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Abstract

This study introduces a novel real-time betatron tune measurement algorithm,
utilizing Schottky signals and an FPGA-based backend architecture, specifically
designed for rapidly ramping synchrotrons, with particular application to the
Shanghai Advanced Proton Therapy (SAPT) facility. The developed algorithm
demonstrates improved measurement accuracy under challenging operational
conditions, especially in scenarios with limited sampling time and signal-to-noise
ratios (SNR) as low as (-20) dB. By applying Short-Time Fourier Transform
(STFT) analysis, the algorithm effectively accommodates the rapid increase in
revolution frequency from 4 MHz to 7.5 MHz over 0.35 seconds, along with
tune shifts. A macro-particle simulation methodology is employed to gener-
ate Schottky signals, which are then combined with real noise collected from
an analog-to-digital converter (ADC) to simulate practical conditions. The
proposed betatron tune measurement algorithm integrates advanced spectral
processing techniques and an enhanced peak detection algorithm specifically
tailored for low SNR conditions. Experimental validation confirms the superior
performance of the proposed algorithm over conventional approaches in terms
of measurement accuracy, stability, and system robustness, while meeting the
stringent operational requirements of proton therapy applications. This innova-
tive approach effectively addresses critical limitations associated with Schottky
diagnostics for betatron tune measurement in rapidly ramping synchrotrons op-
erating under low SNR conditions, laying a robust foundation and providing a
viable solution for advanced applications in proton therapy and related acceler-
ator physics fields.
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This study introduces a novel real-time betatron tune measurement algorithm
utilizing Schottky signals and an FPGA-based backend architecture, specifically
designed for rapidly ramping synchrotrons with particular application to the
Shanghai Advanced Proton Therapy (SAPT) facility. The developed algorithm
demonstrates improved measurement accuracy under challenging operational
conditions, especially in scenarios with limited sampling time and signal-to-noise
ratios (SNR) as low as —20 dB. By applying Short-Time Fourier Transform
(STFT) analysis, the algorithm effectively accommodates the rapid increase in
revolution frequency from 4 MHz to 7.5 MHz over 0.35 seconds, along with
tune shifts. A macro-particle simulation methodology is employed to gener-
ate Schottky signals, which are then combined with real noise collected from
an analog-to-digital converter (ADC) to simulate practical conditions. The
proposed betatron tune measurement algorithm integrates advanced spectral
processing techniques and an enhanced peak detection algorithm specifically
tailored for low SNR conditions. Experimental validation confirms the superior
performance of the proposed algorithm over conventional approaches in terms
of measurement accuracy, stability, and system robustness while meeting the
stringent operational requirements of proton therapy applications. This innova-
tive approach effectively addresses critical limitations associated with Schottky
diagnostics for betatron tune measurement in rapidly ramping synchrotrons op-
erating under low SNR conditions, laying a robust foundation and providing a
viable solution for advanced applications in proton therapy and related acceler-
ator physics fields.

Keywords: Schottky Diagnostics, Betatron Tune Measurement, SAPT

Introduction

To optimize the third-order resonance slow extraction of the SAPT facility [?],
the main ring must be capable of performing betatron tune measurements under
different energy configurations for both bunched and drifting beams. However,
due to the absence of an integrated design for the betatron tune measurement
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system, the current setup can only measure the tune while bunching. Based
on practical experience at the SAPT facility, residual oscillations after injection
are not effectively sustained, making it difficult to obtain a coherent tune signal
from beam position monitor (BPM) data. This process involves using a slow
extraction kicker for excitation, followed by applying a Fast Fourier Transform
(FFT) to signals from the BPM. Additionally, excitation evidently interferes
with the extraction process. This limitation hinders the system from meeting
the demands of further optimization. Therefore, a feasible option at present is to
perform tune measurements by obtaining the incoherent transverse oscillation
signal, specifically using the Schottky signal measurement method.

Since Simon van der Meer suggested the stochastic cooling concept in 1969 [?],
Schottky signal measurements have become a widely used non-invasive tool for
determining beam properties, including momentum spread, betatron tune, syn-
chrotron frequency, and chromaticity. In practice, achieving a high SNR has
consistently proven challenging. The SNR of the measured signal is influenced
by factors such as the longitudinal length of the pick-up, the sensitivity of the
BPM, and the operating frequency of the system. As a result, the design and
manufacturing of the pick-up may be constrained by various factors, compli-
cating efforts to ensure a high SNR. Given these limitations, an alternative
approach is necessary for measuring the betatron tune at the SAPT facility.

This paper outlines the method and procedure for measuring the betatron tune
under conditions of low SNR and fluctuating betatron tune. We incorporate
simulated signals—both with and without coherent components—at varying rev-
olution frequencies and betatron tunes, combined with real-world noise collected
from an analog-to-digital converter (ADC), to evaluate the reliability and gen-
eral applicability of this method. Depending on signal quality and specific re-
quirements, various spectral smoothing techniques can be employed to balance
processing time and precision.

The paper is organized as follows: Section II presents the method for time-
domain Schottky signal simulation, including a comparison between Monte
Carlo-based and beam dynamics-based simulation approaches. Section III in-
troduces a key innovation of this paper: an enhanced peak-detection algorithm
specifically designed for synchrotrons operating under low signal-to-noise ratio
conditions during bunching or beam drifting. The method begins with detailed
data preprocessing procedures, including analog-to-digital converter (ADC) ac-
quisition, Short-Time Fourier Transform (STFT) window length selection, and
coherent signal exclusion. This is followed by spectral processing, which in-
volves signal folding to isolate the fixed frequency region where the transverse
coherent signal is expected—a critical step for improving SNR—and subsequent
smoothing. Advanced signal processing techniques are then integrated to en-
hance robustness, including Exponential Moving Average (EMA) for reference
tune estimation based on historical power spectral densities (PSDs), an online
median filter for shot noise reduction, Kalman filtering for multi-sensor fusion,
and Weighted Linear Combination (WLC) for more accurate and reliable tune
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measurement. These steps collectively enable effective identification of the be-
tatron tune under challenging conditions.

