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Abstract

We derive the transport equations from the Vlasov-Fokker-Planck equation
when the velocity space is spherically symmetric. The Shkarofsky’ s form of
Fokker-Planck-Rosenbluth collision operator is employed in the Vlasov-Fokker-
Planck equation. A closed-form relaxation model for homogeneous plasmas
could be presented in terms of Gauss hypergeometric2F1 functions. This has
been accomplished based on the Maxwellian mixture model. Furthermore, we
demonstrate that classic models such as two-temperature thermal equilibrium
model and thermodynamic equilibrium model are special cases of our relaxation
model and the zeroth-order Braginskii heat transfer model can also be derived.
The present relaxation model is a nonequilibrium model based on the hypothesis
that the plasmas system possesses finitely distinguishable independent features,
without relying on the conventional near-equilibrium assumption.
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I. INTRODUCTION

In fusion plasmas, the transport processes between different plasma species, as
well as the wave-particle interactions, are crucial in shaping the evolution of the
nonequilibrium and nonlinear plasma system [1]. Transport, since it involves
collisions, has traditionally been modeled using Vlasov-Fokker-Planck (VFP).
However, simulations for these processes usually not only face challenges in con-
serving mass, momentum, and energy in discrete [2], but also satisfying higher-
order moment convergence [3, 4] to effectively capture the inherent nonlinearity
of plasma systems. Additional difficulties arise from the significant differences in
thermal velocities due to mass or energy discrepancies [3-5] in collisions, which
typically leads to a conventionally chosen linearized model [6-8].

Transport equations for high-order velocity moments of Boltzmann’ s equation
[9] or the VFP equation [1] can address these challenges, and have demonstrated
superior effectiveness in solving problems of plasma physics. However, difficul-
ties [10] arise in two aspects: I), the resulting set of equations lack closure
because the [*"-order moment equation contains the moment of order [+ 1. II),
the dissipative terms originating from the collision operator are typically non-
linear functions of moments. Consequently, it is necessary to truncate the set
of transport equations based on certain assumption about the form of velocity
distribution function. Traditionally, near-equilibrium assumption [11] is widely
adapted in space physics, physics of fluid, plasmas physics and other related
fields.

The relaxation process of a system of particles with Coulomb interactions to-
wards a Maxwellian distribution function was initially presented by MacDonald
and Rosenbluth [12]. Subsequently, Tanenbaum [13] derived the transport equa-
tions based on the isotropic Maxwellian distribution function. The general form
of transport equations under near-equilibrium assumption are derived by Chap-
man [14] and Enskog [15], and extended by Burnett [16]. Another approach
proposed by Grad [11], utilizing the Hermite polynomial expansion method, also
yields the transport equations. Additionally, Mintzer [10] derive the transport
equations by introducing a generalized orthogonal polynomial method, which
are capable of describing highly nonequilibrium system. These advancements
have been comprehensively reviewed by Schunk [17]. However, as highlighted
by Schunk [17], both the Chapman-Enskog and Grad procedures exhibit in-
adequate convergence in highly non-Maxwellian system due to expanding the
distribution function into an orthogonal series around a local Maxwellian. These
limitations arise from the underlying near-equilibrium assumption.
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Recently, various nonlinear simulations [18, 19] of heat transport in Tokamak
plasmas have been invested. We aim to develop a novel framework [20] for
addressing the nonlinear simulation [19, 21] for fusion plasmas, under the hy-
pothesis of finitely distinguishable independent [22, 23] features (for details, see
Sec. III B) rather than relying on the conventional near-equilibrium assump-
tion. This framework is a higher-order moment convergent method, encom-
passing both a meshfree approach [3] and a moment approach. This paper is
more directly concerned with introducing the moment approach to derive the
transport equations from the 0D-1V VFP equation and novel closure relations
for this transport equations. The Shkarofsky’ s form of Fokker-Planck-Rosen-
bluth (FPRS) collision operator [24, 25] is employed to solve the VFP equation,
specifically focusing on the scenario with spherically symmetric velocity space.
In this situation, we propose a relaxation model based on Maxwellian mixture
model (MMM) that effectively captures both near-equilibrium and far-from-
equilibrium states.

The remaining sections of this paper are arranged as follows. Sec. II provides
an introduction to the VFP equation, RFPS collision operator, and their key
properties. In the case of spherical symmetry in velocity space, Sec. III dis-
cusses the relaxation model based on MMM. Finally, a summary of our work is
presented in Sec. IV.

II. THEORETICAL FORMULATION
A. Vlasov-Fokker-Planck equation

The physical state of plasmas is characterized by distribution functions of posi-
tion vector r, velocity vector v and time ¢, for species a, f = f(r,v,t). In this
paper, we assume that function f is continuous and exhibits smoothness. The
evolution of the system state can be described by the VFP equation [1]. For a
homogeneous plasmas system, the VFP equation reduces to the Fokker-Planck

collision equation:

0

— t)=2C. 1

.0) (1)
The term € on the right-hand side of Eq. (1) represents the Coulomb collision
effect on species a, encompassing both the self-collision effect of species a and

the mutual collision effect between species a and the background species (details
in Sec. II B).

