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Abstract

Heavy ion collision experiments combined with transport model simulations
constitute one of the important tools for extracting information on nuclear mat-
ter properties. Bayesian analysis is a statistical method capable of extracting
information from comparisons between experimental data and theoretical calcu-
lations, and is therefore widely employed. This process typically requires sam-
pling in parameter space using Markov Chain Monte Carlo methods, followed
by transport model simulation calculations. However, due to the complexity
and extreme computational cost of transport model calculations, a transport
model emulator must be trained via machine learning algorithms to accelerate
this process. In this work, three machine learning algorithms—Gaussian Process,
Multi-task Neural Network, and Random Forest—are employed to train an em-
ulator for the Ultra-relativistic Quantum Molecular Dynamics (UrQMD) trans-
port model. Within the prior distribution ranges of three parameters related to
nuclear matter properties, 150 parameter sets were selected as the training set.
The UrQMD transport model was used to simulate gold-gold collisions at an in-
cident energy of 0.25 GeV per nucleon under these parameters, and observables
including the directed flow, elliptic flow of free protons, and nuclear stopping
power were extracted from final-state particle information. Additionally, 20 ran-
domly selected parameter sets were used as a test set to evaluate the emulator’
s performance. The results demonstrate that the coefficients of determination
(R?) for predictions on the test set are 0.95, 0.93, and 0.85 for the Gaussian Pro-
cess, Multi-task Neural Network, and Random Forest algorithms, respectively,
indicating that both Gaussian Process and Multi-task Neural Network exhibit
high accuracy in emulating observables calculated by transport models and can
effectively accelerate the transport model calculation process.
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Abstract

[Background]| The nuclear equation of state (EoS) delineates the thermody-
namic relationship between nucleon energy and nuclear matter density, temper-
ature, and isospin asymmetry. This relationship is crucial for validating existing
nuclear theoretical models, investigating the nature of nuclear forces, and un-
derstanding the structure of compact stars, neutron star mergers, and related
astrophysical processes. Heavy-ion collision experiments combined with trans-
port models represent a critical approach for exploring the high-density behavior
of the EoS. With the rapid advancement of a new generation of high-current
heavy-ion accelerators and the development of efficient detection technologies,
the variety, volume, and precision of data generated from heavy-ion collision
experiments have seen substantial enhancements. The effective utilization and
analysis of these experimental datasets to extract crucial information about the
EoS have emerged as one of the central challenges in contemporary heavy-ion
physics research.

Bayesian analysis is a statistical method that can extract reliable physical in-
formation by comparing experimental data with theoretical calculations while
quantifying parameter uncertainties, and thus has attracted widespread atten-
tion. In the task of determining EoS parameter ranges through Bayesian in-
ference, Monte Carlo sampling methods are used to extract observables from
final-state particle information simulated by transport models for each set of
EoS parameters. Since the calculation process of transport models is complex,
this step consumes considerable time, significantly hindering the efficiency of
data generation and limiting the ability to explore the full parameter space.

[Purpose] To address this challenge, there is a pressing need for a more efficient
approach to simulate transport models, particularly one that leverages modern
computational techniques to accelerate the process.

[Methods| Here, we propose a machine learning-based approach to de-
velop a transport model emulator that can significantly reduce calculation
time. We evaluate three machine learning algorithms—Gaussian processes,
multi-task neural networks, and random forests—to train emulators based
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on the ultra-relativistic quantum molecular dynamics (UrQMD) transport
model. The selected observables are protons’ directed flow, elliptical flow,
and nuclear stopping extracted from the final state of Au+Au collisions at
E,, = 0.25 GeV/nucleon across different EoS parameters (incompressibility
K, effective mass m*, and in-medium correction factor F' of nucleon-nucleon
elastic cross-section). We run the UrQMD model with 150 parameter sets:
K, = 180,220,260,300,340,380 MeV, m*/m = 0.6,0.7,0.8,0.9,0.95, and
F = 0.6,0.7,0.8,0.9,1.0. For each case, 2 x 10° events with reduced impact
parameter b, < 0.45 are simulated to ensure negligible statistical errors. The
results from these 150 parameter sets are fed to the three machine learning
algorithms to train the emulators. Additionally, 20 parameter sets with
randomly chosen K, m*, and F' are run, and the resulting observables are
used to test emulator performance.

