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Abstract
Real parameter single objective optimization has been a prominent field for
these decades. Recently, long-term search of real parameter single objective op-
timization is widely concerned based on the fact that solving difficulty always
scales exponentially with the increase of dimensionality of solution space. So
far, a number of population-based metaheuristics have been proposed. Among
the algorithms, IMODE - a differential evolution algorithm based on three mu-
tation strategies and the binomial or exponential crossover - demonstrates good
performance. In this paper, based on IMODE, we propose multiple mutation
strategies Differential Evolution with the Best Individuals allocated to the Best
performer among the Strategies - BIBSDE - by revising IMODE. Altogether,
we make five revisions in algorithm behavior and a change in parameter setting.
The most important revision is that, during execution, for the next genera-
tion, the current best individuals are allocated to the best performer among
the three mutation strategies as reward. Experimental results show that our
BIBSDE performs better or at least not worse than existing population based
metaheuristics for long-term search. Besides, each measure proposed by us is
effective for enhancement.
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Abstract
Real-parameter single-objective optimization has been a prominent research
area for decades. Recently, long-term search for real-parameter single-objective
optimization has attracted widespread concern, as solving difficulty typically
scales exponentially with increasing dimensionality of the solution space. Nu-
merous population-based metaheuristics have been proposed to address this chal-
lenge. Among these, IMODE—a differential evolution algorithm based on three
mutation strategies and binomial or exponential crossover—demonstrates strong
performance. In this paper, we propose BIBSDE (Multiple Mutation Strategies
Differential Evolution with the Best Individuals allocated to the Best performer
among the Strategies), a revised version of IMODE. We introduce five algorith-
mic modifications and one parameter adjustment. The most significant revision
allocates current best individuals to the best-performing mutation strategy as
a reward for the next generation. Experimental results demonstrate that BIB-
SDE performs better than, or at least not worse than, existing population-based
metaheuristics for long-term search, and each proposed measure contributes ef-
fectively to performance enhancement.
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1. Introduction
Real-parameter single-objective optimization involves minimizing or maximizing
an objective function by finding the optimal decision vector within the solution
space. Over the years, various population-based metaheuristics have been pro-
posed for this purpose, among which Differential Evolution (DE) has shown
remarkable performance. For instance, in the influential competitions on real-
parameter single-objective optimization held at the Congress on Evolutionary
Computation (CEC), most winners have been DE-based algorithms.

DE operates through three main operators: mutation, crossover, and se-
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lection. Initially, individuals in the population—target vectors ⃗𝑥𝑖,0 =
(𝑥1,𝑖,0, 𝑥2,𝑖,0, ..., 𝑥𝐷,𝑖,0), where 𝑖 ∈ {1, 2, ..., 𝑁𝑃}, 𝑁𝑃 denotes population
size, and 𝐷 represents dimensionality—are generated, typically through
random initialization. Evolution then proceeds across generations. In the 𝑔th
generation, mutant vectors ⃗𝑣𝑖,𝑔 are generated through mutation. Numerous
mutation strategies have been proposed in the literature. For example, the
early DE/best/1 strategy is given by:

⃗𝑣𝑖,𝑔 = ⃗𝑥𝑏𝑒𝑠𝑡,𝑔 + 𝐹 ⋅ ( ⃗𝑥𝑟1,𝑔 − ⃗𝑥𝑟2,𝑔) (1)

where ⃗𝑥𝑏𝑒𝑠𝑡,𝑔 denotes the best target vector in the 𝑔th generation, 𝑟1, 𝑟2 ∈
{1, 2, ..., 𝑁𝑃} are randomly generated with 𝑟1 ≠ 𝑟2 ≠ 𝑖, and 𝐹 is the scaling
factor parameter.

Building upon early strategies, more complex variants have been developed,
such as DE/current-to-𝜙best/1:

⃗𝑣𝑖,𝑔 = ⃗𝑥𝑖,𝑔 + 𝐹𝑖 ⋅ ( ⃗𝑥𝜙,𝑔 − ⃗𝑥𝑖,𝑔 + ⃗𝑥𝑟1,𝑔 − ⃗𝑥𝑟2,𝑔) (2)

DE/current-to-𝜙best/1 with archive:

⃗𝑣𝑖,𝑔 = ⃗𝑥𝑖,𝑔 + 𝐹𝑖 ⋅ ( ⃗𝑥𝜙,𝑔 − ⃗𝑥𝑖,𝑔 + ⃗𝑥𝑟1,𝑔 − ⃗𝑥𝑟3,𝑔) (3)

and DE/weighted-rand-to-𝜙best/1:

⃗𝑣𝑖,𝑔 = 𝐹𝑖 ⋅ ⃗𝑥𝑟1,𝑔 + ( ⃗𝑥𝜙,𝑔 − ⃗𝑥𝑟2,𝑔) (4)

In Equations 2–4, 𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑖, with 𝑟1, 𝑟2 ∈ {1, 2, ..., 𝑁𝑃} and 𝑟3 ∈
{1, 2, ..., 𝑁𝑃 , ..., 𝑁𝑃 +|𝐴|}, where |𝐴| is the size of an external archive collecting
target vectors eliminated during selection. Thus, ⃗𝑥𝑟1,𝑔 and ⃗𝑥𝑟2,𝑔 are randomly
chosen from the current population, while ⃗𝑥𝑟3,𝑔 is chosen from either the popu-
lation or the external archive. Additionally, ⃗𝑥𝜙,𝑔 denotes a target vector among
the 𝑁𝑃 ⋅𝜙 best individuals in the 𝑔th generation, where 𝜙 ∈ (0, 1). Each mutant
vector ⃗𝑣𝑖,𝑔 has its own scaling factor 𝐹𝑖.

After mutation, trial vectors 𝑢⃗𝑖,𝑔 = (𝑢1,𝑖,𝑔, 𝑢2,𝑖,𝑔, ..., 𝑢𝐷,𝑖,𝑔) are generated from
⃗𝑥𝑖,𝑔 and ⃗𝑣𝑖,𝑔 through crossover. The binomial crossover, defined as:

𝑢𝑗,𝑖,𝑔 = {𝑣𝑗,𝑖,𝑔, if rand(0, 1) ≤ 𝐶𝑅 or 𝑗 = 𝑗𝑟𝑎𝑛𝑑
𝑥𝑗,𝑖,𝑔, otherwise

(5)

is most commonly used, where 𝐶𝑅 ∈ [0, 1] is the crossover rate and 𝑗𝑟𝑎𝑛𝑑 is a
randomly generated integer from [1, 𝐷] ensuring at least one component comes
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from ⃗𝑣𝑖,𝑔. Alternative strategies exist, such as the binomial or exponential
crossover:

𝑢𝑗,𝑖,𝑔 = {𝑣𝑗,𝑖,𝑔, if rand(0, 1) ≤ 𝐶𝑅 or 𝑗 = randn(𝑖)
𝑥𝑗,𝑖,𝑔, otherwise

(6)

with probability 𝑝 for the binomial manner (and 1 − 𝑝 for exponential), where
𝑙 ∈ {1, 2, ..., 𝐷} is randomly determined during execution and 𝐿 ∈ {1, 2, ..., 𝐷}
is a preset parameter. Mutation and crossover are collectively termed the trial
vector generation strategy.

For selection:

⃗𝑥𝑖,𝑔+1 = {𝑢⃗𝑖,𝑔, if 𝑓(𝑢⃗𝑖,𝑔) ≤ 𝑓( ⃗𝑥𝑖,𝑔)
⃗𝑥𝑖,𝑔, otherwise

(7)

where 𝑓(𝑢⃗𝑖,𝑔) and 𝑓( ⃗𝑥𝑖,𝑔) represent fitness values obtained through function
evaluation.

To enhance DE performance for real-parameter single-objective optimization,
researchers have pursued at least four directions: (1) innovation of trial vector
generation strategies; (2) adaptation of control parameter settings; (3) hybridiza-
tion with non-DE search techniques; and (4) ensemble of multiple trial vector
generation strategies or even DE algorithms.

Research in real-parameter single-objective optimization has focused on two
search types. Traditional search, where the maximum number of function evalua-
tions (𝑀𝑎𝑥𝐹𝐸𝑆) scales linearly with dimensionality (𝑀𝑎𝑥𝐹𝐸𝑆 = 𝐷⋅1.00𝐸+04
for 𝐷 ∈ {10, 30, 50, 100}), has been studied for decades and was the focus of CEC
competitions before 2020. However, solving difficulty often scales exponentially
with 𝐷, motivating recent interest in long-term search, where 𝑀𝑎𝑥𝐹𝐸𝑆 scales
linearly with dimensionality. The CEC 2020, 2021, and 2022 competitions fo-
cused on long-term search with 𝐷 ranging from 10 to 20, 𝑀𝑎𝑥𝐹𝐸𝑆 ranging
from 1.00𝐸 + 06 to 1.00𝐸 + 07, and performance showing less variation with
increasing 𝐷.

