑎𝜓)2]+𝐾+
30( ̄𝜓𝜆3𝜓)( ̄𝜓𝜆0𝜓)+𝐾+

80( ̄𝜓𝜆8𝜓)( ̄𝜓𝜆0𝜓)+𝐾+
83( ̄𝜓𝜆8𝜓)( ̄𝜓𝜆3𝜓)+𝐾−

30( ̄𝜓𝑖𝛾5𝜆3𝜓)( ̄𝜓𝑖𝛾5𝜆0𝜓)+𝐾−
80( ̄𝜓𝑖𝛾5𝜆8𝜓)( ̄𝜓𝑖𝛾5𝜆0𝜓)+𝐾−

83( ̄𝜓𝑖𝛾5𝜆8𝜓)( ̄𝜓𝑖𝛾5𝜆3𝜓)+𝐾+
03( ̄𝜓𝜆0𝜓)( ̄𝜓𝜆3𝜓)+𝐾+

08( ̄𝜓𝜆0𝜓)( ̄𝜓𝜆8𝜓)+𝐾+
38( ̄𝜓𝜆3𝜓)( ̄𝜓𝜆8𝜓)+𝐾−

03( ̄𝜓𝑖𝛾5𝜆0𝜓)( ̄𝜓𝑖𝛾5𝜆3𝜓)+𝐾−
08( ̄𝜓𝑖𝛾5𝜆0𝜓)( ̄𝜓𝑖𝛾5𝜆8𝜓)+𝐾−

38( ̄𝜓𝑖𝛾5𝜆3𝜓)( ̄𝜓𝑖𝛾5𝜆8𝜓),

where the effective coupling constants are taken as 𝐾±
0 = 𝐾(𝜎𝑢 + 𝜎𝑑 + 𝜎𝑠),

𝐾±
3 = 𝐾(𝜎𝑢 − 𝜎𝑑), 𝐾±

4 = 𝐾±
6 = 𝐾±

03 = ∓ 1
2 𝐾(𝜎𝑢 − 𝜎𝑑), 𝐾±

8 = 𝐾(𝜎𝑢 + 𝜎𝑑 − 2𝜎𝑠),
𝐾±

30 = 𝐾±
80 = 𝐾±

83 = 𝐾±
08 = ± 1

2 𝐾(𝜎𝑢 + 𝜎𝑑 − 2𝜎𝑠), 𝐾±
38 = ± 1

2 𝐾(𝜎𝑢 − 𝜎𝑑), and
chiral condensates are obtained as 𝜎𝑢 = ⟨ ̄𝜓𝑢𝜓𝑢⟩, 𝜎𝑑 = ⟨ ̄𝜓𝑑𝜓𝑑⟩, 𝜎𝑠 = ⟨ ̄𝜓𝑠𝜓𝑠⟩.
We only consider neutral mesons, whose quark propagator Schwinger phase can
be cancelled. For mesons that do not mix with other mesons, their propagators
can be represented by polarization loops [67] through RPA as:

[Π𝑝𝑠(𝑝)]𝑖𝑗 = −𝑁𝑐 ∫ 𝑑4𝑘

(2𝜋)4 tr[𝛾5(𝑇𝑖)𝑓𝑓′𝑆𝑓(𝑝 + 𝑘)𝛾5(𝑇𝑗)𝑓′𝑓𝑆𝑓′(𝑘)],

where the flavor indices 𝑓 and 𝑓 ′ are explicitly included and the trace corre-
sponds to the spinor trace only, 𝑆𝑓 is the quark propagator of flavor 𝑓 , and the
vertex of non-mixing mesons can be given as

𝑇𝑖 =
⎧{
⎨{⎩

𝜆1 ± 𝑖𝜆2, for 𝜋±

𝜆6 ± 𝑖𝜆7, for 𝐾0, 𝐾̄0

𝜆4 ± 𝑖𝜆5, for 𝐾±

Therefore, the 𝐾0 meson propagator can be given as 1 − 2𝐾+
6 Π𝐾0

𝑝𝑠 (𝑝) and the
mass is determined by solving the equation 1 − 2𝐾+

6 Π𝐾0
𝑝𝑠 (𝑝0, ⃗𝑝 = 0) = 0.

The magnetic field can break isospin symmetry, and the AMM of quarks can
even enhance this breaking effect, leading to the production of mixing states
𝜋0 −𝜂 −𝜂′. For the mixing mesons, the meson propagator [72] can be expressed
as

ℳ = ⎛⎜
⎝

ℳ00 ℳ03 ℳ08
ℳ30 ℳ33 ℳ38
ℳ80 ℳ83 ℳ88

⎞⎟
⎠

= 2𝒦+(1 − 2Π𝑝𝑠𝒦+)−1,
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where 𝒦+ = diag(𝐾+
0 , 𝐾+

3 , 𝐾+
8 ) and

Π𝑝𝑠 = ⎛⎜
⎝

Π00
𝑝𝑠 Π03

𝑝𝑠 Π08
𝑝𝑠

Π30
𝑝𝑠 Π33

𝑝𝑠 Π83
𝑝𝑠

Π80
𝑝𝑠 Π83

𝑝𝑠 Π88
𝑝𝑠

⎞⎟
⎠

.