The first few moments of the distribution function, such as the mass density
p,(t) (zero-order moment), momentum I ,(¢) (first-order moment), and energy
K, (t), are respectively:

Pa(t) = me (L, f(v,1))y, (2)
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1(t) = my{v. F(v, 1), 3)
K,() = S F(v. )., @)

where the operator (g, h), represents the integral of the function ¢ - h with
respect to v. The temperature at time ¢ is defined as:

(v — ), (V) (5)

3n,

o(t) =

Among them, the average velocity u,(t) = I,/p,, number density n,(t) =

p,/my, and momentum amplitude I, (t) = /I-. The thermal velocity v,,;, (t) =
\/2T,/m,, which depends on p,, I, and K,, can be expressed as:

%M”:J§<ﬁ?_(2>j' (©)

B. Fokker-Planck-Rosenbluth collision operator

Without sacrificing generality, the scope of this paper is limited to the case of a
two-species plasma system. In this particular scenario, the collision operator in
the VFP equation represented by Eq. (1) is:

Q:(V, t) = Q:ab + Q:aa7 (7)

where €, and €, represent the FPRS [24, 25] collision operators. The mutual
collision operator between species a and species b, denoted as €, is given by:

Cuul¥.8) = Lo [4mmagFf + (L= ma )Vl - Fof +59,9,G 2 VW, 6] 9

where T, = 47 <%>2ln Ay, my; = m,/m,. Here, m, and m, represent
the masses of species a and b, respectively. g, and g, denote the charge numbers
of species a and b. The parameters ¢, and In A, correspond to the dielectric
constant of vacuum and the Coulomb logarithm [26]. The function F' = F'(v,, 1)
represents the distribution function of the background species b. Functions H
and G are the Rosenbluth potentials, which are integral functions of distribution
function F', given by:
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H(v,t) = / ‘V_iIVHF(vb, £) dv,, )

G(v,t) :/|v—vb|F(vb,t) dv,,. (10)

By replacing b, F, and v, in Eq. (8) with a, f, and v, respectively, we can
derive the FPRS self-collision operator in Eq. (7):

CualVit) = T (47 + 5VVLG VW) (1)

The present study exclusively focuses on the scenario in which the velocity space
exhibits spherical symmetry. When the velocity space is expressed in spherical-
polar coordinates v(v, 6, ¢), the (¢, m)*-order amplitude of the distribution func-
tion can be obtained by employing a spherical harmonic expansion [7] (SHE),
namely:

00 4
Fvit) =3 > f )Y (i, 9), (12)

=0 m=—¢

where the speed v = |v|, = cos#, and Y;” is the spherical harmonic [27]
without the normalization coefficient,

204+1 (0 —m)!
dr (L+m)!

N =
The calculation of the £*"-order amplitude f7*(v,t) can be obtained through the
inverse transformation of Eq. (12) as follows:
1

1) = G /_1 /0 (M) ftydodp, mz0. (3)

Therefore, for a spherically symmetric velocity space, the amplitude function
can be represented as

fém(v’ t) = 5g(sng(vv t)a (14)

where 4} is the Kronecker symbol. This implies that the amplitude function f§
is non-negative, and that higher-order amplitudes f;*, where £ > 1 or |m| > 1,
are all zero when the velocity space is spherically symmetric. From now on, we
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will omit the superscripts of amplitudes because m = 0 for cases with spherically
symmetric velocity space. For example, we will use f, instead of f{.

We normalize the velocity-space quantities using the local thermal velocity v,
for species a, with v = v/v,,,, and the zeroth-order normalized amplitude
function of species a is

R 3

Jol@.1) = =222 fy v, 1), (15)

Similarly, the Rosenbluth potentials represented by Eqgs. (9)-(10) can be ex-
pressed as
H(v,t) = 47rvn—blffo, G(v,t) = 47ny vy, Go, (16)
bth

where the zeroth-order amplitudes of the Rosenbluth potentials are

o 1
Hy(0g,t) = o (Io.o+ J10) (17)
5 n (Lot Jip
Go(Vgpst) = Vgp (3 +lpo+J 40 - (18)

The functions I; 3 and J; 5 represent integrals of the normalized background dis-

tribution function ﬁ‘o(ﬁb, t). Following an approach similar to that of Shkarofsky
et al. [25, 28], they read:

R 1 Vab iy N ~ )
Tiolfant) = 5 [ R, - (19)
a 0
00 2
Ji 0(Ogp, t) = (ﬁab)i/ %Fo dv,, i=1L+1, (20)
Vo b

where o, = Vop s Vapth, = Varn/Voth, U = V/Vayp,, and

3
~ v
FO(vbat> = %:F(vbvt)' (21)

Therefore, the FPRS collision operator represented by Eq. (8) can be reformu-
lated as

ng =
Q:ab(v7 t) = 62,037@:&1# (22)

ath
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The ¢*"-order normalized amplitude of the mutual FPRS collision operator can
be expressed as fol-

lows:

3ﬁ0 3fo + 2Cg 8@0 3f0 0A32é0 32f0

Glab(a7t) = 51047rrab mMFOfO +Cjy

H(%ab ov Vo OV, OV G 6173() 0v?
(23)
The coefficients
1—m 1
Ch=—M  Cs=—". (24)

Vabth 2 (Uabth)2

The FPRS collision operator represented by Eq. (23) is a special instance of the
scenario with axisymmetric velocity space as described in Ref. [3]. Similarly, the
I**_order normalized amplitude of the self-collision operator can be expressed as:

(25)

X o . R
Claa(D,t) = 604nT,, <f(] fp L0Go0fy  10°Gy D f0>

92 00 0v | 2 092 092

Applying Eq. (7), the I**-order normalized amplitude of FPRS collision operator
will be:

~ N, -~ N, 5
C(v,t) = 73}) Crap + - Claa- (26)
bth ath

Therefore, when velocity space exhibits spherical symmetry, the VFP equation
represented by Eq. (1) can be rewritten as:

0 n, s
afz(%t) =0 5C,. (27)

Vath

The equation mentioned above will be referred to as 0D-1V VFP spectrum
equation.