In Section IV, we validate the general applicability of the proposed method
under various operational scenarios. The performance of the proposed algorithm
is evaluated using multiple metrics and compared with that of the conventional
peak-detection algorithm. The results demonstrate that the proposed algorithm
achieves superior performance in terms of accuracy, stability, and robustness
under challenging conditions. Section V discusses the limitations and future
work related to the validation of the proposed algorithm. Finally, concluding
remarks are provided in Section VI.

I1. Macro-Particle Simulation
A. Theoretical Background

1. Longitudinal Signal The time-domain current signal of a single particle i
circulating in the synchrotron as detected by a pickup electrode can be expressed
as [?, 7]

L(t) = gy 8(t —t, — KTy)

In a bunched beam configuration, particles execute synchrotron oscillations.
The signal at the n-th harmonic can be mathematically expressed as [?, 7, ?]:

00
Ii(t) =R ( Z Jp(nwo%i)ej<"‘*’0t+PQsz:t+P'/17‘,))

n,p=—0o0

where: - ¢ is the elementary charge - § is the Dirac delta function - ¢,, is the
arrival time difference between particle ¢ and the synchronous particle - 7, = 1
is the nominal revolution period - 1); is the initial synchrotron phase - J, is the
Bessel function of the first kind of order p

The nominal bunch length of SAPT is about one-quarter of the circumference
of the ring according to the RF voltage. The synchrotron frequency of particle
1 depends solely on the synchrotron oscillation amplitude and follows from the
solution of the pendulum equation [?], yielding:

Q,, = 2K (sm (%)) Q,,

where K([0,1]) — [7/2,00) is the complete elliptic integral of the first kind,
wrr = h-wy is the RF frequency, and €, = g, - w, is the zero-amplitude
synchrotron frequency, where g, represents the synchrotron tune. The initial
synchrotron phase of particle 4, ;, is drawn from a uniform distribution over
the range (—m,m).
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2. Transverse Signal The transverse Schottky signal spectra are derived
from the dipole moment of the beam. For a single particle in a bunched beam
within a proton synchrotron, the transverse dipole Schottky time-domain signal
at the n-th harmonic can be mathematically expressed as [?, 7, 7, ?|:

o0
+q(t) x R ( Z (n7, + ii)eﬂ(niQ)wm+p9s1t+pwi+¢,~))

n,p=—00

where: - &, is the betatron oscillation amplitude - g is the fractional part of the
nominal fractional tune - Ql = Q&D; is the amplitude of the tune oscillations [?],
which may have any sign - £ is the chromaticity - @) is the nominal fractional tune
- p; is the amplitude of momentum oscillation - ¢, is the initial betatron phase
of particle ¢, which is also drawn from a uniform distribution over the range
(—m, ), similar to ¥, - w, = 27 f, is the angular nominal revolution frequency
in radians - 7; is the synchrotron oscillation amplitude of particle i - Q; = 27 f;
is the angular synchrotron frequency of particle 4

B. Beam Dynamics Simulation

A method for constructing Schottky spectra from macro-particle simulations
using the Xsuite code [?, ?] is adopted. Xsuite is a collection of Python pack-
ages designed for simulating beam dynamics in particle accelerators. It includes
packages for generating and manipulating particle ensembles, as well as for
single-particle tracking. By applying typical SAPT parameters, Schottky spec-
tra at the desired energy and harmonic can be computed, as illustrated in Fig.
1 [Figure 1: see original paper]. The spectra obtained from Xsuite exhibit ran-
dom fluctuations in the Schottky signal. Furthermore, the arbitrary sampling
frequencies configured in the continuous xtrack.BeamPositionMonitor record-
ing of transverse beam positions, specifically the z- and y-centroid positions of
particles, more accurately reflect how BPM data is typically acquired in real-
world scenarios. Higher sampling frequencies provide access to transverse beam
oscillations at higher harmonics, which is essential for transverse Schottky diag-
nostics.

Table 1 . Key parameters of the SAPT facility.

Parameter Value
Circumference 24.6 m
Intensity 1 x 10! protons per bunch

Injection Energy 7 MeV

Extraction Energy  70-235 MeV

Tune (Injection) Q,=17,Q,=145
Tune (Extraction) @, =1.68,Q, =1.40
Chromaticities §e = —1.46,¢, =—1.34

€ 27 mm + mrad

€r y
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Parameter Value

Transition Gamma v, = 1.576
RF Voltage 1500 V

ITI. Tune Measurement

This section presents the methodology for measuring the betatron tune. First,
the data from the BPM undergoes spectral processing, as described in Section
III B. Next, an enhanced peak-detection algorithm is applied to obtain accurate
and stable measurement results, as detailed in Section IIT C. The results then
undergo post-processing, discussed in Section III D. Finally, the pseudocode for
the tune measurement procedure is provided in Section IIIT E.

A. Data Preprocessing

1. ADC Acquisition and STFT Window Length Selection A resonant
stripline BPM [?] is currently being developed to detect the Schottky signal from
SAPT. It features a bandwidth of 3 MHz, while its central frequency has yet to
be determined. The detected SAPT signal will first pass through a bandpass
filter to remove frequency components outside the detector’ s bandwidth. The
ADC acquisition will be triggered by a harmonic of the revolution frequency,
which can be obtained by phase-locking an external generator to the RF fre-
quency. This undersampling will cause the Schottky signal spectrum to alias
to a predictable location. This approach eliminates the time dependence of the
betatron frequency, ensuring that the transverse Schottky sideband appears in
a fixed region of the spectrum. This simplifies spectral processing and the tune
measurement procedure.

