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Abstract
In nuclear facility maintenance, accurately locating multiple radiation sources
within complex pipeline systems is paramount for ensuring the safety of main-
tenance personnel and optimizing work routes to minimize radiation exposure.
However, existing localization methods often rely on two-dimensional grid spaces
or are limited to a few sources, and they frequently neglect the attenuation ef-
fects caused by pipeline materials, leading to reduced accuracy and increased
computational complexity. This study introduces the Geo-EM-ML algorithm,
a novel hybrid approach that integrates the Expectation-Maximization (EM)
algorithm and Maximum Likelihood Estimation (MLE), enhanced by geometric
constraints tailored to the three-dimensional continuous space of pipeline sys-
tems. Additionally, a ray tracing program is employed to model the attenuation
effects accurately, ensuring reliable detector response calculations. Experimen-
tal results demonstrate that Geo-EM-ML achieves a high success rate exceeding
94% in scenarios with up to six radiation hotspots, maintaining average posi-
tion error and relative activity error below 8.58 mm and 3.48%, respectively.
The algorithm exhibits robustness across varying pipeline shielding materials,
wall thicknesses, source intensities, and detector configurations. The Geo-EM-
ML algorithm represents a significant advancement in multi-source localization,
offering a scalable and precise solution for complex pipeline environments in
nuclear facilities, thereby mitigating safety risks and optimizing maintenance
workflows.

Full Text
## Preamble

In nuclear facility maintenance, accurately locating multiple radiation sources
within complex pipeline systems is paramount for ensuring the safety of main-
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tenance personnel and optimizing work routes to minimize radiation exposure.
However, existing localization methods often rely on two-dimensional grid spaces
or are limited to a few sources, and they frequently neglect the attenuation ef-
fects caused by pipeline materials, leading to reduced accuracy and increased
computational complexity. This study introduces the Geo-EM-ML algorithm,
a novel hybrid approach that integrates the Expectation-Maximization (EM)
algorithm and Maximum Likelihood Estimation (MLE), enhanced by geometric
constraints tailored to the three-dimensional continuous space of pipeline sys-
tems. Additionally, a ray tracing program is employed to model the attenuation
effects accurately, ensuring reliable detector response calculations. Experimen-
tal results demonstrate that Geo-EM-ML achieves a high success rate exceeding
94% in scenarios with up to six radiation hotspots, maintaining average position
error and relative activity error below 8.58 mm and 3.48%, respectively. The
algorithm exhibits robustness across varying pipeline shielding materials, wall
thicknesses, source intensities, and detector configurations.

The Geo-EM-ML algorithm represents a significant advancement in multi-source
localization, offering a scalable and precise solution for complex pipeline envi-
ronments in nuclear facilities, thereby mitigating safety risks and optimizing
maintenance workflows.

Keywords: Multiple sources localization, Maximum Likelihood Estimation,
Expectation-Maximization Algorithm, Shielding scenario

## Introduction

Complex pipeline systems containing radiation hotspots present a significant
threat to maintenance and experimental personnel in nuclear facilities. Addi-
tionally, work routes cannot be planned without knowledge of the hotspots’
locations and activity, resulting in increased radiation exposure to personnel.

Currently, there are two methods for obtaining radiation hotspot information:
(1) estimation based on staff experience and (2) direct measurement near the
pipeline or sampling from the pipeline. The first method can lead to significant
deviations due to the subjective nature of estimates. The second method, while
more direct, exposes personnel to potentially high radiation doses. Additionally,
due to spatial constraints, many locations may be inaccessible to close-range de-
tectors. Therefore, developing a multi-source localization algorithm for complex
pipeline systems helps workers locate radiation sources quickly and accurately.

Multi-source localization is an inverse problem that aims to determine the lo-
cation and activity of sources based on the count data collected by a group of
detectors positioned around the sources. In contrast to the search for a lost
single source in nuclear security scenarios, multi-source localization algorithms
are inherently more complex and challenging to develop. Currently, several
algorithms are used to solve the multi-source localization problem, mainly in-
cluding least squares estimation, maximum likelihood estimation/expectation
maximization, Bayesian estimation, and neural network.
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a. Least Squares Estimation: Chen et al. proposed a multi-source localiza-
tion algorithm based on the least squares method, which can locate up to two
radiation sources in a three-dimensional environment. They designed a screen-
ing mechanism to determine whether the detector participates in the calculation
through geometric relationships, which improves the localization accuracy and
algorithm robustness in the presence of shielding[1].

b. Maximum Likelihood Estimation/Expectation Maximization: Deb
modeled the multi-source localization problem as an optimization problem of
a high-dimensional function and solved the maximum likelihood estimation
(MLE) through Fisher score iteration. Since the multi-source localization prob-
lem is a non-convex optimization problem, finding a reasonable initial estimate
is an inherent need. Deb proposed an expectation-maximization-based algo-
rithm to find the approximate distribution of the source intensity in space.
Then, the local maxima of the spatial distribution are identified as the initial
estimates for the maximum likelihood estimation[2]. In addition, Deb et al. im-
plemented the mixed use of directional and non-directional detectors under the
expectation-maximization framework so that the radiation source localization
work can consider both cost and efficiency[3]. Hellfeld et al. improved the
expectation-maximization algorithm and proposed the Point Source Localiza-
tion (PSL) algorithm. The expectation-maximization algorithm usually divides
the space into grids and estimates the radiation source activity at each grid
point. The PSL algorithm treats the position and radiation source activity as
continuous variables.