C. Elementary properties of FPRS collision operator

Firstly, we give the definitions of (j,1)""-order kinetic moment:

M, (t) = 4mpy (vgey) / S di, -2l (28)
0
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In particular, the mass density (given in Eq. (2)) and energy (given in Eq. (4))
can be expressed as:

1
Pa(t) = MO,Ov Ka(t) = §M2,0 (29)

and the momentum will always be zero in spherically symmetric velocity space.
Therefore, the thermal velocity (6) can be rewritten as:

2 My,

Uath(t) = g M070. (30)

Similar to Eq. (28), the (4,)!"-order kinetic dissipative force is defined as:

s

Ryalt) = Amp (v’ [ 46D,z -2 (31)
0

Please note that R, , = 0 for all elastic collisions and R, ;»; = 0 in the scenario
of spherically symmetric velocity space.

The FPRS collision operator theoretically ensures the conservation of mass, mo-
mentum, and energy during the collision process between two species. When
the velocity space exhibits spherical

symmetry, it can be expressed as follows:

‘%ab0,0 = ‘qua0,0 =0, (32)
1 1
gjeabl,l = *gjebal,l =0, (33)
1 1
§Wab2,o = _5‘5€ba2,0' (34)

Here, function ngj , represents the (j, 1)""-order kinetic dissipative force exerted
on species a during mutual collisions with species b.

IIT. RELAXATION MODEL FOR HOMOGENEOUS
PLASMAS

The starting point for the derivation of transport equations for plasmas is VFP
equation (1). These equations can be obtained by multiplying the both side
of VFP equation by an appropriate function of velocity g = ¢g(v) and then
integrating over all velocity space.
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A. Transport equations

In the spherical coordinate system, by multiplying both sides of Eq. (27) by
47m v 2dv and integrating over the semi-infinite interval v = [0, 00), and then
applying Egs. (28)-(31), we obtain the (j,1)!-order transport equation (or
kinetic moment evolution equation) as follows:

0 i 5 .

EM]J(t) = 6?pa (Uath)] WLO? J > —2- l7 (35)
where the normalized kinetic dissipative force, ﬁj,l = R;1/[pa(Varn)’], is given
by

ﬁj,o(t) = ,UTFab‘%abj,O + UTFaa‘%aaj,O' (36)
bth ath

Regard Eq. (36) as the kinetic dissipative force closure relation, representing
the inherent nonlinear relation between kinetic moments and kinetic dissipative
forces. The first few orders of transport equations (35) associated with conserved
moments can be expressed as:

0 ~
&pa(t) = paje0,0’ (37)
0 1 ~
a‘[a(t) = gpavathﬂl,lv (38)
0 1 2 ~
aKa(t) = ipa (Uath) ‘W2,O' (39)

The transport equation (35) can be solved by a Runge-Kutta solver, such as
trapezoidal[29] scheme, similar to the meshfree approach in Re[3].

B. Finitely distinguishable independent features hypothesis

Boltzmann [9] proved that in a thermodynamic equilibrium, the velocity space
exhibits spherical symmetry and the distribution function follows a Maxwellian
distribution,

1 n v2
T8 = 237 o P {‘ <vath>2] ' (40)

According to Eq. (14) and Eq. (15), the above equation can be expressed in
normalized form in a spherical-polar coordinate system as:
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2

fi(d.0) = e . (a1)

Let Eq. (41) represent the Maxwellian model (MM).

In the more general case, the velocity space of the system exhibits spherical
symmetry but may not be in a state of thermodynamic equilibrium. Under
this circumstance, the one-dimensional amplitude function f, can be approxi-
mated by a linear combination of King functions X, called the King function
expansion (KFE), as follows:

NKa

fl( _6071'3/2 Z’I’L ‘7(0 ’l’} ’aa ’Aath ) (42)

where Ny € N*. The parameters, i, =mn, /ng, U, = U, [Vgy,, and 7,

Vath, /Vatn» are the characteristic parameters of the rt sub—dlbtrlbutlon f
The King function is defined as follows:

R 1 102 02 +2\ 200
Ko(05e,0) = Nor b exp (— = ) sinh (;) . (43)

Let Eq. (42) represent the zeroth-order King mixture model (KMMO0), indicat-
ing that the plasmas are in a quasi-equilibrium state. Similarly, the normalized
amplitudes of the background distribution function can be approximated as:

\/7N

F (D, )‘5% 1372 an Ko (0 Ub 7vbth )- (44)

If two known groups of characteristic parameters, (t1,07) and (i4, 05), each with
respective weights n, and n, , satisfy

‘71—1‘+
O3

“a_ 1’ < rtol, (45)

%)

we claim that the King functions X;(v;¢q,07) and K ;(v; iy, 05) are identical
with parameters (¢g,0,). Here, rtol is a given relative tolerance with a default
value, rtol = 10710, The weight of X,(v; ¢, o) is given by Mg, = Ng, + 17, Eq.
(45) serves as the indistinguishable condition of the King function.