During operation, the proton kinetic energy increases from 70 MeV to 235 MeV,
corresponding to a rise in the revolution frequency from 4 MHz to 7.5 MHz over
0.35 seconds, as shown in Fig. 2 [Figure 2: see original paper]. The system is
designed to measure the betatron tune across different energy levels and under
both bunched and drifting beam conditions. Additionally, it must be capable of
performing tune measurements during the ramping procedure, which requires
automatic adaptation to revolution frequency variations at a maximum rate
of 10 MHz/s or maintaining a constant revolution frequency. This constraint
directly affects the sampling time, as ADC acquisition is triggered by a fixed
harmonic of the revolution frequency, implying that the sampling frequency re-
mains unchanged during data acquisition. Consequently, prolonged sampling
durations can reduce frequency resolution. If the sampling duration is exces-
sively long, the sideband location will shift, ultimately limiting the precision
and accuracy of the measured tune. In the context of SAPT, a 10 kHz variation
in revolution frequency during the tune measurement procedure is considered
tolerable. Therefore, the window length for the STFT is set to 1 ms.
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2. Coherent Signal Exclusion In practical measurements, interference from
periodic noise or coherent signals may be encountered, which can distort the
desired signal. To mitigate these disturbances, the Root Mean Square (RMS)
fit method is commonly employed. This approach aims to minimize the impact
of noise by fitting a model to the data that best represents the underlying signal
while reducing the effect of random fluctuations.

The RMS fit procedure involves the following steps:

1. Data Preparation: Prepare the data collected from the ADC by ensur-
ing it has the desired length and format for processing.

2. Model Selection: Choose an initial model that approximates the ex-
pected signal. This could be a sine wave, a Gaussian function, or another
appropriate mathematical representation. In the context of this paper, a
sine wave of the form Asin(2wfx + ¢) is selected.

3. RMS Calculation: The RMS value is computed as the square root of
the mean of the squared differences between the model and the measured
data. This step quantifies the goodness of the fit between the model and
the data.

4. Error Minimization: The fitting process aims to minimize the RMS
error by adjusting the parameters of the model (e.g., amplitude, phase,
frequency) until the difference between the model and the measured data
is minimized.

5. Residual Evaluation: After the fitting procedure, the difference between
the fitted model and the measured data is evaluated to ensure that the
noise component has been adequately removed and that the desired signal
is accurately represented.

By minimizing the RMS error, this method effectively mitigates the impact of
noise, resulting in a more accurate representation of the signal, which is particu-
larly beneficial in the analysis of Schottky diagnostics and signal preprocessing.
An example of the exclusion of periodic noise from the ADC using an RMS fit
is presented in Fig. 3 [Figure 3: see original paper|. In practice, the coherent
component in the Schottky signal can also be subtracted using this method.

B. Spectral Processing

Following the removal of the undesired coherent signal using the method out-
lined in Section III A 2, spectral processing techniques are employed to reduce
the impact of noise power. This step is crucial to prevent spectrum degradation,
facilitate accurate identification of the transverse Schottky signal’ s position,
and enhance the SNR. Two key components of the spectral processing proce-
dure, namely folding and smoothing, are discussed in detail in the following
subsections.

1. Folding In practice, due to the finite bandwidth of the BPM and the choice
of sampling rates, multiple sidebands may appear in the spectrum, as shown
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in Fig. 4 [Figure 4: see original paper]. These sidebands can be effectively
utilized by interpolating and folding them into the range (0, 0.5) in tune units,
thereby enhancing the SNR, as demonstrated in [?] and [?]. Moreover, even if
the tune shifts, the betatron tune will remain confined to a fixed region in the
spectrum, provided that the sampling rate is selected as an integer harmonic of
the revolution frequency. Since the bandwidth of the BPM under development
is 3 MHz and the revolution frequency to be applied ranges from 4 to 7.5 MHz,
only one sideband can be detected at most frequencies. Consequently, this
procedure will not be used for tune measurement. However, for a wideband
detector, this approach remains a feasible method for improving the SNR.

The time window for the STFT, consisting of IV, data points, is divided into
multiple batches. Each batch is multiplied by a Hann window to reduce spec-
tral leakage before being processed using the FFT. Each batch comprises IV,
frequency bins. The PSD of each batch, denoted as P, is computed, folded,
summed, and subsequently averaged to obtain the final spectrum.

2. Smoothing To extract the transverse signal spectrum obscured by noise,
Gaussian filtering is applied to P using a window of appropriate size. When
selecting the window size for filtering, manual selection reduces the method’
s generalizability and level of automation. A fixed-length window may have
varying effects depending on the frequency resolution. At low resolution, it may
excessively smooth the entire transverse signal. Therefore, the window size is
determined based on the number of points in the spectrum that encompass the
transverse signal spectrum.

The process begins with calculating the width of the transverse signal spectrum.
For an unbunched beam, the transverse sideband width is given by:

Afir = fol(n+q)n+ Q4

where 7 is the slip factor, and ¢ is the fractional part of the betatron tune Q.

In the case of a bunched beam, the spectrum of a single particle splits into an
infinite series of synchrotron satellites spaced by the synchrotron frequency f,.
From Equations 2 and 4, we obtain the terms J,(nwy7;) and J,((n7; + Z;)).
Since J,(z) ~ 0 for p > x, the maximum bandwidth of the transverse spectrum
of a single particle is given by [?]:

.0,
nt 4+ —

BW . = 2w, ~
0

Therefore, for a bunched beam, the approximate width of the transverse signal
spectrum at the n-th harmonic is:
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L
nt+ —
Wo

The maximum bandwidth of the transverse signal spectrum, denoted as BWT =
max(BW), is computed and selected as the global width to minimize redundant
calculations. Given the frequency resolution A f, the number of spectral points
encompassing the transverse Schottky signal is determined as:

e[

Experimental results under varying sampling rates and revolution frequencies
indicate that optimal smoothing is achieved when the window size N is set to:

N; = max (3,2 {NT;lD

The determined window size is then applied for smoothing, yielding the green
line in Fig. 5 [Figure 5: see original paper], denoted as P,, which represents the
PSD at time ¢.

