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Abstract
Einstein-Maxwell gravity theory is well-defined and familiar to many theorists.
This paper presents a systematic investigation of Einstein-Maxwell gravity the-
ory incorporating a magnetic moment term. We introduce Einstein-Maxwell
gravity theory coupled to an SU(4) gauge field magnetic moment term and
analyse its non-vanishing electromagnetic components.
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Abstract
Einstein-Maxwell gravity theory is well-defined and familiar to many theorists.
What about a coherent consideration of Einstein-Maxwell gravity theory with
a magnetic moment term? This paper provides a first introduction to Einstein-
Maxwell gravity theory with an SU(4) gauge field magnetic moment term and
analyzes the nonzero electromagnetic components of the SU(4) gauge field mag-
netic moment term in conjunction with Einstein-Maxwell gravity theory.

chinarxiv.org/items/chinaxiv-202410.00083 Machine Translation

https://chinarxiv.org/items/chinaxiv-202410.00083
https://chinarxiv.org/items/chinaxiv-202410.00083


Contents
4 Einstein-Maxwell Gravity with SU(4) Gauge Field Mag-
netic Moment
A Dirac Matrices and Hermitian Matrices
B Generators of SU(4) Group
lideshengjy@126.com

1 Introduction
Einstein-Maxwell gravity theory is a renowned gravitational theory, where vari-
ation of the Einstein-Hilbert term yields the Einstein tensor, and variation of
the Maxwell term yields the Maxwell energy-momentum tensor. Is it possi-
ble to coherently consider Einstein-Maxwell gravity theory with a magnetic
moment term? The Pati-Salam model [1, 2] in curved spacetime [3, 4] and
Einstein-Cartan gravity [3, 5] provide possible candidates for a unified field the-
ory (UFT). When torsion vanishes, Einstein-Cartan gravity reduces to Einstein
gravity. The relationship between Einstein gravity and the SU(4) gauge field
magnetic moment term is intriguing [3]. In particular, the coupling between the
electromagnetic components of the SU(4) gauge field magnetic moment term
and the gravitational field is both interesting and important.

As a preliminary introduction to Einstein-Maxwell gravity theory with a mag-
netic moment term, Section 2 analyzes the relationship between Newtonian grav-
ity and Einstein gravity. Section 3 presents the Einstein-Maxwell gravity action
and the associated Einstein gravity equations. Section 4 introduces the action
for Einstein-Maxwell gravity with an SU(4) gauge field magnetic moment term
and analyzes the nonzero coupling between the electromagnetic components of
this magnetic moment term.

2.1 Newtonian Gravity
The Newtonian gravity equation is given by

⃗𝐹 = −𝑀𝑚
𝑟2 ⃗𝑒𝑟, (2.1)

where 𝑀 is the mass of a large object, 𝑚 is the mass of a pointlike particle, 𝑟
is the distance between the center of mass 𝑀 and the pointlike particle, and

⃗𝑒𝑟 is the unit vector in the direction of ⃗𝑟. The Newtonian gravitational force is
a central force, making it a conservative field with a corresponding Newtonian
gravitational potential satisfying ⃗𝐹 = −∇⃗𝑉 .

For the gravitational potential, the integral form of Gauss’s theorem gives

∫ ∇⃗𝑉 ⋅ 𝑑 ⃗𝑆 = 4𝜋𝑀𝑚 = 4𝜋𝑚 ∫ 𝜌 𝑑𝑥 𝑑𝑦 𝑑𝑧, (2.2)
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where 𝜌 is the spatial mass density of the object with mass 𝑀 . For Newton’s
gravitational potential, the differential form of Gauss’s theorem is

∇2𝑉 = 4𝜋𝑚𝜌, (2.3)

which is mathematically equivalent to Newton’s law of gravitation. The New-
tonian gravitational acceleration produced by an object of mass 𝑀 on any test
particle of mass 𝑚 is

⃗𝑔 = −𝑀
𝑟2 ⃗𝑒𝑟. (2.4)