The above model is under the finitely distinguishable independent [22, 23] fea-
tures (FDIF) hypothesis. This hypothesis posits that, given the indistinguish-
able condition (45), a finite-volume, finite-density, finite-temperature, and finite-
component fully ionized plasma system has a finite number of distinguishable
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independent characteristics. This hypothesis indicates that N}, is a finite-size
number in KMMO (42).

The velocity shell structure [30] is a typical characteristic feature for the a-
particle distribution function [31] in burning plasmas. When Zr(|ﬁar|2) in
KMMO (42) is greater than zero, we say that the distribution function described
by KMMO has velocity shell structure. This structure can be observed in Fig.
1, particularly when 4, > 1.

When there is no shell structure in velocity space for the distribution function,
we can simplify Eq. (42) using ZT(|€LGT|2) =0 as

. 1 Nea [ 5 72
f(0,t) = 55)@ > [ﬁg% exp ( — )] : (46)
r=1

ath,. ath,.

The Maxwellian mixture model (MMM), denoted by Eq. (46), represents a
shell-less distribution, which indicates that the plasmas are in a shell-less quasi-
equilibrium state. Fig. 1 illustrates velocity distribution functions described
by KMMO (including MMM) as a function of 9, along with various normalized
average velocities u,, when Ny = 1. To examine the details of cases where
@, > 1, the distribution function is multiplied by a factor of (1 + 42). The
convergence of KMMO and MMM can be proved based on Wiener’ s Tauberian
theorem [32-34]. The proof is provided in Appendix B.

Figure 1: Illustration of the velocity distribution functions multiplied by a
factor (1 + u2) for N k, = 1 and various normalized average velocity .

Figure labels: horizontal axis 0; vertical axis (1 + 62)fy; legend @, =
0.0,0.5,1.0,2.0,5.0. Annotations: “MMM” ; “KMMO when u, = 5.0" ; “shell
structure.”

The various advantages and disadvantages of KFE are outlined in a topic re-
view [20] of NLVFP code for solving the 0D-2V nonlinear VFP equation. Here,
we represent the ones for scenarios with spherical symmetric velocity space,
comparing to the conventional methods, such as finite difference method [8]
(FDM), particle-in-cell [2, 35] (PIC) method, Laguerre polynomial expansion
(LPE) method and Hermite polynomial expansion [36] (HPE) method.

1. Some advantages of KFE

(i) Coulomb collisions lead to rapid convergence for the amplitudes in speed
coordinate. As demonstrated in Ref. [3], the KFE is a moment convergent
technique that has been demonstrated to achieve up to order 16, making it
significantly faster than FDM which typically achieves convergence order
of no more than 5.

(ii) The King function, serving as a one-dimensional continuous smooth func-
tion, ensures that KFE produces results without noise over a PIC method
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and more stable than LPE method. Additionally, achieving higher-order
moment convergence remains a challenge for the PIC method.

(iii) KFE effectively captures the complete nonlinear effects of the VFP equa-
tion by employing adaptive values of Ny and N, K, typically no more
than 20 for a weakly anisotropic plasmas [37], due to the rapid convergence
of KFE. In contrast, HPE methods typically depict effects where not far
from the thermodynamic equilibrium state, which is usually based on the
near-equilibrium assumption.

(iv) KFE ensures the symmetry of the collision operator in discrete [3] due to
its rapid convergence.

(v) KFE has the capability to naturally capture the isotropic Maxwellian state
in velocity space. Additionally, the resulting solution exhibits robustness
comparing to FDM/PIC/LPE methods.

2. Some disadvantages of KFE

(i) The presence of full nonlinearity in the speed coordinate results in nonlin-
ear algebraic dependencies between the desired moments and the kinetic
dissipative forces.

(ii) The characteristic parameters in KFE should be determined using alter-
native methods [3], such as solving the characteristic-parameter equations
described below.

(iii) The entire solution process depends on numerical solutions and appears
complex.

The above challenges are inherent outcomes of the nonlinearity and have not
been observed to pose significant issues individually, as evidenced in a more
complex scenario involving the solution of the 0D-2V VFP equation [3]. How-
ever, the benefit is obvious: KFE can effectively handle scenarios where the
near-equilibrium assumption fails.

Expansion in King functions might seem complicated, but in fact the equations
turn out to be fairly straightforward and robust for the following two reasons:

(A) Many natural statistical systems, including plasma systems, are indepen-
dent and identically distributed systems that often adhere to the central
limit theorem [37], allowing their probability density functions to be de-
scribed using Gaussian functions.

(B) The Gaussian function is simple, and the King function denoted by Eq.
(42) is the zeroth-order amplitude of the Gaussian function in a spherical-
polar coordinate system, which can be obtained by employing SHE.

It is a well-established fact that plasma problems can be described by various re-
duced models [2], including the traditional VFP approach [5], particle approach
[38], and traditional moment approaches such as Grad’ s moment method [11].
A direct numerical code can effectively address the VFP equation (1) or VFP
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spectrum equation (27) for isotropic velocity distributions of homogeneous plas-
mas when nonlinearity is not strong or important, and may be more effective
than the KFE approach. However, plasmas are typically complex systems at
multiple time and space scales. Phenomena such as turbulent transport [18, 19]
and a-particle heating [39] are generally nonlinear and affected by higher-order
moments. Preserving the inherent nonlinearity and ensuring the convergence
of higher-order moments with conservation laws simultaneously are crucial for
simulating the evolution of these plasma systems. This poses a challenge for
traditional approaches, but can be effectively addressed by the KFE approach
under the FDIF hypothesis, particularly in multi-dimensional and multi-velocity
plasma systems [3].

