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To compensate the projected transverse beam emittance, a solenoid is typically
used in normal-conducting and superconducting radio frequency (SRF) pho-
toinjectors. In the ELBE SRF Gun-II, a superconducting solenoid is positioned
inside the gun’s cryomodule, approximately 0.7 m from the end of the gun cav-
ity. The spherical aberration and multipole fields effects, caused by offset and
tilt, limit the reduction of beam emittance for high bunch charge. We have de-
signed a new superconducting (SC) solenoid with a lower spherical aberration
coefficient. From the simulation, beam emittance from spherical aberration de-
creases by 47%. Both the longitudinal and transverse fields are measured and
analyzed using the formalism fitting method to assess the SC solenoid’s perfor-
mance within the cryomodule and its influence on beam transverse emittance.
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INTRODUCTION

A superconducting radiofrequency (SRF) electron source has demonstrated the
capability to produce high-quality electron beams over the past decade, specifi-
cally for the “Electron Linac for Beams with High Brilliance and Low Emittance
(ELBE),” a user facility that generates secondary radiation for a wide range of
applications [1-3]. The SRF gun, primarily operating in continuous wave (CW)
mode at repetition rates of 50 kHz and 100 kHz, has been instrumental in pro-
ducing terahertz radiation between 0.2 and 1.5 THz, characterized by high pulse
energy and significant average power. Equipped with a 3.5-cell niobium cavity
resonating at 1.3 GHz, the SRF gun achieves an acceleration gradient of 8 mega-
volts per meter (MV/m), corresponding to an on-axis peak electric field of 20.5
MV/m. The SRF gun is capable of delivering electron bunches with up to 300
pC bunch charge, utilizing either magnesium (Mg) or cesium telluride (Cs,Te)
cathodes in conjunction with a 262 nm laser [4-10]. This technology shows great
promise for applications in neutron time-of-flight experiments, high-repetition-
rate ultrafast electron diffraction (UED), high-power terahertz experiments, and
Thomson backscattering experiments that require high bunch charge and high
repetition rates [11-14].

To control the electron beam size and compensate for projected transverse emit-
tance, a superconducting (SC) solenoid is installed 0.7 meters downstream from
the cavity’s end within the SRF gun cryomodule [15, 16]. This distance repre-
sents a balanced compromise between the need for magnetic field shielding of
the cavity and the minimization of beam emittance. However, a solenoid will
introduce a new source of emittance due to spherical aberration, which is linear
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with respect to the spherical aberration coeflicient and scales with the fourth
power of beam RMS size [17]. For beams with relatively large diameters, the
solenoid’s spherical aberrations can significantly increase emittance [18]. Ad-
ditionally, measurements indicate that beam aberrations increase with higher
solenoid currents, primarily due to multipole magnetic fields effect arising from
tilt and offset position errors of the solenoid [19, 20]. This configuration imposes
limitations on applications such as X-ray free-electron laser (XFEL) facilities,
which demand lower emittance and higher bunch charge [21-23].

The current SRF gun in operation at ELBE (SRF Gun-II) is part of a devel-
opmental progression in SRF gun research and development, which will soon
advance to the third-generation SRF Gun-III [24, 25]. The primary objectives
for this new generation are to increase the available bunch charge for terahertz
production and to reduce transverse emittance through enhanced emittance
compensation, correction of multipole magnetic fields effect, and mitigation of
solenoid aberrations.

To achieve these goals, a newly redesigned solenoid has been constructed. With
the completion of the SRF Gun-III cryomodule, we have conducted magnetic
field measurements to evaluate the new solenoid’s performance. A formalism
fitting method was employed to analyze the multipole fields, and the associated
measurement errors were quantified. We also assessed the impact of these fields
on beam emittance. In this paper, the first part is the basic concept and field
measurement methods. The influence of the multipole components, such as the
quadrupole and sextupole, is analyzed in this part. The comparison of new and
old design SC solenoids is given in the second part. The third part presents the
results of the filed and error analyses. The fourth part analyzes the multipole
fields’ influence on beam transverse emittance and the solutions. The conclusion
is given in the last part.