They satisfy the following equations: 𝐾+
03 = 𝐾+

30, 𝐾+
38 = 𝐾+

83, and 𝐾+
08 = 𝐾+

30.
The polarization loop components are given by:

Π00
𝑝𝑠 = Π𝑢𝑢̄

𝑝𝑠 + Π𝑑 ̄𝑑
𝑝𝑠 + Π𝑠 ̄𝑠

𝑝𝑠,

Π33
𝑝𝑠 = Π𝑢𝑢̄

𝑝𝑠 + Π𝑑 ̄𝑑
𝑝𝑠 ,

Π88
𝑝𝑠 = 1

3(Π𝑢𝑢̄
𝑝𝑠 + Π𝑑 ̄𝑑

𝑝𝑠 + 4Π𝑠 ̄𝑠
𝑝𝑠),

Π03
𝑝𝑠 = Π30

𝑝𝑠 = Π𝑢𝑢̄
𝑝𝑠 − Π𝑑 ̄𝑑

𝑝𝑠 ,

Π08
𝑝𝑠 = Π80

𝑝𝑠 = 1√
3(Π𝑢𝑢̄

𝑝𝑠 + Π𝑑 ̄𝑑
𝑝𝑠 − 2Π𝑠 ̄𝑠

𝑝𝑠),

Π38
𝑝𝑠 = Π83

𝑝𝑠 = 1√
3(Π𝑢𝑢̄

𝑝𝑠 − Π𝑑 ̄𝑑
𝑝𝑠).

The 𝜋0, 𝜂, 𝜂′ meson masses can be determined by solving the equation as
ℳ−1(𝑝0, ⃗𝑝 = 0) = 0. One can simplify the inverse of the meson propagator
matrix ℳ as

ℳ−1 = 2 det 𝒦+ ⎛⎜
⎝

𝐷 𝐴 𝐵
𝐴 𝐸 𝐶
𝐵 𝐶 𝐹

⎞⎟
⎠

,

where

𝐷 = 𝐾+
33𝐾+

88 − (𝐾+
38)2 − 2Π33

𝑝𝑠𝐾+
88 − 2Π88

𝑝𝑠𝐾+
33 + 4Π38

𝑝𝑠𝐾+
38 + 4Π33

𝑝𝑠Π88
𝑝𝑠 − 4(Π38

𝑝𝑠)2,

𝐴 = 𝐾+
03𝐾+

88−𝐾+
08𝐾+

38−2Π08
𝑝𝑠𝐾+

38−2Π38
𝑝𝑠𝐾+

08+2Π03
𝑝𝑠𝐾+

88+2Π88
𝑝𝑠𝐾+

03+4Π08
𝑝𝑠Π38

𝑝𝑠−4Π03
𝑝𝑠Π88

𝑝𝑠,
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𝐵 = 𝐾+
03𝐾+

38−𝐾+
08𝐾+

33−2Π03
𝑝𝑠𝐾+

38−2Π38
𝑝𝑠𝐾+

03+2Π08
𝑝𝑠𝐾+

33+2Π33
𝑝𝑠𝐾+

08+4Π03
𝑝𝑠Π38

𝑝𝑠−4Π08
𝑝𝑠Π33

𝑝𝑠,

𝐸 = 𝐾+
00𝐾+

88 − (𝐾+
08)2 − 2Π00

𝑝𝑠𝐾+
88 − 2Π88

𝑝𝑠𝐾+
00 + 4Π08

𝑝𝑠𝐾+
08 + 4Π00

𝑝𝑠Π88
𝑝𝑠 − 4(Π08

𝑝𝑠)2,

𝐶 = 𝐾+
00𝐾+

38−𝐾+
08𝐾+

03−2Π00
𝑝𝑠𝐾+

38−2Π38
𝑝𝑠𝐾+

00+2Π08
𝑝𝑠𝐾+

03+2Π03
𝑝𝑠𝐾+

08+4Π00
𝑝𝑠Π38

𝑝𝑠−4Π08
𝑝𝑠Π03

𝑝𝑠,

𝐹 = 𝐾+
00𝐾+

33 − (𝐾+
03)2 − 2Π00

𝑝𝑠𝐾+
33 − 2Π33

𝑝𝑠𝐾+
00 + 4Π03

𝑝𝑠𝐾+
03 + 4Π00

𝑝𝑠Π33
𝑝𝑠 − 4(Π03

𝑝𝑠)2.

It is worth emphasizing that we can obtain the meson mass through Eq. (17),
where the three pairs of roots correspond to the masses of 𝜋0, 𝜂, 𝜂′ mesons.
To calculate the polarization loop, we need to use the quark propagator. We
can first solve the Dirac equation corresponding to the first term in Eq. (1).
Then, the quark propagator is obtained by employing the standard canonical
quantization in quantum field theory and the real-time formalism of thermal
field theory. When 𝑛 = 0, the quark propagator of flavor 𝑓 in momentum space
with the real-time formalism can be obtained as [73]

𝑆0
𝑓 (𝑘) = 𝑒−𝑘⟂

2/|𝑒
𝑓𝐵| (𝑘0𝛾0 − 𝑘𝑧𝛾3) + (𝑀𝑓 − 𝑠𝜅𝑓𝑒𝑓𝐵) × (1 + sign(𝑒𝑓)𝑖𝛾1𝛾2)

𝑘2
0 − 𝐸2

𝑓0𝑠 + 𝑖𝜀 −2𝜋𝑖𝑛𝐹 (𝑘0)𝛿(𝑘2
0−𝐸2

𝑓0𝑠),

and when 𝑛 ≥ 1, the quark propagator of flavor 𝑓 in momentum space can be
given as