C. Characteristic parameter equation

Determining the unknown characteristic parameters in KFE (42) based on the
values of fl in the meshfree approach [3] or directly using kinetic moments M, ,
are both intermediate-parameter methods. Under the FDIF hypothesis, we
utilize a parametric-equation approach to characterize the intrinsic nonlinear
correlation between kinetic moments and kinetic dissipative forces represented
by Eq. (36). The intermediate parameters can be obtained by solving the
following characteristic-parameter equations (CPEs). Substituting Eq. (42)
into the definition of the kinetic moment (28), and simplifying the result yields
the CPEs when the velocity space of the system exhibits spherical symmetry,
namely:

Nk, J/2 i 28
Mj,l<t) = 6?0?\4jpa(vath)] Z ﬁa,,.<6ath1,)J 1+ chﬁ,O (,a a}: ) ) .7 € {(2Jp_2) |.7p € N+}
=1 6=1 ath,
(47)
The coefficient
. J/2
0o _ (F+1)! B _ op B
O, = 2i/2 Clo =2 28+ 1) (48)

where CZ/ ? is the binomial coefficient. Similarly, substituting Eq. (46) into the
definition of the kinetic moment represented by Eq. (28) gives:

Nk,
Mj,l<t) = 5?02/[jpa(vath)j Z ﬁar(ﬁath,)ja .7 € {(2.][) - 2) |.]p € N+}' (49)

r=1

In particular, when j = 2, we obtain:
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My o(t) = 2K,. (50)

Generally, the CPEs (47) are typically a set of nonlinear algebraic equations,
encompassing a total of 3N, unidentified parameters or 2Ny unidentified pa-
rameters in Eq. (49). If we have knowledge of 3Ny kinetic moments M .00
solving the well-posed CPEs can provide us with all the characteristic parame-
ters in Eq. (42) or Eq. (46). The updated values of M ; ; can be determined by
solving the transport equations (35) using the Runge-Kutta method. However,
there will be discrete errors in time due to a finite timestep, and Eq. (47) will
not be exactly satisfied. To show this, we consider an implicit Euler scheme for
simplicity, which gives

0
M o(tesr) = M o(te) + Ay, &Mj,o(tk+1> + O((Aty)?), (51)

where ¢, represents the k''-level time step and At, = t,,, — t;, denoting the
current time-step size. Since Eq. (47) represents a set of nonlinear algebraic
equations, the order of time-discrete errors, p, must be no less than 2 in an Euler
scheme according to Taylor expansion. While a higher-order time integration
scheme can mitigate the time-discrete errors, it cannot completely eliminate
them. This paper specifically concentrates on error reduction in the velocity
space of the VFP equation using a moment approach. A future study will
investigate the convergence of the time-discrete order within this framework.

An optimization technique using the least-squares method [40] (LSM) is pre-
sented in Ref. [3] for solving the CPEs with a specified collection of j, denoted
as [j], and the updated values of the kinetic moments, denoted as M; ;(t; 1)
The relative deviation between M; (¢, ;) and the target kinetic moment at the
(k4 1)™ time level, M (t;,,), is defined as

M o) — M o(tesr)
M; o(ti1)

6M;o(tsr) = (52)

Note that the value of M; (¢, ) is numerically approximated with time-discrete
errors using Eq. (51), while M o(¢;,) exactly satisfies the form of Eq. (49),
representing the desired kinetic moment at the (k + 1) time level under the
FDIF hypothesis. The collection [j] is not unique and, in theory, can be com-
posed in any order. Two schemes for [j] are provided in Ref. [3], and a general
scheme will be published in our future work.

Additionally, the adaptivity of N K, is crucial for capturing nonlinear effects, and
it should be noted that the scheme is also not exclusive. Here, we present a brief
overview of the approach used in Ref. [3], which has been demonstrated to be
effective for weakly anisotropic plasma. If Zj OM; o(ty1) > Rtol, j € [j], at the

initial stage of the (k+1)'" time level in an implicit Euler scheme, the number of
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King functions at the (k + 1)t time level, N, (tgy1), will increase by one until
reaching a specified maximum value, N3z**. Here, Rtol is a predefined relative
tolerance; for example, Rtol = 1075. Then N K, (ti41) Will be determined at the

following stage of the (k + 1)'" time level by using the following strategy:
Ng, (tiy1) = N, (t,) —dNg (L), (53)

—1, Eq. (45) == false,

54
1, Eq. (45) == true. (54)

dNg (t,) = {

The key to using an adaptive Ny lies in the characteristic parameters that
encompass all information for kinetic moments of any order under the FDIF
hypothesis. Therefore, when Ny (t,.1) > N (t;), we can include new inde-
pendent kinetic moments to establish new well-posed CPEs, obtaining M ()
according to Eq. (47) and /RSj,O(t,Hl) according to Eq. (55). When Ny (t,.) <
Ny (tg), we can eliminate higher-order transport equations, which are typically
more intricate, to ob-

tain a new effective well-posed CPEs. The procedures for determining
Nk (t41) and optimizing the target kinetic moment M (¢, 1) are outlined
in Algorithm 1.

Algorithm 1: Algorithm for determining N K, (t41) and optimizing the target
kinetic moment M o(t,,) at the (k + 1)* time level.