I1I. BASIC PRINCIPLE
A. The spherical aberration of solenoid

Magnetic lenses can exhibit imaging errors even when the momentum distri-
bution of the particles is negligibly small. These errors arise due to spherical
aberrations, which occur as a result of nonlinear magnetic field regions within
the lens and from particle rays that deviate from the paraxial approximation.
Spherical aberration exhibits a dependence on the third power of the particle’s
radial position within the solenoid and can be represented through two distinct
integral expressions [17]:

. [ B(2)"d=
¢i=C J B(z)%dz

The transverse emittance resulting from solenoid spherical aberration can be
calculated as:
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On the right side of Eq. 2, the higher-order terms are significantly smaller
than the leading term. Thus, the spherical aberration emittance scales with
the fourth power of the beam RMS size at the solenoid entrance. In high
bunch charge and short bunch length injectors, the beam RMS size is typically
large, which amplifies the impact of spherical aberration. Therefore, it is crucial
to decrease the spherical aberration coeflicient to mitigate its effect on beam
quality. As indicated by Eq. 1, reducing the spherical aberration coefficient
requires minimizing the integral of the first derivative of the solenoid field at
the same field integral.

B. The solenoid axis and multipole fields measurement

Pulsed wire method is a basic method to analyze the alignment of magnets
[26]. In this method, a wire is fixed between two points through the external
field. A current pulse is applied to the wire. If the external field has transverse
component, the local wire will give a motion due to Lorentz force, which will
propagate to two endpoints as traveling wave and measured by motion sensors.
The amplitude of motions is related to the transverse magnetic field integration
along the z direction and the pulse current magnitude. The external field’s axis
can be obtained within 100 pm resolution from analysis of the motions.

For solenoids, the other method is to use the properties of solenoid’s field that
the longitudinal component on the axis is the extremum along the radial direc-
tion and the radial component is zero, shown as:

0B, (r, z)

! . B(0,2)

r=0

This method has worse resolution than the pulsed wire, but is concise for the
superconducting solenoid because only one end face of tube is open in the cry-
omodule and difficult to construct the wire.

For multipole components measurement, an important method to analyze the
multipole magnetic field is the harmonic coils and wires, which developed by
Carlo et al. at CERN LHC [27, 28]. The basic idea relies on Faraday’s law
of induction: as the magnetic field changes, it induces an electromotive force
(EMF) in the coils, enabling the accurate determination of the multipole field
components. The Fourier coefficients of the magnetic flux function correspond
to the strength of the field’s multipole components.

Although this method provides highly accurate measurements of fields, it ne-
cessitates a multifaceted control system and advanced electrical analysis tools.
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This approach is impractical for accelerator facilities without access to a dedi-
cated field measurement laboratory. To streamline the measurement of multi-
pole modes without the need for specialized equipment, we use a 2D polynomial
fitting technique based on data obtained from a 3D Hall probe measurements.
Drawing on the definitions of dipole, quadrupole, and sextupole components as
outlined in [29], we proceed with the following approach:

Bdn = Jdnew + Oey

Bds = 7st€x + Oey

Bqn = JgnlYCy + anxey

qu = —Jqsxex + Jqsyey

Bsn = anxyeac + an(l‘Q - y2)6y
Jes

Bss = —?(an - y2)€z + Jss‘ryeya

where the field coefficients are represented by J. The subscripts ‘d’, ‘q’, ‘s’
denote the dipole, quadrupole, sextupole part, respectively, while ‘n’ and ‘s’
specify whether the mode is of the normal or skew type. In the case of solenoids,
the transverse magnetic field can be expressed as:

By, = Jyze, + Jye,.

So the horizontal and vertical fields can be presented as form:

J,
Bz - 7‘]ds + any + (Jt - Jqs):E + anl'y - ?(12 - y2) + .

By = Jdn + anl' + (Jt + Jqs)y + an($2 - y2) + Jssfy + ..

The Hall-effect sensor can measure the horizontal and vertical components of
the transverse magnetic field accurately. The coefficients for various multipole
modes (e.g., quadrupole and sextupole) can then be derived by applying a nu-
merical fitting algorithm to the functions provided in Eq. 7.

C. The influence of multipole fields on beam transverse emittance

The multipole fields resulting from misalignment and manufacturing errors in
the solenoid can affect the beam shape and emittance. Since the dipole field
components primarily cause beam deflection, our focus will be on the effects
of the quadrupole and sextupole components. Details on the influence of these
fields and methods for their correction can be found in references [30].

