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Abstract
High-fidelity unstructured mesh based neutron transport method is necessary to
accurately model the behavior of micro reactors considering high neutron leak-
age, the thermal-hydraulics and geometry deformation feedback effects. Based
on the MOOSE framework, the multi-group self-adjoint angular flux neutron
transport equation is solved. The unstructured mesh modeling capability pro-
vides flexibility in representing irregular shapes and boundaries in micro reactors,
while the combination of finite element and discrete ordinate methods ensures
efficient and accurate solution of the neutron transport equation. The neutron
transport solver was then applied for the neutronics analysis of Xi’an Pulsed
Reactor, steady-state multi-physics analytical benchmark problem and coupled
neutronics/heat transfer/thermal expansion analysis of the Godiva prompt crit-
ical transient. The ability of treating the nonlinearity including source-term
coupling between different physics, material nonlinearity and geometric non-
linearity are proved in our analysis. Future work will be conducted on more
realistic micro reactor designs like heat pipe cooled reactors and gas cooled
reactors.
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A high-fidelity unstructured mesh-based neutron transport method is necessary
to accurately model the behavior of micro reactors, considering high neutron
leakage and the feedback effects of thermal-hydraulics and geometry deforma-
tion. Based on the MOOSE framework, the multi-group self-adjoint angular flux
(SAAF) neutron transport equation is solved. The unstructured mesh modeling
capability provides flexibility in representing irregular shapes and boundaries
in micro reactors, while the combination of finite element and discrete ordinate
methods ensures efficient and accurate solution of the neutron transport equa-
tion. The neutron transport solver was then applied to the neutronics analysis
of the Xi’an Pulsed Reactor, a steady-state multi-physics analytical benchmark
problem, and coupled neutronics/heat transfer/thermal expansion analysis of
the Godiva prompt critical transient. Our analysis demonstrates the ability
to treat nonlinearities including source-term coupling between different physics,
material nonlinearity, and geometric nonlinearity. Future work will focus on
more realistic micro reactor designs such as heat pipe cooled reactors and gas
cooled reactors.

Keywords: Neutron transport; unstructured mesh; micro reactor; MOOSE;
multi-physics

INTRODUCTION
The International Atomic Energy Agency classifies nuclear reactors with electric
power less than 300 MW as small nuclear reactors, while the US Department of
Energy recently defined small nuclear reactors in the MW range as microreactors.
Micro reactors offer technological advantages such as excellent portability, high
thermal efficiency, and inherent safety, attracting increasing attention from the
nuclear industry. Their potential lies not only in meeting growing global energy
needs and combating climate change, but also in providing emergency power
supply on land, as well as in deep sea, deep space, and other specialized areas
in the future [1, 2].

Micro-reactors are characterized by their compact size and unique design fea-
tures, such as control mechanisms with rotational control drums. Accurately
modeling high neutron leakage and complex geometry is crucial for simulat-
ing the neutronics of advanced micro reactors [3, 4]. Traditional methods like
neutron diffusion-based nodal methods and finite difference methods are unsuit-
able for this task due to the intricate nature of micro-reactor cores. Instead, a
high-fidelity unstructured mesh-based neutron transport method enables more
detailed representation of core geometry, leading to more accurate predictions
of nuclear reactions and power generation within these small-scale reactors.

Another critical aspect of micro reactor simulation is the necessity of accurately
considering multi-physics coupling effects. Micro reactors are strongly hetero-
geneous systems where interactions between neutron transport, thermal heat
transfer, and structural mechanics can significantly impact each other, leading
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to complex and interdependent behaviors. Furthermore, the heterogeneity of
micro reactors introduces additional challenges in modeling these multi-physics
coupling phenomena. The varying spatial and temporal scales of different phys-
ical processes require a comprehensive approach that accounts for their indi-
vidual characteristics while capturing their interconnected nature [5, 6]. For
accurate modeling of complex neutronics-thermal-structure mechanics coupling
phenomena in micro reactors, it is essential to solve the partial (ordinary) dif-
ferential equations describing different physics. The key is to accurately solve
the nonlinearity caused by multi-physical coupling. For micro reactors, these
nonlinearities include: (1) nonlinearity caused by source-term coupling between
different physics—the power distribution calculated from neutronics simulation
serves as the heat source for heat transfer calculations, and the temperature dis-
tribution obtained from heat transfer simulation serves as the load for structural
mechanics calculations; (2) material nonlinearity—the neutron cross sections in
neutronics calculations and the physical properties in thermal-hydraulic and
mechanical calculations are influenced by state parameters such as temperature,
density, and pressure; (3) geometric nonlinearity—deformation caused by tem-
perature or external load strongly influences neutron leakage and heat transfer
characteristics, thus providing another significant feedback effect. This feedback
effect needs to be properly handled, especially for micro reactors. Traditional
analysis tools are developed individually with fixed mesh, and this effect can
only be treated implicitly by modification of atom density.