𝑆𝑓(𝑘) = 𝑒−𝑘⟂
2/|𝑒

𝑓𝐵| (−1)𝑛

(𝑘2
0 − 𝐸2

𝑓𝑛𝑠 + 𝑖𝜀)×{(𝑀𝑛𝑓 + 𝑠𝑀𝑓)[(𝑘0𝛾0 − 𝑘𝑧𝛾3) + (𝑠𝑀𝑛𝑓 − 𝜅𝑓𝑒𝑓𝐵)]

−(𝑀𝑛𝑓 − 𝑠𝑀𝑓)[(𝑘0𝛾0 − 𝑘𝑧𝛾3) − (𝑠𝑀𝑛𝑓 − 𝜅𝑓𝑒𝑓𝐵)](1 − sign(𝑒𝑓)𝑖𝛾1𝛾2)𝐿𝑛−1 ( 2𝑘2
⟂

|𝑒𝑓𝐵|)

−4[(𝑘0𝛾0 − 𝑘𝑧𝛾3)sign(𝑒𝑓)𝑖𝛾1𝛾2 + (𝑠𝑀𝑛𝑓 − 𝜅𝑓𝑒𝑓𝐵)](−𝑘𝑥𝛾1 − 𝑘𝑦𝛾2)𝑠𝐿1
𝑛−1 ( 2𝑘2

⟂
|𝑒𝑓𝐵|)}
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−2𝜋𝑖𝑛𝐹 (𝑘0)𝛿(𝑘2
0 − 𝐸2

𝑓𝑛𝑠),

where 𝐸𝑓𝑛𝑠 represents the energy eigenvalue, 𝐿𝑛 stands for the Laguerre poly-
nomial of order 𝑛, the index 𝑠 = ±1 denotes the spin quantum number, and
𝑠 = +1 for 𝑢 quark, 𝑠 = −1 for 𝑑 and 𝑠 quarks at the lowest Landau level.
𝑛𝐹 (𝑘0) that appears in Eqs. (20) and (21) can be obtained as

𝑛𝐹 (𝑘0) = 𝜃(𝑘0)
𝑒(𝑘0−𝜇)/𝑇 + 1 + 𝜃(−𝑘0)

𝑒−(𝑘0−𝜇)/𝑇 + 1.

For the kaon meson, the polarization loop can be obtained as

Π𝐾0
𝑝𝑠 (𝑝0 = 𝑚𝐾0) = −𝑁𝑐

|𝑒𝑑𝐵||𝑒𝑠𝐵|
(2𝜋)2 ∑

𝑛,𝑠,𝑙

(1 + 𝑠𝑙)
2

𝑀𝑑𝑀𝑠 + 2𝛽𝑛𝑀𝑛𝑑𝑀𝑛𝑠
𝑒(𝐸𝑑𝑛𝑠−𝜇)/𝑇 + 1

1
[(𝑀𝑛𝑑 − 𝑠𝜅𝑑𝑒𝑑𝐵) − 𝑠𝑙(𝑀𝑛𝑠 − 𝑙𝜅𝑠𝑒𝑠𝐵)]2 − 𝑝2

0
×𝐵(𝑚𝑑, 𝑚𝑠),

where

𝐵(𝑚𝑑, 𝑚𝑠) = (𝐸𝑑𝑛𝑠 + 𝑝0)2 − 𝐸𝑠𝑛𝑙
(𝐸𝑠𝑛𝑙 − 𝑝0)2 − 𝐸𝑑𝑛𝑠

𝑒−(𝐸𝑑𝑛𝑠+𝜇)/𝑇 + 1
𝑒−(𝐸𝑠𝑛𝑙+𝜇)/𝑇 + 1 +(𝐸𝑑𝑛𝑠 − 𝑝0)2 − 𝐸𝑠𝑛𝑙

(𝐸𝑠𝑛𝑙 + 𝑝0)2 − 𝐸𝑑𝑛𝑠

𝑒(𝐸𝑑𝑛𝑠−𝜇)/𝑇 + 1
𝑒(𝐸𝑠𝑛𝑙−𝜇)/𝑇 + 1 .

For 𝑢, 𝑑, and 𝑠 quarks, polarization loops are obtained as

Π𝑓 ̄𝑓
𝑝𝑠 (𝑝0 = 𝑚) = −𝑁𝑐

|𝑒𝑓𝐵|
(2𝜋)2 ∑

𝑛,𝑠

𝑀2
𝑛𝑓

𝐸𝑓𝑛𝑠
( 1

𝑒(𝐸𝑓𝑛𝑠−𝜇)/𝑇 + 1 + 1
𝑒(𝐸𝑓𝑛𝑠+𝜇)/𝑇 + 1) 1

𝐸2
𝑓𝑛𝑠 − 𝑝2

0
.

The detailed derivation of polarization loops is given in Appendix A.

III. Results and Analysis
Due to the NJL model being nonrenormalizable, a proper regularization scheme
is needed. We adopt Pauli-Villars regularization [74] in this article. Any func-
tion containing 𝑀𝑓 is replaced by a summation as

𝑓(𝑀𝑓) → 𝑓𝑃𝑉 (𝑀𝑓) =
3

∑
𝑖=0

𝑐𝑖𝑓(𝑀2
𝑓 + 𝑖Λ2),

where 𝑐0 = 1, 𝑐1 = −3, 𝑐2 = 3, 𝑐3 = −1. The parameter set is chosen as
𝑚𝑢,𝑑 = 10.3 MeV, 𝑚𝑠 = 236.9 MeV, Λ = 781.2 MeV, 𝐺Λ2 = 4.90, 𝐾Λ5 = 129.8
[75]. We have considered one set of constant values of AMM with 𝜅𝑢 = 0.123,
𝜅𝑑 = 0.555, 𝜅𝑠 = 0.329.
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[Figure 1: see original paper] The dependence of dynamical quark mass (𝑀) on
magnetic field (𝑒𝐵) with and without values of AMM at zero temperature. (a)
and (b) are for 𝑑 quark and 𝑠 quark, respectively.