The four-dimensional phase space transport matrix for an ideal quadrupole lens
under the thin lens approximation followed by a solenoid lens can be expressed
as follows:
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cos’? KL, —% sin KL, cos KL,
Mo | ~KsinKL cosKL, cos? KL, —Ksin® KL,
sol ™" quad —sin KL, cos KL, 0 cos? KL,
K sin® KL, —sin KL ,cos KL, —KsinKL_ cosKL,

Here L, represents the solenoid’s effective length, defined as [ B(z)?dz/B2,
where B(z) is the longitudinal magnetic field as a function of position z, and
B, is the peak magnetic field along the solenoid axis. The parameter K =
eBy/2mcyf, where e is the electron charge, m is the electron mass, ¢ is the
speed of light, v is the relativistic factor, and 8 = v/c is the normalized velocity

of the particle.

A normal quadrupole lens, positioned at the entrance of the solenoid, provides
focusing with a focal length f. After the beam passes through the normal
quadrupole and solenoid, the resulting beam matrix takes the following form:

o(s)=M

sol

Mquada(o)(M

soqu )T

uad
The additional transverse emittance, resulting from the combined effects of the
quadrupole’s focusing and the solenoid’s coupling between transverse planes, is
given by:

En,quadJrsol = B’yom,soloy,so” sin 2KLS|
If the quadrupole field has a rotating angle oy, the resulting transfer matrix
incorporates cross-plane coupling terms between the x and y directions, and is

given by:

—sin2a;  cos2ay

cos 2w —sin 2«
Mrotquad(alv f) = ( ! 1)

and Eq. 10 changes to:

En,quadJrsol = nyo-x,solo'y,so” sin 2(KL5 + al)"

To mitigate the emittance growth caused by the quadrupole component par-
asiting the solenoid, a pair of correction quadrupoles, consisting of a normal
quadrupole and a skew quadrupole, are installed downstream of the solenoid at
a distance L. These quadrupoles work together and have a rotating angle a,:

En,total = ﬁry ‘o-a:,solo-y,sol SiHQ(KLs + al) - Ux,co7'ay,co7' Sin(2a2)’ .
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Eq. 13 demonstrates that the effectiveness of the corrector strongly depends
on the beam’s RMS size at the corrector’s position. In practical applications,
the distance between the solenoid and the corrector is a key parameter. In the
SRF gun configuration, the corrector is positioned 0.437 m downstream from
the solenoid, just outside the cryomodule. Using ASTRA, a beam dynamics
simulation tool [31], we performed simulations and compared the results to the
theoretical predictions given by Eq. 12 and Eq. 13. [Figure 1: see original
paper] shows the results of simulations for different distances. The simulations
reveal that, when the distance parameters are fixed, insufficient corrector focal
strength will fail to properly counteract the quadrupole field from the solenoid.
It indicates that for identical parasitic quadrupole strengths in both the solenoid
and corrector, shorter distances result in more effective emittance compensation.
However, if the distance is too large, as seen in the 0.7 m case (blue line) in
[Figure 1: see original paper|, the corrector either fails to cancel the solenoid’s
quadrupole field or requires a significantly stronger focal strength to achieve the
same effect.

According to Eq. 13, the beam size at the corrector is always smaller than at the
solenoid, as the solenoid focuses the beam, and the corrector is positioned within
the solenoid’s focal length. Theoretically, if the corrector is placed beyond the
solenoid’s focal length, where the beam RMS size equals or exceeds that at the
solenoid, the emittance compensation improves for a given quadrupole strength.
However, because the solenoid’s focal length varies depending on specific opera-
tional parameters, the corrector cannot compensate for emittance growth that
occurs between the solenoid and the corrector. Therefore, for optimal emit-
tance compensation, the corrector should be positioned as close to the solenoid
as possible.

As discussed in references [32, 33], sextupole component can introduce additional
transverse emittance to the beam which is primarily dependent on the radial
second-order derivative of the magnetic field, as well as the effective length of
the field region. To simplify the analysis of sextupole effects, we assume that
fringe fields are negligible, a valid assumption in this context since fringe effects
are minor compared to the main field. Additionally, we consider the paraxial
approximation, where the beam’s transverse momentum is much smaller than
its longitudinal momentum. Under these conditions, the Lorentz force equation
gives the force in the x-direction as:

F,=e(v,B, —v,B,)).
Considering that dz = Bedt, the force becomes:

dz
Fx = 7eBy%

The y-component of the sextupole field is given by [29]:

chinarxiv.org/items/chinaxiv-202503.00247 Machine Translation


https://chinarxiv.org/items/chinaxiv-202503.00247

19°B,
2 Ox?