C. Enhanced Peak-Detection Algorithm

Previous studies have established three primary methodologies for betatron tune
identification [?, 7, ?]. The first methodology, peak detection, identifies the co-
herent tune by locating the p-zero satellite, which serves as the foundation of our
algorithm. The second methodology employs spectrum curve fitting, wherein
the coherent portion of the sideband is excluded, and an appropriate fitting
function is applied to extract the incoherent tune. However, within the SAPT
context, the data collected from the BPM cannot be guaranteed to possess high
SNR and frequency resolution, thereby limiting this methodology’ s applicabil-
ity. The third approach, the Mirrored Difference method, utilizes the coherence
between the power of the left and right Bessel p-satellites to determine the
precise center of the sidebands. This method, however, proves unsuitable for
SAPT applications due to the continuously varying revolution frequency and
tune shifting, which precludes achieving sufficient frequency resolution required
to resolve the internal structure of Bessel satellites.

Experiments in Section IV demonstrate that the original peak-detection algo-
rithm fails to provide satisfactory generalizability and stability under SAPT
conditions, particularly in scenarios with low SNR and limited frequency res-
olution. To address these limitations, we propose an enhanced peak-detection
algorithm designed to improve accuracy and stability in challenging low-SNR en-
vironments. The algorithm comprises multiple interconnected components, each
playing a distinct role in the tune measurement process. The following subsec-
tions present these components in detail. For the sake of clarity in presentation,
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all evaluations in this section are based on the assumption that the detector
has sufficient bandwidth to detect at least one transverse sideband across all
energy regions. Cases where certain energy regions cannot be detected will be
discussed in Section IV to further demonstrate the robustness of the algorithm.

1. Exponential Moving Average The Exponential Moving Average (EMA)
is a widely used statistical technique for smoothing time-series data by assign-
ing exponentially decreasing weights to past observations. Unlike the Simple
Moving Average (SMA), which assigns equal weights to all data points within a
window, the EMA prioritizes recent data, making it more responsive to recent
changes. The EMA at time ¢ is calculated recursively as:

EMA, =a-z,+(1—a)- EMA, ,

where x, is the current observation, EM A, ; is the previous EMA value, and
a (0 < a < 1) is the smoothing factor that controls the weight of the current
observation. A smaller « results in smoother output, while a larger o emphasizes
recent changes. Due to its adaptability and computational efficiency, the EMA
is commonly employed in signal processing, financial analysis, and real-time
data filtering.

Similarly, the EMA can be applied to accumulate the contribution of the PSDs
from past data while emphasizing recent observations. At time ¢, the current
PSD value P, is computed, and the updated EMA is calculated as:

EMA,=a-P,+(1—a)- EMA, ,

The global maximum’ s position will serve as the reference tune. This reference
tune, along with the tune measured using the WLC method (discussed in Section
III C 4), will undergo median filtering (detailed in Section IIT C 2) to eliminate
shot noise interference. These two values represent distinct data points collected
from separate sensors for the multi-sensor fusion process.

Given the condition that, in most cases, the betatron tune of SAPT does not
undergo abrupt changes, the EMA method can serve as a reliable approach to
obtain a stable reference tune. Even in the event of a tune jump, the system
can still converge to the new value within tens of milliseconds. The comparison
between the reference tune and the nominal tune is presented in Fig. 6 [Figure
6: see original paper].

2. Online Median Filter In the proposed enhanced peak-detection algo-
rithm, the reference tune obtained from EMA is treated as sensor data. In
most cases, the observed value can be modeled as sensor data contaminated by
Gaussian white noise. However, occasional observations with significant devi-
ations from the actual tune can be attributed to shot noise. To address this,
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an online median filter is introduced to mitigate the impact of sporadic shot
noise. A median filter with an appropriately sized sliding window is applied to
perform online filtering on both the reference tune and the measured tune using
Weighted Linear Combination (WLC), as discussed in Section III C 4. The
results before and after applying the online median filter are illustrated in Fig.
7 [Figure 7: see original paper].

3. Adaptive Multi-sensor Fusion The adaptive multi-sensor fusion frame-
work employs a Kalman filter to integrate the reference tune from Section IIT
C 1 and the measured tune from Section III C 4, treating them as inputs from
two sensors. The filter dynamically adjusts their contributions based on real-
time noise estimation, thereby enhancing the reliability of the state estimate by
mitigating the effects of varying measurement noise and occasional shot noise
disturbances. The workflow and underlying principles of the adaptive multi-
sensor fusion process can be summarized as follows:

o Initialization: The filter initializes with an initial state estimate z, and
an associated error covariance P,. The process noise covariance, @), ac-
counts for system uncertainties, while the measurement noise covariances,
R, and R,, are initially assigned equal fixed values. Additionally, a resid-
ual history window is maintained for each detector to enable dynamic
noise estimation.

¢ Prediction Step: The prediction step propagates the previous state esti-
mate forward in time under the assumption of an identity state transition
model: z,,..q =z, P,..q = P+ @, where z,,., is the predicted state es-
timate, and P,,., is the predicted error covariance incorporating process
noise Q.

¢ Measurement Fusion: Given two independent measurements, z; and 2o,
obtained from separate detectors with noise variances R, and R,, their
respective precisions are given by:

L
R2

Precision; = Precision,, =

1
R’
The total precision is defined as:

1 1
Total Precision = 7 + 7,

Using these values, the normalized weights for each detector are computed as:

Precision; Precision,

L™ Total Precision’ 2™ Total Precision

The fused measurement is then obtained as:
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zfused = ’wlz1 + w2z2
with the corresponding equivalent measurement noise:

1

R =
fused ™ Total Precision

¢ Update Step: The Kalman gain is computed as:

K = Ppred
Ppred + Rfused

The residual (innovation) term for the fused measurement is:

R’eSIdualfused = Zfused — Lpred

The updated state estimate is then given by:

rT=x + K - Residual ¢4

pred

and the error covariance is updated as:

P=(1-K)P

pred

e Adaptive Noise Estimation: To dynamically adjust the measurement
noise, the filter maintains a residual history window (length L) for each
detector. The individual residuals are computed as:

Residualy = 2y — .4, Residualy =29 — .4

If and only if the window contains enough residuals, the updated noise estimates
for each detector are computed using an exponential smoothing approach:

R, = o (Residual;)? + (1 —)R;, i=1,2

where « is the smoothing factor that controls the adaptation rate.