These two simulation demands have combined to challenge the capabilities of
traditional analysis tools. To address these modeling challenges, various efforts
have been conducted based on both commercial and open-source multi-physics
coupling environments like MOOSE [7], OpenFOAM [8], MFEM [9], and COM-
SOL [10] in recent years. Tom et al. studied the neutronics characteristics
of the CROCUS experimental reactor using the multi-physics coupling analy-
sis code GenFOAM, developed based on OpenFOAM, employing unstructured
mesh to precisely describe the complex geometry of the reactor core [11]. Hu
et al. developed a multi-physics coupling code using the OpenFOAM platform
to analyze steady and transient states in fast-spectrum molten salt reactors
[12–14]. To investigate shockwave compression of solid fissile materials, Cervi
et al. developed a coupled neutronics-shock physics model using an arbitrary
Lagrangian-Eulerian approach based on the OpenFOAM platform [15]. Wang
et al. developed the multi-physics and multi-scheme radiation transport applica-
tions Rattlesnake and Griffin on the MOOSE platform [16, 17]. Various reactors,
including Empire, SNAP, ATR, NTP, and TREAT, have been analyzed using
these codes, proving them to be promising tools for advanced micro-reactor anal-
ysis [18–22]. To support modeling and safety analysis of micro-reactors, a code
named MEZCAL was developed based on the MFEM library, capable of accu-
rately and effectively solving the multi-group neutron transport equation with
unstructured mesh modeling capability [23]. Wang et al. developed a neutron
transport solver using the finite element method within the commercial multi-
physics coupling environment COMSOL for hexagonal-z reactor simulation [10].
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Jiang et al. developed a three-dimensional space-time kinetics neutron trans-
port code SAAFCGSN based on the MOOSE platform and demonstrated that
it achieves high computational accuracy while effectively managing the cusping
effect of control rods [24]. The Monte Carlo method with unstructured mesh ca-
pability [25, 26] is also widely adopted in multi-physics simulation of micro reac-
tors. Mehta et al. demonstrated the significance of capturing multiphysics effects
in a hydride-moderated reactor system using MCNP and Abaqus-based Reactor
Multiphysics software package [27]. Jaeuk et al. performed multiphysics analysis
of the 60-degree symmetrical sector model of the MegaPower three-dimensional
core for normal operation and heat pipe-failed conditions using the GPU-based
continuous-energy Monte Carlo code PRAGMA [28]. Novak et al. implemented
an adaptive, on-the-fly mesh-based Monte Carlo geometry algorithm in Car-
dinal to reduce the barrier-to-entry for high-fidelity multiphysics of reactors
[29]. Jiang et al. investigated the coupling calculation of a three-dimensional
steady-state neutronics and thermal-hydraulics model for the XAPR by utiliz-
ing Cardinal [30]. Wang et al. studied the thermal deformation simulation,
expansion reactivity feedback, and density feedback of KRUSTY under unified
unstructured mesh using MCNP and Abaqus [31]. Leppanen et al. implemented
the multi-physics coupling scheme in Serpent, which supports various interface
types, including an unstructured OpenFOAM format polyhedral mesh and a spe-
cial interface type for fuel performance coupling [32]. All these efforts present
an alternative and promising way for high-fidelity analysis of micro-reactors.

In this work, we present an attempt to solve the SAAF (self-adjoint angular
flux) neutron transport equation on unstructured mesh based on the MOOSE
framework and its application to multi-physics analysis of micro-reactors. The
structure of this paper is as follows: Section 2 presents a detailed description
of the physics models, including neutron transport, heat transfer, structural
mechanics, and the coupling method. In Section 3, preliminary multi-physics
simulations of micro-reactors are demonstrated. Finally, Section 4 summarizes
the conclusions.