[Results] The results obtained from Gaussian processes and multi-task neu-
ral networks align well with those calculated by the UrQMD model, indicating
that these two emulators achieve high accuracy and can be used in Bayesian
analysis. However, when predicting with reduced impact parameter b, < 0.25,
some data points predicted by random forest show large errors, indicating that
random forest performs relatively poorly as a transport model emulator for pre-
dicting observables. To further compare the prediction effectiveness of the three
transport model emulators, we select the coefficient of determination R? as the
evaluation metric. The R? values for Gaussian process, multi-task neural net-
work, and random forest on the test set are 0.95, 0.93, and 0.85, respectively.
These results show that both Gaussian process and multi-task neural network
demonstrate high accuracy when simulating UrQMD model data and can ef-
fectively accelerate the calculation process. However, for complex tasks with
numerous parameters and observables, the efficiency and accuracy of Gaussian
process emulators may suffer. Thus, relying solely on Gaussian processes may
not suffice. In such cases, multi-task neural networks show greater adaptability,
better handling complex datasets and effectively learning information within
parameter spaces.

[Conclusions] In summary, Gaussian processes generally perform well as trans-
port model emulators in Bayesian frameworks, particularly for moderate-sized
datasets, while multi-task neural networks may be a more ideal choice for com-
plex tasks with more parameters and observables. In practical applications, the
most suitable emulator should be selected according to specific task require-
ments and data characteristics.

Keywords: Heavy-ion collisions, Nuclear equation of state, Transport model,
Machine learning, Emulator

chinarxiv.org/items/chinaxiv-202503.00263 Machine Translation


https://chinarxiv.org/items/chinaxiv-202503.00263

ChinaRxiv [$X]

1. UrQMD Transport Model and Heavy-ion Collision Data
1.1 UrQMD Transport Model

The Ultra-relativistic Quantum Molecular Dynamics (UrQMD) model is a many-
body microscopic transport model that primarily includes projectile-target ini-
tialization, mean field, collision term, and fragment construction components.
In this model, each nucleon is represented by a Gaussian wave packet with a
definite width [30-32]:

o(x;p) = (2?04)

Nucleon coordinates and momenta are sampled randomly under certain con-
straints. The coordinate range extends from 0 to the nuclear radius R, while
the momentum range extends from 0 to the local Fermi momentum pp(r) =
h(3m%p(r)/2)Y/3. Additionally, distinctions between protons and neutrons and
other constraints are considered.

3/4 ip(t) - x

exp {—a(x —r(t)? + o

After initialization, heavy-ion collisions evolve under the combined action of the
mean field and collision term. The evolution of the coordinate r; of the i-th
nucleon wave packet center follows:

) OH

o= Y
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where H is the total Hamiltonian of the system, consisting of kinetic and po-
tential energy. The nucleon potential energy U; = 0V,,.,/0p; is calculated from
the potential energy density [33-35], which can be written as:
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The terms include two-body and three-body interaction components. The sur-
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face term and surface asymmetry term are Eg,; = S (Vp)? and E., =
O

2= (Vp)?, respectively. By, = C;g;“ p&* {1 -2 (p%)q is the nuclear symmetry
energy term. In this work, we use the MSLO parameter set from Skyrme in-
teractions with parameters A = 36.4 MeV, B = 19.5 MeV - fm?, C, ;= —11.3
MeV « fm?, C. = —15.1 MeV, C = —3.5 MeV, and o = 1.2359. The symmetry
energy slope parameter L is 60 MeV.

