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Abstract

This note aims to provide a self-contained and detailed explanation of the
U(k")xU(k) Pati-Salam model in curved spacetime, derived from a (1+n)-
dimensional square root Lorentz manifold via the self-parallel transportation
principle. The conceptual foundations of manifolds from the perspectives of
category theory, fiber bundle theory, and sheaf theory are reviewed. The model
incorporates additional U(k’)xU(k)-principal bundle and U(k)-associated
bundle structures beyond the (1+n)-dimensional Lorentz manifold. Conserved
currents on the square root Lorentz manifold are discussed preliminarily. A
detailed proof of the relationship between sheaf quantization and path integral
quantization is presented.
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Abstract

This note provides a self-contained and detailed explanation of the U (k") x U (k)
Pati-Salam model in curved space-time derived from a (1+n)-dimensional square
root Lorentz manifold via the self-parallel transportation principle. We review
the foundational concepts of manifolds from the perspective of category theory,
fiber bundle theory, and sheaf theory. The square root Lorentz manifold pos-
sesses additional U (k") x U(k)-principal bundles and U(k)-associated bundles
beyond the standard (1 + n)-dimensional Lorentz manifold. Conservative cur-
rents on the square root Lorentz manifold are discussed preliminarily, and a
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detailed proof of the relationship between sheaf quantization and path integral
quantization is presented.

Keywords: Sheaf quantization; Pati-Salam model; Yang-Mills theory; quan-
tum field theory in curved space-time
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Introduction

A square root metric manifold carries additional U (k") x U (k) principal bundles
and U (k)-associated bundles compared to ordinary Lorentz manifolds. These
extra bundles provide an opportunity to construct Yang-Mills theory in curved
space-time [1], particularly Pati-Salam type Yang-Mills theory [2, 3] in curved
space-time. Sheaves, as natural mathematical structures discovered by mathe-
maticians such as Jean Leray long ago, have deep connections with fiber bundle
theory [5] (Yang-Mills theory [6, 7]) and the superposition principle.

Sheaves can be derived from contravariant functors in category theory, with
sheaf cohomology and spectral sequences being both fascinating and useful. The
microlocal language of sheaf theory [4] developed by Mikio Sato may become
popular among future mathematical physicists. As a fundamental language of
topos theory from Grothendieck [8], “we cannot even define a scheme without
using sheaves” [9]. Sheaf quantization might provide a method to quantize quan-
tum field theory in curved space-time while avoiding the problem of infinities
[1, 10, 11, 12, 13, 14, 15, 16, 17].

The sheaf space is a linear space consistent with the superposition principle, even
when the base manifold is curved. The sheaf quantization method is consistent
with the path integral quantization method.

This paper is organized as follows: Section 2 provides a preliminary introduc-
tion to categories, functors, and the concepts of topological spaces, sheaves,
manifolds, and bundles from the categorical viewpoint. Section 3 discusses the
Einstein-Cartan geometry of Lorentz and Riemann manifolds. Section 4 briefly
introduces generators of Clifford algebras. Section 5 describes the geometric
framework of square root Lorentz manifolds, constructing the Pati-Salam model
in curved space-time and Einstein-Cartan gravity based on square root Lorentz
manifolds. Section 6 discusses the formulation of sheaf quantization and its
relation to path integral quantization.

2 Category, Functor, Topological Space, Sheaf, Manifold
and Fiber Bundle

2.1 Category

A category € consists of: - A class ob(C) of objects, for example a, b, ¢, d € ob(C)
- A class hom(€) of morphisms (or arrows, or maps), where home(a, b) represents
all morphisms from a to b in category €. For example, f,g € hom(a,b), h €
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hom(b, ¢), i € hom(a, ¢) - Composition of morphisms: for objects a, b, c € ob(C),
home(a, b) x home (b, c) — home(a,c)

The morphisms in hom(€) satisfy the axioms of associativity and identity: -
(Associativity axiom) If f:a — b, g:b— ¢, h:c — d, then h(gf) = (hg)f
- (Identity axiom) For every object z,y € ob(C), there exists a morphism
1, : * — x such that for every morphism f:z — y, we have 1, f = f = f1,

2.2 Functor

Functors are structure-preserving maps between categories. A covariant functor
F from a category C to a category D is written as F' : € — 2D, where “structure-
preserving” means: - For object z € ob(C), F(x) € ob(D) - For morphism f €
hom(C), f:x — y, we have F(f) : F(x) — F(y), f € hom(C), F(f) € hom(D)
- For every object x € ob(C), F(1,) = 1p(, - For objects z,y,z € ob(C) and
all morphisms f : z — y, g : y — 2z in €, the functor preserves composition:

F(gf) = F(g9)F(f)

A contravariant functor is like a structure-preserving covariant functor from
categories C to D, but for morphisms f, g € hom(€) with f : 2 — y, we have

F(f): Fy) = F(z) and F(gf) = F(f)F(g)-

2.3 Topological Space

For a point 2, € X and its neighborhood (an open covering), we can glue them
to form a topological space X (more precisely, a Hausdorff space X):

Uy, = {2 |2 =z}

where X = UU,, © — x is the direct limit from « to x,. For any point z, € X,
there is an open covering partial ordered set on topological space X:

U, CU; cUz Cc-CX

2.4 Category View of Topological Space

e The topological space X is a category with objects Umo €ob(X), zg € X
and morphisms C,U,N € hom(X)

o The category Top has objects X € ob(Top) and morphisms as continuous
maps € hom(Top)

2.5 Presheaf and Sheaf

F (U%) is the presheaf on U, which is isomorphic to an Abelian group A

(F(U,,) means all possible functions on neighborhood U, ):
F:U, - FU,)
0 0

F'is a functor from neighborhood U, to presheaf F'(U, ). To construct a sheaf
F(X) from presheaf F(U, ), we must satisfy the locality axiom and gluing
axiom:
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o (Locality axiom) If U,, is an open covering of an open set X, and if
sections s,,t, € F(X) satisfy s|;, =t|, forany z,€ X, then s, =t,,
. .