Figure 1 illustrates the dependence of the dynamical quark masses of 𝑑 quarks
and 𝑠 quarks on the magnetic field at temperature 𝑇 = 0. The study found
that, without considering the anomalous magnetic moment (AMM), the masses
of both 𝑑 quarks and 𝑠 quarks increase with the enhancement of the magnetic
field. However, when the AMM is taken into account, a novel phenomenon
is observed, where the quark masses exhibit non-monotonic behavior with in-
creasing magnetic field strength. For 𝑑 quarks, their mass increases with the
enhancement of the magnetic field, but when the magnetic field strength reaches
𝑒𝐵 = 0.04 GeV2, their mass begins to decrease with the increase of the magnetic
field, which also shows the inverse magnetic catalysis (IMC) feature. When the
magnetic field strength increases to 𝑒𝐵 = 0.33 GeV2, the dynamical mass of
𝑑 quarks drops sharply, directly to its current quark mass, indicating a first-
order phase transition in the mass of light quarks. For 𝑠 quark, its dynamical
mass also exhibits non-monotonic behavior with the enhancement of the mag-
netic field, starting to decrease when the magnetic field strength increases to
𝑒𝐵 = 0.06 GeV2. Within the entire range of magnetic fields considered, no
first-order phase transition occurs for 𝑠 quarks.

[Figure 2: see original paper] The critical temperatures (𝑇𝑐) for chiral phase
transition as a function of the magnetic field for different chemical potentials
without, on panel (a) and with quark AMM, on panel (b), respectively. The
solid lines correspond to chiral first-order transition, the full dots correspond to
CEP, and the other lines correspond to chiral crossover phase transition.

The critical temperature of chiral phase transition is determined by the peak
value of the derivative of chiral condensate with respect to temperature. As
can be seen from Fig. 2(a), when the AMM is not considered, the phase transi-
tion temperature increases with the increase of magnetic field, exhibiting mag-
netic catalysis for different chemical potentials. However, the situation becomes
completely different when the AMM is introduced. As shown in Fig. 2(b), it
can be observed that the magnetic field has an inhibitory effect on the phase
transition temperature 𝑇𝑐, exhibiting inverse magnetic catalysis characteristics.
Furthermore, we have also discovered that for different chemical potentials in
the (𝑇𝑐 −𝑒𝐵) phase diagram, there exist critical endpoints (CEP) of phase tran-
sition. The critical endpoint (CEP) in the phase transition refers to the point
where the first-order phase boundary and the crossover phase boundary inter-
sect on the quantum chromodynamics (QCD) phase diagram. This point marks
the transition of the phase transition nature, from a first-order phase transition
(discontinuous physical quantities) to a crossover phase transition (continuous
physical quantity changes but with a critical point). The study found that on
the temperature-magnetic field (𝑇𝑐 − 𝑒𝐵) plane, as the magnetic field increases,
the order of phase transition changes from a crossover phase transition to a
first-order phase transition, and the critical endpoint (CEP) on the (𝑇𝑐 − 𝑒𝐵)
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plane is shown in Fig. 2(b). We also discussed the influence of AMM on the
(𝑇𝑐 −𝑒𝐵) phase diagram and found that introducing AMM leads to a decrease in
the phase transition temperature 𝑇𝑐, but an increase in the critical temperature
of the CEP.

Our analysis indicates that, except in the weak magnetic field region (𝑒𝐵 < 0.05
GeV2 at 𝜇 = 0 MeV and 𝑒𝐵 < 0.08 GeV2 at 𝜇 = 150 MeV), the critical
temperature of the chiral phase transition (whether it is a crossover or first-
order transition) decreases with increasing magnetic field strength, indicating
the phenomenon of inverse magnetic catalysis (IMC). Notably, the chiral phase
transition exhibits crossover behavior in weak magnetic fields, regardless of zero
or finite chemical potential, but evolves into a first-order transition in strong
magnetic fields. For 𝜇 = 0 MeV, the CEP is located at 𝑒𝐵 = 0.09 GeV2,
𝑇 = 175.1 MeV, while for 𝜇 = 150 MeV, the CEP point moves to 𝑒𝐵 = 0.09
GeV2, 𝑇 = 151.2 MeV.

[Figure 3: see original paper] The critical temperatures (𝑇𝑐) for chiral phase
transition as a function of chemical potential for different magnetic fields. Panel
(a) is for without considering quark AMM, and panel (b) is for considering quark
AMM. The solid lines correspond to chiral first-order transition, the full dots
correspond to CEP, and the other lines correspond to chiral crossover phase
transition.