The PSL algorithm is suitable for the localization of a single radiation source.
To solve the multi-source localization problem, Hellfeld et al. proposed the Ad-
ditive Point Source Localization (APSL) algorithm. The APSL algorithm es-
timates the number of radiation sources by gradually adding new radiation
sources and uses the Bayesian information criterion as the stopping criterion,
thereby improving the robustness of the algorithm[4, 5]. Subsequently, Band-
stra et al. improved the PSL algorithm to enable it to estimate the position
of radiation sources accurately in the presence of shielding. They used LiDAR
to build a voxel model of the scene and calculated the shielding effect through
a ray tracing algorithm. They regarded the entire scene as composed of the
same material and added the linear attenuation coefficient of this material as
an estimated parameter to the PSL algorithm, thereby achieving better localiza-
tion accuracy in practical tests than the original PSL algorithm[6]. Abdelhakim
proposed heuristic techniques to enhance the efficiency of maximum likelihood
estimation for localizing radioactive sources[7].

Anderson et al. proposed a new method for radiation measurement using mo-
bile robots, which can accurately locate and characterize radioactive sources in
real scenarios containing multiple radiation sources and complex environments
through recursive Bayesian estimation combined with attenuation modeling.
In addition, their system implemented autonomous isotope identification and
measurement point optimization based on Fisher information, significantly im-
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proving measurement efficiency and accuracy[8].

c. Bayesian Estimation: Morelande et al. proposed a Bayesian estimation
framework that transformed the task of estimating radiation source parameters
into a model selection problem and utilized partial Bayes factors (PBF) to com-
pare the evidence of different models for determining the number of radiation
sources. Their work utilized the sequential Monte Carlo method, especially by
introducing the progressively corrected importance sampling (PCIS) technique,
effectively approximating the posterior distribution of radiation count data col-
lected by detectors when multiple radiation sources exist[9–12]. Chin et al. pro-
posed an efficient Bayesian estimation framework combining the particle filter
and mean shift technique. Their proposed Bayesian framework ensures constant
computational complexity, accounts for the influence of shielding, and enables
parallel processing, making it applicable to large-scale sensor networks[13].

d. Neural Network: The multi-source localization methods based on neural
networks are mainly divided into recurrent and feedforward neural networks.
Wacholder et al. modeled the multi-source localization problem as a combina-
torial optimization problem and solved it using the Hopfield recurrent neural
network. The Hopfield recurrent neural network does not require pre-training
of network parameters but updates the state of neurons iteratively to minimize
the energy function and obtain the optimal solution[14]. Mendes et al. trans-
formed the multi-source localization problem in two-dimensional space into an
object detection problem and detected the possible positions of radiation sources
from the radiation distribution map using a pre-trained convolutional neural
network[15]. Abdelhakim proposed a feature extraction technique to convert
the position information and count data of the detectors into feature vectors
and then used the decision tree regression algorithm to learn how to predict
the activity and position of the radiation sources from the feature vectors[16].
Hao et al. designed a Source Distribution Inversion Convolutional Neural Net-
work (SDICNN) to obtain the distribution information of complex source terms
from radiation parameters in space. The SDICNN comprises a fully connected
network (FCN) and a convolutional neural network (CNN). The FCN obtains
low-resolution source distribution parameters from a single sampling point in
the radiation field, and the CNN uses a structure similar to the super-resolution
CNN (SRCNN) to complete the delicate reconstruction of the source distribu-
tion[17]. Okabe et al. designed a detector pixel layout inspired by Tetris and
increased the response contrast between pixels by adding inter-pixel padding
materials between pixels. They used a neural network composed of filtering
layers and a deep U-net to predict the direction of radiation sources. Based on
the predicted direction and the incident radiation intensity, they used posterior
probability maximization to estimate the position of the radiation source[18].

However, the existing research encountered challenges when applied to the local-
ization of multiple radiation sources in complex pipeline systems. Firstly, most
previous methods focused on multi-source localization in two-dimensional planes
or discrete grid spaces, whereas radiation sources in complex pipeline systems
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are continuously distributed in three-dimensional space[2, 3, 7, 9–16]. Besides,
most previous studies primarily considered attenuation from the air, whereas
radiation sources in complex pipeline systems are shielded by the pipeline wall,
leading to errors in estimating the radiation source position[1–5, 7–12, 14–16,
18]. Moreover, previous studies primarily focused on localizing only a few ra-
diation sources (fewer than four), whereas complex pipeline systems typically
involve a much larger number of radiation sources, exacerbating the ill-posedness
of the inverse problem[1, 3, 6–12, 14–18].