T T

where s|;; is the section restricted to the neighborhood of x,
o

¢ (Gluing axiom) If zy,z; € X, U,, and U, are open coverings of an

open set X, and for sections s, € F(U, ), s, € F(U,,), the sections

agree on the overlap s, lu, v, = 8, v ~u. , then there exists a global
00Uy w1z

section s, € F(X), z € X, such that s, = s,|y
zo

The stalk of x is the sheaf space restricted to x:
Tpy = FX)ly, = F(U,,)/ ~
where ~ is an equivalence relation from restriction.

2.6 Manifold

For a manifold, in the neighborhood U, of x, there is a coordinate dz*|, -
As an example of a presheaf, the collection of all possible coordinates in the
neighborhood U,, of z is a presheaf:

d(Uy,) = {dz", 5z, }

The presheaf d(U,, ) can be glued to a sheaf d(X) because:

d(U,,)Nd(U,,) = dU, nU,)

d is a functor from topological space X to the differential structure d(X) of the
topological space X:
d: X — d(X)

where the differential structure d(X) is the collection of all possible global co-
ordinates on topological space X, d is one kind of functor F, and d(X) is one
kind of sheaf F/(X). Then we can see the manifold M is a topological space X
with differential structure d(X) (the global coordinates on (1 + n)-dimensional
manifold M might not be parameterized by R'*"):

M = (X, d(X))

We point out that the definition M = (X,d(X)) is equivalent to the definition
in standard textbooks with axioms of local flatness and atlas compatibility:

o (Local flatness axiom) For a point z, in (1 4+ n)-dimensional manifold,
the neighborhood U, is isomorphic to R**"

o (Atlas compatibility axiom) For points z, and z; in (1 + n)-
dimensional manifold with neighborhoods U, and U, and parametriza-
tions {zf,p = 0,1,2,--,n} and {zf,p = 0,1,2,-,n}, there are
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coordinates {dxg7u =0,1,2,---,n}. For the overlap of the two neighbor-
hoods U, NU, , there is a coordinate transformation:

dzfy = Ay (xy)dzy = Ay (xq)dz”

where AL (z), AL (z,) € GL(1+n,R), and AY(xy) = Al(x)

|w~>w0

For any number of neighborhoods, we have:
A, (@) A (1) AV () = Hom(AY (o), AL () ) dg

where the element in Hom(A‘,f(mq)) is path-dependent and cotangent principal
bundle section-dependent element of the linear transformation group GL(n, R)-
valued. This means the parameters in z, and z, rely on the continuous path
C:1— M, C(r) =z, k=0,1,2,--,n, linear transformation Ay (z,), Ay (x,)
and the edge function C; — C,. The solutions of equation (2.44) are just the
sheaf space d(X) restricted on curve C(7):

d(X)|cr)

From equation (2.45) we can see that the global coordinates in (1 + n)-
dimensional manifold might not be parameterized by R'*™.

2.7 Category View of Manifold

o The manifold M is a category with objects U, ,d(U, ) € ob(M) and
morphisms C,U,N,d € hom(M)

e The category Man has objects M € ob(Man) and morphisms as contin-
uous differentiable maps € hom(Man)

2.8 Principal Bundle

The fiber E(U, ) of the cotangent principal bundle E(M) on manifold M is
isomorphic to the freedom G = GL(1 + n,R) of coordinates that can make
transformations (left action) locally:

E(U,,) = {Ay(z)] | da”| = Av(2)da”], s A ()], € GL(14n0,R)}

T ' =z

The cotangent principal G-bundle F(M) on manifold M is:
E(M)=UEU,), G=GL(1+n,R)

The cotangent principal bundle is a map 7w from total space E to base manifold
M:
m:BE—-M

The inverse mapping of 7 is a section of the sheaf d(M) and bundle E(M):
7 tedM), nm'cEM)
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Here for the inverse mapping of cotangent principal bundle, the meaning of
71 is one global coordinate of the manifold M. The contravariant functor 7!
of 7 is the differential structure sheaf of the manifold M (all possible global

coordinates). Because we have the commutative diagram:
ﬁ.—l
d(U,,)VdU,) = d(U, VU,) — d(M)

The tangent principal bundle E*(M) is the dual bundle of cotangent principal
bundle:
i l=d

The section 7*~! in the neighborhood of U,, has the formula:

T B*— M
and is dual with coordinates:
0
<d$lt7 @> |w~>wo

The sheaf 77! is dual to 7!. The right action of element of GL(1 + n,R) on
tangent principal bundle is consistent with the definition of left action transfor-
mation on cotangent bundle:

aN ., .0
(8:5”) :A“(x)ax”

The definition of dual basis (2.62) gives us:

0 0

(dat, A (2) 5 M amsa, = Ab(@)(da”,

%”w—mo

2.9 Principal Bundle Connection

For a section 7! of the cotangent principal bundle fiber E(UZO) on manifold
M, the linear connection operator V, is:

dzh — A (xy)dz”