(2® —y?).
z,y=0

By(xa y) =

The sextupole field introduces the transverse momentum as:

e [0°B

x,y=0

The beam emittance is:

g

x xr pm7

where o, and o, are the RMS size and horizontal momentum of the beam,
respectively:

, [ [Ap,(z,y = 0)]2p(x)dx
I plw)dz |

Here p(z) represents the beam transverse distribution. For example, p(z) may

take the form of a Gaussian distribution, p(x) = 271m e %*/29% where o, is

the beam’s RMS width, or a uniform distribution. The distribution function
influences the extent to which the sextupole component contributes to emittance
growth, as the field’s non-linear components interact with the particle density
profile in different ways depending on the distribution.

The resulting normalized emittance induced by the sextupole field, for both
Gaussian and uniform beam distributions, is given by:

€ asz 3 .
6n,se:ctupole = me | oz2 Leffax (Gaussmn)
x,y=0
c |&B,) o (Uniform)
En,seztupole = — |33 eff = nirorm
me | Ox - NG

From Eq. 20, the increasing transverse emittance from parasitic sextupole com-
ponent is linear with the effective length of the sextupole component and cubi-
cally dependent on the beam RMS size. This indicates that larger beam sizes or
stronger sextupole component can significantly increase emittance. To mitigate
this effect, it may be necessary to insert a compensating sextupole lens near the
solenoid. This compensator can counteract the sextupole component’s influence
by introducing an opposing sextupole field component. Additionally, reduc-
ing the second-order derivative of the transverse magnetic field in the solenoid
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can help diminish the sextupole component effect, as a smaller second-order
derivative reduces the strength of the non-linear components that contribute to
emittance growth.

III. NEW DESIGN OF THE SC SOLENOID

To reduce spherical aberration, we optimized the design of the SC solenoid.
Magnetic field calculations were carried out using Poisson/Superfish, a software
widely used for simulating electromagnetic fields in accelerator components [34].
The results of these calculations are displayed in [Figure 2: see original paper].
The NbTi wire coils remain unchanged in both designs, while the pure iron yoke
was optimized by increasing its radius from R; = 31.75 mm to R, = 38 mm
and doubling its length from L; = 58.6 mm to L, = 120 mm. This optimiza-
tion significantly altered the solenoid’s magnetic field profile. The normalized
longitudinal field and its first derivative for both designs are shown in [Figure 3:
see original paper], where the new design displays a substantial reduction in the
first derivative at the solenoid field’s edges. The effective length of the solenoid
increased from 40.56 mm to 52.27 mm in the new design.

We conducted simulations using ASTRA to compare the beam dynamics be-
tween the old and new solenoid designs. In these simulations, the beam kinetic
energy was set to 3.5 MeV, and space charge effect was neglected to focus on
the solenoid’s impact on the beam. At the solenoid entrance, the beam had
zero emittance with a Gaussian distribution transverse profile. The magnetic
field integral [ B2dz was identical for both designs at 1.19 x 1072 T2+ m. The
maximum magnetic fields were 0.171 T and 0.151 T for old-designed and new-
designed, respectively. The integration of B, first derivative square were 1.14
T? - m~! for old-designed and 0.62 T? - m~! for new-designed.

[Figure 4: see original paper] presents the spherical aberration emittance at
the solenoid exit for both designs. The new design demonstrated a marked
improvement, with the fourth-power fitting coefficient being roughly half that
of the old design. The coefficient is reduced about 47%, from 0.0061 mm3 -
mrad to 0.0033 mm™2 - mrad. For a 600 pC beam with a Gaussian transverse
distribution profile and 4.25 mm RMS size at solenoid position, the transverse
projected emittance at 2.62 m far from the cathode decreases from 5.458 mm -
mrad with old designing SC solenoid to 4.768 mm - mrad with new designing
SC solenoid at the same focal strength. Additionally, when the solenoid is
not aligned perfectly, new designing SC solenoid will behave much better. For
instance, if the alignment has 1 mm offset in x-direction, the transverse projected
emittance will decrease from 5.814 mm - mrad to 4.902 mm - mrad. The average
slice emittance decreases about 25%.