Fig. 3 illustrates the (𝑇𝑐−𝜇) phase diagram with different magnetic fields (𝑒𝐵 =
0.15 GeV2 and 0.25 GeV2) without (a) and with (b) the quark AMM. Solid and
dashed lines represent first-order and crossover phase transitions, respectively,
with critical endpoints (CEPs) clearly marked. Fig. 3(b) shows that with the
introduction of quark AMM, the (𝑇𝑐 − 𝜇) phase diagram clearly exhibits first-
order phase transition for the magnetic fields of 𝑒𝐵 = 0.15 GeV2 and 0.25
GeV2, respectively. This is in stark contrast to the case as shown in Fig. 3(a)
where AMM is excluded, where the crossover phase transitions exist in the high
temperature and low chemical potential region, and the first-order transitions
exist in the low temperature and high chemical potential region. The critical
endpoints without AMM are located at 𝜇𝐶𝐸𝑃 ≈ 291.2 MeV, 𝑇𝐶𝐸𝑃 = 42.6 MeV
for 𝑒𝐵 = 0.15 GeV2, and at 𝜇𝐶𝐸𝑃 ≈ 263.3 MeV, 𝑇𝐶𝐸𝑃 = 74.1 MeV for 𝑒𝐵 = 0.25
GeV2. Without considering AMM, the phase diagram aligns with conventional
NJL predictions: magnetic fields strengthen chiral symmetry breaking (MC),
and the crossover-to-first-order transition reflects competition between thermal
and density effects. The CEP existence highlights the interplay of 𝑇 and 𝜇 in
driving chiral restoration.

As shown in Fig. 3(b) by considering AMM, it is found that AMM suppresses
chiral symmetry breaking, reducing 𝑇𝑐 and destabilizing the crossover regime.
Quark masses exhibit abrupt drops (shown in Fig.1) due to AMM-magnetic
field coupling, favoring first-order transitions. The 𝑢−𝑑 quark mass asymmetry
amplifies under AMM, reshaping the phase boundaries. We firstly demonstrate
in the SU(3) NJL model that AMM eliminates crossover transitions, universal-
izing first-order chiral transitions under magnetic fields. It is found that AMM
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couples to magnetic fields to suppress 𝑇𝑐, resolving discrepancies between NJL
predictions and LQCD results [16, 22–27, 73].

[Figure 4: see original paper] The magnetic field dependence of neutral pseu-
doscalar meson masses (𝜋, 𝐾, 𝜂, 𝜂′) at zero temperature, comparing cases with
and without the inclusion of quark anomalous magnetic moments (AMM). Pan-
els (a), (b), (c) and (d) are for 𝜋, 𝐾, 𝜂 and 𝜂′, respectively.

Fig. 4 illustrates the magnetic field dependence of neutral pseudoscalar meson
masses (𝜋, 𝐾, 𝜂, 𝜂′) at zero temperature, comparing cases with and without the
inclusion of quark anomalous magnetic moments (AMM). As shown in Fig. 4(a),
it is found that the 𝜋 meson mass decreases slightly with increasing magnetic
field (𝑒𝐵), reflecting mild suppression due to magnetic catalysis (MC) without
AMM. But the 𝜋 mass drops sharply and collapses to zero at a critical mag-
netic field 𝑒𝐵𝑐 ≈ 0.1 GeV2, signaling a first-order phase transition with AMM.
It is manifested that the 𝜋 meson, composed of light (𝑢/𝑑) quarks, is highly
sensitive to AMM. The abrupt mass collapse indicates that AMM destabilizes
chiral symmetry breaking, directly linking 𝜋 stability to non-perturbative quark
dynamics under strong magnetic fields.

As shown in Fig. 4(b), it is found that the 𝐾 meson mass decreases gradually but
remains finite across the studied 𝑒𝐵 range without considering AMM. But the
𝐾 mass declines more steeply and vanishes at 𝑒𝐵𝑐 ≈ 0.33 GeV2 with AMM, i.e.,
the critical magnetic field of the 𝐾 meson similarly occurs in the vicinity of the
quarks’first-order phase transitions at 𝑒𝐵𝑐 ≈ 0.33 GeV2. It is manifested that
the 𝐾 meson’s 𝑠-quark component reduces its sensitivity to AMM compared
to 𝜋. However, AMM enhances the coupling between light (𝑢/𝑑) and strange
quarks, accelerating chiral symmetry restoration for 𝐾 at higher 𝑒𝐵.

The 𝜂 mass decreases slowly, maintaining a smooth trend without AMM as
shown in Fig. 4(c). But a rapid mass reduction occurs with AMM, culminating
in a sharp drop to zero at 𝑒𝐵𝑐 ≈ 0.33 GeV2, similar to the 𝐾 meson. It is
manifested that the 𝜂 meson’s mixed flavor structure (𝜂0 and 𝜂8 states) makes its
mass sensitive to both light and strange quark dynamics. AMM-induced isospin
symmetry breaking amplifies 𝜂 coupling to the magnetic field, leading to faster
chiral restoration. As shown in Fig. 4(d), the 𝜂′ mass increases monotonically
with 𝑒𝐵 but becomes undefined above 𝑒𝐵𝑐 ≈ 0.33 GeV2 due to divergences in
polarization loops without AMM. Even with the introduction of AMM, the 𝜂′

mass still increases, but the magnitude is suppressed, and the solution is lost at
a lower 𝑒𝐵𝑐 ≈ 0.27 GeV2. The 𝜂′ meson, regarded as a resonance state in the
NJL model, exhibits strong sensitivity to the 𝜂′ decay width. AMM exacerbates
the limitations of the model by enhancing non-perturbative decay effects, thus
restricting its physical solutions in strong fields.