We can therefore define a potential function independent of the test mass 𝑚
such that ⃗𝑔 = −∇⃗𝜙.
Thus Newton’s law of gravitation can be rewritten as

∇2𝜙 = 4𝜋𝜌. (2.5)

Newton’s second law gives

⃗𝐹 = 𝑚 ⃗𝑎 = 𝑚𝑑2 ⃗𝑥
𝑑𝑡2 , (2.6)

where ⃗𝑥 = (𝑥, 𝑦, 𝑧) = (𝑥1, 𝑥2, 𝑥3) = (𝑥𝑖) with 𝑖 = 1, 2, 3. According to Einstein’s
equivalence principle, the gravitational mass of an object is equivalent to its
inertial mass. The Newtonian gravitational acceleration field provides accelera-
tion for the test particle. Therefore, the equation of motion for any test particle
in the potential function 𝜙 is given by

⃗𝑔 = ⃗𝑎. (2.7)

This yields
𝑑2 ⃗𝑥
𝑑𝑡2 + ∇⃗𝜙 = 0. (2.8)

In component form, this becomes

𝑑2𝑥
𝑖

𝑑𝑡2 + 𝜕𝜙
𝜕𝑥𝑖

= 0. (2.9)

2.2 From Newtonian Gravity to Einstein Gravity
Einstein’s geometric theory of gravity, general relativity, posits that the grav-
itational field is the curvature of spacetime. The trajectory of a test particle
follows geodesics in this curved spacetime.

The metric of Riemannian geometry in general relativity is written as

𝑑𝑠2 = −𝑔𝜇𝜈𝑑𝑥𝜇 ⊗ 𝑑𝑥𝜈, 𝜇, 𝜈 = 0, 1, 2, 3. (2.10)
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where 𝑥𝜇 = (𝑥0, 𝑥𝑖) = (𝑥0, 𝑥1, 𝑥2, 𝑥3), and 𝑐 is the speed of light. The line
element is the square root of the metric:

√−𝑔𝜇𝜈𝑑𝑥𝜇 ⊗ 𝑑𝑥𝜈. (2.11)

The length of any path 𝜆𝐴𝐵 on a hypersurface with endpoints 𝐴 and 𝐵 is defined
by the integration of the line element:

𝑠 = ∫
𝜆𝐴𝐵

√−𝑔𝜇𝜈
𝑑𝑥𝜇

𝑑𝜆
𝑑𝑥𝜈

𝑑𝜆 𝑑𝜆. (2.12)

Taking an extremal path from the infinite number of possible paths between two
points, the variational principle for the path length 𝜆𝐴𝐵 gives us the geodesic
equation:

𝛿𝑠 = 0 ⟹ 𝑑2𝑥𝜇

𝑑𝜏2 + Γ𝜇
𝜈𝜌

𝑑𝑥𝜈

𝑑𝜏
𝑑𝑥𝜌

𝑑𝜏 = 0, (2.13)

where Γ𝜇
𝜈𝜌 is the Christoffel connection. The parameter 𝜏 parameterizes the

geodesic, and 𝑑𝑥𝜇/𝑑𝜏 is the tangent vector of the geodesic. The Christoffel
connection is determined by the metric:

Γ𝜇
𝜈𝜌 = 1

2𝑔𝜇𝜎(𝜕𝜌𝑔𝜈𝜎 + 𝜕𝜈𝑔𝜌𝜎 − 𝜕𝜎𝑔𝜈𝜌). (2.14)

We choose the parameter 𝜏 = 𝑡 + 𝑏, allowing the equation to be rewritten as

𝑑2𝑥𝑖

𝑑𝑡2 + Γ𝑖
00 = 0. (2.15)

Comparing equation (2.15) with equation (2.13), we find

Γ𝑖
00 = − 𝜕𝜙

𝜕𝑥𝑖 , (2.16)

where the gravitational acceleration is ⃗𝑔 = (𝑔𝑥, 𝑔𝑦, 𝑔𝑧) = (𝑔1, 𝑔2, 𝑔3).
The curvature can be defined through the Christoffel connection:

𝑅𝜇
𝜈𝜌𝜎 = 𝜕𝜌Γ𝜇

𝜈𝜎 − 𝜕𝜎Γ𝜇
𝜈𝜌 + Γ𝜇

𝜏𝜌Γ𝜏
𝜈𝜎 − Γ𝜇

𝜏𝜎Γ𝜏
𝜈𝜌. (2.17)

Equation (2.17) yields

𝑅𝑖
0𝑗0 = 𝜕2𝜙

𝜕𝑥𝑖𝜕𝑥𝑗 , 𝑖, 𝑗 = 1, 2, 3. (2.18)

The Ricci tensor component is

𝑅00 = 𝑅𝑖
0𝑖0 = ∇2𝜙 = 4𝜋𝐺𝜌

𝑐2 . (2.19)
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There exists the Schwarzschild solution to Einstein’s gravity equations, which
describes the spacetime metric outside a massive star:

𝑑𝑠2 = − (1 − 2𝑀
𝑟 ) 𝑑𝑡2 + (1 − 2𝑀

𝑟 )
−1

𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2). (2.20)

From the Schwarzschild solution, the relationship between the gravitational po-
tential 𝜙 and the metric can be found:

𝑔00 = 1 + 2𝜙. (2.21)

3 Einstein Gravity with Maxwell Term
The action of Einstein-Maxwell theory is

𝑆 = ∫ 𝑑4𝑥√−𝑔 ( 𝑅
2𝜅2 − 1

4𝐹 𝜇𝜈𝐹𝜇𝜈) , (3.1)

where 𝑅 is the Einstein-Hilbert term, 𝐹 𝜇𝜈𝐹𝜇𝜈 is the Maxwell term, and √−𝑔 is
the volume density with 𝑔 = det(𝑔𝜇𝜈).
Variation of the action (3.1) yields the Einstein gravity equation

𝑅𝜇𝜈 − 1
2𝑔𝜇𝜈𝑅 = 𝜅2𝑇𝜇𝜈, (3.2)

with the energy-momentum tensor given by

𝑇𝜇𝜈 = (𝑔𝜇𝜌𝐹 𝜌𝜎𝐹𝜈𝜎 − 1
4𝑔𝜇𝜈𝐹 𝜎𝜌𝐹𝜎𝜌) . (3.3)

Here 𝑅𝜇𝜈 is the Ricci curvature tensor, 𝑅 is the scalar curvature, and the elec-
tromagnetic field strength tensor 𝐹𝜇𝜈 is

𝐹𝜇𝜈 =
⎛⎜⎜⎜
⎝

0 −𝐸1 −𝐸2 −𝐸3
𝐸1 0 𝐵3 −𝐵2
𝐸2 −𝐵3 0 𝐵1
𝐸3 𝐵2 −𝐵1 0

⎞⎟⎟⎟
⎠

. (3.4)

4 Einstein-Maxwell Gravity with SU(4) Gauge Field Mag-
netic Moment Term
The action of Einstein-Maxwell gravity with an SU(4) gauge field magnetic
moment term is

𝑆 = ∫ 𝑑4𝑥√−𝑔 (𝑅 + 𝑖 tr (𝐻𝑎𝑏(𝛾𝑎𝛾𝑏 − 𝛾𝑏†𝛾𝑎†)) − 1
4 tr(𝐻

𝜇𝜈𝐻𝜇𝜈)) , (4.1)

where 𝑉𝜇 is the SU(4) gauge field 𝑉𝜇 = 𝑉 𝛼
𝜇 𝑇 𝛼 (𝛼 = 1, 2, ⋯ , 15), and 𝐻𝜇𝜈 is the

SU(4) gauge field strength tensor:

𝐻𝜇𝜈 = 𝜕𝜇𝑉𝜈 − 𝜕𝜈𝑉𝜇 − 𝑖[𝑉𝜇, 𝑉𝜈], (4.2)
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𝐻𝜇𝜈 = 𝐻𝛼
𝜇𝜈𝑇 𝛼 (𝛼 = 1, 2, ⋯ , 15). (4.3)

The term tr(𝐻𝜇𝜈𝐻𝜇𝜈) is the Yang-Mills term [6] for the SU(4) gauge field, which
represents the non-Abelian generalization of the Maxwell term.