IV. MEASUREMENT SETUP

The multipole components arise when there is an offset or tilt between the
solenoid’s magnetic field axis and its mechanical axis. Misalignments of this kind
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can cause multipole components, such as quadrupole or sextupole, to appear.
These multipole components distort the beam profile and increase transverse
emittance, degrading overall beam quality. Identifying and correcting these
misalignments is crucial for optimizing solenoid performance.

[Figure 5: see original paper| presents a photograph of the magnetic field mea-
surement system. The 3-D coordinate measurements and mechanical alignment
of the solenoid were performed using a Quantum Max metrology tool (mechan-
ical measuring arm) from FARO. This arm was also employed to establish the
transverse coordinate origin and ensure proper alignment of the longitudinal
axis. Before sealing the cryomodule, this tool was used to determine the mod-
ule’s mechanical axis and the solenoid’s position relative to the cryomodule’s
large front-side flange, which served as the reference plane.

The mapping of the magnetic field is carried out using three motorized linear
stages enabling precise 3-axis movements. The z direction stage had a travel
range from 0 to 270 mm. [Figure 6: see original paper| shows the installation of
SC solenoid in the cryomodule. The core fixed by the aluminium support frame
is placed at 135 mm far from the measurement original point. The diameter of
beam pipe is 39 mm.

Magnetic field measurements are performed using two Hall sensors. The first
sensor from SENIS AG is employed to measure all three components of the mag-
netic field. It operates within a range from -200 to 200 mT, and the resolution
is 0.001 mT. The active area of this 3-D probe measures 150 pm x 150 pm
with a thickness of 50 pm. To ensure precise alignment and protection of the
probes during the field mapping, a custom holder was designed (see [Figure 8:
see original paper] (a)). The second is a Magnet-Physik GmbH probe measuring
the longitudinal magnetic field component with range from 3 mT to 3 T (see
[Figure 8: see original paper] (b)).

For the 1-D axial probe, measurements of the longitudinal magnetic field com-
ponent are taken over a distance of 0 to 270 mm along the solenoid’s mechanical
axis, with a step size of 5 mm. The 3-D probe is used to map the transverse
magnetic field components over a 12 mm X 11 mm area in the horizontal and
vertical directions (see [Figure 7: see original paper]). The center point of the
rectangle is the original point. Step sizes are set at 1 mm in x and y direction, 5
mm in z direction. Each measurement plane takes approximately 4.5 minutes.

V. FIELD MEASUREMENT RESULTS

The longitudinal field B, along the solenoid axis is measured using the 1-D Hall
probe, which is selected for its ease of data processing, allowing for more efficient
and accurate analysis compared to other methods. Due to the dominance of the
longitudinal field over the weaker transverse components, any minor misalign-
ment between the measurement and solenoid axes was considered negligible.

In [Figure 9: see original paper] (a), the measured longitudinal field profile B,
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is shown for currents ranging from 1 A to 8 A. [Figure 9: see original paper] (b)
compares this measured data with the computed field profile, revealing excellent
agreement between the two. As anticipated from the solenoid’s behavior, the
maximum value of B, exhibits a linear increase with the solenoid current, and
the slope coefficient is 35.23 £ 0.02 mT/A, as [Figure 10: see original paper] (a)
illustrated. The effective magnetic length was determined to be 50.990 + 0.068
mm. The results for different currents, demonstrating the consistent relationship
between field strength and current, are shown in [Figure 10: see original paper]

(b).

A. Misalignment measurement

A detailed spatial field distribution mapping was performed to accurately mea-
sure the SC solenoid field, as depicted in [Figure 7: see original paper|. The
3-D Hall probe was used for these measurements, with the maximum current
limited to 5 A due to the probe’s range constraints. To account for the influ-
ence of background magnetic fields, a preliminary mapping was conducted at 0
A current. These background readings were subsequently subtracted from the
standard field measurements before initiating numerical analysis.

The data analysis involved determining the extrema coordinates (maximum val-
ues outside and minimum values inside the solenoid) for each measurement plane
using a parabolic fitting method. Linear regression method was applied to the
center point coordinates in z direction at both the solenoid’s entrance and exit,
yielding two straight lines. The tilt and offset of the solenoid’s field axis were
calculated by averaging the results of these two lines. The SC solenoid offset is
2.2740.20 mm in horizontal and —0.51 4+ 0.02 mm. The tilt is 7.86 + 0.87 mrad
in horizontal plane and —23.07 4 1.23 mrad in vertical plane.