V, dat = =TI}, (z)dz”

Then the linear connection operator V, is a functor connecting fiber £(U,) to
E(UIO):
V,:E(U,) > EU,), =— 1

We write the connection 1-form as:

Iy(z) =T%,(x)dz”
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and the linear connection 1-form operator:

V =V,dz*, Vdzt = T4 (z)dz

The section of the fiber E*(U,

+,) of tangent bundle has the connection:

0 = 0
Vogan = Lo
The dual relation (2.62) of bases gives us:

0 ~
V,(dat, =) =0 = Pl (@) = —Thy(2)

We assume that the linear connection operator V, can be defined globally on
the manifold. Under coordinate transformation in the neighborhood U,, the
transformation rule of the principal bundle connection is derived:

V,da"" =V ,(Ay(z)dz")

’ , v 8Alyl o v v o
= -/ (2))dx” = aJUE’ )dx — A (x)Ty (x)dx
/ ’ v 8Aﬁ T v
= [z )AY(x) = 3£L'E) ) _ AL (z)0 (z)

= [p(a) = (A5 ()17, (x) — dAY (2)) Ay ()

Such that the cotangent principal bundle E(M) has the structure of connection-
preserving left action G = GL(1 + n,R) torsors:

E(M) =G x E(M)

2.10 Tangent and Cotangent Associated Bundle

The tangent associated bundle TE*(M) on manifold M is glued with tangent
space on neighborhood of x:

p*:TE*— M, TE*(M)=UTE*U,)

The section p*~! of the bundle is a vector field of manifold M:

V(@) = V@) s, (V@) V@), V@), € R

Then the fiber TE*(U,, ) of the bundle TE*(M) is isomorphic to RY™. For a
definite section of the tangent bundle, there is GL(1 + n, R) freedom to choose
the bases of vectors in the neighborhood of x:

VI (x) 0

V(@) ysay = 5w M (Oanzy = VI (@)lonszy,  AL(@)os, € GL(141,R)
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With the help of (2.72) and (2.77), the tangent associated bundle T E*(M) has
the structure of connection-preserving right action G = GL(1 + n, R) torsors:

TE*(M) =TE*(M) x G

The right action structure group G of tangent associated bundle is free and
transitive. The contravariant functor p*~! of tangent associated bundle T E* (M)
is a sheaf on manifold:

1M = TE*

where the sheaf p*~! is the collection of all tangent vector fields on manifold

M. The sheaf p*~! has the structure of connection-preserving right action G =
GL(1+ n,R) torsors:
;5*71 — i)*—l x G

Similarly, the cotangent associated bundle is:
TEM)=UTE(U,)

and has the structure of connection-preserving left action G = GL(1 + n,R)

torsors:

TE(M)=G xTE(M)
The section p~! of the cotangent associated bundle is a cotangent vector field
(1-form) on manifold M:

a(@) = a,(v)det,  (og(r), 0 (), 00, (7)) ], € RYT

m

1

The contravariant functor p~* is the sheaf of all cotangent vector fields on man-

ifold M:
M TE

The sheaf p~! has the structure of connection-preserving left action G = GL(1+
n,R) torsors:
ﬁfl =G x i)fl

3 Lorentz Manifold, Riemann Geometry and Cartan Ge-
ometry

3.1 Metric

Pseudo-Riemannian geometry pR = (M, g) is one of the most successful geomet-
ric systems. The pseudo-Riemannian geometry pR is a differentiable manifold
M with smooth metric tensor g:

g(l’) = _g;ul(x)d‘ru ® dz”
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The metric is a symmetric rank-2 tensor field on manifold M such that the
components of metric tensor satisfy g, () = g,, (). The metric field is non-
degenerate, meaning the determinants of metric tensor components at any point
Zo in manifold M are non-zero:

9olzsaz, = det(9, (2) gz, # 0

The pseudo-Riemannian manifold pR has a corresponding inverse metric g~ (z)
where the dual basis of coordinate d in the neighborhood of z satisfies
the inner product relation:

xu‘mﬁajo

(O da”) |y, = O

W Iz

The components of inverse metric g"”(x) are the inverse matrix of metric com-
ponents g, (z) at any point z,. The metric is compatible with linear connection

when:
99,,,,(z)

V() =0 = SR g ()T, (0) gy ()T () = 0

We discuss the (1 + n)-dimensional pseudo-Riemannian manifold pR with sig-
nature (—,+,+, ) (Lorentz manifold L) and signature (—, —, —,---) (Riemann
manifold R):

L,RCpR

Then x = (z#) = (2°,29) = (¢,7), (¢ = 1,2,-,n) parameterizes the (1 + n)-

dimensional manifolds L and R, and dz*|,_,, (1 =0,1,2,-,n) is a coordinate
in the neighborhood of z,.