¢ Process Noise Update: The process noise covariance is updated based
on the squared magnitude of the fused residual:
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Q = - (Residual,,,.4)* + (1 — @)Q

This adaptive approach ensures that the filter dynamically responds to varia-
tions in both measurement noise and system uncertainties.

The adaptive multi-sensor fusion mechanism dynamically adjusts the weighting
of the reference tune and measured tune, thereby further mitigating the impact
of occasional shot noise. When one of the tune signals experiences fluctuations
or enters an unstable state, its corresponding weight automatically decreases,
indicating that the Kalman filter assigns greater confidence to the data from the
other sensor. This dynamic adjustment ensures that the predicted results remain
relatively stable, exhibiting lower bias (which enhances accuracy) and reduced
standard deviation (which improves robustness), compared to using only an
online median filter for reference tune or measured tune. A comparison of the
filtered reference tune, filtered measured tune, nominal tune, and predicted tune
using this mechanism is presented in Fig. 8 [Figure 8: see original paper].

4. Weighted Linear Combination The original peak-detection algorithm
is based on the assumption that the SNR is sufficiently high for the trans-
verse sideband to be prominent and easily identifiable. Under this assumption,
the highest peak within the designated region is selected as the betatron tune.
However, this assumption breaks down when the background noise power signif-
icantly exceeds the signal power. In the frequency spectrum, this manifests as
multiple peaks of similar amplitude, making it difficult to distinguish the true
transverse sideband peak, as illustrated in Fig. 9 [Figure 9: see original paper].

To leverage the temporal continuity of the betatron tune, Weighted Linear Com-
bination (WLC) is introduced to address the limitations of the conventional
peak-detection algorithm. WLC is a mathematical operation that combines
multiple variables or signals, each multiplied by a corresponding weight. It is
widely used in signal processing, optimization, and data analysis to emphasize
or de-emphasize the contribution of specific components. The general form of a
weighted linear combination is given by:

n
Y= Z kix;
i=1

where: - y is the resulting combined value - k; represents the weight assigned
to the i-th component - x; is the i-th input variable or signal - n is the total
number of components

The weights k; are typically normalized such that Z?:l k; = 1, ensuring the
combination reflects a balanced contribution of all inputs. From Sections III
C 1 and III C 2, the reference tune is acquired. Considering that the tune
typically does not change abruptly in most cases, we can leverage this property
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to comprehensively incorporate the tune from the previous time step and the
amplitude from the current time step.

In the frequency spectrum, this manifests as multiple peaks of similar ampli-
tude, making it difficult to distinguish the true transverse sideband peak, as
illustrated in Fig. 9 [Figure 9: see original paper|. Before applying WLC, the
locations and amplitudes of all local maxima are identified. Subsequently, two
factors are considered. The first factor is the distance between each local maxi-
mum and ¢,.¢. The distances between all local maxima and g, are calculated
individually, normalized to the range [0, 1], and the corresponding weight is
given by Py iance = 1 — distance.

The second factor is the amplitude. The amplitudes of all local maxima are

normalized to the range [0, 1], yielding the weight P, 1iude-

Next, we introduce a parameter k to represent the weight of Py, ..., While
the weight of P, ;1u4e 15 given by 1 — k. The overall confidence of a local
maximum, indicating its likelihood of being the actual tune, is then computed

as:

conf =k - Pdistance + (1 - k) : Pamplitude

The local maximum with the highest confidence is identified as the measured
tune. The measured tune is then fed into an adaptive Kalman filter, where all
filter parameters are dynamically determined during processing to achieve more
stable and consistent results.

WLC leverages the temporal continuity of the tune, assigning greater weight to
local maxima that are closer to the tune of the previous time step, rather than
relying solely on amplitude. This approach enhances robustness, as shown in
Fig. 10 [Figure 10: see original paper].

D. Post-Processing of Tune Measurement Results

After acquiring g,,..4, which is the final output of the tune measurement, a post-
processing procedure is applied, particularly in cases where the BPM cannot
measure the betatron tune across all energy regions or frequency ranges due to
bandwidth limitations. Consequently, a validation step is necessary.

The bandwidth of the BPM is denoted as BWgp,,, and its operating frequency
is represented as f.. The nearest harmonic to f, is then determined using:

n = round (jﬁ;)

Subsequently, we evaluate whether the lower or upper transverse sideband of
this harmonic falls within the BPM’ s bandwidth. If it does not, an unreliable
flag is transmitted alongside the final output result to the upper-level control
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system, alerting the control room and other subsystems to potential inaccuracies.
An example illustrating the covered and uncovered revolution frequency regions
for ¢ = 0.68 is shown in Fig. 11 [Figure 11: see original paper].

If the measurement result is relatively reliable, a latency compensation proce-
dure may be applied by adjusting the time stamp of the results forward. This is
necessary because the multi-sensor fusion and median filtering introduce system
latency, which is directly related to the window size of the median filter. This
presents a trade-off between real-time performance and measurement accuracy.
Prioritizing real-time performance entirely would make the system more suscep-
tible to shot noise in low SNR environments, potentially leading to inaccurate
tune measurements.

E. Overall Workflow

The overall workflow of the proposed betatron tune measurement algorithm can
be described as follows:

1. Data Preprocessing: 1.1 The phase-locked loop (PLL) locks and multiplies
the RF frequency to an integer multiple, and the output signal is sent to both the
FPGA and ADC to ensure synchronized sampling and avoid signal distortion.
1.2 Based on the operating conditions of SAPT, an appropriate STFT window
size is determined; these conditions can either be provided by the control room
or determined by the FPGA itself based on recent frequency variations. 1.3 The
unwanted coherent signal and periodic noise are removed using an RMS fitting
method as described in Section IIT A 2.