While the solenoid’s offset can be adjusted by repositioning the x-y stage during
SRF gun operation, any tilt in the solenoid’s field axis, once established, cannot
be corrected later. Potential sources of misalignment between the solenoid’s
magnetic field axis and the measurement axis include discrepancies between
the solenoid’s magnetic field axis and the mechanical axis, inaccuracies in the
solenoid’s alignment relative to the reference plane, errors in the measurement
coordinate system, and data analysis inaccuracies. Furthermore, magnetic hys-
teresis in the solenoid or adjacent components, as well as thermal contraction
effects during the cooldown to 4.5 K, may also contribute to alignment devia-
tions.

B. Multipole modes

The multipole components analysis focuses on the transverse magnetic field,
measured using the 3-D Hall probe, to accurately characterize the higher-order
magnetic field structures. Before performing the detailed evaluation of the field
mapping data, background magnetic field measurements are subtracted to re-
move any residual environmental noise or baseline offsets, ensuring the accuracy
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of the subsequent analysis.

The main objective of the data processing is to compute the coefficients of
the multipole modes, which describe the strength and nature of the magnetic
field’s higher-order components. These coefficients are calculated based on the
measured transverse fields for each plane, following the formulation given in
Eq. 7. Accurate center coordinates, which are essential for determining the
symmetry and alignment of the multipole modes, are obtained from the previous
axis measurements.

In the final step, a fitting procedure is applied to the data for each measurement
plane, allowing for the extraction of the multipole coefficients that character-
ize the field’s transverse components. As an illustrative example, [Figure 11:
see original paper] presents the multipole components distribution of the SC
solenoid at 5 A.

In [Figure 11: see original paper] (a), the solenoid radial field coefficient .J, ob-
tained from the measurement is compared with the corresponding curve derived
from the first derivative of the measured B, on axis. The good consistency be-
tween these two results confirms the validity and accuracy of the measurement
process.

[Figure 11: see original paper] (b) illustrates two components of the dipole
field parasite in the solenoid. The normal mode exhibits symmetry around the
solenoid’s center, while the skew mode is asymmetric, indicating the presence of
minor field imperfections. The overall dipole field, accounting for both normal
and skew modes, can be described by the following equation, which characterizes
the field’s complete dipole structure:

Bd = Bdn + Bds = _stex + Jdney'

By integrating the transverse field components along the z axis, the resulting
values determine the magnitude and direction of the dipole kick exerted on the
beam. This kick influences the trajectory of the beam as it passes through the
solenoid, with both strength and orientation depending on the transverse field
distribution.

In [Figure 12: see original paper] (a), the magnitude and phase of the dipole
field are shown as a function of the longitudinal position z. Notably, a distinct
phase change is observed at the central plane of the solenoid, which may indicate
field reversals or changes in field symmetry across the solenoid.

As shown in [Figure 12: see original paper] (b), the integration of dipole field
strength is proportional with the current, confirming the proportional relation-
ship between current and the transverse dipole field. This linearity is key for
predicting the beam steering effects caused by the solenoid under varying oper-
ational conditions.
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The parasitic quadrupole component, displayed in [Figure 11: see original paper]
(c), demonstrates antisymmetry about the solenoid’s central plane, with the
dominant normal quadrupole mode reversing its sign across the center. Due
to this antisymmetry, the integrated quadrupole gradient, derived from the z-
integration of the quadrupole components, is nearly zero. This suggests that, in
the absence of other effects, the net focusing or defocusing from the quadrupole
field is minimal over the entire solenoid.

However, the Larmor rotation of the beam’s coordinate frame as it traverses the
solenoid can cause a coupling between the transverse motions. This rotation may
lead to observable effects on the beam, even when the integrated quadrupole
field appears negligible. To accurately evaluate the total quadrupole field’s
impact on the beam, both the normal and skew components must be combined,
as represented by the following equation:

Bq = Bqn + qu = (any - Jqsw)ex + (anx + Jqsy)ey'

[Figure 13: see original paper| (a) presents the polar representation of the
quadrupole gradient, displaying both its magnitude and phase with the longitu-
dinal position z. This representation provides insight into the spatial variation
and orientation of the quadrupole field components.