0
1 Update EM]’p(thrl) according

to Eq. (35)
2 Fory=1,2,N, ¢

n

3 Calculate M, ,(t;,) according
to Eq. (51), update n,(t;,,)
and vy, (t,41)

4 Ify=1

5 N (tp1) = Nge (t) +1

6 Let M o(tgi1) = Mjo(ten)

7 Compute the new

characteristic parameters by
solving CPEs (47)
8 If 6 o(t) 1) < Rtol

9 Break
10 End
11 Else
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12

13

14

15
16
17
18
19

20

21

22
23

Compute dNKa (t;,) and
update Ny ()
Let M o(t1) = M; o(t11),

J

update CPEs by adjusting the
collection [j]
Compute the new
characteristic parameters by
solving the updated well-posed
CPEs (47)
If 6 o(t)11) < Rtol

Break

End
If Ny > Npe

Warning: Check the
effectiveness of the timestep A,
or parameters (N2, Rtol)
Reduce the timestep,

A, = A, /2, go back to step 1
End
End
End

@ Notes: The symbol “N,,” represents the maximum number of iterations in

the implicit Euler scheme.

D. Kinetic moment-closed model based on MMM

The analytical expression of the (j, [)*"-order normalized kinetic dissipative force
(36) can be obtained by substituting Eqgs. (42)-(46) and (44) into Eq. (23), and
then applying Eq. (31). When the velocity space exhibits spherical symmetry
without shell structure, which means Y (|@, |*) =0 and ) (|, |*) = 0, this

expression will be:

Nk,

NK
- 8 (347 X .
Rap;i(t) = 5?;F (T) Z My, Z Mg,
s=1 r=1

v — M0 v
~ 345 bth MY abth“ath,

1
7
/Uathr

- (Uathr)

MprVath,,

5 —(3+4)/2
- 1+ vaun
0o,

Jr(li

7 1 34+
4~ 271\ o
YabthUbth, 20 2
~ ~2
Ubth, Vath, 1 U?thh
A ) G\ TR
abth / VYabthVbth, ath, bth,

3 _Ugbthﬁithr
20 By,
—(3+5)/2
) ‘| ) ] 2 _2a

(55)
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where 5 F(a,b, ¢, z) represents the Gauss hypergeometric 4F; [27] function of
the variable z. Similarly, in a self-collision process with m,, =1 and v, =1,
the normalized dissipative force can be obtained

as presented:

Ny,
~ 8 (34 N (347) /2~ ;
R0 =020 (PH) S, S L [,
ath, “athg
~2 ~2 . ~2
~ Voth. — Vath 1 3+ ¥ 3 Vath
— (Ui, )" Fy | 5 5 5 (56)
thr ath ! 2 2 2 v?zths

—(3+7)/2
. 1 1 )
~Vath, | 57 + = ) Jj=>—2.
ath vaths

The combination of the transport equation (35), the kinetic dissipative force
closure relation (36), the characteristic-parameter equations (49), and the ana-
lytical expression of the normalized kinetic dissipative force represented by Egs.
(55)-(56) constitutes a set of nonlinear equations. These nonlinear equations,
for the case in which velocity space exhibits spherical symmetry without shell
structure, are referred to as a kinetic moment-closed model. The moment-closed
model for homogeneous plasmas is a relaxation model. The flowchart for solving
this nonlinear model is provided in Appendix A.

In particular, the transport equations for the mass density (37), momentum
(38), and energy (39) of species a are

0 0
— t)=—1 (t) =
Sepalt) = = 1,(6) =0 (57)
and
0 1 n ~ n ~
=K, (t) = =p, 0%, | =T, R —2 T R ) 58
ot a() 2pavath (vgth ab ab270+vgth aa aa2,0> ( )

Applying the relation K, = %naTa and the mass conservation represented by
Eq. (57) yields the temperature relaxation equation

0
aTa(t) = _V%Tcw (59)
where the characteristic frequency of temperature relaxation is

2(mn a
vi(t) = 3 ( - Fabjeabz ot = —T, ‘%aaZ 0) (60)
Upin ath
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Owing to the numerous advantages of the KFE, the present relaxation model,
as a moment approach to the NLVFP, also offers several benefits:

I) The relaxation model explicitly provides the analytical forms of the non-
linear kinetic dissipative closure relations (36), based on arbitrary-order
kinetic dissipative forces (55)-(56).

IT) The relaxation model is founded on conserved moments and higher-order
kinetic moments to describe the system evolution (35). Therefore, it is
more suitable for constructing numerical algorithms with high-order mo-
ment convergence.

III) The relaxation model adaptively determines the optimal number of sub-
distribution functions at each time level, based on the CPEs (47), enabling
a more precise solution of the corresponding VFP equation.

The kinetic effects are depicted by the higher-order kinetic moments in this re-
laxation model. The advantages of this model make it suitable for steady-state
homogeneous fusion plasmas that may be far from thermodynamic equilibrium.
Obviously, it is a well-established fact that the presence of fast « particles
in fusion plasmas leads to abundant nonlinear interactions among themselves,
electrons, and fusion fuel ions. This is particularly evident when considering
multitime-scale relaxation problems in homogeneous plasmas, which are typi-
cally nonlinear, dominated by lower-order kinetic moments, and influenced by
higher-order kinetic moments. The proposed model can readily capture the in-
herent nonlinearity of these plasma systems with higher efficiency and stability.