The momentum-dependent term contribution can be written as:
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For zero-temperature isospin-symmetric nuclear matter, the binding energy can
be expressed as:

3 Ap B o\’
Ey(p) = gEF(P)+§;O+ o1 (,00>

The momentum-dependent contribution can be written as:

Epom(p) = %EF(/)) {1 + <p>7]

Po

1.2 Heavy-ion Collision Data

Simulating heavy-ion collisions via the UrQMD transport model and extracting
observables from particle momentum information for comparison with experi-
mental data represents an important approach for studying heavy-ion reactions.
Collective flow is a crucial observable that describes the collective motion of
particles produced in heavy-ion collisions. Initially, particles have momentum
only along the z-axis (with small Fermi momentum components in the 2 and
y directions). As the reaction progresses, random collisions between particles
and expansion of hot dense matter lead to momentum components along the
x and y axes comparable to the z direction, forming collective motion within
the reaction plane known as collective flow [36-40]. This phenomenon is closely
related to the spatiotemporal evolution of collision dynamics and the nuclear
matter equation of state, serving as an important tool for exploring nuclear
matter properties and holding significance for many topics across a wide range
of heavy-ion collision energies.

Directed flow and elliptic flow are the most commonly used flow observables.
Directed flow reflects the emission effect of particles in the reaction plane and
can be obtained from the Fourier expansion of particle azimuthal distribution:

vy = (cos(¢p — Wgp))

where ¢ is the particle azimuthal angle and Wyp is the reaction plane angle.
Elliptic flow reflects the squeeze-out effect of particles perpendicular to the re-
action plane and is defined as:

vy = (cos[2(¢ — Wip)])

The distributions of v; and v, with reduced rapidity y, can typically be fitted
with polynomial functions. We are particularly interested in the slope of directed
flow at mid-rapidity dv,/ dy0|y0:0 and the value of elliptic flow at y, = 0.
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In addition to collective flow, nuclear stopping power is another important ob-
servable in heavy-ion collisions, describing the efficiency of converting longitu-
dinal beam energy into transverse motion. A common observable representing
nuclear stopping capability is defined as the ratio of variance in particle veloc-
ity distribution in the transverse direction to that in the longitudinal direction
[41-44):

var,, =

qu\) ‘ aqm

where 02 and o2 are the variances of rapidity distributions in the x and =z
directions, respectively, and N is the number of particles in the corresponding
rapidity interval.

2. Machine Learning Algorithms
2.1 Gaussian Process

In machine learning, Gaussian process is a supervised modeling approach that
effectively captures uncertainty and complex patterns in data by defining prob-
ability distributions over input spaces. Both regression and classification predic-
tions provide confidence intervals in the form of Gaussian distribution standard
deviations. The fundamental principle of Gaussian process regression involves
defining a mean function m(x) and covariance function k(x, x”) to calculate the
covariance matrix. A commonly used covariance function is the Radial Basis
Function (RBF) kernel, which defines the correlation between any two input
points x and x’ with the analytical form:

k(x,x") = o} exp (——HX — X’H2>

where o, and ¢ are hyperparameters representing amplitude and characteristic
length scale.

During training, given a dataset 2 = {(x;,¥;)}Y,, the model is constructed by
estimating hyperparameters using the mean function m(x) and covariance func-
tion k(x,x’). In the prediction phase, for new input points x*, Gaussian process
predicts the output, yielding predictive mean p* and uncertainty (variance) o*2:

p=k(x* X)K 'y
o*? = k(x*,x*) — k(x*, X) K 1k(X, x*)

where y is the observation vector, K is the covariance matrix of training data,
and k(x*, X)) is the covariance vector between new input points and existing data
points [45-47]. Gaussian process performance heavily depends on hyperparam-
eters in the covariance function, typically learned by maximizing the marginal
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likelihood function using optimization methods like gradient descent to effec-
tively find optimal hyperparameter combinations. Gaussian processes can be
implemented using libraries such as GPy or scikit-learn.

Gaussian processes offer unique advantages in many scenarios. First, by basing
predictions on the covariance matrix from training data, they can make rea-
sonable inferences even with limited data, generating high-quality predictions
when samples are scarce. Second, when handling complex unknown nonlinear re-
lationships, Gaussian processes can flexibly adapt to underlying data structures
through appropriate covariance function selection while providing confidence lev-
els for each prediction point. Additionally, Gaussian process predictions include
not only point estimates but also variance estimates, providing clear guidance
for understanding model behavior.