II. MODELS AND METHODS
A. Unstructured Mesh Neutron Transport Method

To accurately estimate the spatial distribution and time evolution of neutron
flux and power density in micro reactors, the neutron transport model is adopted
in this work. The transient neutron transport equation is a differential-integral
equation with seven degrees of freedom, including space, energy, angle, and
time. To solve the equation numerically, it must be discretized in energy, angle,
space, and time. We prefer using discrete ordinates discretization for angular
discretization in reactor-like geometries as it provides a good balance between
accuracy and efficiency. By combining multi-group and discrete ordinates dis-
cretization, we can characterize the neutron transport equation with isotropic
scattering as Eq. (1).
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�g,n(r) ) + L�g,n(r) + R�g,n(r) = Ss�(r) + (1 − 𝛽)�p,gSp f �(r) + (cid:88) �d,g,i𝜆iCi
= −𝜆iCi + 𝛽i f �(r) = 0

where:

L�g,n (r) =Ωn ・��g,n(r)
R�g,n(r)=Σt,g �g,n (r)
(cid:88) (cid:88)
Ss�(r) = Σs,g�−g,n�−n�g�,n�(r)

r is the neutron position defined in the spatial domain; Ω is the neutron travel
direction; t is the time; g is the index of neutron energy group; � is angular
neutron flux; keff is the multiplication factor; vg is the speed of neutrons within
energy group g; Σt,g is the total cross section for neutrons in energy group g;
Σs,g is the scattering cross section for neutrons going from energy group g� to
g and from direction n� to n; vΣt,g� is �(r) = �p,g (cid:88) �Σf,g �g� the product
of the fission cross section and the average number of neutrons generated per
fission event for neutrons in energy group g�; �p,g is the prompt neutron energy
spectrum; �d,g,i is the delayed neutron energy spectrum; Ci is the concentration
of delayed neutron precursor of group i; 𝜆i is the decay constant for delayed
neutron precursor of group i; 𝛽i is the fraction of neutrons from fission going
into delayed neutron precursor group i.

In this study, we use the finite element method to discretize Eqn. (1), which
is commonly used in solid mechanics, heat conduction, and other areas. The
flexibility of the finite element method in handling unstructured meshes makes
it well suited for simulating complex geometries in microreactors. However,
directly applying continuous FEM to Eq. (1) can lead to instability due to
its representation of a system of hyperbolic PDEs. Continuous finite element
method is only stable for elliptic PDEs [23]. Therefore, the SAAF equation has
been considered in this work. The SAAF equation can be derived by introducing
the Auxiliary Flux Equation, which can be defined as:

�g,n (r) = (cid:88) (Ss �(r) + (cid:0)1 − 𝛽(cid:1)�p,g S p �d,g,i𝜆iCi − L�g,n(r) −
�g,n(r)

The initial stage of the discretization process involves dividing the geometric do-
main D into separate, non-overlapping elements. Following this, the discretized
version of Eq. (1) for the neutron transport equation is multiplied by a test
function v(r) and integrated across the problem domain D to derive the weak
form:

(cid:18) � (cid:18) 1 �g,n(r) (cid:19) ), �(r) + (L�g,n(r), �(r)) + (R�g,n(r), �(r))
= (Ss�(r), �(r)) + (1 − 𝛽)�p,g Sp (cid:19) (cid:32) �(r), �(r) (cid:88) (cid:33)
�d,g,i𝜆iCi, �(r) (cid:18) �Ci (cid:19) , �(r) = (−𝜆iCi, �(r))i (cid:18) (cid:19) f �(r),
�(r)

where (L∗�g,n(r), �(r)) = − (cid:90) (cid:90) Ωn ・��(r)�g,n(r)dr L�(r)�g,n(r)dr
(,)represents volume integration.
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(cid:10)�g,n(r), �(r)(cid:11) = (cid:73) �(r)�g,n(r)Ωn ・ndΓ

Using fractional integral and Gaussian theorem, the second term in Eqn. (4)
can be translated to:

Then the Auxiliary Flux Equation is inserted into Eq. (7):

(cid:0)L�g,n(r), �(r)(cid:1) = (cid:0)L∗�g,n(r), �(r)(cid:1) + (cid:10)�g,n(r),
�(r)(cid:11) (L∗�g,n(r), �(r)) = (cid:90) L�(r) (−Ss�(r) (cid:88) (cid:0)1 −
𝛽(cid:1)�p,gSp f �(r)− �d,g,i𝜆iCi + L�g,n(r) + �g,n(r)