3.2 Curve on Lorentz Manifold and Riemann Manifold

The curve C(7) on manifolds L and R is defined as:

C:tT—L,R, TER

The curve C(7) on manifolds L and R is an entity satisfying reparameterization
symmetry f(7):
C(r)=C'(f(r), 7 f(r)eR

The metric g(x) on manifolds L and R defines a line element of the curve C(7):
dzt dzv
ds =1/— ——d
s \/ (@)= —dT

The length of any path C(7) from point x, to point z, on manifolds L and R

is defined as:
¥a ¥a dxt dzv
s= ds:/ \/—g () ————d7
/% o K dr dr
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The variation of the length s from point z, to x, screens out the geodesic curve.
The definition of geodesic curve derives from ds = 0:
A2t
dr2

" dz¥ dx”

g ar =

where I'}, is the Christoffel symbol defined by metric components:

TH — }gﬂo 8901/ agf’ﬂ _ 89’4’
P9 OxP  Ozv  Ox°

The dr is the basis of cotangent vector on curve C(7), and the dual basis - is

dr
defined as:
d _da* 0

E|T:‘r0 - dr 8$M|T:T0

The restriction of tangent principal bundle E* from manifolds L and R to curve
C(r) is:

restriction restriction

E*(L), B*(R) =22 pr(u,) 2

The objects in E*(U,) are tangent vectors on the curve C(7). When the linear
connection operator V o acting on tangent vector % of curve C'(71) equals zero,
the curve C(7) is self-parallel transported:

d _
Pdr

\Y 0

The definition of self-parallel transport derives:

RIS dz¥ dx” B

H _—
dr? + Tp(7) dr dr

3.3 Principal Bundle on Lorentz Manifold and Riemann Manifold

The freedom to choose dz*|,_,,, ~is isomorphic to the fiber E(U,, ) of the cotan-
gent principal bundle E(L) and E(R) of the (1 + n)-dimensional Lorentz mani-
fold L and Riemann manifold R. There is freedom to choose coordinates in the
neighborhood of x,:

EU,,) = {Av(z)da”|, ., | AV(2)], 0, € GL(1+n,R)}
such that the cotangent principal bundles:
E(L)=UE{U,), xz€L

E(R)=UE(U,), z€R
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have the structure of connection-preserving left action G = GL(1+n, R) torsors:

E(L)=G x B(L), E(R)=G x E(R)

For a definite metric g(z) of manifolds L and R, there is GL(1 + n, R) freedom
to choose locally to describe the same metric g(z) in the neighborhood of the
coordinate da*|,_,,

g(‘r>|x—>xo = —g:ty(iﬂ)dZE#,dJSV/‘x_mo = _g/;u(x)Ag(x)dl'pAZ(x)dxg‘a—)xo = _gpa(x)dxpdxg‘x—»xo
where:
9 (@)AG (2)AL(@) 40y = o (T)] 2,

For the inverse metric, the analysis for tangent principal bundles E*(L) and
E*(R) are similar, and the tangent principal bundle on (1 + n)-dimensional
manifolds L and R has structure of connection-preserving right G = GL(1+n, R)
action torsors:

E*(L)=E*(L)x G, E*(R)=E*(R)xG

3.4 Orthonormal Principal Frame Bundle and Cartan Geometry

The inverse metric g~!(x) in Lorentz manifold L is described by orthonormal
frame formalism (a,b=0,1,2,---,n):

971 (z) = _nabga(x>9b($)7 Ny = diag(l,—1,—1,,—1)
where 6%(z) = QZ(ZE)a% are orthonormal frames describing the gravitational
w

field.

The Riemann manifold R is described by inverse metric g~*(z) in orthonormal
frame formalism as:

§71<3}) = _Iaboa('r>0b(x)a Iab = dla‘g(L 17 PR 1)
For a definite inverse metric g~ !(x), there is O(1,n) freedom to choose the

orthonormal frame 6%(x)] to describe the same metric in the neighborhood
of xy:

(L‘—)IO

’

0% (2)] 4wy = 0" (@)AG (@) ]azyr AG(@)|zsa, € O(1,m)

971 (x)|m~>930 = _n:zbga/ (x)ab/ (x)|93~>1:0 = _nébgc(‘,ﬂ)Ag(x)ed(m)A(bj(x)|a:~>m0 = _nabea(‘r)gb(m)‘mﬁxg

where:
nchg(x)Ag(x”x—)xO = 77ab|m~>x0 = Ag(z)‘m%mo € O(L”’)
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This means the fiber OE*(U,, ) of orthonormal principal frame bundle OE*(L)
is isomorphic to the orthonormal frame transformation freedom G = O(1,n)
(right action) locally:

OE*(U%) = {ea(‘%’/)lz’awo = 9”(:5)A§(3:)\I%I0 | Ag(x)lzazo € O(lan)}

The orthonormal frame principal bundle is:

OE*(L) = UOE*(U,), z€L

The fiber OE*(U,, ) of orthonormal principal frame bundle OE*(R) of Riemann
manifold R is isomorphic to the orthonormal frame transformation freedom
G = O(1 + n) (right action) locally:

OF*(Uy,) = {042 )]0 sz = 0" (@) AL (@) 4, | A (@)]0ry € O(1 + 1)}

The orthonormal frame principal bundle is:

OE*(R) = UOE*(U,), z€R

The metric g(x) and g(z) can be described by cotangent orthonormal frame
(orthonormal co-frame) formalism as:

9(x) = =00 (2)0°(x), g(w) = —1,0%()0"(2)

where 1, = diag(1,—1,—1,--,—1), I,

a

, = diag(1,1,1,---,1), and:
0%(x) = 0, (z)dx"

are cotangent orthonormal frames. It follows from (3.6) and (3.7) that the
cotangent orthonormal frame is dual to the tangent orthonormal frame:

(0°(2), 04 (X)) |y = 0(2)0y (@)1, = 0f

From equation (3.45) we have:

0°(2)AZ () A2(x)

|I*}IO

The structure groups of orthonormal co-frame bundles OF(L) and OE(R) are
also O(1,n) and O(1 + n).