2.2 Neural Networks

Neural networks, as core technology in artificial intelligence and machine learn-
ing, simulate biological neuron mechanisms and possess powerful pattern recog-
nition and nonlinear mapping capabilities. They consist of interconnected nodes
(or “neurons” ) organized into network layers through which data propagates
and transforms to produce final outputs [48-49].

The basic structure includes an input layer, hidden layers, and an output layer.
The input layer receives external data, with each node corresponding to one
feature; hidden layers, located between input and output layers, can be single
or multiple, with their number and neuron count determining network capac-
ity and expressive power; the output layer generates final predictions, with its
structure depending on the specific task (classification or regression). Each neu-
ron connects to all neurons in the previous layer, receiving their input values to
compute a weighted sum z = Z?:] w,z; + b, which then passes through a non-
linear activation function y = f(z) to produce the neuron’ s output. Activation
functions introduce nonlinearity, enabling neural networks to handle complex
nonlinear relationships. Common activation functions include Sigmoid, Tanh,
and ReLU.

Neural network training aims to adjust weights and biases to find optimal param-
eters f that minimize error between output results and target values. Training
typically relies on backpropagation, which uses the chain rule to compute gra-
dients of the loss function relative to parameters in each layer and propagates
errors backward, adjusting network weights layer by layer using gradient descent.
The loss function measures differences between neural network outputs (predic-
tions) and actual target values [50-53]. Common gradient descent algorithms
include SGD, Adagrad, RMSProp, and Adam. Typical loss functions are mean
squared error (MSE) for regression tasks and cross-entropy loss for classification
tasks.

With increasing computational power and large-scale datasets, deep neural net-
works (DNNs) have gradually become mainstream. Deep networks significantly
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enhance model expressive power by increasing hidden layer numbers. Common
neural network types include Artificial Neural Networks (ANN), Recurrent Neu-
ral Networks (RNN), and Convolutional Neural Networks (CNN), all of which
can be implemented using libraries such as PyTorch, TensorFlow, Keras, and
sklearn.

2.3 Decision Trees and Random Forest

Decision trees are classification and regression models based on tree structures.
The main idea is to classify or regress data through a series of decision rules
(splitting datasets according to feature values). Decision trees recursively parti-
tion data by selecting optimal splitting features at each node until the dataset
is divided into minimal subsets or preset stopping conditions are reached.

During construction, information gain is typically used to select optimal splitting
features. Information gain is based on information entropy:

K
H(D) ==Y p;log,(p)
k=1

where K is the number of categories and p,, is the probability of category k in
dataset D. Information gain is calculated as:

2
H(D,

Gain(D, A) = H(D) — EV:
v=1

where V' is the number of values for feature A and D, is the sample subset when
feature A takes value v. Decision trees offer advantages of easy interpretation
and strong explainability, making them suitable for data with clear decision rules.
However, they are prone to overfitting, especially when tree depth is excessive.
To address this, pruning techniques are often employed for optimization [54].

Random forest is an ensemble model consisting of multiple decision trees, with
its core idea being “ensemble learning” —combining predictions from multiple
decision trees to improve overall performance. Random forest uses bootstrap
sampling to randomly generate multiple different training sets from the original
dataset, building one decision tree per sampled subset. This means each decision
tree trains on a different subset of the original data. During tree construction,
only a random subset of features is selected for splitting at each node, increasing
model diversity and reducing correlation between trees. For prediction, random
forest determines final classification results through majority voting across mul-
tiple decision trees for classification tasks, or averages predictions from multiple
trees for regression tasks [55-56].
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3. Results and Analysis

This study selects three parameters related to the nuclear equation of state:
incompressibility coeflicient K|y, nucleon effective mass m*, and nucleon-nucleon
collision cross-section medium correction factor F, with prior distributions
shown in Table 1 . The observable data used are free proton v,, vy, and var,,,
from Au-+Au collisions at incident energy 0.25 GeV/nucleon, as detailed in
Table 2 .