This paper proposes a geometrically constrained EM-ML algorithm (Geo-EM-
ML) to solve the multi-source localization problem in complex pipeline systems.
At the initial stage, the expectation-maximization (EM) algorithm is used to
estimate the position and activity of the radiation sources quickly. Maximum
likelihood estimation (MLE) is used to optimize the initial estimation provided
by the EM algorithm. During the optimization process, geometric constraints
are introduced to narrow the algorithm’s search space and improve the con-
vergence efficiency. Meanwhile, a parameter filter is designed to estimate the
number of radiation sources progressively. Finally, the algorithm continuously
optimizes and adjusts the position, number, and activity of the radiation sources
until the estimated number of radiation sources no longer changes.

The primary contributions of the paper are as follows: - The proposed hybrid al-
gorithm can rapidly provide an approximate orientation of the radiation sources
within the pipeline system and efficiently compute the number, positions, and
activity of the radiation sources in �3min. Tests with up to twelve hotspots were
conducted, yielding excellent results. - Our algorithm introduces geometric con-
straints, which narrows the search space of radiation sources and improves the
robustness and convergence speed of the algorithm. - We designed a filter strat-
egy to progressively optimize the estimation of the number of radiation sources,
improving the stability and accuracy of the algorithm while reducing the com-
putational burden in the later stages. - We used ray tracing to accurately model
the radiation shielding effect, ensuring the accuracy and stability of the algo-
rithm in complex pipeline systems. The stainless steel pipelines with a wall
thickness of up to 15 cm were tested in this study, achieving a success rate of
around 95%.

The rest of this paper is organized as follows: Sec. II introduces the details of
the Geo-EM-ML algorithm; Sec. III tests the algorithm under different exper-
imental settings to demonstrate the feasibility of the algorithm, and conducts
ablation experiments on various sub-modules of the algorithm to illustrate their
usefulness; Sec. IV summarizes the work of this paper.

## II. Method

### A. Preliminaries

[Figure 1: see original paper] Pipeline system with detectors and sources. The
red balls represent the sources. The blue balls represent the detectors.
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The problem to be solved by our algorithm is that there are multiple point
sources in the pipeline system, which are composed of the same radioactive
nuclide and emit gamma rays, as shown in Figure 1. The total number of these
point sources M, the position r_m and the activity 𝜆_m of each point source are
unknown. Therefore, the parameter distribution to be estimated is represented
as shown in Eq. (1).

� = {r_m, 𝜆m}{m=1}^M

N detectors are deployed in the free space outside the pipeline system, and their
positions r_n are known. During the detection time t, the photon peak counts
received by detector n are also known and denoted as C_t^n.

A well-studied forward problem is formulated as determining the count rate
c_n(�) of the photon peak at the position r_n of detector n based on the distri-
bution of radiation sources � and the geometry and material of the shielding in
the environment. In the case where the radiation source distribution � is known,
the count rate of the photon peak on the n-th detector contributed by the m-th
radiation source is as shown in Eq. (2).

c_{n,m}(�) = 𝛼{n,m}𝜆m = e^{- ̄𝜌{n,m} d{n,m}} 𝜆_m

Where 𝛼{n,m} is the attenuation coefficient from the m-th radiation source to the
n-th detector, A is the detector area, � is the detector detection efficiency, ̄𝜌{n,m}
is the average linear attenuation coefficient from the detector to the radiation
source, and d_{n,m} = ||r_n - r_m|| is the distance between the detector and
the radiation source. The detectors used in this study have consistent detector
area and detection efficiency, and are isotropic detectors. Since the influence
of each radiation source on the detector is independent, the count rate of the
photon peak on the detector is as shown in Eq. (3).

c_n(�) = �{m=1}^M c{n,m}(�) = �{m=1}^M 𝛼{n,m}𝜆_m

The problem studied in this paper is the inverse problem of the above for-
ward problem, i.e., determining the distribution � of radiation sources based
on the positions of the detectors and the count of the photon peaks {r_n,
C_t^n}_{n=1}^N and the geometry and material of the shielding in the envi-
ronment. The inverse problem is generally solved using optimization methods,
i.e., finding the optimal parameters �* in the solution space such that the differ-
ence between the estimated count rate {c_n(�*)}{n=1}^N and the actual count
rate {c_n}{n=1}^N of the photon peaks detected is minimized. The entire solu-
tion process essentially involves continuously sampling the parameters � in the
solution space, calculating the corresponding count rate {c_n(�)}_{n=1}^N,
determining the direction of the next sampling based on the estimated count
rate and the actual count rate of the photon peaks detected, until the optimal
parameters �* are found.