In the critical magnetic field 𝑒𝐵, AMM can trigger a sudden mass collapse
(for example, 𝜋, 𝐾, 𝜂), which does not occur in the smooth trend without
AMM. AMM lowers the threshold 𝑒𝐵𝑐 for phase transitions (for example, 𝜋:
0.1 GeV2 compared to a higher 𝑒𝐵 without AMM). AMM disrupts the stability
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of mesons by enhancing the non-monotonicity of quark masses, especially for
states dominated by light flavors (𝜋, 𝐾, 𝜂).

[Figure 5: see original paper] 𝐾, 𝜂 and 𝜂′ meson masses as a function of tem-
perature for without and with considering AMM. Panels (a), (b) and (c) are for
𝐾, 𝜂 and 𝜂′, respectively.

Fig. 5 depicts the temperature dependence of neutral pseudoscalar meson
masses (𝐾, 𝜂 and 𝜂′) under a constant magnetic field (𝑒𝐵𝑐 = 0.25 GeV2), com-
paring scenarios with and without AMM. As shown in Fig. 5(a), the 𝐾 meson
mass increases slightly with temperature until reaching the Mott temperature
(𝑇mott ≈ 149 MeV), where it undergoes a discontinuous jump without consider-
ing AMM. This marks the transition from a bound state to a resonance state.
Beyond 𝑇mott, the mass first decreases slightly, then rises again at 𝑇 ∼ 190 MeV.
But when considering AMM, the 𝐾 mass decreases slightly with temperature at
low 𝑇 (<102 MeV), contrasting the AMM-free case. A sharp mass jump occurs
at the first-order phase transition temperature of light quarks (𝑢/𝑑), followed
by a gradual increase until 𝑇 ∼ 216 MeV, after which the mass declines. The
AMM destabilizes the 𝐾 meson by coupling light quark dynamics to the mag-
netic field. The first-order quark mass drop directly triggers the 𝐾 mass jump,
replacing the smooth Mott transition seen without AMM.

As shown in Fig. 5(b), it is found that the 𝜂 mass decreases slowly with 𝑇
until 𝑇mott ≈ 198 MeV, where a mass jump occurs without considering AMM.
Then the mass continues to decline before rising again at 𝑇 ∼ 284 MeV. But
when considering AMM, the 𝜂 mass drops abruptly at the light quark first-
order transition temperature, followed by a gradual decrease. At 𝑇 ∼ 247 MeV,
the mass begins to rise. At high 𝑇 , the 𝜂 mass is systematically lower than
in the AMM-free case. The 𝜂 meson’s mixed flavor composition (combining
light and strange quarks) makes it sensitive to both 𝑢/𝑑-quark phase transitions
and AMM-enhanced magnetic effects. AMM shifts the mass jump to lower 𝑇 ,
reflecting stronger chiral symmetry restoration.

As shown in Fig. 5(c), it is found that the 𝜂′ mass decreases monotonically
with 𝑇 until 𝑇 ∼ 235 MeV without considering AMM, after which it begins
to rise. But when considering AMM, the 𝜂′ mass decreases initially, exhibits
a sudden drop (∼ 100 MeV) at the light quark first-order transition (𝑇 ∼ 102
MeV), then rises slightly at 𝑇 > 151 MeV. The overall mass reduction is more
pronounced compared to the AMM-free case. Similarly, as a resonance state in
the NJL model, the 𝜂′ is highly sensitive to its resonance state decay widths.
AMM amplifies non-perturbative effects, destabilizing the 𝜂′ through enhanced
decay widths and coupling to light quark phase transitions.

[Figure 6: see original paper] The dependence of the masses of neutral pseu-
doscalar mesons (𝐾, 𝜂 and 𝜂′) on the quark chemical potential (𝜇) under a
fixed temperature (𝑇 = 75 MeV) and magnetic field (𝑒𝐵𝑐 = 0.25 GeV2). Panels
(a), (b) and (c) are for 𝐾, 𝜂 and 𝜂′, respectively.

Fig. 6 illustrates the dependence of the masses of neutral pseudoscalar mesons
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(𝐾, 𝜂 and 𝜂′) on the quark chemical potential (𝜇) under a fixed temperature
(𝑇 = 75 MeV) and magnetic field (𝑒𝐵𝑐 = 0.25 GeV2), comparing scenarios with
and without the inclusion of quark anomalous magnetic moments (AMM). As
shown in Fig. 6(a), it is found that the 𝐾-meson mass increases continuously
with 𝜇, exhibiting a steep rise near the critical endpoint (CEP) at 𝜇𝐶𝐸𝑃 ≈ 262.8
MeV without considering AMM. A Mott transition (discontinuous jump) occurs
at 𝜇 > 𝜇𝐶𝐸𝑃 , marking the transition from a bound state to a resonance state.
But when considering AMM, the 𝐾-meson undergoes an abrupt Mott transi-
tion directly at 𝜇𝐶𝐸𝑃 (AMM) ≈ 124.9 MeV, reflecting a first-order chiral phase
transition induced by AMM. This shift highlights how AMM destabilizes the
𝐾-meson by coupling light quark dynamics to the magnetic field, accelerating
chiral symmetry restoration.