In [Figure 13: see original paper| (b), the integrated quadrupole gradient is
plotted with the solenoid current, revealing the linear dependence of the field
strength on current. It is notable that the slopes for currents with different
signs in [Figure 13: see original paper] (b) differ slightly. This discrepancy may
be attributed to systematic measurement errors, such as probe misalignment,
noise in the data acquisition system, or non-ideal calibration of the Hall probes.

To mitigate the effects of the parasitic quadrupole field generated by the SC
solenoid, a set of correctors, comprising one normal quadrupole and one skew
quadrupole, is strategically placed 437 mm downstream from the solenoid center
in the SRF gun beamline. Each corrector has an effective length of 0.0672 m
and provides a gradient of 12 mT/m/A.

When operating SRF gun III at an accelerating gradient of 12 MV /m, corre-
sponding to a kinetic energy of 6 MeV, the SC solenoid current is set to 6 A to
focus the beam and mitigate the growth of transverse emittance. As a result,
the solenoid induces an integrated quadrupole field gradient of 0.192 mT, with
a peak value of 48 mT/m over an effective length of 4 mm.

Due to the uncertainty in the phase of the parasitic quadrupole field, simula-
tions using ASTRA were conducted to analyze its impact on beam dynamics.
Interestingly, under specific phase conditions, the parasitic quadrupole field can
reduce the initial beam emittance, potentially compensating for the solenoid’s
spherical aberration. However, this effect is contingent on precise phase align-
ment.
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[Figure 14: see original paper| shows normalized emittance change with
quadrupole field rotation angle in simulation. The beam with 500 pC bunch
charge is 6 MeV of kinetic energy. We ignored the space charge when consid-
ering the quadrupole field in the solenoid. The solenoid current is 6 A located
55 mm downstream of the cathode. The component focal strength of parasitic
quadrupole is 2.21 m~2, and its effective length is 4 mm.

In most cases, the parasitic quadrupole field exacerbates transverse emittance
growth, making it critical to cancel this effect using correction techniques. As-
suming a worst-case scenario where the quadrupole field phase is misaligned
by 45.8 degrees, as shown in [Figure 14: see original paper], and applying a 1
A current to the corrector, [Figure 15: see original paper] demonstrates that
the emittance oscillation is significantly reduced. Simulation results confirm
that the correctors, when properly adjusted, effectively nullify the influence of
the solenoid’s parasitic quadrupole field, thus preventing additional emittance
growth.

The sextupole field characteristics are illustrated in [Figure 16: see original pa-
per] (a), which shows the sextupole field coefficient and its phase along the
longitudinal direction at a solenoid current of 5 A. The amplitude of the sex-
tupole field is approximately symmetric with respect to the original point (the
solenoid’s center), with maximum values of around 0.0025 mT/mm? occurring
at the mirror planes. Additionally, the phase undergoes significant changes
near the center, with maximum and minimum strength values observed at these
mirror planes. At the edges of the solenoid, the phase measurement becomes
unstable due to the small magnitude of the sextupole coefficient, which results
in significant noise interference and limits accurate fitting.

Although it is expected that the z-integral of the sextupole field coefficient
should be proportional to the solenoid current, the measured results do not
align with this expectation, as shown in [Figure 16: see original paper]| (b).
This discrepancy likely arises because the sextupole component falls outside the
measurement method’s accuracy range.

We evaluate the influence of the sextupole field on transverse emittance in the
context of SRF gun III, utilizing a bunch charge of 500 pC. Simulations reveal
that the beam’s RMS size at the solenoid position is approximately 4 mm. With
the solenoid current fixed at 6 A, the sextupole field exhibits an amplitude of
approximately 0.005 mT/mm?, with an effective length of 6 mm. For a beam
characterized by a lateral Gaussian distribution of transverse profile, the addi-
tional normalized emittance introduced by the sextupole field is approximately
0.9 mm - mrad. In contrast, for a uniform beam distribution, the additional
emittance is reduced to about 0.52 mm - mrad. Consequently, based on Eq. 20,
the overall impact of the sextupole field on the transverse emittance is estimated
to be approximately 20%.

chinarxiv.org/items/chinaxiv-202503.00247 Machine Translation


https://chinarxiv.org/items/chinaxiv-202503.00247

ChinaRxiv [$X]

C. The analysis of error sources

The measurement uncertainties associated with the SC solenoid stem from four
primary sources:

1. Mechanical Alignment of the Hall Probe: Inaccuracies in the me-
chanical alignment of the Hall probe can lead to erroneous measurements
of the magnetic field. Even slight misalignments may result in significant
discrepancies in the recorded data.