When solving the inverse problem using the least squares estimation (LSE), the
algorithm calculates the square difference between the estimated count rate and
the actual count rate {c_n}_{n=1}^N as the loss function L(�), and selects the
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parameter �* that minimizes L(�) as the distribution of the radiation sources, as
shown in Eq. (4).

�* = arg min L_{LSE}(�) = arg min �_{n=1}^N (c_n(�) - c_n)^2

When solving the inverse problem using the maximum likelihood estimation
(MLE), the algorithm calculates the probability of the photon peak counts re-
ceived by each detector as the likelihood function, and selects the parameter
�* that maximizes the likelihood function as the distribution of the radiation
sources, as shown in Eq. (5).

�* = arg max L_{MLE}(�) = arg max �_{n=1}^N P(C_t^n | �)

Where P(C_t^n | �) is the probability of the photon peak counts received by de-
tector n when the source distribution is �, which follows the Poisson distribution,
as shown in Eq. (6).

P(C_t^n | �) = (c_n(�)t){C_tn} e^{-c_n(�)t} / (C_t^n)!

### B. Hybrid Algorithm Structure and Key Techniques

#### 1. Algorithm Structure

We propose a hybrid algorithm, Geo-EM-ML, which combines the expectation-
maximization algorithm and the maximum likelihood estimation method, incor-
porating the geometric information of complex pipeline systems to address the
multi-source localization problem. The algorithm pipeline is shown in [Figure
2: see original paper].

An introduction to each part of the algorithm framework is as follows:

Initial Estimation: At the beginning of the algorithm, the pipeline system
is uniformly sampled, and the Expectation-Maximization algorithm is used to
estimate the activity of the radiation sources at these sampled positions, denoted
as EM. Additionally, running the full Geo-EM-ML algorithm takes a relatively
long time (around 3 minutes), while the EM algorithm can quickly provide a
good initial estimate (in about 2 seconds), helping to identify potential radiation
source areas.

Pre-optimization: Then, the maximum likelihood estimation is used to opti-
mize the results of the EM to obtain more accurate estimates of the activity
of the radiation sources, denoted as MLE-1. Subsequently, a local maximum
search is performed on the estimated results to exclude radiation sources with
smaller activity values. After that, the maximum likelihood estimation is used
again to optimize the activity at the local maximum, denoted as MLE-2.

Joint Optimization: Finally, joint optimization is performed to iteratively
estimate the position, activity, and quantity of radiation sources until the ter-
mination criteria are satisfied. In each iteration, the maximum likelihood esti-
mation method is alternately applied without and with geometric constraints to
estimate the position and activity of the radiation sources. The maximum like-
lihood estimation method without geometric constraints is denoted as MLE-3,
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and the one with geometric constraints is denoted as MLE-4. After each iter-
ation, a local maximum search is performed, and the radiation sources around
the local maximum are merged to reduce the estimated number of radiation
sources.

#### 2. Geometric Constraints

In the Geo-EM-ML algorithm, geometric constraints are used to provide prior
information on the position of the radiation sources, thereby improving the con-
vergence speed and accuracy of the algorithm. Geometric constraints are used
in two modules of the Geo-EM-ML algorithm. The initial estimation module
uses the Expectation-Maximization algorithm to estimate the activity of the ra-
diation source, requiring geometric constraints to restrict the sampling positions
of the radiation source. In the joint optimization module, geometric constraints
are added to the likelihood function in the form of probabilities to constrain the
position of the radiation sources.

In the initial estimation module, we propose two sampling methods for the posi-
tion of the radiation sources, denoted as PIPE and SPACE. The PIPE sampling
method uses the geometric model of the pipeline system as prior information,
while the SPACE sampling method does not use any prior information. Figure
3: see original paper shows that when using the PIPE sampling method, the
radiation sources are uniformly distributed within the pipeline system. Figure
3: see original paper shows that when using the SPACE sampling method, the
radiation sources are uniformly distributed within the free space around the
pipeline system.

In the joint optimization module, geometric constraints are incorporated into the
likelihood function through probabilistic modeling. For each radiation source po-
sition r_m, we calculate its minimum distance to the pipeline midline D(r_m).
This distance’s probability density distribution is approximated using a Gaus-
sian function:

f(D(r_m)) = 1/(√(2𝜋) d_{min}(S)) e{-D(r_m)2 / (2 d_{min}(S)^2)}

Where d_{min}(S) represents the minimum possible distance between radiation
sources. This constraint term combines with the detector response probability
to form the constrained likelihood function:

L_{MLE}(�) = �{n=1}^N P(C_t^n|�) ・�{m=1}^M f(D(r_m))

This probabilistic formulation allows geometric constraints and detector re-
sponses to be optimized on the same scale, ensuring both geometric compliance
and numerical stability. The Gaussian variance setting (d_{min}(S)) balances
constraint strength with optimization smoothness.