The weak form of the SAAF equation then can be derived <,>represents surface
integration. as Eqn. (10) and Eqn. (11):

), �(r) + �g,n(r) (cid:18) � (cid:18) Ss�(r), �(r) + L�(r) (cid:19) L�(r) (cid:19)
(cid:18) 1 (cid:33) (cid:18) 1 (cid:32) (cid:88) �d,g,i𝜆iCi, �(r) + L�(r) L�g,n(r),
L�(r) + ��g,n(r), �(r)� + (R�g,n(r), �(r)) (cid:19) (cid:0)1 − 𝛽(cid:1)�p,gSp j �(r),
�(r) + (cid:19) L�(r) (cid:18) �Ci (cid:19) (cid:18) , �(r) = (−𝜆iCi, �(r))i + (cid:19)
�(r), �(r)

Regarding the boundary conditions, the SAAF equation’s boundary condition
can be separated into terms for outflow and inflow, which can be represented as
follows:

(cid:10)�g,n (r), �(r)(cid:11) = (cid:73) (cid:73) Ωn・n>0 Ωn・n<0 �(r)�g,n(r)Ωn
・ndΓ �(r)�g,n(r)Ωn ・ndΓ

In Eqn.(12), n denotes the unit vector that points outward in the normal direc-
tion from the boundary. The vacuum boundary condition is expressed as:

(cid:10)�g,n(r), �(r)(cid:11) (cid:40)(cid:72) Ωn・n>0 �(r)�g,n (r)Ωn ・ndΓ Ωn ・n
> 0 Ωn ・n < 0

In this study, we have developed the kernels for each term in Eq. (10) and (11),
as well as the boundary conditions for Eqn. (12) and (13) using the MOOSE
platform. The MOOSE platform, developed by Idaho National Laboratory, is
an open-source computing platform designed for solving multi-physics numer-
ical problems. It utilizes the finite element method and PJFNK algorithm to
efficiently solve partial differential equations in a modular manner. In MOOSE
terminology, kernels and boundary conditions are implemented as C++ classes
with methods for calculating residual and Jacobian contributions corresponding
to specific parts of governing equations. The static neutron transport equation
is an eigenvalue problem, which can be solved using the built-in Eigenvalue
Executioner in MOOSE. Additionally, various time schemes are available for
transient simulations.

B. Heat Transfer and Structure Mechanics Model

The Doppler effect and mesh deformation feedback effect are crucial factors
that influence the steady-state and dynamic behavior of micro reactors. These
effects can impact neutron leakage within the reactor, ultimately affecting its
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performance. To obtain the temperature distribution in micro reactors, it is
necessary to apply the energy balance equation with internal heat generation,
as shown in Eqn. (14):

= � ・(k�T (r, t)) + qf (r, t)

The mechanical model solves the conservation of momentum for solid mechanics:

−� • 𝜎 = �F

We utilize the theory of infinitesimal small strain, which establishes a linear re-
lationship between stress and displacement tensors. This theory is based on the
assumption that displacement is significantly smaller than any relevant dimen-
sions, allowing us to consider unchanged geometry and constitutive properties of
materials at each point in space during deformation. This approach enables ac-
curate analysis and prediction of material behavior under various loading condi-
tions, providing valuable insights for engineering design and structural analysis.
By considering infinitesimally small strains, we can simplify complex problems
and make accurate predictions about material behavior without needing to ac-
count for large deformations or non-linear effects:

(�X u + �T

The symmetric strain tensor and the thermal expansion for isotropic materials
are directly linked to the nominal stress tensor 𝜎:
𝜎ij = Cijkl�kl + 𝛽T ΔT 𝛿ij = 2G�ij + 𝜆�kk𝛿ij + 𝛽T ΔT 𝛿ij

C. Multi-Physics Coupling Method

Equations (1), (14), (16), (17) and the corresponding initial conditions and
boundary conditions constitute the multi-physics coupling system. The distri-
bution of neutron flux, power, temperature, displacement, and other physical
quantities can be obtained by solving these equations. After space and time
discretization, all based on the MOOSE platform, the partial differential equa-
tions describing neutronics, heat transfer, and structure mechanics can be trans-
formed into non-linear equation systems:

K11 K12 K13
K21 K22 K23
K31 K32 K33

Where �, T and u are neutron angular flux, temperature, and displacement
respectively, and Kij and P are problem-dependent coupling coefficients.