According to Appendices A and B, the relationships between the 15 Hermitian
matrices 𝑇 𝛼 constructed from Dirac matrices and the generators of the U(4)
group are found. In particular, the photon field component of the gauge field
(4.2) is interesting. The electromagnetic field strength tensor corresponds to
𝑇 15:

𝐹𝜇𝜈 = 𝐻15
𝜇𝜈 = 𝜕𝜇𝑉 15

𝜈 − 𝜕𝜈𝑉 15
𝜇 , (4.4)

with the generator 𝑇 15 of the photon gauge field 𝑉 15
𝜇 :

𝑇 15 = 1
2
√

6diag(1, 1, 1, −3). (4.5)

The Lagrangian density of Einstein-Maxwell theory with electromagnetic com-
ponents of the SU(4) gauge field magnetic moment term is

ℒ = √−𝑔 (𝑅 + 𝑖𝐹𝑎𝑏tr (𝑇 15(𝛾𝑎𝛾𝑏 − 𝛾𝑏†𝛾𝑎†)) − 1
4(𝐹 𝜇𝜈𝐹𝜇𝜈)) . (4.6)

The nonzero part of 𝛾𝑎𝛾𝑏 − 𝛾𝑏†𝛾𝑎† can be preliminarily written as

𝛾𝑎𝛾𝑏 − 𝛾𝑏†𝛾𝑎† = 2𝛾[𝐴𝛾𝐵], 𝐴, 𝐵 = 1, 2, 3. (4.7)

Note that the trace

tr (𝑇 15(𝛾𝑎𝛾𝑏 − 𝛾𝑏†𝛾𝑎†)) = 𝜖𝐴𝐵𝛿𝑎𝐴𝛿𝑏𝐵, 𝐴, 𝐵 = 1, 2, (4.8)

is nonzero. The Lagrangian density of Einstein-Maxwell theory with the elec-
tromagnetic moment term is therefore

ℒ = √−𝑔 (𝑅 + 𝐹𝐴𝐵𝜖𝐴𝐵 − 1
4𝐹 𝜇𝜈𝐹𝜇𝜈) . (4.9)

A Dirac Matrices and Hermitian Matrices
The Weyl representation of Dirac matrices is

𝛾0 = (0 𝐼
𝐼 0) , 𝛾𝑖 = ( 0 𝜎𝑖

−𝜎𝑖 0 ) , (A.1)

where 𝜎𝑖 are the Pauli matrices.

The 15 Hermitian matrices can be constructed from Dirac matrices:

𝑇 1 = 𝛾0, 𝑇 2 = 𝑖𝛾1, 𝑇 3 = 𝑖𝛾2, 𝑇 4 = 𝑖𝛾3,
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𝑇 5 = −𝛾0𝛾1, 𝑇 6 = −𝛾0𝛾2, 𝑇 7 = −𝛾0𝛾3,
𝑇 8 = −𝑖𝛾1𝛾2, 𝑇 9 = −𝑖𝛾1𝛾3, 𝑇 10 = −𝑖𝛾2𝛾3,

𝑇 11 = −𝑖𝛾0𝛾1𝛾2, 𝑇 12 = −𝑖𝛾0𝛾1𝛾3,
𝑇 13 = −𝑖𝛾0𝛾2𝛾3, 𝑇 14 = 𝛾1𝛾2𝛾3,

𝑇 15 = −𝑖𝛾0𝛾1𝛾2𝛾3. (A.2)

These 15 Hermitian matrices can be written explicitly as:

𝑇 1 =
⎛⎜⎜⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞⎟⎟⎟
⎠

, 𝑇 2 =
⎛⎜⎜⎜
⎝

0 0 −𝑖 0
0 0 0 −𝑖
𝑖 0 0 0
0 𝑖 0 0

⎞⎟⎟⎟
⎠

,

𝑇 3 =
⎛⎜⎜⎜
⎝

0 0 0 −1
0 0 1 0
0 1 0 0

−1 0 0 0

⎞⎟⎟⎟
⎠

, 𝑇 4 =
⎛⎜⎜⎜
⎝

0 0 0 −𝑖
0 0 −𝑖 0
0 𝑖 0 0
𝑖 0 0 0

⎞⎟⎟⎟
⎠

,

𝑇 5 =
⎛⎜⎜⎜
⎝

0 0 0 −1
0 0 −1 0
0 −1 0 0

−1 0 0 0

⎞⎟⎟⎟
⎠

, 𝑇 6 =
⎛⎜⎜⎜
⎝

0 0 0 𝑖
0 0 −𝑖 0
0 𝑖 0 0

−𝑖 0 0 0

⎞⎟⎟⎟
⎠

,

𝑇 7 =
⎛⎜⎜⎜
⎝

−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

⎞⎟⎟⎟
⎠

, 𝑇 8 =
⎛⎜⎜⎜
⎝

−𝑖 0 0 0
0 −𝑖 0 0
0 0 𝑖 0
0 0 0 𝑖

⎞⎟⎟⎟
⎠

,

𝑇 9 =
⎛⎜⎜⎜
⎝

0 −1 0 0
−1 0 0 0
0 0 0 −1
0 0 −1 0

⎞⎟⎟⎟
⎠

, 𝑇 10 =
⎛⎜⎜⎜
⎝

0 −𝑖 0 0
𝑖 0 0 0
0 0 0 𝑖
0 0 −𝑖 0

⎞⎟⎟⎟
⎠

,

𝑇 11 =
⎛⎜⎜⎜
⎝

0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0

⎞⎟⎟⎟
⎠

, 𝑇 12 =
⎛⎜⎜⎜
⎝

0 0 0 −𝑖
0 0 −𝑖 0
0 𝑖 0 0
𝑖 0 0 0

⎞⎟⎟⎟
⎠

,

𝑇 13 =
⎛⎜⎜⎜
⎝

0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

⎞⎟⎟⎟
⎠

, 𝑇 14 =
⎛⎜⎜⎜
⎝

0 0 𝑖 0
0 0 0 −𝑖

−𝑖 0 0 0
0 𝑖 0 0

⎞⎟⎟⎟
⎠

,

𝑇 15 =
⎛⎜⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

⎞⎟⎟⎟
⎠

. (A.3)
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B Generators of SU(4) Group
The generators of SU(4) can be represented as:

𝒯1 = 1
2

⎛⎜⎜⎜
⎝

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

, 𝒯2 = 1
2

⎛⎜⎜⎜
⎝

0 −𝑖 0 0
𝑖 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

,

𝒯3 = 1
2

⎛⎜⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

, 𝒯4 = 1
2

⎛⎜⎜⎜
⎝

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

,

𝒯5 = 1
2

⎛⎜⎜⎜
⎝

0 0 −𝑖 0
0 0 0 0
𝑖 0 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

, 𝒯6 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

,

𝒯7 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 −𝑖 0
0 𝑖 0 0
0 0 0 0

⎞⎟⎟⎟
⎠

, 𝒯8 = 1
2
√

3
⎛⎜⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 −2 0
0 0 0 0

⎞⎟⎟⎟
⎠

,

𝒯9 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

⎞⎟⎟⎟
⎠

, 𝒯10 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 −𝑖
0 0 0 0
0 0 0 0
𝑖 0 0 0

⎞⎟⎟⎟
⎠

,

𝒯11 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0

⎞⎟⎟⎟
⎠

, 𝒯12 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 0 −𝑖
0 0 0 0
0 𝑖 0 0

⎞⎟⎟⎟
⎠

,

𝒯13 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

⎞⎟⎟⎟
⎠

, 𝒯14 = 1
2

⎛⎜⎜⎜
⎝

0 0 0 0
0 0 0 0
0 0 0 −𝑖
0 0 𝑖 0

⎞⎟⎟⎟
⎠

,

𝒯15 = 1
2
√

6
⎛⎜⎜⎜
⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −3

⎞⎟⎟⎟
⎠

. (B.1)
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