The Gaussian process emulator utilizes known simulation or experimental data
to fit a Gaussian process model capable of predicting new input points, com-
monly applied for model data generation and sampling in Bayesian analysis. We
select 150 parameter sets as training data and 20 parameter sets as test data for
the Gaussian process transport model emulator. Through Gaussian simulation
and principal component analysis, UrQMD model predictions are effectively in-
terpolated across parameter sets. In the implementation, we use a combination
of ConstantKernel and Radial Basis Function (RBF) as the kernel function,
both with initial length scale of 1 and value range between 10~ and 1. To find
optimal hyperparameter combinations, we define a hyperparameter grid and
employ grid search with 5-fold cross-validation to evaluate model performance
and identify the best hyperparameter combination.

Figure 1 [Figure 1: see original paper] shows the prediction results of the trained
Gaussian process emulator on the test set. In the figure, the red line represents
the baseline from UrQMD model calculations, while black stars show emulator
predictions—the closer the black stars are to the red line, the higher the emulator
accuracy. The results show that almost all predicted data points cluster near the
baseline with deviations within error bounds, indicating high emulator accuracy
and its ability to replace transport models for accelerated data generation. To
further verify emulator reliability, we calculate Pearson correlation coefficients
between observables. Figure 2 [Figure 2: see original paper] displays the Pearson
correlation coefficient matrix between model-calculated values and emulator-
predicted values, showing consistent correlations that demonstrate the emulator
has indeed learned the intrinsic physical relationships within observable data.

We also employ multi-task neural networks and random forest algorithms as
transport model emulators. The multi-task neural network has one hidden
layer with 50 neurons, uses ReLLU activation function, and updates parameters
via the Adam optimizer. The random forest algorithm generates 100 decision
trees with no limit on maximum depth, minimum samples per leaf of 2, and
minimum samples to split an internal node of 3. Figure 3 [Figure 3: see original
paper] shows prediction results from these trained emulators. Multi-task neu-
ral network predictions generally fall within error bounds, while random forest
shows several data points with large deviations from the baseline when predict-
ing vy; and vy, at reduced impact parameter b, < 0.25, indicating relatively
poor performance as a transport model emulator.

To further compare the three emulators’ prediction effectiveness, we select the
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coefficient of determination R? as the evaluation metric, with results shown in
Table 3 . Random forest demonstrates excellent performance on the training
set with R? up to 0.98, indicating strong fitting capability. However, on the
test set, R? is only 0.85, suggesting potential overfitting due to sparse and lim-
ited training data where random forest performs relatively poorly. In contrast,
multi-task neural network and Gaussian process show more stable predictions
with identical R? values of 0.93 and 0.95 on both training and test sets, respec-
tively, demonstrating effective automatic learning and information extraction
from observational data. However, multi-task neural network training time is
longer, which may limit its application, while Gaussian process computational
complexity is higher, requiring substantial resources for large-scale datasets and
being more suitable for small-scale datasets.

In summary, the three transport model emulators each have advantages and dis-
advantages: random forest, despite strong fitting capability, carries overfitting
risk; multi-task neural networks can capture complex nonlinear relationships
but require longer training; Gaussian processes have strong generalization abil-
ity but consume more computational resources. In practice, emulator selection
should be based on specific task requirements and data characteristics. Gener-
ally, Gaussian processes are suitable for most tasks with fewer parameters and
observables, while multi-task neural networks are more effective for large-scale
data scenarios.

After training the transport model emulators, we conducted rigorous Bayesian
analysis to extract posterior likelihood distributions of parameters characteriz-
ing nuclear matter properties. Results show that effective mass m* and medium
correction factor F' can be constrained to Gaussian distributions, while incom-
pressibility K, remains difficult to constrain.

Transport model emulators combined with experimental data can constrain nu-
clear equation of state parameters through Bayesian analysis while considering
multiple experimental observables and providing parameter ranges. Future work
will incorporate the latest heavy-ion collision experimental data and transport
model calculations to constrain parameters describing the nuclear equation of
state and nucleon-nucleon scattering cross-sections in nuclear medium, with re-
lated research currently underway.
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