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Abstract

With the development of accelerator light sources, the application of wiggler
could become more and more important, for example to speed up damping
or generate synchrotron radiation. The quantum excitation contribution of
such a wiggler to electron beam emittance in a storage ring should be carefully
evaluated when small emittance is desired. What found in literature is an
approximate formula. Here we present a more exact result.
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Abstract

With the advancement of accelerator light sources, wigglers have become in-
creasingly important for applications such as accelerating radiation damping or
generating synchrotron radiation. When small emittance is desired, the quan-
tum excitation contribution of such wigglers to the electron beam emittance in
a storage ring must be carefully evaluated. Existing literature provides only an
approximate formula for this contribution. Here we present a more exact result
that will be valuable for future light source development. This paper aims to
provide an accurate formula for evaluating the quantum excitation of a wiggler
on beam emittance in an electron storage ring. Our motivation stems from the
fact that wigglers may become essential components in future storage ring-based
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light sources, for instance, to combat intra-beam scattering by significantly in-
creasing the natural radiation damping rate, where ultrasmall transverse or lon-
gitudinal emittance and high beam current are simultaneously desired. Along
with radiation damping comes quantum excitation from the wiggler, which may
not be negligible in determining the equilibrium beam emittance, especially
when the wiggler field is strong and its length is long. While an approximate ra-
diation integral formula can be found in the literature to describe the wiggler’s
quantum excitation contribution, the demand for ever-smaller emittance neces-
sitates an accurate formula that gives the exact dependence of the radiation
integral on various optical functions at the wiggler. This paper fills that gap. In
the following discussion, we focus on the case of a planar uncoupled ring, which
represents the typical setup for present synchrotron radiation sources. Note,
however, that the presented method applies to a general coupled lattice [1].
Similarly, although we use the horizontal plane for our example analysis, the
method also applies to the vertical and longitudinal planes. Furthermore, the
method can be used to evaluate the quantum excitation contribution of other
bending-related elements.

Main Content

We now present the detailed derivation. Typically, the central part of a wiggler
exhibits a sinusoidal field strength pattern along the longitudinal axis s. We set
s = 0 to be the location of the peak magnetic field closest to the wiggler cen-
ter. The vertical magnetic field of a horizontal planar wiggler is then given by
B, = By, cosh(k,x) cosh(k,y) cos(k,,s), where By, is the peak magnetic field
and k,, = 2w /), is the wiggler wavenumber. In this paper, we use the particle
state vector X = (z,2',y,y’, 2,0)T, whose components represent horizontal po-
sition, horizontal angle, vertical position, vertical angle, longitudinal position,
and relative energy deviation with respect to the reference particle, respectively.

The superscript T denotes transpose.

The linear transfer matrix of X from s =0 to s € [-L,,/2, L,,/2], where L,, is
the wiggler length, is then given by [2]:

cos(k,s) = sin(k,s) 0 0 0 —&[1—cos(ky,s)]
k, . ! "KL
—=tsin(kys)  cos(k,s) 0 1 0 0 —%y sin(k,,s)
Wi(s|0) = 0 0 ;:os(kys) %, sin(k,s) 0 0
0 0 —=tsin(kys)  cos(kys) 0 0
Wy, Wso 0 0 1 Wse
0 0 0 0 0 1

22y 1+K2/2
where Wy, = =Wy, Wey = —sWyg + Wig, and Wy = W with Ay = Tz/)\w
being the fundamental on-axis resonant wavelength. Here 7 is the Lorentz
factor, which for the relativistic cases of interest is much larger than 1. The

chinarxiv.org/items/chinaxiv-202410.00082 Machine Translation


https://chinarxiv.org/items/chinaxiv-202410.00082

ChinaRxiv [$X]

dimensionless undulator parameter of the wiggler is K = niB(f,;“ , where e is the

elementary charge, m, is the electron mass, and c is the speed of light in free
space.