Since 2020, population-based metaheuristics suitable for long-term search have
been proposed, featuring measures to slow convergence velocity and enable
broader search to resist stagnation. Among these, the Improved Multi-Operator
DE algorithm (IMODE) [16], an ensemble of multiple trial vector generation
strategies using the three mutation strategies from Equations 2–4 and the bino-
mial or exponential crossover from Equation 6, was the top performer in CEC
2020. In each generation, IMODE computes the average improvement Δ𝑓𝑘 from
target to trial vectors for positions controlled by the 𝑘th mutation strategy, then
calculates the controlling ratio 𝑐𝑘 for the next generation as:
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𝑐𝑘 = ∑3
𝑖=1 Δ𝑓𝑖
Δ𝑓𝑘

(8)

Better performance yields larger controlling ratios, with a constraint 0.1 ≤ 𝑐𝑘 ≤
0.9 enforced by adjusting 𝑐𝑚𝑎𝑥 if any 𝑐𝑚 < 0.1. IMODE adapts 𝐹 and 𝐶𝑅 using
Cauchy and normal distributions respectively, following [22], and maintains an
external archive. For selection, Equation 7 is used. In each generation, 𝑐𝑘 ⋅ 𝑁𝑃
individuals are randomly allocated to the 𝑘th mutation strategy, and in the final
stage, a sequential quadratic programming-based local search is executed.

In IMODE, individuals may be allocated to any mutation strategy without re-
striction, making allocation completely random. This slows convergence and
reduces stagnation probability, making it suitable for long-term search. How-
ever, this excessively random scheme may not be optimal. To improve IMODE,
we propose reducing allocation randomness by rewarding the best-performing
mutation strategy with the best individuals, among other adjustments.

2. Related Work
This section reviews existing algorithms for long-term search in real-parameter
single-objective optimization. While fewer than traditional search algorithms,
their number is increasing rapidly.

The top three algorithms in CEC 2020 were IMODE [16], AGSK [23], and
j2020 [1]. IMODE uses three mutation strategies competing for individuals and
binomial/exponential crossover. AGSK is an adaptive version of the gaining-
sharing knowledge algorithm, executing junior and senior phases on different
dimensions with adaptively controlled rates. j2020 [1], based on the famous self-
adaptive jDE [28] and its two-subpopulation variant jDE100 [29], incorporates
crowding and mutation individual selection from both subpopulations.

The CEC 2021 suite parameterizes functions with bias, rotation, and transla-
tion, requiring separate rankings for non-shifted, shifted, non-rotated shifted,
and rotated shifted cases. APGSK-IMODE [14] ranked first for non-shifted
cases, jDE-21 [3] for non-rotated shifted cases, and NL-SHADE-RSP [5] for
both shifted and rotated shifted cases. APGSK-IMODE ensembles AGSK and
IMODE, with each controlling a subpopulation and sharing the best individual
periodically. jDE-21 extends j2020 with a restart mechanism and revised crowd-
ing/mutation selection. NL-SHADE-RSP refines L-SHADE-RSP [30] by tuning
selective pressure and adding automatic archive usage probability tuning.

The top three CEC 2022 algorithms were EA4eig [15], NL-SHADE-LBC
[9], and NL-SHADE-RSP-MID [8]. EA4eig ensembles CoBiDE [31], IDEbd
[32], CMA-ES [33], and jSO [34], extending CoBiDE’s Eigen approach to all
components. NL-SHADE-LBC integrates selective pressure, parameter adap-
tation with linear bias change, current-to-pbest mutation, bound constraint
resampling, and NLPSR. NL-SHADE-RSP-MID enhances NL-SHADE-RSP

chinarxiv.org/items/chinaxiv-202412.00115 Machine Translation

https://chinarxiv.org/items/chinaxiv-202412.00115


with midpoint-based best result updating, restart triggering, and k-means
population clustering.

Recent work includes APGSK-IMODE-FL [21], which revises APGSK-IMODE
with a more complex exchange scheme based on lifetime and fitness, and AM-
CDE [20], which alternates between monopoly (one strategy controls all individ-
uals) and competition (three strategies compete for control) states. Population
reduction is widely used: LPSR in IMODE and j2020, and NLPSR in others.
NLPSR, defined by:

𝑁𝑃 = round ((𝑀𝑎𝑥𝐹𝐸𝑆 − 𝐹𝐸𝑆
𝑀𝑎𝑥𝐹𝐸𝑆 )

1− 𝐹𝐸𝑆
𝑀𝑎𝑥𝐹𝐸𝑆

⋅ (𝑁𝑃𝑚𝑖𝑛 − 𝑁𝑃𝑚𝑎𝑥) + 𝑁𝑃𝑚𝑎𝑥)

(13)

where 𝐹𝐸𝑆 is consumed evaluations and 𝑁𝑃𝑚𝑎𝑥, 𝑁𝑃𝑚𝑖𝑛 are initial and final
population sizes, decreases rapidly early and slowly later. Pre-experimental
analysis suggests NLPSR may outperform LPSR for long-term search.