As shown in Fig. 6(b), it is found that the 𝜂-meson mass decreases smoothly
with 𝜇, interrupted by a mass jump at 𝜇𝐶𝐸𝑃 without considering AMM. But
when considering AMM, the mass jump shifts to 𝜇𝐶𝐸𝑃 (AMM), followed by a
continued decline. The mixed flavor composition of 𝜂 (combining light and
strange quarks) makes it sensitive to both 𝑢/𝑑-quark phase transitions and
AMM-enhanced magnetic effects. AMM amplifies isospin symmetry breaking,
accelerating mass reduction. As shown in Fig. 6(c), it is found that the 𝜂′-
meson mass decreases monotonically with 𝜇, with the steepest decline aligning
with 𝜇𝐶𝐸𝑃 without considering AMM. But when considering AMM, a sudden
mass drop occurs at 𝜇𝐶𝐸𝑃 (AMM), followed by a gradual decline. Similarly, as
a resonance state, 𝜂′ is highly sensitive to its decay widths. AMM amplifies
non-perturbative effects, destabilizing 𝜂′ through enhanced decay widths and
coupling to light quark phase transitions.

The shift from smooth crossovers to first-order transitions under AMM demon-
strates how quark-level magnetic interactions reshape the QCD phase diagram.
This provides insights into the competition between thermal, density, and mag-
netic effects in chiral symmetry restoration. By reproducing features like inverse
magnetic catalysis (IMC) and aligning with lattice QCD trends, the inclusion
of AMM improves the predictive power of effective models like NJL. It bridges
gaps between theory and experiments, guiding future refinements for charged
and vector meson studies.

IV. Summary and Conclusions
In this study, we systematically investigated the effects of quark anomalous mag-
netic moments (AMM) on the mass spectra of neutral pseudoscalar mesons (𝜋,
𝐾, 𝜂, 𝜂′) under external magnetic fields, finite temperatures, and quark chemical
potentials within the framework of the three-flavor Nambu–Jona-Lasinio (NJL)
model. By incorporating AMM at the quark level, we explored the interplay
between magnetic catalysis (MC), inverse magnetic catalysis (IMC), and chi-
ral symmetry restoration, addressing discrepancies between conventional NJL
predictions and lattice QCD (LQCD) results.
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Key findings from our analysis include: (1) Quark Mass Dynamics: The inclu-
sion of AMM significantly alters the magnetic field dependence of constituent
quark masses. For light quarks (𝑢/𝑑), a first-order phase transition emerges
at critical magnetic fields (𝑒𝐵𝑐 ≈ 0.10 GeV2), where their dynamical masses
collapse to current quark masses. In contrast, the strange quark exhibits non-
monotonic mass behavior but avoids abrupt transitions. These results highlight
the critical role of AMM in destabilizing chiral condensates and driving IMC.
(2) Phase Diagram Modifications: The introduction of AMM reshapes the
QCD phase structure. At finite chemical potential (𝜇), AMM suppresses the
chiral phase transition temperature (𝑇𝑐) and shifts critical endpoints (CEP) to-
ward lower 𝜇 and 𝑇 . Notably, crossover transitions observed in the absence of
AMM are replaced by first-order transitions under strong magnetic fields, align-
ing more closely with LQCD findings on IMC. (3) Meson Mass Behavior:
The 𝜋 mass collapses abruptly at 𝑒𝐵𝑐 ≈ 0.10 GeV2 with AMM, signaling a
direct link between light quark dynamics and chiral symmetry restoration. 𝐾
and 𝜂 mesons both exhibit mass reductions and sharp transitions at higher 𝑒𝐵
(∼ 0.33 GeV2), governed by thresholds tied to strange quark mass (2𝑚𝑠). AMM
enhances flavor mixing and accelerates chiral restoration. The 𝜂′ meson, as a
resonance state, shows suppressed mass growth under AMM and loses stability
at strong fields (𝑒𝐵 ≥ 0.27 GeV2), reflecting limitations of the NJL framework
in handling non-perturbative decay widths. (4) Temperature and Chemical
Potential Dependence: At finite 𝑇 and 𝜇, AMM induces discontinuous mass
jumps in mesons (e.g., 𝐾, 𝜂) at first-order phase transitions, replacing smooth
Mott transitions. These jumps correlate with abrupt drops in light quark masses,
emphasizing the role of AMM in mediating magnetic-thermal-density couplings.

Our results demonstrate that AMM plays a pivotal role in reconciling NJL model
predictions with LQCD observations, particularly in reproducing IMC and non-
monotonic phase boundaries. However, challenges remain in fully capturing
the 𝜂′ meson behavior, underscoring the need to incorporate decay widths and
beyond-RPA corrections. Future work will extend this framework to charged
and vector mesons, which are crucial for understanding electromagnetic probes
in heavy-ion collisions and magnetar environments. Additionally, refining the
interplay between AMM and the 𝑈𝐴(1) anomaly could further elucidate the
chiral and axial restoration mechanisms in magnetized QCD matter.
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Appendix A: The Calculation of Polarization Loops
In this appendix, we derive the main part of the polarization function containing
the quark AMM at finite temperature. We start with the following expression
using kaon meson as an example:
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Π𝐾0
𝑝𝑠 (𝑝) = −𝑁𝑐 ∫ 𝑑4𝑘

(2𝜋)4 Tr{𝛾5𝑆𝑑(𝑞 = 𝑝 + 𝑘)𝛾5𝑆𝑠(𝑘)}.