In a planar uncoupled ring, the normalized eigenvector of the storage ring one-
turn map corresponding to the horizontal eigenmode at s = 0 can be expressed
as:

Eis(0) \'
E;(0) = ( —ayug 44, —(0,0Du0 + BeoDlg) + Dy, 0, 0, == 1) ei®ro
Ep(0)

where o, 5, are the Courant-Snyder functions and D, D}, are the dispersion
and dispersion angle corresponding to the horizontal plane at s = 0, and ¢
is the imaginary unit. The chromatic function H_, at s = 0 is defined as

2 1+a?
Ha:O 2|E15(0)‘2 = ’YmOD?cO + QQIODIOD;O + ﬁmOD/xm where Vz0 = ﬁjoo :

The evolution of H, from s = 0 to s € [-L,,/2,L,,/2] is given by H_,(s) =
2|E5(s)|> = 2|(W(s]|0)E(0))5|?, which expands to:

(Do + Wig — Wags)® + [r,0(Dyg + Wig — Wags) + Buo(Dig + Wog)]?
BmO

H,(s) =

x

where W, ; denotes the matrix element in the i-th row and j-th column of W(s|0).
Substituting the explicit expressions for the wiggler matrix elements yields:

[Dzopwk?u + ﬁzokw (pwkaa/L'O - Sin<kw8>) + Qg0 (Dz[)pwk?t) + COS(ka) - 1)]2 + [azo (D:L’Opwk%u + sinl.

k
H,(s)= .
¢ 510
where p, = %;ﬁc corresponds to the bending radius at the location of peak

magnetic field, with 8 = /1 — 1/+2.

Assuming that the quantum excitation contribution from the entrance and exit
regions of the wiggler, where the field strength in reality deviates from the ideal
sinusoidal pattern, is much smaller than that from the central sinusoidal field
region, the quantum excitation of a wiggler to the horizontal beam emittance
can be evaluated by the integral [3]:

L,/2 L,/2
e [ B H(s)

L,/2 lp(s)[? L,/2 | c08(k,,8) [

Substituting the expression for H_(s) yields:
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L?U 8 / Lw
Iy, = {51:0 + Va0 Ty +5pL H, — ( ) Pu(Dyo + o Dyo + BmoDa;o)] ?R

m w

where the integral R is defined as:

R= [w [Sm(‘”) + cos(z) — 1]2 | cos(x)[Pda

N, r

with N, = L,,/\,, being the number of wiggler periods, which is assumed to be
an integer. Equation (8) above represents the exact formula for the radiation
integral I of a wiggler in an electron storage ring. For a specific N,,,, the value
of R can be obtained straightforwardly by evaluating the integral in Eq. (9).

When N, > 1, we have R ~ 1/12, and the expression simplifies to:

8 Ly
]571) ~ |:<Ba:>w + 5/)12un0 - (;) p’LU(DCUO + azODa:O + /BZL’OD.;O) ?

where (8.),, is the average 3, along the wiggler: (8,),, = LLL“’//QQ B.(s)ds =

ﬂmO + 710L121)/12

Let us denote x,, = arg (%), where E;5(0) and E;;(0) represent the fifth
and first components of the eigenvector in Eq. (3) and arg(-) denotes the phase

angle of a complex number. Then Eq. (10) can be rewritten as:

8 L
ISw ~ |:<ﬁa:>w + 5p’l2UH:L’0 - (;) PuwV Ha:OBa:O cos (XxO - %)] 5

503,

The first term in the bracket corresponds to the approximate formula found in
the literature: Iy, i1 insic & L (Be)w/(5p3,). This can be viewed as the intrinsic
contribution of a wiggler to the radiation integral I, since intrinsic dispersion
and dispersion angle are generated inside the wiggler even when D_, = 0 and
D!, =0, as evident from the matrix terms W, and W.

The second and third terms in the bracket arise from a nonzero H,,. When D/,
or D, is of order K /k,,, which can easily occur in a real lattice, the contribution
from this nonzero H,, can be comparable to or even larger than the first term
and cannot be neglected. In such cases, the more accurate formula derived here
should be used to calculate the wiggler’s quantum excitation of beam emittance.
When the third term is much smaller than the second term—that is, roughly
when H,,f3,0 > (8/5m)>—Eq. (12) can be further approximated as:

L H
I5w ~ w<ﬂm>w + x0

Lw
5p2, (Bi)w
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where the first term accounts for the intrinsic contribution and the second term
accounts for the nonzero H_,.

From the above analysis, we see that the minimum I, is achieved when o,y = 0,
B0 = V12p,/K, Dyy = 0, and D, , =0 (i.e., Hyy = 0), yielding the minimal

value:

_L,V12p,  L,V12

1 LR =
S5w,min 5Kp121, 5pr

We believe that the calculation method and analysis presented here will be useful
for optimizing wigglers in future accelerator light sources to achieve ultrasmall
beam emittance.
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