The orthonormal frame connection coefficients are defined as:

87% oxP

00% (x
V6 (e) =V, <ez<x> 0 ) = i) eyt ()
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Eliminating the edge term, we can write:

whp () = 05 ()T ()0} () — dby (x)

The compatible connection condition (3.8) for orthonormal frame connection
coefficients:

nacrz;)(x) + ncbrgp(x) =0= Fbap(x> = _Fabp(x)

The connection 1-form on orthonormal frame is defined:

I3 (z) = T, (2)dz?

Then we have:
Vo (z) =Tj(2)0°(x), Vb,(x) = -Ty(x)0,(x), Ta(w)=—T4,(2)
The structure of connection-preserving right action G = O(1,n) and G = O(1 +
n) torsors of orthonormal frame principal bundles:
OE*(L) = OE*(L) x G, OFE*(R) = OE*(R) x G
derives that:
Dit(a’) = AL (2)Tg, (2)Af(x) — dA (2)Af (2)
The curvature 2-form is defined:
Qp(x) = dly(x) + T2 (x) ATH(x)

and equation (3.63) derives that the curvature 2-form satisfies the tensor trans-

formation:
Qe (") Al (x) = AL (2)QG ()

The relation between curvature 2-form f(z) and curvature tensor Ry, (z) is:

1
Q¢ (z) = =Ry

=3 by (T)d? A dz”

where:

Rguu(x) = ap,rgu(z> - 8urg# (93) + Fgu (x)rlcw(z) - Flcly(z)rlcm(z>

Equation (3.44) gives us:
dzt = 04 (2)0%(z)
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After the exterior derivative d acts on equation (3.68), the Cartan structure
equation is derived:

0=d(05(x)) N0 (z) + 9{;(95) A dﬁb(:v) +I(z)d(8,(x))
= di°(z) = —I, (z)dx" A dz*
The torsion 2-form is defined:

1
T¢(z) = ;T5, (z)dx" A da” = =T, (x)dz” A dat

= 5T

Then the components of torsion are:

TS, (x) = 2%, (2) = T, (2) — T%,(2)

and the Cartan structure equation is rewritten as:
doc(z) +T§(x) A0 (z) + T¢(x) = 0
It is easy to prove the torsion satisfies the tensor transformation rule. The
exterior derivative d acting on equation (3.72) gives the Ricci identity:
dT§(x) A6 (x) — T§(z) A dO®(z) + dT¢(x) = 0
= Q(z) A0 (2) —T¢(z) AT (z) +dT¢(z) =0

Equation (3.74) is the Ricci identity in Cartan geometry with torsion, and the
component formulation is:

9,74, (x) + T2 ()T,

o Jiv]

(x)+ R (x)=0

[ppuv]

The exterior derivative d acting on Ricci identity (3.74) derives the Bianchi
identity:

dQG(x) — Qf () ATy(x) + Tg(z) A Qf(x) =0
The component formulation of the Bianchi identity is:

ARy (€)= Ry (@)Ty (@) + Ty, (2) Ry (@) = 0

The determinants of metric components in the neighborhood of z, give us the
coordinate-free volume element 6, (x):

2
9o(@)ay = det[g,, (2)] ],y = detlng, 05 (2)0(2)]], 0, = det[O ()], = —det (05 (2)]], s,

= 0, ()laray = V=90 re,
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3.5 Category View of Principal Bundle on Lorentz Manifold and Rie-
mann Manifold

The cotangent principal bundles E*(L) and E*(R) are dual to tangent bundles
E(L) and E(R). The orthonormal functor O acting on associated bundles gives
orthonormal frame bundles and co-frame bundles:

O:E—OE, O:E"— OE*

and the commutative diagram of these four kinds of associated bundles on
Lorentz manifold L and Riemann manifold R follows.

4.1 Cl, ,(R) Clifford Algebra and Dirac Matrices

The Cl, ,(R) Clifford algebra has 1 + n generators v,(a = 0,1,2,--,n). The
Clifford algebra is spanned by the bases:

Cll,n([R> = span {13 Ya,> Ya, Vayr Ya, Vas Yazr s Va, Ya, ""YaHn}

The Clifford algebra Cl, ,,(R) is a 2'*"-dimensional linear space:

Cll,n(R) = {aI + Ao, Ya, + Qg ayVay Vay +oe QXgray-ar,, Ya, Yay "'rYaHn}

where the coefficients before the bases are real-valued: «, Qg
R.

ajay) aa1a2"'a1+n

The matrix representation of generators of Clifford algebra satisfies the restric-
tion:
Ya W + Ve = 2Map Ik

In physics, the Hermiticity conditions for generators of Clifford algebra can
always be chosen as:

Y+ Wa = 2Lar ]
The minimal faithful matrix representation for C1; , (R) gives the relation:

21 =k x k= k= 2(1tn)/2

which means, for any matrix representation of generators of Clifford algebra,
there is freedom of U(k) to rotate the matrix representation:

v, =V, ¢ eU(k)

such that the 7, remain generators of Clifford algebra CI; ,(R). The Dirac
matrices can be represented by component formula:

P)/a = ,yéj ® ei = @[]Z’yawje;' ® ei7 QZ) € U<k>

where e,(i = 1,2,---,k) are orthogonal bases expanding (1 + n)-dimensional

complex space C* and tr(e; Re;) = eiej =0,
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4.2 Cl, 5(R) Clifford Algebra and Dirac Matrices

Particularly, the solutions with:
n=3and 1, k=4and?2

are particularly important for physics. The corresponding Clifford algebras are
Cl, 3(R) and Cl; 1(R). The generators of Clifford algebra Cl; 3(R) are the well-
known Dirac matrices and the bases:

01173(|R> = Span{I, YarVYaVos Va Vb Ves FYa’Yb’Yc’Yd}

The Weyl representation (¢ = 1,2,3) of Dirac matrices is:

(0 I, (0 o,
70_<1M 0 ) T \-0, 0

where o, are Pauli matrices.