Substituting Eq. (21) into Eq. (A1) and performing the trace operation on the
gamma matrix, we obtain:

Π𝐾0
𝑝𝑠 (𝑝) = −𝑁𝑐 ∫ 𝑑4𝑘

(2𝜋)4
2𝑒−𝑘⟂

2/|𝑒
𝑑𝐵|𝑒−𝑞⟂

2/|𝑒
𝑠𝐵|

(𝑞2
0 − 𝐸2

𝑑𝑛𝑠 + 𝑖𝜀)(𝑘2
0 − 𝐸2

𝑠𝑛𝑙 + 𝑖𝜀)×Tr {𝛾5 [(−1)𝑛(𝑀𝑛𝑑 + 𝑠𝑀𝑑)(𝑀𝑚𝑠 + 𝑙𝑀𝑠)𝐿𝑛 ( 2𝑞2
⟂

|𝑒𝑑𝐵|)

×[(−𝑞0𝑘0 + 𝑞𝑧𝑘𝑧) + (𝑠𝑀𝑛𝑑 − 𝜅𝑑𝑒𝑑𝐵)(𝑙𝑀𝑚𝑠 − 𝜅𝑠𝑒𝑠𝐵)] + ⋯]}−2𝜋𝑖𝑛𝐹 (𝑞0)𝛿(𝑞2
0−𝐸2

𝑑𝑛𝑠)−2𝜋𝑖𝑛𝐹 (𝑘0)𝛿(𝑘2
0−𝐸2

𝑠𝑛𝑙).

Now considering ⃗𝑝 = 0, and using the orthogonality relation of the Laguerre
function:

∫
∞

0
𝑑𝑥𝑒−𝑥𝑥𝛼𝐿𝛼

𝑛(𝑥)𝐿𝛼
𝑚(𝑥) = Γ(𝛼 + 𝑛 + 1)

𝑛! 𝛿𝑛𝑚, Re 𝛼 > 0,

we arrive at:

Π𝐾0
𝑝𝑠 (𝑝) = −𝑁𝑐

|𝑒𝑑𝐵||𝑒𝑠𝐵|
(2𝜋)4 ∑

𝑛,𝑠,𝑙
∫ 𝑑𝑘0𝑑𝑘𝑧

(1 + 𝑠𝑙)
2 ×[(−𝑞0𝑘0+𝑘𝑧𝑘𝑧)+(𝑠𝑀𝑛𝑑−𝜅𝑑𝑒𝑑𝐵)(𝑙𝑀𝑛𝑠−𝜅𝑠𝑒𝑠𝐵)]

×[(𝑀𝑛𝑑+𝑠𝑀𝑑)(𝑀𝑛𝑠+𝑙𝑀𝑠)+(𝑀𝑛𝑑−𝑠𝑀𝑑)(𝑀𝑛𝑠−𝑙𝑀𝑠)+4𝑙𝑠𝛽𝑛]× 1
𝑞2

0 − 𝐸2
𝑑𝑛𝑠 + 𝑖𝜀

1
𝑘2

0 − 𝐸2
𝑠𝑛𝑙 + 𝑖𝜀−2𝜋𝑖𝑛𝐹 (𝑞0)𝛿(𝑞2

0−𝐸2
𝑑𝑛𝑠)−2𝜋𝑖𝑛𝐹 (𝑘0)𝛿(𝑘2

0−𝐸2
𝑠𝑛𝑙).

Performing the 𝑑𝑘0 integral of Eq.(A4), we get:

Π𝐾0
𝑝𝑠 (𝑝0 = 𝑚𝐾0) = −𝑁𝑐

|𝑒𝑑𝐵||𝑒𝑠𝐵|
(2𝜋)2 ∑

𝑛,𝑠,𝑙

(1 + 𝑠𝑙)
2

𝑀𝑑𝑀𝑠 + 2𝛽𝑛𝑀𝑛𝑑𝑀𝑛𝑠
𝑒(𝐸𝑑𝑛𝑠−𝜇)/𝑇 + 1

1
[(𝑀𝑛𝑑 − 𝑠𝜅𝑑𝑒𝑑𝐵) − 𝑠𝑙(𝑀𝑛𝑠 − 𝑙𝜅𝑠𝑒𝑠𝐵)]2 − 𝑝2

0
×𝐵(𝑚𝑑, 𝑚𝑠),

where

𝐵(𝑚𝑑, 𝑚𝑠) = (𝐸𝑑𝑛𝑠 + 𝑝0)2 − 𝐸𝑠𝑛𝑙
(𝐸𝑠𝑛𝑙 − 𝑝0)2 − 𝐸𝑑𝑛𝑠

𝑒−(𝐸𝑑𝑛𝑠+𝜇)/𝑇 + 1
𝑒−(𝐸𝑠𝑛𝑙+𝜇)/𝑇 + 1 +(𝐸𝑑𝑛𝑠 − 𝑝0)2 − 𝐸𝑠𝑛𝑙

(𝐸𝑠𝑛𝑙 + 𝑝0)2 − 𝐸𝑑𝑛𝑠

𝑒(𝐸𝑑𝑛𝑠−𝜇)/𝑇 + 1
𝑒(𝐸𝑠𝑛𝑙−𝜇)/𝑇 + 1 .

For 𝑢, 𝑑 and 𝑠 quarks, polarization loops are obtained as:
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Π𝑓 ̄𝑓
𝑝𝑠 (𝑝0 = 𝑚) = −𝑁𝑐

|𝑒𝑓𝐵|
(2𝜋)2 ∑

𝑛,𝑠

𝑀2
𝑛𝑓

𝐸𝑓𝑛𝑠
( 1

𝑒(𝐸𝑓𝑛𝑠−𝜇)/𝑇 + 1 + 1
𝑒(𝐸𝑓𝑛𝑠+𝜇)/𝑇 + 1) 1

𝐸2
𝑓𝑛𝑠 − 𝑝2

0
.

The detailed derivation of polarization loops is given in Appendix A.
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