#### 3. Source Fusion and Filtering

In the Geo-EM-ML algorithm, source fusion and filtering are employed to reduce
the number of estimated radiation sources, thereby improving the algorithm’s
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convergence speed and accuracy while correctly determining the number of ra-
diation sources.

These techniques are applied in two main stages of the algorithm: the pre-
optimization stage and the joint optimization stage.

In the pre-optimization stage, specifically in the MLE-1 and MLE-2 modules,
local maxima search and activity threshold filtering are primarily used to reduce
the number of candidate radiation sources. The local maxima search identifies
peaks in the activity distribution to eliminate pseudo-sources with lower activ-
ity values, while activity threshold filtering directly removes candidate sources
below a preset threshold.

In the joint optimization stage, involving the MLE-3 and MLE-4 modules, a
dynamic fusion strategy is implemented. After each iteration, the algorithm per-
forms local maxima clustering, merging radiation sources with spatial distances
less than the minimum possible distance d_{min}(S) into a single source. The
position of the merged source is determined through activity-weighted averag-
ing, while its activity is the sum of the activities of the merged sources.

Additionally, the algorithm employs an adaptive activity filtering strategy. In
the early stages of iteration, activity threshold filtering is not applied to retain
all potential radiation sources. As iterations progress and the fusion strategy
becomes less effective, activity threshold filtering is gradually introduced to elim-
inate potential pseudo-sources. The algorithm is considered to have converged
when the number of radiation sources remains unchanged between consecutive
iterations.

This multi-stage source fusion and filtering strategy significantly enhances the
algorithm’s performance. It not only reduces the number of candidate sources
from O(10^2) in the initial EM stage to O(10^0) in the final stage but also
improves localization accuracy by eliminating duplicate estimates and reducing
the impact of measurement noise. Furthermore, the dynamic adjustment strat-
egy effectively prevents the algorithm from converging to local optima, ensuring
stable convergence.

#### 4. Shielding Effects

The key to accurately calculating the detector response for environments with
various materials is determining the distance radiation travels through each
material from the source to the detector. Specifically, for complex pipeline
systems, the task involves calculating the distances traveled by the line segment
between the n-th detector and the m-th radiation source through the pipeline
material and air, d_{n,m,pipe} and d_{n,m,air}. [Figure 4: see original paper]
shows the key steps of the calculation, including listing the intersection points
and classifying the line segments.

The pipeline system is first modeled as a water-tight triangle mesh to ensure
no holes or cracks on its surface and that the internal and external spaces are
clearly defined. Then, the set of line segments to be solved, denoted as (r_n,
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r_m), n = 1, …, N, m = 1, …, M, is determined based on the positions of the
detector and the radiation source.

Next, the position of all intersection points of each line segment with the pipeline
model is obtained using the list_{intersections} function in the Open3D library,
as denoted in Eq. (9) and shown in Figure 4: see original paper[19].

R_{n,m} = {r_{n,m,1}, …, r_{n,m,I_{n,m}}}

Where I_{n,m} represents the number of intersection points of the line segment
with the pipeline model, and r_{n,m,i} represents the position of the i-th inter-
section point. The intersection points in the set are sorted in ascending order
of distance, that is, ||r_{n,m,i+1} - r_m|| > ||r_{n,m,i} - r_m||, �i � {1, …,
I_{n,m} - 1}.

[Figure 4: see original paper] Schematic diagram of calculating d_{n,m,pipe}
and d_{n,m,air}, including steps such as listing the intersection points and
classifying the line segments.

Since the detector is positioned outside the pipeline model, the segment of the
path from the final intersection point, r_{n,m,I_{n,m}}, to the detector posi-
tion, r_n, must traverse through the air. Additionally, the segment between
the last two intersection points, r_{n,m,I_{n,m}-1} and r_{n,m,I_{n,m}}, lies
within the pipeline model. This alternation between air and pipeline can be de-
termined by the parity of the total number of intersection points, I_{n,m},
allowing us to classify each segment as occurring in air or within the pipeline
model, as shown in Eq. (10) and illustrated in Figure 4: see original paper.

�(r_{n,m,i}, r_{n,m,i+1}) = {�_{pipe}, if i mod 2 ≠ I_{n,m} mod 2; �_{air},
if i mod 2 = I_{n,m} mod 2}

Where i � {0, …, I_{n,m}}, �_{pipe} and �_{air} represent the attenuation
coefficients of the pipeline model and air, respectively.

The starting and ending points of the line segment are defined as r_{n,m,0} =
r_m and r_{n,m,I_{n,m}+1} = r_n. Finally, the average attenuation coeffi-
cient of the line segment, ̄𝜌_{n,m}, can be calculated as shown in Eq. (11).

̄𝜌{n,m} = (�{i=0}^{I_{n,m}} �(r_{n,m,i}, r_{n,m,i+1}) ||r_{n,m,i+1} -
r_{n,m,i}||) / ||r_n - r_m||

## III. Experiments

### A. Experimental Settings

[Figure 5: see original paper] Detectors with different distribution methods.