2. Spectral Processing and Tune Extraction: 2.1 After preprocessing, the
data are reshaped into multiple batches. The number of frequency bins in each
batch is calculated based on the preconfigured minimal frequency resolution and
is maintained constant thereafter. 2.2 The power spectral density (PSD) of each
batch is calculated, folded, and smoothed, yielding PSD,, which represents the
PSD at time step ¢t. Subsequently, a fixed frequency region covering the expected
tune shift range is extracted for further analysis. 2.3 The exponential moving
average (EMA) is updated using PSD,; subsequently, the global maximum is
identified and appended to the list L, ;. The reference tune, g,., is computed
as the median value of the last NV elements of L,., (with N representing an
appropriately chosen window size) to mitigate disturbances caused by shot noise.
2.4 The reference tune g, is treated as the ground truth, while the measured
tune, ¢,,.qs, 15 obtained by identifying the local maximum with the highest
weight using a weighted linear combination (WLC). The resulting measured
tune is then processed through a median filter to enhance robustness. 2.5 g,
and q,,.., are fused using a Kalman filter to produce the final predicted tune,

qpred'
3. Post-Processing and Output: 3.1 Given g,,., and the current revolution

frequency f, the FPGA determines whether the combination of g,,.4 and fj
falls within the BPM’ s bandwidth. If it does not, an unreliable flag is transmit-
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ted. 3.2 (Optional) The time stamp of g,,., is adjusted forward to compensate
for latency.

This system operates in conjunction with SAPT, providing accurate real-time
tune measurements across multiple energy regions, regardless of whether the
beam is bunched or drifting. A comprehensive evaluation of the algorithm is
presented in Section IV.

IV. Experiments

The experiments were designed to evaluate and compare the performance of
the proposed betatron tune measurement method with the conventional peak-
detection algorithm [?, 7] under SAPT conditions. To achieve this, SAPT design
parameters were employed in a beam dynamics-based macro-particle simulation,
where the revolution frequency was either linearly increased from 4 MHz to 7.5
MHz or held constant, with various types of tune variation introduced and an
STFT time window applied. The simulated data were subsequently combined
with real noise from the ADC to emulate realistic measurement conditions. In
this section, multiple potential application scenarios are considered and ana-
lyzed. The analysis compares three key metrics for both the proposed and
conventional algorithms: (1) the average absolute error of the measured tune
relative to the nominal fractional tune, denoted as p, which quantifies accuracy;
(2) the standard deviation of the measured tune, denoted as o, which repre-
sents stability; and (3) the percentage of measured tunes falling within ¢ + 0.01
and ¢ + 0.001, denoted as P, 40, and P, g1, respectively, which evaluate
compliance with design requirements. By systematically varying one parame-
ter while keeping the others constant, this analysis provides a comprehensive
evaluation of the proposed method’ s performance relative to the conventional
peak-detection algorithm, highlighting its advantages in accuracy and stability
under challenging conditions.

All experimental results are acquired through online processing.

A. Scenario 1: Performance under Varying Revolution Frequency and
Tune Shift

Assuming the BPM has sufficient bandwidth to capture at least one sideband in
each energy region, the revolution frequency and betatron tune of SAPT may
not remain constant during operation. The worst-case scenario arises when both
parameters vary rapidly, restricting the available sampling time. Although ADC
acquisition is triggered by a harmonic of the revolution frequency, an extended
sampling duration encompasses a broader frequency range, potentially leading
to spectral aliasing and spectral leakage, which can significantly degrade tune
measurement accuracy.

This section evaluates the performance of the proposed algorithm in compari-
son to the conventional peak-detection algorithm. First, either the revolution
frequency or the betatron tune is varied while keeping the other parameter fixed
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under a signal-to-noise ratio (SNR) condition of —20 dB. Subsequently, both the
revolution frequency and the betatron tune are varied simultaneously to assess
the algorithm’ s performance under more complex and challenging conditions.

1. Varying Revolution Frequency The revolution frequency increases lin-
early from 4 MHz to 7.5 MHz, following the trend illustrated in Fig. 2 [Figure 2:
see original paper], while the betatron tune remains constant at ¢ = 0.68 under
an SNR of —20 dB. The STFT time window size is set to 1 ms to address the
rapid increase in revolution frequency and to avoid significant spectrum aliasing,
leakage, and bias. The comparison of tune measurement results is presented in
Fig. 12 [Figure 12: see original paper], while the corresponding values of p,
o, P01, and P, g0, for both the proposed method and the conventional
peak-detection algorithm are summarized in Table 2 . The conventional peak-
detection algorithm was unable to accurately measure the betatron tune under
low SNR conditions; consequently, the subsequent experiments will exclusively
present graphical representations of the proposed algorithm’s performance, while
the numerical comparison between the conventional peak-detection algorithm
and the proposed algorithm will be summarized in tabular form.

Table 2 . Comparison of the average absolute error () of the measured tune
relative to the nominal fractional tune ¢, standard deviation (o) of the measured
tune, and the percentage of measured tunes falling within ¢+0.01 (P, ;) and
q+0.001 (P, go1) for the proposed algorithm and conventional peak-detection
algorithm. The comparison is performed under an SNR of -20 dB.

Method " o Pii0.001 Piso.o

Peak De-  0.021 0.031 13.29% 48.50%
tection

)

Proposed  0.003 0.005 46.51% 100.00%
Algo-

rithm

Proposed  0.003 0.005 46.51% 100.00%
Algo-

rithm

(latency

compen-

sated)

2. Tune Shift The revolution frequency is maintained at a constant value
of 7.5 MHz, while the tune is varied in different ways. The performance of the
proposed algorithm under an SNR of -20 dB is illustrated in Fig. 13 [Figure
13: see original paper|, while the numerical comparison between the proposed
algorithm and the conventional peak-detection algorithm is presented in Table
3 . It should be noted that the presented tune variations are solely intended to
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evaluate the performance of the algorithm and do not represent the actual tune
variations during operation.

Table 3 . Comparison of overall performance metrics for tune measurement
methods at -20 dB SNR across four tune shift patterns.