Methods to solve the multi-physics coupling system can be divided into two
main categories: strong coupling method and weak coupling method. All the
nonlinear equation systems are assembled in a single matrix through a strong
coupling approach as shown in Eqn. (18) for the strong coupling method. The
discretized nonlinear equations are then solved directly, and solutions for all
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physical quantities are updated simultaneously during iteration. The advan-
tage of the strong coupling method is its intuitiveness and simplicity. Based
on the MOOSE multi-physics coupling framework, the strong coupling method
can be easily implemented. At the same time, the strong coupling method
can directly use the Newton iteration method to update all solution variables
synchronously, with variables converging simultaneously. Moreover, the local
convergence rate of the Newton iteration method is second order. However, the
strong coupling method has the following problems: (1) the properties of partial
(ordinary) differential equations describing different physics are different, and
direct simultaneous solution of all equations may lead to a large condition num-
ber of the matrix, even ill-conditioned, resulting in slow convergence or even
non-convergence of solutions; (2) because all nonlinear equations are solved to-
gether, the direct simultaneous solution consumes large amounts of memory and
computational resources, generally limiting its application to one-dimensional
or two-dimensional problems. In the multi-physics coupling analysis of micro
reactors, full three-dimensional strong coupling calculation cannot be easily re-
alized at present; (3) in time-dependent problems, there is a problem of time
scale inconsistency. Physics with slow temporal changes may need to adopt the
same time step as physics with fast changes, increasing computational burden.

Unlike the strong coupling method, the core idea of the weak coupling method
is to transform the multi-physics coupling problem into several sub-problems
by operator splitting, with sub-problems coupled by data transfer. Thus, the
solution between different physical models in the weak coupling method is com-
pletely decoupled, as shown in Eqns. (19), (20), and (21). By designing different
iterative methods, the weak coupling method can be further divided into loose
coupling method or tight coupling method. The weak coupling method offers
the advantage of maximizing the utilization of developed single-physics mod-
els and codes. The disadvantage is that only first-order convergence can be
achieved, and for some cases, the convergence rate is slow.

K11(Tf uel, Tf luid) ・𝜙 = ˜P𝜙(𝜙, Tf uel, Tf luid)
K22(𝜙, Tf uel, Tf luid) ・Tf uel = ˜Pf uel(𝜙, Tf uel, Tf luid)
K33(Tf uel, Tf luid) ・Tf luid = ˜Pf luid(Tf uel, Tf luid)

Based on the above methods, a multi-physics coupling analysis code has been
developed in this paper. Currently, there are two main strategies for developing
multi-physics coupling codes. The traditional strategy is to couple mature and
widely validated codes together by developing data exchange interfaces. Since
these single-physics codes are often developed with different spatial and tempo-
ral numerical discretization methods, the resulting multi-physics code is usually
very complex and can only be applied to specific cases. The other approach
is to develop a multi-physics code based on a multi-physics coupling environ-
ment with a unified architecture. Representative environments include MOOSE,
COMSOL, and OpenFOAM. Using a multi-physics coupling environment can
unify grid processing, discretization of partial differential equations, solution
of linear equation systems, parallel computing, etc., under a framework for all
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codes developed based on the platform to share. This approach can improve
code utilization and avoid redundant development. However, since platforms
generally use a single numerical discretization method, the same spatial and
temporal numerical discretization methods must be used for different physical
phenomena. For certain specific problems, computational efficiency may be
lower than that of the first approach.

In this work, the MOOSE framework is chosen as the development platform. Al-
though MOOSE supports the strong coupling method, it often resulted in solve
failures from our experience. Therefore, the majority of our simulations rely on
the weak coupling method, with the inclusion of the strong coupling method
for thermo-mechanical simulations of Godiva prompt critical transients. The
MultiApp and Transfer system in MOOSE allows for weak coupling, enabling
the neutronics solver to naturally connect with other physics codes developed
on the MOOSE framework, thus enhancing multi-physics capabilities. This in-
tegration of different physics codes within the MOOSE framework provides a
seamless platform for simulating complex physical phenomena across multiple
disciplines.