2. Degaussing of the Yoke: Incomplete or imperfect degaussing of the
yoke can introduce residual magnetic fields, which may affect the accuracy
of the measurements by masking or distorting the intended signal.

3. Intrinsic Errors of the Hall Probe: Each Hall probe has inherent mea-
surement errors due to its construction and operating principles, which can
contribute to the overall uncertainty in the magnetic field measurements.

4. Data Fitting Errors: Errors introduced during the data fitting process
can arise from the mathematical models used, as well as the selection of
fitting parameters. These can affect the accuracy of the derived magnetic
field values.

The field measurements were conducted over the course of one week, with each
full mapping session taking approximately four and a half hours. Due to lim-
itations in the measurement system—such as the z-axis movement range and
the initialization procedure—the Hall probe required manual realignment with
a marker on a daily basis. This manual realignment resulted in a longitudinal
position error of less than 0.8 mm and a rotational error of less than 60 mrad.
Consequently, the longitudinal field error of the solenoid due to realignment is
estimated to be less than 2%, while the uncertainty in the transverse field is less
than 6%.

The second source of error arises from the incomplete degaussing of the soft iron
yoke. While a background field was recorded, it was not measured before each
individual mapping session. Background measurements were taken at three key
instances: initially before the measurement period, just prior to increasing the
solenoid current to 4 A and then to 5 A, and finally after measuring the magnetic
field at -3 A. As illustrated in [Figure 17: see original paper], the background
field’s variation on the mechanical axis is approximately 0.125 mT. Although we
subtracted this background field before performing the multipole field analysis,
its variations introduce additional uncertainties. The averaged differences in the
multipole component integrals are approximately 18.4% for dipole fields, 30.4%
for quadrupole field gradients, and 21.4% for sextupole field coefficients.

Regarding the measurement equipment, the active area of the 1-D hall sensor is
circular area with a diameter of 0.4 mm, representing an average over a circular
area of 0.126 mm?. The calibration uncertainty for the 1-D hall probe is 0.25%
[36]. For the 3-D Hall sensor, the core size is 0.15 mm X 0.1 mm x 0.15 mm, and
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the measuring precision is better than $+$0.1% [37]. Additionally, the intrinsic
alignment error of the sensor areas in the 3-D Hall sensor is approximately 17.45
mrad, as shown in [Figure 18: see original paper] [37].

[Figure 11: see original paper] illustrates that the fitting errors are predomi-
nantly associated with the quadrupole field gradient and sextupole field coeffi-
cients. In contrast, the average fitting error in simulations, attributed to finite
grid size, is less than 1%. The observed fitting errors are 2%, 73%, and 90%
for the dipole field, the quadrupole field gradient, and the sextupole field coef-
ficients, respectively. The overall fitting error is a reflection of the cumulative
impact of these individual errors, underscoring the significant influence that the
quadrupole and sextupole components have on the accuracy of the multipole
field measurements. This highlights the importance of addressing these fitting
errors to improve the reliability of the measurements.

VI. CONCLUSION

We have optimized the SC solenoid design to reduce spherical aberration, fo-
cusing on modifying the geometry and field distribution. The effective length
and field strength coefficient, as determined from measurements under opera-
tional current, were found to be in excellent agreement with simulation results,
confirming the accuracy of our solenoid design.

An analysis of the high-order magnetic components, including quadrupole and
sextupole components, was conducted to assess their impact on beam transverse
emittance. While the formalism fitting method used for multipole components
analysis does not yield highly precise results due to the reasons discussed in the
previous section, it provides valuable insights into the solenoid’s performance in
the beamline and helps guide further optimization efforts.

The correctors installed in the beamline effectively compensate for the adverse
impact of the quadrupole field on beam transverse emittance. However, the
sextupole component remains a critical factor in optimizing the injector’s future
performance, as it introduces non-linear field effects that significantly impact
beam quality.

To mitigate the effects of the sextupole component, a practical solution is to
install a sextupole corrector in close proximity to the SC solenoid. This would al-
low for fine-tuning of the higher-order field components and enhance the overall
beam quality. This addition could significantly enhance performance by further
mitigating the sextupole effects, optimizing the injector’s performance.
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