Method i o Fy.001 Fo.o

Peak 0.025 0.038 4.98% 32.87%
Detection

7

Proposed 0.004 0.006 11.45% 80.28%
Algorithm

Proposed  0.004 0.006 17.73% 87.65%
Algorithm

(latency

compen-

sated)

3. Varying Revolution Frequency and Tune Shift During ramping, the
simultaneous increase in revolution frequency and tune shift limits the available
sampling time. The STFT time window size is set to 1 ms, as described in
Section IV A 1. The performance and numerical comparison are presented in
Fig. 14 [Figure 14: see original paper| and Table 4 .

Table 4 . Comparison of tune measurement methods at -20 dB SNR across
four tune shift patterns.

Method W o Py 001 Foy.01

Peak 0.024 0.037 5.28% 34.26%
Detection

7

Proposed 0.004 0.006 18.13% 85.56%
Algorithm

Proposed 0.004 0.006 27.39% 95.92%
Algorithm

(latency

compen-

sated)

B. Scenario 2: Performance under Data Contamination and Signal
Loss

During daily operation, unexpected disturbances or hardware limitations may
introduce strong noise into the ADC-acquired data or result in the complete
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absence of transverse signal content. The latter scenario occurs in SAPT be-
cause the bandwidth of the developing detector is insufficient to cover all energy
regions during ramping or extraction. In this case, the transverse sideband may
not appear in the spectra, leaving only noise. Consequently, it is crucial to
assess the algorithm’ s ability to converge to the actual tune value after being
affected by disturbances. The performance under data contamination or signal
loss, with a revolution frequency of 7.5 MHz, an SNR of —20 dB, and a 1 ms
STFT time window, is illustrated in Fig. 15 [Figure 15: see original paper].
Given a 1 ms STFT time window, the measured results converge to the actual
value in less than 50 ms.

C. Scenario 3: Performance under Relatively Stable Revolution Fre-
quency

If the revolution frequency remains stable, it is practical to use a longer sam-
pling time, such as 10 ms, to achieve more precise tune measurements. This
approach also mitigates the influence of shot noise in low-SNR environments.
The performance of the proposed algorithm, along with numerical metrics, is
compared with the conventional peak-detection algorithm in Fig. 16 [Figure 16:
see original paper] and Table 5 .

Table 5 . Comparison of the overall average absolute error (1) of the measured
tune relative to the nominal fractional tune ¢, standard deviation (o) of the mea-
sured tune, and the percentage of measured tunes falling within ¢+0.01 (P, ;)
and ¢ 4 0.001 (P, 1) for the proposed algorithm and the conventional peak-
detection algorithm under stable revolution frequency and tune shift conditions.
The comparison is conducted at an SNR of -20 dB across four different types of

tune shifts.

Method m o Py 10.001 Piso.0n

Peak De- 0.018 0.028 87.55% 18.82%
tection

)

Proposed  0.003 0.005 95.32% 17.33%
Algo-

rithm

Proposed  0.003 0.005 36.45% 100.00%
Algo-

rithm

(latency

compen-

sated)
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D. Scenario 4: Performance under the Absence of Coherent Tune
Signal

During SAPT operation, obtaining a coherent tune signal from BPM data is
challenging. Therefore, it is essential to evaluate the algorithm’ s performance
in the absence of a coherent tune signal. The noise amplitude is calculated
based on the signal containing a coherent component, after which the coherent
signal content is removed using the method described in Section III A 2. The
remaining signal is then combined with noise. Experimental results indicate
that the absence of a coherent tune signal slightly increases the minimum SNR
required for accurate tune measurements. However, at an SNR of -15 dB, the
algorithm still demonstrates good accuracy with relatively low error, as shown
in Fig. 17 [Figure 17: see original paper] and Table 6 .

Table 6 . Comparison of the overall average absolute error (1) of the measured
tune relative to the nominal fractional tune ¢, standard deviation (o) of the mea-
sured tune, and the percentage of measured tunes falling within ¢+0.01 (P, o)
and ¢ 4 0.001 (P, 1) for the proposed algorithm and the conventional peak-
detection algorithm under stable revolution frequency and tune shift conditions.
The comparison is conducted at an SNR of -15 dB across four different types of

tune shifts.

Method i o Pin.OOl Pin.Ol

Peak De- 0.019 0.029 36.85% 85.76%
tection

)

Proposed  0.003 0.005 3.98% 11.45%
Algo-

rithm

Proposed  0.003 0.005 15.94% 94.72%
Algo-

rithm

(latency

compen-

sated)

E. Scenario 5: Performance under Different SNR

The SNR of the acquired signal is influenced by multiple factors. To ensure the
generalization and accuracy of the proposed method, it is essential to evaluate its
performance across different SNR values. The comparison between the proposed
algorithm and the conventional peak-detection algorithm is illustrated in Fig.
18 [Figure 18: see original paper], while the numerical results are presented in
Table 7 .

Table 7 . Comparison of the average absolute error (u) of the measured tune
relative to the nominal fractional tune ¢, standard deviation (o) of the measured
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tune, and the percentage of measured tunes falling within ¢ + 0.01 (P,.40;)
and ¢ 4+ 0.001 (P, 1) for the proposed algorithm and the conventional peak-
detection algorithm under stable revolution frequency and tune shift conditions

across SNR conditions of -20 dB, -15 dB, and -10 dB.