III. APPLICATION
A. XAPR Case

The XAPR is a light water-cooled reactor with graphite reflection. It has two
core configurations: one for steady-state operation at 2 MW thermal power
and another for pulsed operation with peak power up to 4300 MW. This study
focuses on steady-state operation conditions, as shown in Fig. 1 Figure 1: see
original paper. The steady-state core consists of 9 hexagonal rings containing
101 fuel elements, 82 graphite elements, 6 control rod elements, 2 stainless steel
elements, 2 running rabbit irradiation tubes, a neutron source element, and a
central water chamber. The central water chamber occupies the center of the
core with water-filled middle channels while graphite reflector elements surround
the perimeter. Standard fuel rods occupy 99 channels, while two channels are
for thermometric fuel rods. One channel is used by the neutron source rod, and
two channels each are occupied by stainless steel elements and running rabbit
irradiation tubes. The standard fuel rod consists of thick stainless-steel cladding,
three fuel pellets, three Zr-4 mandrels, and two graphite reflectors, along with
upper and lower plugs. The space between the fuel pellet and cladding is filled
with 0.1 MPa helium to improve thermal conductivity. The XAPR fuel is a
uniform combination of enriched uranium and zirconium hydride.

Incorporating UZrH1.6 in the XAPR leads to a significant immediate negative
temperature feedback coefficient, thus providing the core with exceptional in-
herent safety. In previous studies, the limitations of either unstructured-mesh
neutron diffusion method [35, 36] or nodal transport method [38] have been
evident in their inability to accurately account for neutron leakage and geo-
metric modeling simultaneously. To address this issue, a detailed unstructured-
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mesh model was developed for neutron transport simulation using the MOOSE
Reactor module, as depicted in Fig. 1(b). This approach allows for a more
comprehensive and precise representation of neutron behavior within complex
geometries, leading to improved accuracy in nuclear reactor simulations. By
incorporating advanced computational techniques and sophisticated modeling
tools, this work aims to overcome the shortcomings of previous methods and
provide a more reliable platform for studying micro reactors.

The XAPR core simulation with 224,910 elements and S8 level symmetric an-
gular quadrature allows for detailed analysis of neutron transport within the
reactor. Multi-group cross sections for the XAPR reactor model are generated
from our previous work and use a 7-group energy structure as shown in Table
1 [38, 39]. Neutron scattering is treated using transport-corrected P0 cross sec-
tions, ensuring accurate representation of neutron behavior within the reactor
core.

Comparison is made between the calculated core criticality and the referenced
keff at various control rod positions. The power density distribution of the
reactor core can be seen in Fig. 2 [Figure 2: see original paper]. The core
integral parameter keff at different control rod positions is compared in Table 2
. The results from this realistic micro-reactor model indicate that our neutron
transport method developed in this paper can properly treat neutron leakage
and complex geometry in micro reactors.

B. Multi-Physics Analytical Benchmark Problem

Currently, with increasing computing capabilities, there is growing demand for
high-fidelity reactor simulation using multi-physics coupling models. However,
few relevant benchmark problems and experimental results exist for neutron-
ics/thermal/mechanical multi-physics coupling codes at present, limiting ver-
ification of related codes. In this paper, a one-dimensional nuclear-thermal-
mechanical coupling analytical problem proposed by the US Naval Nuclear Lab-
oratory was used to preliminarily verify the multi-physics coupling program
based on MOOSE [40]. Although this analytical problem is not based on real
reactor design or experimental measurement results, it has the ability to verify
the nonlinearity caused by source term coupling in solving multi-physics coupled
codes as well as material nonlinearity and geometric nonlinearity.

The benchmark problem involves multiplicative 1-D neutron transport (Eqn.
(22)) combined with thermal conduction, convection, Doppler broadening (Eqn.
(23)), and expansion effects (Eqn. (24)) along the length of the slab. This
benchmark presents a highly nonlinear challenge due to nonlinearity caused by
coupling of source terms between different physics, materials, and geometric
deformations.

(cid:20) Σt(x) d�(x) (cid:21) + (𝜆 − 1)Σt(x)�(x) = 0
(cid:20) k(T ) (cid:21) dT (x) + qΣt(x)�(x) = 0
(cid:90) T a(T �)dT �
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The neutron transport model consists of one-speed neutrons traveling with di-
rections µ = $±$1 in a 1-D slab with initial length L0, mass density �0, and
zero-incident-flux boundary conditions on both sides. For the structure me-
chanics simulation, the slab is mechanically constrained and perfectly insulated
in the transverse dimensions (y and z-axes) but free to expand along the x-axis
as the temperature changes. The thermal expansion coefficient is defined as:

𝛼 (T ) =

The steady-state temperature distribution is solved by the thermal conductivity
equation. The thermal conductivity is a linear function of temperature as de-
scribed in Eqn. (26). The boundary condition is convective with heat transfer
coefficient h at the ends.