This relaxation model, as a moment approach in NLVFP [20], is a further ad-
vancement of the meshfree approach [3], which is based on expanding the dis-
tribution function in spherical harmonics in the angular coordinate and in the
King basis in the speed coordinate of velocity space. Both of these higher-order
moment-convergent methods in NLVFP can be extended to two-dimensional or
three-dimensional velocity space by introducing new special functions, namely
the (associated) King function [3] and the R function [4]. The extended trans-
port equations can be applied to conventional magnetic confinement fusion
(MCF) simulations by including the terms of spatial convection and mean-field
effects in the VFP equation. As noted by Bell [7], the rotating effect of a
magnetic field is easily and accurately represented in the SHE approach. As a
consequence, by coupling SHE with KFE, this moment approach has significant
advantages for studying fusion plasmas with strong magnetic fields.

1. Special case: Two-temperature thermal equilibrium model

The numbers of sub-distributions are both equal to 1, N k, = Nk, =1, when the
two species are in thermal equilibrium at different temperatures. Consequently,
n, =1y, =1and Uy, = Uy, =1, leading to the simplification of Eq. (55),
which reads: ’

chinarxiv.org/items/chinaxiv-202501.00014 Machine Translation


https://chinarxiv.org/items/chinaxiv-202501.00014

0, j=0,
CRI( 1 .
2 [\ + Vgpen | arctan(vgy,,) — 1, j=1,
~ abt
Rapjolt) = i/2 (61)
CjR I+ Z(Uabth>2kcj[k] ) j € 2N,
k=2
R -] 3 2 . +
Ci |2 Fy —571757—%“;1 -1/, jE2NT 4 1.

Operator c;[k] in Eq. (61) represents the k" element of the vector c;, and
satisfies the following recursive relationship:

j—2k

c;lk] = 2k+3cj[k_1]’ c[ll=1, 2<k<j/2. (62)
Parameter
dm JG+DN 1 T—myuny, Nt
72 325 2 5 l J )
on abth 4 /(14 v2,,,)3F (63)
= . 2
J §(]/2+1/2)' 1_vaabth , j€2N++1

4 .
T Va1,

Eq. (61) reveals that the arbitrary-order normalized kinetic dissipative force
depends solely on m,, and v,,,, indicating that the high-order normalized
kinetic dissipative force is not an independent quantity when the two species
are respectively in thermal equilibrium.

Similarly, Eq. (56) reduces to

‘%aaj,0<t) =0, j>—2. (64)
In other words, any-order normalized kinetic moments during the self-collision
process remain constant over time when the distribution function of species a

is in thermodynamic equilibrium. In this case, the transport equation (35) will
be

0

oy ~
an,l(ﬂ = 5lopa (’Uath)ngiFabRabj,la (65)

bth

where function Z?aijl satisfies Eq. (61).
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2. Special case: Braginskii heat transfer model

In particular, the (2,0)*-order transport equation, when the two species are in
thermodynamic equilibrium at different temperatures, is

0 4m ny, 1—my0?2
ot 2,0( )= mpavgtthrab e 3 (66)
P R\ (L V)
Substituting Eq. (50) into the above equation yields
0 1 4rm ny, 1 —mpv2,
ot () = 3732 mavgtthFab aeth (67)

3
bth 2 2
VZpn ) (14 02)

Substituting the expression of I',, into the above equation and applying the
following relation,

L mapp, 2 Uy (mgmy)*? T, — T,

- < (68)
U2\ (1 + 02

232 MYV, (m, T, +my,T,)3/2’

we obtain

(T,—T,).  (69)

a

2
QT (t) = 16n (¢ VT (Z,Zy) 1y, In A g,
ot 3v2r \ 4meg (m, Ty, +m,T, )32

The above equation can be simplified and expressed as follows:

8 a
S Ta(t) = (T, — T,). (70)

The characteristic frequency of temperature relaxation is consistent with the
result obtained by Hubal [26], which can be expressed as

V; 2 \? gy (Z,2,)
Vab _ 8V 21 ( qde ) mamb( a b) Ty 1nAab~ (71)

T 3 dmey ) (m,Tp, +m,T,)3/2

In the above equation, ¢, is the charge of the positron; Z, and Z, are the parti-
cle charge numbers of species a and b, respectively. Eq. (70) has the same form
as the Braginskii heat transfer model [41], which serves as a benchmark model
for VFP simulations [5]. We denote this heat transfer model as the zeroth-order
Braginskii model. This model ignores the deviation of the background species
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distribution function from the Maxwellian one under the near-equilibrium as-
sumption. However, this is a natural consequence of our relaxation model rep-
resented by Eq. (59) when both distribution functions during the Coulomb
collision are Maxwellian.

3. Special case: Thermodynamic equilibrium model

Furthermore, in the state of thermodynamic equilibrium for the plasma system,
where the numbers of sub-distributions are both equal to 1 and both species
have the same temperature (T, = T}, especially when m,;, = v, = 1), it

follows that the factor in Eq. (63) becomes 1 —m,v2,,, = 0. Consequently, Eq.
(61) can be expressed as follows:

jeabjp(t) =0, Vj. (72)

Substituting Eq. (72) into Eq. (65) yields the transport equation for a homoge-
neous plasma system in thermal equilibrium:

0 .
In other words, if both species are in thermodynamic equilibrium and have the
same temperature

during Coulomb collision process, any order of the system’ s kinetic moment
does not spontaneously change with time.