SNR  Method 1 o Pqi()i)Ol Pin‘Ol

-20 Peak 0.025 0.038 4.98% 32.87%
dB Detec-
tion [?]
Proposed 0.004 0.006 11.45% 80.28%
Algo-
rithm
Proposed 0.004 0.006 17.73% 87.65%
Algo-
rithm
(latency
compen-
sated)
-15 Peak 0.019 0.029 17.23% 80.88%
dB Detec-
tion [?]
Proposed 0.003 0.005 14.94% 96.71%
Algo-
rithm
Proposed 0.003 0.005 37.85% 100.00%
Algo-
rithm
(latency
compen-
sated)
-10 Peak 0.008 0.012 28.98% 99.40%
dB Detec-
tion [?]
Proposed 0.002 0.003 15.74% 97.711%
Algo-
rithm
Proposed 0.002 0.003 40.14% 100.00%
Algo-
rithm
(latency
compen-
sated)
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F. Scenario 6: Performance under Tune Jump

During operation, tune jumps may occur. These abrupt changes in betatron
tune require the tune measurement system to detect such events, rather than
classify them as outliers, and to converge to the actual value as quickly as
possible while maintaining accuracy and precision. To evaluate the proposed al-
gorithm’ s ability to handle this scenario, experiments were conducted under an
SNR of -20 dB with an STFT time window of 1 ms to assess the algorithm’s per-
formance under the worst conditions in which it can operate. The performance
results are shown in Fig. 19 [Figure 19: see original paper].

G. Results Discussion

The experimental results demonstrate the superior performance of the pro-
posed betatron tune measurement algorithm compared to the conventional peak-
detection method under various challenging conditions. The findings are sum-
marized as follows:

1. Performance under Varying Revolution Frequency and Tune
Shift: The proposed algorithm effectively tracks betatron tune variations
even when the revolution frequency changes at a rate of approximately
10 MHz/s. Under an SNR of -20 dB, the conventional peak-detection
algorithm exhibits reduced accuracy due to strong noise spectrum inter-
ference, whereas the proposed algorithm maintains significantly lower
error and higher stability. When both the revolution frequency and tune
shift occur simultaneously, the proposed method continues to provide
reliable measurements, demonstrating robustness in complex scenarios.

2. Performance under Data Contamination and Signal Loss: The
proposed algorithm successfully converges to the actual tune value after
disturbances, with convergence occurring within 50 ms.

3. Performance under Relatively Stable Revolution Frequency:
With a longer sampling duration, the proposed algorithm achieves
enhanced precision, benefiting from improved frequency resolution and
reduced noise influence. The statistical results indicate that increasing
the sampling duration significantly improves measurement stability while
maintaining responsiveness to tune variations.

4. Performance in the Absence of a Coherent Tune Signal: The
removal of the coherent signal slightly increases the minimum required
SNR for accurate tune measurements. Nevertheless, at an SNR of -15
dB, the proposed algorithm maintains relatively low measurement error,
confirming its applicability even in the absence of a strong coherent tune
signal.

5. Performance under Different SNR Conditions: As the SNR im-
proves from -20 dB to -10 dB, the accuracy and precision of the proposed
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method steadily increase. The algorithm consistently outperforms the con-
ventional peak-detection method, particularly in low-SNR environments,
where traditional methods exhibit severe degradation.

6. Performance under Tune Jumps: The algorithm successfully detects
abrupt tune jumps and rapidly converges to the actual tune value within
50 ms. The proposed method correctly identifies these jumps as genuine
changes and maintains accuracy and stability after convergence.

H. Summary of Experimental Findings

The experimental results confirm that the proposed betatron tune measurement
algorithm offers superior accuracy, stability, and robustness across diverse op-
erational conditions. Its ability to handle rapid frequency variations, noise con-
tamination, signal loss, and abrupt tune jumps makes it a reliable alternative
to conventional methods, particularly in low-SNR environments.

V. Limitations and Future Work

The resonant stripline BPM for betatron tune measurement is still under devel-
opment, making it currently infeasible to detect the Schottky signal and validate
the proposed algorithm on the existing SAPT facility. Additionally, the BPM’
s performance remains uncertain. To address this limitation, the proposed algo-
rithm was evaluated through macro-particle simulations incorporating realistic
beam dynamics models based on SAPT design parameters and actual ADC
noise, ensuring that the simulated conditions closely resemble real experimental
environments. The validation under an SNR as low as -20 dB, as discussed
in Section IV, was conducted to account for potential BPM performance con-
straints in practical applications.

Once the BPM is fully developed, manufactured, and installed on SAPT or
another synchrotron for proton therapy, the proposed algorithm will undergo
rigorous testing with real experimental data. The evaluation will include direct
comparisons with conventional tune measurement methods to assess accuracy
and robustness in an operational setting. If BPM development is delayed, al-
ternative validation strategies, such as testing on existing BPM systems with
partial implementation, will be explored to provide additional experimental sup-
port.

VI. Conclusion

In this paper, we proposed a novel Schottky diagnostics-based method for real-
time betatron tune measurement in SAPT. The method addresses critical chal-
lenges such as low SNR, varying revolution frequency, and fluctuating betatron
tune. By leveraging macro-particle beam-dynamics simulations and incorpo-
rating real-world noise, we demonstrated the method’ s capability to extract
transverse Schottky signals from noisy environments. The proposed approach
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utilizes STFT combined with advanced smoothing and signal processing tech-
niques to achieve accurate betatron tune measurements under a wide range of
experimental conditions.

Experimental results demonstrate that the proposed method significantly out-
performs the conventional peak-detection algorithm in terms of precision, ac-
curacy, and robustness. The method achieves an average absolute error (u)
relative to the nominal fractional tune of less than 0.01, with a low standard de-
viation (o), thereby meeting the stringent design requirements for high-accuracy
tune diagnostics. These results highlight the method’ s general applicability and
stability, even under challenging operational scenarios such as rapid frequency
ramping, tune shifts, and low SNR conditions.

This study lays the groundwork for optimizing betatron tune diagnostics in
ramping synchrotrons and advancing diagnostic techniques for applications such
as proton therapy. Future work will focus on expanding the operational range of
the proposed method and validating its applicability in other synchrotron facil-
ities. Additionally, efforts will be directed toward further optimizing computa-
tional efficiency to enhance real-time performance in demanding environments.

To facilitate practical implementation, an FPGA-based online system for the
proposed method is currently under development. This system aims to pro-
vide high-accuracy, real-time betatron tune measurements for SAPT, further
enhancing the diagnostic capabilities of modern synchrotron facilities.
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