The component formulation of ~/ is:
Yo = Wlbureley ® el = vlre @], Y eUW

with 4,5 = 1,2, 3,4, where 1;,15,15 and 9, are four kinds of Dirac spinors.
The element of U(4) group can be presented as:

Y= VeIV eRa=0,1,2,-,15
where T are generators of U(4) group and T% = TT.
4.3 Cl, ,(R) Clifford Algebra

The generators of Clifford algebra C1; ;(R) can be represented by Pauli matrices:

C'1171(”?) = span{[,% = 01,7 = 109, —03}

4.4 Tsomorphism Between Bases of (!, 3(R) and Generators
of U(4) Group

An isomorphism between the bases of Cl; 3(R) and the generators of U(4) group
can be constructed as follows. The modified Dirac matrices could be:

TLO = :5/0 = Y0, Tl’q = ;}l/q = Z’Yq
For modified Dirac matrices:

as + ATe = Laplss A4 =
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where I,, = diag(1,1,1,1). Then, the isomorphism between the bases of
Cl; 3(R) and the generators of U(4) group is:

TLa = :}‘/a7 T27ab = i’?a:}/by T3,abc = i;}l/aﬁ/b;}l/ca T47ade = %a%b%cﬁd: TO = I4

It is easy to see that the constructed T'* satisfy:

Tot =T, Ty(ToTP) = 58

The commutative and anti-commutative relations of constructed T are:
[Tl’a,Tl’b] — _22']12,(1!;7 {Tl’a,Tl’b} =0

[The, T20c] =0, {The, T2be} = oT3abe
[The, T20%) = 3T, {The, T2ab} =
[The, T3bed] = gjT4abed  (pla T3bed) —
[The, T3aebe] = o, {Tle Tabe) = gp2be
[T, Thabed] = _gip3bed  (Tla phabed) — ()
[T20b T2ed] =, {T2ab T2ed} = _gpiabed
[T20b T2be] = g2.ac [T2ab T2be} — )
[T20b, T3:bed] = gjdacd  (p2ab T3bed} —
[T2eb T3abe] = (, {T2ab T3abey — oTle
[T%0b phabed] — o, [T2ab Thabed) — _gp2ed
[T3abe phabed] — _gypld - [3abe phabedy — )

Explicitly, the constructed generators of U(4) are represented by Dirac matrices:
Tl = %> T2 = 7;’717 T3 = Z"Y% T4 = Z’YB

T° = Y0715 T% = Y072 T7 = —Y0735 T® = —1Y172
T = —1713; T = — Y2735 T = —1Y "1 V25 T"? = —iY M3
T = —1%Y273> ™ = Y172735 T = —1Y0Y1Y273+ T = Iy

and we have:
(T2, T9) = [T
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5.1 Pair of Entities

We define a pair of entities:

~

W) = iy ()7, (2)0% (), U(z) = iy (2)79(2)0" ()

which we call the square root metric of (1 + n)-dimensional L and R. This pair
of entities describes the square root Lorentz manifold rL. Direct calculations
show that the definitions (5.1) and (5.2) satisfy:

~

If(z) = <i(x), 1'(z) = ()
The Dirac matrices on rL have the potential to be written as:
Yo (2) = i (2)€]] () ® (@) = ul (@)1, (@)u;(@)ef () @ e;(w)
For any point z, € L and R:
tr(ef(2) ® €;(2))|pm, = €:(2)e} (@), = 0

One simple choice of e;(z)(i = 1,2,---, k) on manifold is:

)

61@) - (62'91(ﬂ¢>70’()7...70)7 62(3;) - (0)‘31‘92(%),()7...,0)7 e ek(x) — (0’0,0,...’ei9k(37))

The bases e;T (x) i=1,2,-,k) onrLhave U(k) freedom to choose locally:

o (

€ (@) gy = Ui ()} (@) gy @) sgy € UR)

Similarly, there is another local freedom to choose representation of components
of Dirac matrices:

Yo (@) = o115 (@) (2) ® €l() = ul (@), (@) (2)e]} (@) @ € )

7a’ij<m)‘m~>mo = ulk(x)7§l<x>ulj(x)|x~>zo = U‘I (x)P)/a(x)uj(x>|$~>zov u(x)|x~>xo € U(k/)

Then, there is an extra U(k") x U(k) principal bundle on (1 4 n)-dimensional
square root Lorentz manifold rL compared to Lorentz manifold L, with k' =
k= 21+n,

Under local U (k") x U(k) bases rotation equivalence relation, there still remains
U (k) physical freedom:

Ya(®) = 70j(@) ® €:(2) = V0i5(2)e} ® € = Y] (7,0 (x)e] @ ¢;
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where $ (x)|_{x —x_0} $ U(k) is isomorphic to the extra fiber space of asso-
ciated bundle UE] ,(rL). In the language of mathematics, there are two extra
U(k) associated bundles UET 5(rL) on (1 + n)-dimensional square root metric
rL compared to Lorentz manifold L, with structure of left U (k") and right U(k)

action torsors:
UET,Q(T'IJ =U(k") x UEiQ(rL) x U(k)

where I(z) and I(z) are sections of U E;(rL) and UE5(rL) bundles, respectively.
A pair of square root metric can be written as:

l(2) = ingYa W] (@) (2)el @ e,09(x) = i) (2) 107, ;(2)e] @ €,0%(x)
(z) = i, 7900 (2)0;(x)e] ® €,0%(x) = W] (2)7,700;(2)el @ €,6%(w)

The total structure group of principal bundle E*(rL) on (1 + n)-dimensional rL
is:

G=U)xU(k)x GL(1+n,R), kK =k=2'""
The fiber space of associated bundles UET 5(rL) is isomorphic to:

UE; ,(U,,) = U(k) x GL(1 +n,R)

and has structure of G-torsors:

UE; ,(rL) = U(K') x UE; ,(rL) x U(k) x GL(1 +n,R)

There are two kinds of inverse metric for the pair of entities:
g (@) = trll(2)l(@)] = trfl(2)l(@)] = tr[l(2)l(2)] = —1,,0%()6" (z)
g (@) = trfl(2)l(2)] = —ney 6% (2)6" ()

after using 72; = Y9YaVo, Where g~1(x) and g~!(z) are inverse metrics of Riemann
manifold R and Lorentz manifold L, respectively.

A pair of square root metrics for metrics of R and L are:

) = iy (x)7, (2)0) (x)d", I(x) = o ()70 ()0, (z)dx

Direct calculation gives us that the definitions (5.20) and (5.21) satisfy:
- =f
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g(x) = trfl(@)i(x)] = —na,0°(2)0"(x)

The entities pair (5.20) and (5.21) corresponding to principal bundle E(rL) has
total structure group:

G=GL(1+n,R) x U(k') x U(k), K =k=24n

The fiber space of associated bundle UE(rL) is isomorphic to:
UE, ,(U, ) =U(k) x GL(1 +n,R)

and has structure of G-torsors:

UE, 5(rL) = GL(1+n,R) x U(k") x UE, 5(rL) x U(k)
where () and 7(33) are sections of UE, (rL) and U E,(rL) bundles, respectively.

5.2 Connection of Extra Bundles and Gauge Field

The principal bundle connection ij(x), the flavor interaction gauge field, is
defined as:

f t 8. —ul(x))el
T _ % (‘T) — ¢ <$0) _ ( j uzj(x»eg(x) . t
vp,ei< ) - W|z~>zo - Th — xg |z~>ro - ZW,u,ij(x)ej(xﬂz%zo

The conjugate transpose of definition (5.28) gives us:

vV e(x) =—iW!

H pig

(x)ej(x)v W;Lij<x) = W:gz(m>
The covariant derivative V , acting on (5.4) leads to the flavor interaction gauge
field W,,;(z) which can be expanded by generators of weak interaction gauge
group U (k):

— [ [o' — 2
W) =WHx)TF, a=0,1,2,- k-1

177
In summary, the flavor interaction gauge field is defined by:

V,ei(x) = —ie;(a)W,;:(z),  V,el(x) =iW,;(z)el(z)

Iz M, (10 Iz J

And the gauge fields W (z) are real-valued:

Wi(z) = Wi (z)
In Cartan geometry and homology theory, differential forms are useful. Then,
using the definition of coordinate-free covariant derivative, it is easy to see:

V == Vud.r‘u, W”(x) - W

pig

(z)dx*
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where W, () is the flavor interaction gauge field connection 1-form.

Similarly, the principal bundle connection V) (), the color interaction gauge
field, is defined as:

_ Yal@) = ul(2)7, (2)u(z) |
o 1175 T—=T

’Ya(x) — ’Va(‘TO)

TH — xlg T—Tg

Ve @lzsa, =

[Va (@) — uf (@)1, ()] + [0l (2) 74 (2) — u! (2) 7, ()u(z)]

|ac—>a;0

Th —
_ (T — T (@) 74 (@)] + [uf (2)7, (2) (T — u(2))] |
oh xg T

= i[V,(2)7a(@) = V(@) V()] gz,
We can see that:
Viula@lasay = iV (@)7(@) = 1@V @) |poays Vula) = Vi (@)
The conjugate transpose of (5.39) is:

vp [’}/2(3})] ‘zﬁa;o = ’L[VM<JJ)’)/:£ (.Z‘) - ,y:g<x)VJ (x)H:vaO

As we have the Hermiticity condition on square root Lorentz manifold rL:
(@) 0(@) + 2 ()90, = La T

we act covariant derivative V, on (5.41). After using 72; = Y9V Vo, it is easy to
find that: ;
V,=Vu

The V,, is a k x k matrix-valued field and can be expanded by generators of U (k)
group:
V, () =V¥x)T* «a=0, 1,2, , k% —1
In summary, the color interaction gauge field Vu(x) is defined by:
v#(Va(x)) = Z[Vu(w>7a(x) - ’Ya(x>vp,<‘r)]
The conjugate transpose of equation (5.44) is:

V, (i (2) = i[V,, (2)vd(z) — vi(2)V,(2)]