�(T ) = �0T (x)

The neutronics-heat transfer-mechanics coupling simulation is achieved based
on the MOOSE MultiApp and Transfer system. The heat transfer simulation is
the MasterApp and has two MultiApps: neutron transport simulation (Multi-
App1) and thermal expansion simulation (MultiApp2). The converged solution
is achieved by Picard iteration. The power distribution obtained from neutron
transport simulation is transferred to heat conduction simulation, and the tem-
perature distribution obtained from heat conduction simulation is then used in
the thermal stress calculation. The displacement obtained from thermal stress
simulation is further utilized in heat conduction simulation, which in turn af-
fects neutron transport simulation. In the simulation, all three models use the
same mesh for calculation, so the MultiAppCopyTransfer in MOOSE is adopted
for data transfer.

Because the heat transfer simulation is the MainApp, the initial nonlinear resid-
ual of the temperature solution in each Picard iteration step is used as the
criterion to judge convergence of Picard iteration. In the case with mesh num-
ber of 100, the residual variation with Picard iteration number is shown in Fig.
3(a) [Figure 3: see original paper]. Firstly, a mesh independence study was per-
formed using different numbers of elements in the x-direction. As shown in Fig.
3(b) and 3(c), the effective multiplication factor, central temperature (x = 0),
and boundary node displacement are calculated and analyzed. The simulation
results converge gradually with increasing element number. It can be concluded
that convergent solution can be achieved when the number of grids is 100.

According to the mesh independence analysis results, the numerical solution
with mesh number of 100 is compared with the analytical solution. The nu-
merical solution of keff is 0.29630, the analytical solution is 0.29557, and the
derivation is 73 pcm. The boundary node displacement is 6.48 cm in our numer-
ical simulation, demonstrating strong alignment with the analytical solution of
6.47 cm. The central maximum temperature is 343.15 K, and the numerical
solution is 343.07 K. The temperature distribution along the x-direction is com-
pared with analytical solutions as shown in Fig. 4 [Figure 4: see original paper].
The maximum difference is at the center point, less than 0.03%. In general, the
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numerical results obtained by the MOOSE-based multi-physics coupling code
are in good agreement with analytical solutions in neutronics, heat transfer, and
mechanics. It is proved that the multi-physical coupling strategy can deal with
complex nonlinearity existing in reactor simulation.

In micro reactors, thermal expansion is a significant factor in the feedback mech-
anism. Changes in reactor geometry directly impact neutron leakage and heat
transfer characteristics. The effect of mesh deformation on neutronics and heat
transfer is analyzed as shown in Table 3 . The derivations of our numerical
results and analytical solutions are large under all three cases, especially when
neutronics simulation does not consider mesh deformation. In these cases, the
deviation of keff is large, with maximum difference of 1905 pcm. It is also found
that the number of Picard iterations changes significantly if mesh deformation
is not taken into account. Under conditions 1 and 3, the number of Picard
iterations is reduced to 8, and the nonlinear coupling effect is obviously weak-
ened. The number of Picard iterations is reduced by 2 in case 2, indicating
that the main nonlinear effects are caused by geometric nonlinearity of neutron
transport.

In summary, although this case is not a real micro reactor problem, the an-
alytical solution can effectively test the modeling and computing capability of
existing multi-physical coupling programs, particularly the capability of treating
geometric nonlinearity.

C. Godiva Prompt Critical Transient Problem

Godiva I is the world’s first fast neutron pulse reactor built by LANL. It is
an unshielded bare spherical U-235 assembly without reflecting layers. The ra-
dius is 8.7407 cm. The critical mass is about 52 kg with density about 18.75
g/cm3 [41]. The fast neutron pulsed reactor can run in the instantaneous su-
percritical state when the burst pulse occurs. The fission rate increases several
orders of magnitude in a few milliseconds, and the relative volume of the core
changes, which has the mechanism of thermal expansion and self-extinguishing.
The pulse process involves reactor dynamics, unsteady heat transfer, mechanical
analysis, and coupling processes. Therefore, transient analysis of fast neutron
pulse reactors can verify not only the accuracy of neutronics calculation but also
validate nuclear thermodynamic coupling calculation and mechanical deforma-
tion feedback models.