IV. CONCLUSION

It has been demonstrated that a relaxation model is obtained when the ve-
locity space exhibits spherical symmetry without shell structures. This model
comprises a set of transport equations of arbitrary order (including density, mo-
mentum, and energy) based on the Maxwellian mixture model. These results
are typically presented in closed form in terms of Gauss hypergeometric ,F;
functions. Furthermore, it has been demonstrated that our relaxation model en-
compasses specific instances such as the two-temperature thermal equilibrium
model, zeroth-order Braginskii heat transfer model, and thermodynamic equi-
librium model.

It is important to note that our article focuses on proposing a mixture model
based on the finitely distinguishable independent feature hypothesis rather than
the traditionally employed near-equilibrium assumption. We have derived the
relaxation model for a two-species plasma with spherically symmetric veloc-
ity space using the FPRS collision operator. The results accurately capture
both near-equilibrium and far-from-equilibrium states for spherically symmetric
plasma systems. The analysis of scenarios within more general velocity spaces,
including those related to axisymmetric systems, has been accomplished and
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will be published in the future. These findings will serve as valuable bench-
marks for nonlinear statistical physics applications such as fusion plasmas and
solar plasmas.
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Appendix A: Flowchart to solve the relaxation model based on MMM

The relaxation model based on MMM for a scenario with shell-less spherical
symmetric velocity space, described in detail in Sec. III D, generally consists
of a set of nonlinear equations that can only be solved numerically. In this
paper, we just present the flowchart to solve these nonlinear equations, which
is provided in Fig. 2. The transport equation represented by Eq. (35) can be
solved by a Runge-Kutta solver, i.e., trapezoidal [29] scheme which is a second-
order implicit method. A general relaxation model based on KMMO for scenario
with general spherical symmetric velocity space has been provided in Ref. [4]
and will be published in the near future.

Appendix B: Convergence of KMMO0 and MMM

Convergence of KMMO0 and MMM can be proved based on Wiener’ s Tauberian
theorem. Wiener’ s Tauberian theorem is a set of important theorems about
smooth function approximation that was proposed by Norbert Wiener in 1932
[32], which will be quoted as follows:

Theorem A.1 (Wiener s Tauberian theorem)

Let f € LY(R) be an integrable function. The span of translations g,(z) =
g(z + a) is dense in L*(R) if and only if the Fourier transform of function f
has no real zeros.

The Fourier transform of Gaussian function is still a Gaussian function. There-
fore, the Gaussian function is obviously a dense function in the Euclidean space.
Gaussian function serves as a commonly employed non-orthogonal basis for two
primary reasons: Firstly, many natural statistical

Input fy(v,t,) (14) for all species

{
Initial 3N (t;) kinetic moments M, ,(t = 0) = M, 4(t = 0) (28) and p,(t;)

a

(29), Vo (tr) (30)
!
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Solving the CPEs (49)
1

Updating characteristic parameters 7, (), U, (t;) and vhg,, (t;)

1

Update ﬁabj,o(tk) according to Eq. (55) and jeaaj,o(tk) according to Eq. (56)
1

Compute the kinetic dissipative force closure relation (36) to obtain jecjyo(tk)

!

Update M, o(t,1) (28) according to Eq. (51) and renew p,(t;,1) (29),

Vath (ter1) (30)

!

Renew N (t.1), update M ;(¢;, ) and solve the new well-posed CPEs (49)
l

Decision:
> M o(tyq) < Rtol
J

Y — Output p,(t,), Vo, (t,) and fo(v,t;,) (46)

N — Update dNg (t).1), then return to renew Ny (t4.1), update M; o(t4, 1),
and solve the new well-posed CPEs (49).

Figure 2: Flowchart of the kinetic moment-closed model for plasma when veloc-
ity space exhibits spherical symmetry without shell structure

Systems are independent and identically distributed systems that often adhere
to the central limit theorem [37]. Second, Gaussian functions offer computa-
tional simplicity. By selecting the basis g(v) as a Gaussian function to approx-
imate the distribution function f(v), i.e., F(v) = Zivzl wyg(v + ¢,), where w,
is the weight of the basis function, this form represents the one-dimensional
Gaussian mixture model [42] (GMM) with identical expectation.

A GMM with different expectations and deviations is represented by approxi-
mating the function f(v) with a series of scaled and translated Gaussian func-
tions, g[(v+ ¢ y)/0 ] With N expectations and N deviations, this approxi-
mation can be expressed as:

N N
F(“) = Z Z Ws 19 [(U + Cs,k)/as,k] . (Bl)
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The above equation consists of a total of N x N Gaussian functions, which can
be reduced by utilizing

optimization algorithms, such as the expectation-maximization[43] (EM)
method. After obtaining an optimized set of parameters {w y, ¢, j, 0} where
s =k, Eq. (B1) can be expressed as:

N
F(v) =) wigl(v+c)/oh]. (B2)
k=1

Specifically, when all deviations are zero (¢, = 0, Vk), Eq. (B2) will be:

N
Fo) = wyg (v/oy). (B3)
k=1

Eq. (B3) is the form of MMM (46) given in Sec. III B. Function K|, (43) is
the form of Gaussian function in spherical coordinate system when the velocity
space is spherically symmetric, which can be obtained by employing the spher-
ical harmonic expansion[27]. Hence, KMMO (42) will be convergent when the
velocity space exhibits spherical symmetry.
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