3. Methodology
While IMODE performs well, further improvements are possible. We focus
on three aspects: population size reduction, trial vector generation parameter
setting, and individual allocation to mutation strategies.

Population Size Reduction: Most long-term search metaheuristics use
NLPSR. We replace LPSR with NLPSR and propose reducing individuals just
better than the worst rather than the worst themselves. Let 𝑁𝑃𝑏𝑒𝑓𝑜𝑟𝑒 and
𝑁𝑃𝑎𝑓𝑡𝑒𝑟 be population sizes before and after reduction. Instead of removing
the worst 𝑁𝑃𝑏𝑒𝑓𝑜𝑟𝑒 − 𝑁𝑃𝑎𝑓𝑡𝑒𝑟 individuals, we remove those just better than
them, preserving the worst individuals. However, if the best individual falls
among those just better than the worst at the final evolutionary stage, the
worst individuals are removed instead.

This approach maintains diversity by preserving individuals most different from
the best, as worst individuals often exhibit maximal divergence. Since selection
(Equation 7) drives convergence toward the best, this strategy reduces diversity
loss while preserving good fitness individuals.

Parameter Setting: We emphasize adaptive parameter control. First, the best
individual ratio 𝜙 for mutation strategies (Equations 2–4) descends linearly:

𝜙 = (𝜙𝑚𝑖𝑛 − 𝜙𝑚𝑎𝑥) ⋅ 𝑀𝑎𝑥𝐹𝐸𝑆
𝐹𝐸𝑆 + 𝜙𝑚𝑎𝑥 (14)

Second, CR adaptation is revised differently for execution halves. Following [5],
where NL-SHADE-RSP’s binomial crossover rate 𝐶𝑅𝑏 is:
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𝐶𝑅𝑏 = {2 ⋅ 𝐹𝐸𝑆−0.5
𝑀𝑎𝑥𝐹𝐸𝑆 , if 𝐹𝐸𝑆 ≤ 𝑀𝑎𝑥𝐹𝐸𝑆 ⋅ 0.5

otherwise
(15)

Our algorithm uses the original CR setting (Equations 11–12) in the first half,
but uniformly sets and linearly descends CR in the second half:

𝐶𝑅 = 2 ⋅ (1 − 𝑀𝑎𝑥𝐹𝐸𝑆
𝐹𝐸𝑆 ) (16)

Allocation Scheme: We implement a reward mechanism. While controlling
ratios 𝑐𝑘 are still computed via IMODE’s method (Equation 8), allocation pro-
ceeds as: best individuals are assigned to the best-performing mutation strat-
egy (highest 𝑐𝑘), while remaining individuals are randomly allocated to other
strategies to maintain 𝑐𝑘 ⋅ 𝑁𝑃 individuals per strategy. This reduces allocation
randomness while rewarding superior performance.

Algorithm 1 details BIBSDE, which adds parameters 𝜙𝑚𝑎𝑥 and 𝜙𝑚𝑖𝑛 to IMODE.
Key changes include revised CR setting (Steps 7–11), linear 𝜙 decrease (Step
12), identification of the best mutation strategy (Step 20), and allocation of best
individuals to it (Step 21).

4. Experimental Study
The first experiment compares BIBSDE with seven algorithms from Section 2
(IMODE, AGSK, APGSK-IMODE, NL-SHADE-RSP, MLS-L-SHADE, EA4eig,
AMCDE) on CEC 2020 and 2022 benchmark suites. Tables 1–2 summarize
these suites. From CEC 2011 real-world problems, we select those with 𝐷 ≤ 20
(Table 3 ), adjusting 𝑀𝑎𝑥𝐹𝐸𝑆 for long-term search as shown in Table 4 . The
third experiment verifies revision effectiveness on CEC 2020 with 𝐷 = 15. All
algorithms run 30 times per case.

4.1. Experimental Settings

Algorithm parameters are listed in Table 5 . BIBSDE retains most IMODE
parameters but resets 𝑝 = 0.7 for improvement, with 𝜙𝑚𝑎𝑥 = 0.4 and 𝜙𝑚𝑖𝑛 = 0.2
as new parameters.