As shown in Fig. 5 [Figure 5: see original paper], three-dimensional geometry
is used for simulation. The heat transfer and mechanical parameters used in
the calculation are shown in Table 4 [42]. In heat transfer simulation, the
adiabatic boundary condition is adopted because the temperature rise of the
system during the transient is relatively small. The Doppler feedback effect on
reactivity can be ignored, so only changes in atom density are considered in our
simulation. In this paper, the mechanics calculation adopts the infinitesimal
small strain theory, and the volume strain of the computational element can be
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expressed as:

V (t) − V0 = det(�X u(t) + I) − 1

Assuming that the neutron energy spectrum remains unchanged during the
transient, the change in neutron macroscopic cross-section is mainly caused
by the change in atom density due to element volume change. The method for
updating neutron cross sections is shown as:

Σ(t) = Σ0 V (t) 1 + �V

The explicit temporal coupling between neutronics and thermomechanics is il-
lustrated in Fig. 7 [Figure 7: see original paper]. The transient simulation
follows this calculation flow at every time step: (1) the internal heat source
is calculated from the neutron flux distribution provided by the previous time
step; (2) the thermal-mechanics equations are solved by the HeatTransfer and
SolidMechanics modules in MOOSE framework; (3) the volume strain of each
element is calculated according to nodal displacement using Eqn. (27), then the
multi-group macro cross-sections are updated according to atom density change
using Eqn. (28), and displacements are transferred to the meshes of neutronics
dynamics calculation for deformation; (4) the neutronics dynamics simulation is
performed according to updated macroscopic cross-section and mesh. The cou-
pled solution of neutronics dynamics and thermo-mechanics problem is realized
by the MultiApp and Transfer systems of MOOSE, with the thermo-mechanics
solver as the MainApp and the neutronics solver as the MultiApp.

Before transient simulation, a steady-state neutronics simulation is performed
followed by normalizing the reactor core power to 500W. The three-dimensional
distribution of power density is shown in Fig. 6 [Figure 6: see original paper].
Notably, the temperature distribution exhibits a similar spatial pattern (with
contour shapes mirroring those of power distribution). The normalized neutron
flux acts as the initial condition for transient calculation. The duration of
transient calculation is 0.001 s and the time step is 1 × 10−7 s in the simulation.

Fig. 8 Figure 8: see original paper and Fig. 8(b) illustrate changes in power
and average temperature over time during a prompt critical transient. With
introduction of step positive reactivity, there is only slight rise in average tem-
perature as a result of gradual increase in system power in the initial stage. Then
system power rises rapidly and temperature increases rapidly. The accumulated
fission energy leads to thermal expansion of uranium metal. Neutron leakage is
enhanced due to deformation and introduces negative reactivity. The core then
enters sub-critical state, resulting in rapid decrease in core power. As a result
of rapid fluctuation in fission power, it is evident that the uranium metal sphere
undergoes both compression and expansion, as depicted in Fig. 8(c) and Fig.
8(d), leading to a thermal inertia effect. The oscillation of surface displacement,
velocity, and acceleration closely matches the experimental scenario. Since the
negative feedback effect was introduced totally by geometry deformation in this
transient, the numerical results prove that the method developed in this paper
is capable of handling this complicated multi-physics coupling process.
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IV. SUMMARY AND CONCLUSIONS
The current study involved development of a second-order SAAF equation-based
neutron transport solver within the MOOSE framework. The neutronics solver
has capability for modeling complex geometry as well as explicit treatment of
mesh deformation, thus providing an efficient tool for neutronics simulation of
advanced micro reactors. Since the neutronics solver is built on MOOSE, it
naturally couples to other physics models by either strong coupling or weak
coupling method.

As applications, the neutronics solver has been used for high-fidelity analysis of
micro reactors. The XAPR steady-state neutronics simulation was performed
first. Numerical results demonstrate that the neutron transport method pro-
posed in this study effectively handles complex geometry in micro reactors.
Then, two multi-physics coupling cases with neutron transport and thermo-
mechanics coupling were analyzed based on the method proposed in this work.
The ability to handle nonlinearity caused by source-term coupling, material
nonlinearity, and geometric nonlinearity was proved by both steady-state and
transient multi-physics analysis. Our results indicate that the impact of mesh
deformation on reactor core contributes significantly to the behavior of micro
reactors. More efforts need to be devoted to multi-physics modeling of more
complex micro reactor designs like heat pipe reactors and gas cooled reactors in
the future.
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