The connections preserving G and G-torsors on principal bundles E*(rL) and

E(rL) lead to the transformation rules of connections W,;;(x) and V,,(7):

Wii(@") = up, ()W (2)u () + ug (2)0,u,()
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V(@) = u(@)V,(z)ul (z) — (9,u(x))u ()

where u(x)] e U(k), u(z)| e U(K), and:

T—Tq T—Tq

uji(x)ujk(mﬂm%wo = 6ik7 u(x)uT(xﬂwao = Ik:

The gauge field strength tensors are defined as [18]:

F

pvij

(x) = a,uWuij(x) - auW,uij(‘x> - ZW;nk(x)Wukj(:E) + Zka(‘r>W,ukj(x)

H, (z)=0,V,(x) =0,V (z) =iV, (2)V,(z) +iV,(z)V,(z)
and the transformation rules satisfy:
Fﬂmj@/) = UZi(z)qu(z)uz]’(’I)

H), (") = u(@)H,,(z)u' (z)

From the Hermiticity condition of gauge fields W/

ui; and V. the Hermiticity
condition of gauge field strengths are:

F;uij(m) = Fuuji('r>7 HZV<JC) = Huu<x)

The gauge field strength tensors can be written as strength 2-forms:

H(z) = H,, (v)dz" Ndx¥, Fj(z)=F,,;;(v)dz" A\ dz”

where:
F”(x) = sz‘j(@ — iW(z) A Wk](‘r>
H(z) =dV(x) —iV(x) AN V(x), V(z)=V,(z)dz"

The exterior derivative acting on (5.52) and (5.53) gives the Bianchi identity of
strength 2-forms:

dH(z) —iH(x) AV(z)+iV(z) NH(z) =0

dF;;(x) — iFy(x) A Wy(@) + iWg,(2) A Fyj(a) =0

7
The tensor formulation of Bianchi identity in this geometry structure is:

a[MHVp] (LL') = H[uu<m)vp]($) - VY[;J,(:E)Hup]<$)

O i () = Flujing (@)W1 (@) — W () F i ()

chinarxiv.org/items/chinaxiv-202502.00004 Machine Translation


https://chinarxiv.org/items/chinaxiv-202502.00004

ChinaRxiv [$X]

5.3 Lagrangian Submanifold and Yang-Mills Theory in
Curved Space-Time

A pair of equations satisfying U (k") x U (k) gauge invariance, local Lorentz invari-
ance, and general covariance principles are constructed in (1 4+ n)-dimensional
square root Lorentz manifold rL:

trV[l(z)] =0, trV[i(z)] =0

These equations represent the generalized self-parallel transportation principle.
Eliminating index z, the explicit formulas of equations (5.59) and (5.60) are:

Qz)i%(iaﬁbi + V0 — 9, W,50)06 + @i%wirgpeff =0
/l/}j"‘)/a (Zap/lzz;j + Vpﬂﬁj - &;WHﬂ)Qﬁf + ijvbrl?[;jrguag =0

where V,, = vV, 7, Pt = Yo
The Lagrangians corresponding to equations (5.59) and (5.60) are:

L= TEiVa(iauwi + Vi — 0, W,50)06 + iimwifﬁﬁﬁ

£ =iy, (10,08 + V) — IW, )04 + il i Th 0l

i la g’ g’ 7" pgi)va i 1b¥Yi+t ap”a
The last term in Lagrangian (5.62) is the Yukawa coupling term 1);¢v,; and the
scalar (Higgs) field is Dirac matrix-valued and originated from the gravitational

field. Then, the Lagrangian (5.62) describes U(k’) x U(k) Yang-Mills theory in
curved space-time.

The Lagrangians (5.62) and (5.63) have the relation with (5.59) and (5.60):

trVi(z) = £ — £V, wVi(z) =L — L

Thus, we say l(z) and I(z) are Lagrangian submanifolds in UFE3(rL) and
UE%(rL), respectively. If equations (5.59) and (5.60) are satisfied, the
Lagrangians (5.62) and (5.63) are Hermitian:

=0t L=/t

So, the unitary principle (5.67) and (5.68) of quantum field theory is consistent
with the generalized self-parallel transportation principle (5.59) and (5.60).

The equations of motion for the Lagrangians (5.62) and (5.63) are:
Yo (10, + V10, — %Wmi)gﬁ + 7b¢irgu95 =0

Va(za;,ﬂzj + V;,ﬂzj - &jwu]z)og + ’7()1;}—1—‘2“95 =0
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and their conjugate transposes. Thus, a pair of Lagrangians (5.62) and (5.63)
describing the U (k") x U (k) Pati-Salam model type Yang-Mills theory in curved
space-time are constructed.

The Yang-Mills Lagrangian for gauge bosons in this geometry can be con-

structed: B
Ly =C(tre(H"H,,,) — tx(F{L,FL))

where ¢ € R is a constant.

In this geometric framework, the equations can be derived as:

Vi,Vyl=V,V, (&ﬂalﬁj@; ® €i9a> = <’(/;i’7awk:Ful/kj - F;ukiqzk')/awj - &i'YaHW% + T/;iﬁuﬂaz/)j + @ﬂbijZ;u

ViVl = ViV (6 E g — Fratbinde; + 0 H, Al — oI H 0+ wiaf v, Ry, ) efee 60

where HW = %HW'yO.

We define V? = V.V, dz? Adz”. The equation of motion of this gravity theory

is constructed: B
trV2[l(z)l(x)] = 0

= ffﬁp...

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.
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