The overall size of the pipeline system is 3.5655m × 0.495m × 1.3628m, with
different shielding materials or pipe wall thicknesses designed according to the
specific model. Detectors are distributed throughout the entire pipeline model
space using the GRID or RANDOM method, as shown in [Figure 5: see original
paper]. The GRID distribution method divides the overall space of the pipeline
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model into multiple equally sized small cubes, with the center point of each
small cube as the position of a detector. The RANDOM distribution method
randomly generates the position of a detector within each small cube to ensure
that the detectors are evenly distributed throughout the space.

One hundred sets of radiation source positions and activity parameters were
randomly generated for each experimental setting. The detector responses for
each set of source parameters were generated using two different methods. The
first method involved calculating the detector response using Point Kernel In-
tegration, that is, calculating the detector response according to Equations (2)
and (3). The second one used the Monte Carlo Simulation to generate the de-
tector response. The simulation process involved building the pipeline model
in Geant4 using boolean entities or imported triangular mesh files, positioning
isotropic particle guns at the radiation source locations, determining emission
probabilities based on the activity ratios of the radiation sources, randomly sam-
pling and emitting particles, simulating particle transport within the pipeline
model, and calculating the particle counts at the photon peak to obtain the
detector response.

The point kernel integration method is more suitable for theoretically illustrat-
ing the best possible algorithm’s performance. In contrast, the detector response
data generated by the Monte Carlo method, which introduces random noise, is
closer to the actual detector response and is more suitable for illustrating the
performance of the Geo-EM-ML algorithm in practical applications.

[Figure 6: see original paper] Point Kernel Integration and Geant4 generated
the detector response under the same experimental settings, and the relative
deviation between the two data sets was also recorded.

The detector responses are obtained under the same source distribution parame-
ters and pipeline model, using different generating methods, as shown in [Figure
6: see original paper]. Despite the statistical errors the Monte Carlo results in-
troduced, the overall trends are consistent. In addition, all high-count detectors
have a relative deviation of less than 5%. Due to the more significant impact
of high-count detectors on the algorithm, the fact that all high-count detectors
have low deviation helps narrow the gap between point kernel integration and
Geant4. The result also demonstrates the effectiveness of the detector response
calculation for pipeline models with shielding materials proposed in Sec. II B
4.

The final results produced by the Geo-EM-ML algorithm are denoted as �_{opt}
= {(r_{opt}^m, 𝜆{opt}^m), m = 1, 2, …, M{opt}}, and the true source param-
eters are denoted as �_{gt} = {(r_{gt}^m, 𝜆{gt}^m), m = 1, 2, …, M{gt}}.
The absolute position error is defined as Δr_m = ||r_{gt}^m - r_{opt}^m||.
The standard distance is defined as the distance from each radiation source to
the nearest detector, that is, d_{standard} = min_n d_{n,m}. The relative
position error is defined as the ratio of the absolute position error to the stan-
dard distance, that is, 𝛿r_m = Δr_m / d_{standard}. The absolute activity
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error is defined as Δ𝜆m = |𝜆{gt}^m - 𝜆_{opt}^m|. The relative activity error
is defined as the ratio of the absolute activity error to the true activity, that is,
𝛿𝜆_m = Δ𝜆m / 𝜆{gt}^m.

In all experiments, the criteria for evaluating the algorithm’s success are defined
by the following three conditions. First, the estimated number of radiation
sources should be correct, i.e., M_{opt} = M_{gt}. Second, the maximum
relative position error of the estimated radiation sources should be less than
50%, i.e., max_m 𝛿r_m < 50%. Finally, the maximum relative activity error
of the estimated radiation sources should be less than 50%, i.e., max_m 𝛿𝜆_m
< 50%.

The success rate p is defined as the ratio of successful experiments to the total
number of experiments, where an experiment is considered successful if it meets
the three conditions mentioned above.

### B. Experimental Results and Analysis

#### 1. Implementation and Basic Performance

The parameters of the baseline experiment were set as follows: the shielding
material of the pipeline model was stainless steel, the wall thickness of the pipe
was 5 mm, the number of radiation sources was 6, the ratio of the minimum to
the maximum activity of the radiation sources was 1:2, the number of detectors
was 164, and the distribution of detectors was GRID.

[Figure 7: see original paper] provides a comparison of the initial estimation,
final estimation, and ground truth obtained by the Geo-EM-ML algorithm. As
shown in Figure 7: see original paper, the EM sub-module roughly identifies the
area where the hotspot is located, helping users identify the possible location
of the radiation source. Comparison of Figure 7: see original paper and Figure
7: see original paper shows that the final result accurately reflects the radiation
sources’ number, position, and activity.