4.2. Comparison Based on the CEC 2020 and 2022 Benchmark Test
Suites

BIBSDE is compared with seven peers on CEC 2020 and 2022 suites at 𝐷 = 10
and 𝐷 = 20. Tables 6–9 present results with Wilcoxon rank sum test at 0.05
significance, while Tables 10–13 show Friedman test outcomes.

For CEC 2020 at 𝐷 = 10, BIBSDE defeats all peers in Wilcoxon tests (Table 6 )
and ranks first in Friedman test (Table 10 ). At 𝐷 = 20, BIBSDE is defeated by
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NL-SHADE-RSP but outperforms others in Wilcoxon tests (Table 7 ), ranking
second behind NL-SHADE-RSP in Friedman test (Table 11 ).

For CEC 2022 at 𝐷 = 10, BIBSDE is defeated by EA4eig but outperforms others
(Table 8 ), ranking first in Friedman test (Table 12 ). At 𝐷 = 20, BIBSDE is
defeated by MLS-L-SHADE but outperforms others (Table 9 ), ranking second
behind MLS-L-SHADE (Table 13 ).

Summary comparisons appear in Tables 14 (Wilcoxon) and 15 (Friedman).
Overall, BIBSDE demonstrates superior performance. Convergence graphs for
selected CEC 2022 functions where global optima are not found are shown in
Figures 1 [Figure 1: see original paper] (𝐷 = 10) and 2 [Figure 2: see orig-
inal paper] (𝐷 = 20). BIBSDE shows significantly sharper convergence than
IMODE in six cases, with non-significant differences in five others.

4.3. Comparison Based on Selected CEC 2011 Real-World Problems

BIBSDE is compared with IMODE, NL-SHADE-RSP, EA4eig, and AMCDE
on selected real-world problems. These peers are chosen as BIBSDE’s origin
(IMODE), competition winners (NL-SHADE-RSP, EA4eig), and a recent jour-
nal publication (AMCDE). Table 16 presents results with Wilcoxon tests.

For five of eight problems (P1, P4, P10, P11.3, P11.5), all algorithms obtain
solutions far better than the reference from L-SHADE-cnEpSin-PWI [35] for
traditional search, confirming these problems merit long-term search. BIBSDE
outperforms IMODE and NL-SHADE-RSP, shows no advantage over EA4eig,
and is narrowly defeated by AMCDE. Overall, BIBSDE remains competitive on
CEC 2011 problems, though advantages are less pronounced than on benchmark
suites.

4.4. Observation on BIBSDE

BIBSDE improves IMODE through five behavioral revisions and one parameter
change: (1) replacing LPSR with NLPSR, (2) reducing individuals just better
than the worst, (3) linearly descending 𝜙 for mutation strategies, (4) uniformly
setting and linearly descending CR in the second half, and (5) allocating best in-
dividuals to the best-performing strategy. Additionally, 𝑝 in Equation 6 changes
from 0.3 to 0.7.

An ablation study investigates these components (NLPSR (N), reduction
scheme (R), 𝜙 descending (𝜙), CR adaptation (C), allocation scheme (A), and
𝑝𝑛𝑒𝑤) by comparing IMODE, IMODE+R, IMODE+C, IMODE+R+C+N,
IMODE+R+C+pnew+N, IMODE+R+C+pnew+N+𝜙, and final BIBSDE on
CEC 2020 at 𝐷 = 15. Table 17 shows results, with Friedman test outcomes in
Table 18 . Performance improves as more measures are added, confirming all
proposals are beneficial.
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4.5. Discussion

Experiments on CEC 2020/2022 show BIBSDE converges faster than IMODE
and outperforms peers. CEC 2011 tests confirm competitiveness. The ablation
study validates each measure’s effectiveness, including the main contribution of
rewarding the best-performing strategy and supporting modifications.

5. Conclusion
Long-term search in real-parameter single-objective optimization has been
studied for several years, with low-convergence-velocity population-based
metaheuristics proposed to address it. IMODE, a DE algorithm using three mu-
tation strategies, shows strong performance among such metaheuristics. Based
on IMODE, we propose BIBSDE, whose core idea rewards the best-performing
mutation strategy with the best individuals. Five algorithmic revisions and one
parameter adjustment are introduced. Experiments demonstrate BIBSDE’s
power for long-term search.

The success of BIBSDE reveals promising potential for reward mechanisms in
ensemble construction, though reward details warrant further study—an avenue
for future research.
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