The baseline experiment was run on an Intel(R) Core(TM) i5-12600 CPU @ 4.80
GHz with 128 GB of memory. The time distribution of each sub-module and
the total time distribution in the baseline experiment are shown in [Figure 8:
see original paper]. The average time to obtain the final result using the point
kernel integration method and Geant4 simulation was 172.22 s and 174.28 s,
respectively. The time consumption of each sub-module satisfies the order MLE-
1 > MLE-3 > MLE-4 > EM > MLE-2. The MLE-1 sub-module contributed the
most time, accounting for approximately 65% of the total time. The EM sub-
module can provide an initial estimate in �2s, enabling users to identify the area
where radiation sources may exist quickly. The computation time of MLE-4 is
between one-quarter and one-third of that of MLE-3. Since the number of calls
for MLE-3 and MLE-4 is the same, using geometric constraints has enhanced
convergence efficiency.

#### 2. Parameter Influence Analysis
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To comprehensively evaluate the performance and applicability of the algorithm,
experiments were conducted to assess the algorithm’s performance under dif-
ferent pipeline shielding parameters (material and thickness of pipeline wall),
source parameters (number and intensity distribution range), and detector pa-
rameters (number and distribution method). [Figure 9: see original paper]
provides the experimental results and analysis.

While six radiation sources are randomly placed in the pipeline model, with a
minimum-to-maximum ratio of 1:2 for the source activity parameters and 164
detectors distributed in a GRID pattern, the success rate p, average relative
position error Δr, and average relative activity error 𝛿𝜆 of the algorithm are
tested under different pipeline wall shielding materials and thicknesses. The
test results are shown in Figure 9: see original paper. As the linear attenu-
ation coefficient of the shielding material or the wall thickness increases, the
algorithm’s performance slightly decreases. However, the success rate remains
above 92%, and the average position error and the average activity relative error
are also maintained below 8.58 mm and 4.96%, respectively. The result indi-
cates that, with accurate modeling and calculation of the attenuation effects,
the Geo-EM-ML algorithm has a certain degree of robustness to changes in the
shielding material and wall thickness.

With the shielding material as stainless steel, a wall thickness of 5 mm, and 164
detectors distributed in a GRID pattern, the success rate p, average relative
position error Δr, and average relative activity error 𝛿𝜆 of the algorithm are
tested under different numbers of radiation sources and intensity distribution
ranges. The test results are shown in Figure 9: see original paper. As the
number of radiation sources and the range of relative intensity increase, the
algorithm’s performance is affected, with a decrease in the success rate and an
increase in the average position error and the average activity relative error.
Due to the increase in the number of radiation sources and the range of relative
activity, the parameter space for searching for the optimal solution to the inverse
problem expands, increasing the ill-posedness of the inverse problem. Apart
from that, as the range of relative activity increases, the likelihood that the
detector response from the sources with higher activity masks the one from
weaker sources increases. These factors lead to a decrease in the algorithm’s
success rate and an increase in the position error and activity relative error.

With stainless steel as the shielding material of the pipeline model, a wall
thickness of 5 mm, six radiation sources randomly placed, and a minimum-
to-maximum ratio of 1:2 for the source activity parameters, the success rate
p, average relative position error Δr, and average relative activity error 𝛿𝜆 of
the algorithm are tested under different numbers of detectors and distribution
methods. The test results are shown in Figure 9: see original paper. As the
number of detectors increases, the constraint equations for the localization task
increase, reducing the ill-posedness of the inverse problem and improving the
algorithm’s performance. Whether the detectors are arranged in a GRID or
RANDOM pattern, the success rate of localizing six radiation sources exceeds
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92% when the number of detectors exceeds 135. The result indicates that the
algorithm does not rely on a structured detector arrangement.

In most cases, when using the same pipeline model, radiation source parameters,
number of detectors, and distribution method, the algorithm performs better
with detector response generated by the point kernel integration compared to
that generated by Geant4, as shown in [Figure 9: see original paper]. The result
is consistent with the analysis in Sec. III A.

### C. Ablation Study

In this section, ablation experiments are conducted on each module of the Geo-
EM-ML algorithm to demonstrate the necessity of using these modules. All
ablation experiments use the same experimental settings, which are the same as
the settings of the baseline experiment in Sec. III B 1. The algorithm settings
and results of the ablation study are shown in , with the first row showing the
results of the baseline experiment.

Compared to the baseline experiment, the results of the second group show a
significant decrease in both success rate and positioning accuracy. The results
of the third group show a slight decrease in both success rate and positioning
accuracy compared to the baseline experiment. The algorithms used in the
second and third groups replace the maximum likelihood estimation algorithm
with the least squares method in the pre-optimization and joint optimization
stages, respectively. The results indicate that using the maximum likelihood
estimation algorithm can achieve better positioning results.

The results of the fourth and fifth groups of experiments show that using the
maximum likelihood estimation algorithm, either with or without geometric
constraints alone, will significantly increase positioning error when using the
detector response data generated by point kernel integration. However, for the
detector response data generated by Geant4, the change in the results of these
two groups of experiments compared to the baseline experiment is insignificant.
In the sixth and seventh groups of experiments, the radiation source positions
sampled by the SPACE method in the initial estimation and pre-optimization
stages, and in the seventh group of experiments, the geometric constraints are
not used in the joint optimization stage. The results show that the radiation
source positions sampled by the SPACE method significantly reduce the suc-
cess rate and positioning accuracy of the algorithm. Furthermore, not using
geometric constraints in the joint optimization stage further significantly re-
duces the performance of the algorithm. The PIPE sampling method utilizes
geometric constraints and samples fewer positions (SPACE samples 1540 posi-
tions, while PIPE samples 916 positions). By comparing experiments 4, 5, 6,
7, and the baseline experiment, it can be seen that using geometric constraints
significantly improves the performance of the algorithm.

Ablation Study of Geo-EM-ML Algorithm

Index Algorithm Settings Ray Casting Initial Positions Sample Method Pre-
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optimization Joint Optimization MLE-1 and MLE-2 MLE-3 and MLE-4 MLE-3
and MLE-4 MLE-1 and MLE-2 LSE and MLE-4 MLE-1 and MLE-2 MLE-
4 MLE-1 and MLE-2 MLE-3 SPACE MLE-1 and MLE-2 MLE-3 and MLE-
4 SPACE MLE-1 and MLE-2 MLE-3 MLE-1 and MLE-2 MLE-3 and MLE-
4 Experiments Settings Detectors Generation Method Geant4 Geant4 Geant4
Geant4 Geant4 Geant4 Geant4 Geant4

## Results

p (%) ↑ Δr (mm) ↓ 𝛿𝜆 (%) ↓ a In the data of the fourth group of experiments,
the average position error and the average activity relative error of the point
kernel integration results are more significant than those of Geant4. The issue
is caused by the failed cases having more significant position errors and activity
relative errors, increasing the average value. For successful cases, the average
position error of the point kernel integration result is 6.12 mm, and the average
activity relative error is 2.57 %, while the results of Geant4 are 8.69 mm and
3.91 %, respectively. b For successful cases, the average position error of the
point kernel integration result is 4.74 mm, and the average activity relative error
is 2.26 %, while the results of Geant4 are 7.27 mm and 3.76 %, respectively.

The results of the eighth group of experiments show that neglecting the shielding
effects in a shielded scenario significantly decreases both positioning accuracy
and success rate. Compared to previous studies, the Geo-EM-ML algorithm
accurately models the attenuation based on ray tracing, effectively improving
positioning accuracy and success rate.

## IV. Conclusions

This study addresses the problem of multi-source localization in complex
pipeline systems and proposes a novel Geometrically Constrained Expectation-
Maximization Maximum Likelihood (Geo-EM-ML) algorithm. The algorithm
integrates the Expectation-Maximization algorithm and Maximum Likelihood
Estimation, incorporating constraints based on the geometric structure of the
pipeline system. The algorithm effectively addresses the challenges of limited
solution spaces, shielding effects, and the ill-posed nature of inverse problems
encountered by traditional methods in multi-source localization.

This study proposed a multi-source localization algorithm effectively inte-
grating geometric constraints, breaking through the limitations of traditional
two-dimensional or discrete grid spaces, and achieving efficient localization in
three-dimensional continuous space. The algorithm can handle more radiation
hotspots, expanding its applicability in practical applications.

It uses ray tracing to model radiation shielding effects accurately, ensuring the
accuracy and stability of the algorithm in complex pipeline systems. Addi-
tionally, the algorithm designs an effective source fusion and filtering strategy,
which reduces the computational complexity of the algorithm while accurately
estimating the number of radiation sources, providing faster and more accurate
localization results for practical applications.

chinarxiv.org/items/chinaxiv-202503.00158 Machine Translation

https://chinarxiv.org/items/chinaxiv-202503.00158


The experimental results of this study show that the Geo-EM-ML algorithm
exhibits high success rates and precise localization capabilities under different
pipe thicknesses, materials, source activities, and detector configurations. In
addition, ablation studies further validate the necessity of each module, demon-
strating the critical role of geometric constraints and accurate attenuation cal-
culations in improving algorithm performance.

The Geo-EM-ML algorithm has crucial practical value in nuclear facility mainte-
nance, enabling rapid and accurate localization of radiation sources, significantly
reducing the risk of radiation exposure to workers, and optimizing maintenance
path planning. Its efficiency and robustness make it highly scalable and appli-
cable in large-scale sensor network environments.

Future work will further optimize the Geo-EM-ML algorithm, develop geomet-
ric constraint methods for more general scenarios, and apply it to multi-source
localization problems in arbitrary three-dimensional environments. In addition,
other optimization algorithms, such as genetic algorithms and simulated an-
nealing algorithms, will be explored to improve the algorithm’s global search
capabilities and robustness.
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