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Abstract
This paper presents an improved computational method for parametric equa-
tion surface area, aiming to resolve the problems of complex formulas in exist-
ing textbooks that are difficult to memorize and comprehend. By incorporating
the calculation method for implicit function surface area and combining it with
the characteristics of parametric equations, a novel computational formula is de-
rived. The formula exhibits advantages including simplicity of form, symmetric
and well-structured nature that is easy to remember, and clear mathematical
interpretation, thereby facilitating students’ mastery and comprehension of the
computational method for parametric equation surface area.

Full Text
An Improved Method for Calculating Surface Area from Parametric
Equations

China University of Petroleum (East China), School of Economics
and Management, Qingdao, Shandong 266580

The formula for calculating surface area from parametric equations presented
in textbooks is relatively complex and difficult to memorize. More importantly,
its mathematical meaning is not easily understood intuitively, which hinders
student learning. This paper proposes an improved method with a natural
derivation that is easy to comprehend. The resulting formula has clear math-
ematical meaning, exhibits elegant symmetry, and is readily memorable, thus
facilitating the teaching of parametric surface area calculation.

The fundamental approach of this method is to adaptively apply the surface area
calculation technique for implicit functions. By conceiving an abstract implicit
function for the parametric surface and using the implicit function surface area
formula as the starting point, we derive the parametric equation surface area
formula through straightforward reasoning. Due to its characteristics of being
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easy to understand and remember, this method should have practical value in
advanced mathematics instruction.

Keywords: parametric equations; surface area calculation; abstract implicit
function

1. Problem Description for Parametric Surface Area Cal-
culation
If a surface 𝑆 is given by the parametric equations:

𝑥 = 𝑥(𝑢, 𝑣), 𝑦 = 𝑦(𝑢, 𝑣), 𝑧 = 𝑧(𝑢, 𝑣), (𝑢, 𝑣) ∈ 𝐷

where 𝐷 is a bounded closed region in the plane, and 𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣) have
continuous first-order partial derivatives on 𝐷, with the Jacobian determinants
not all zero, we aim to calculate the surface area 𝐴 of 𝑆.

The background for proposing this improved method is that the parametric
surface area formula provided in textbooks [?] (hereinafter referred to as “the
textbook”) is overly complex, difficult to memorize, and its mathematical mean-
ing is not easily understood. This increases students’ memory burden and hin-
ders their mastery of the calculation method. Therefore, the purpose of this
paper is to explore a simpler and more accessible method for calculating para-
metric surface area. The proposed method features a natural derivation that is
easy to understand without requiring rote memorization. The final formula has
clear mathematical meaning and exhibits symmetric elegance, making it highly
memorable and conducive to student comprehension.

2. Introduction to the Textbook Formula
Reference [?] presents the following parametric surface area formula. The prob-
lem description is as above. The surface area 𝐴 of 𝑆 is:

𝐴 = ∬
𝐷

√
𝐸𝐺 − 𝐹 2 𝑑𝑢 𝑑𝑣

where:

𝐸 = 𝑥2
𝑢 + 𝑦2

𝑢 + 𝑧2
𝑢, 𝐹 = 𝑥𝑢𝑥𝑣 + 𝑦𝑢𝑦𝑣 + 𝑧𝑢𝑧𝑣, 𝐺 = 𝑥2

𝑣 + 𝑦2
𝑣 + 𝑧2

𝑣

with subscripts denoting partial derivatives.

As we can see, using this formula requires memorizing the expressions for 𝐸,
𝐹 , 𝐺, as well as the integral expression for 𝐴. Neither the components of 𝐸,
𝐹 , 𝐺 nor their composite form

√
𝐸𝐺 − 𝐹 2 have easily discernible mathematical
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meaning, making long-term retention of this formula extremely difficult and 不
利于学习.

Reference [?] provides a brief derivation of the above formula as follows. The
normal direction numbers of surface 𝑆 at point (𝑥, 𝑦, 𝑧) are given by the Jacobian
determinants. The absolute value of the cosine of the angle 𝛾 between this
normal and the 𝑧-axis is:

| cos 𝛾| =
∣ 𝜕(𝑥,𝑦)

𝜕(𝑢,𝑣) ∣

√( 𝜕(𝑦,𝑧)
𝜕(𝑢,𝑣) )

2
+ ( 𝜕(𝑧,𝑥)

𝜕(𝑢,𝑣) )
2

+ ( 𝜕(𝑥,𝑦)
𝜕(𝑢,𝑣) )

2

Performing the transformation 𝑥 = 𝑥(𝑢, 𝑣), 𝑦 = 𝑦(𝑢, 𝑣), we obtain (assuming
the Jacobian is non-zero) the textbook surface area formula:

𝐴 = ∬
𝐷

√
𝐸𝐺 − 𝐹 2 𝑑𝑢 𝑑𝑣

The above derivation involves significant leaps, such as directly stating the nor-
mal direction numbers and directly providing the cosine expression. These large
jumps make it difficult for students to follow.

Reference [?] also discusses the “Derivation of the Surface Area Formula for
Parametric Equations,” which interested readers may consult.

3. Improved Method for Parametric Surface Area Calcula-
tion
3.1 Surface Area Calculation for Implicit Functions

We first outline the surface area calculation method for implicit functions. Let
surface 𝑆 be given by the equation 𝐹(𝑥, 𝑦, 𝑧) = 0, and let 𝐷 be the projection
region of 𝑆 onto the 𝑥𝑂𝑦 plane (assuming 𝐹𝑧 ≠ 0; similar reasoning applies
for projections onto 𝑦𝑂𝑧 or 𝑧𝑂𝑥 planes). To calculate the surface area 𝐴 of
𝑆, we take an infinitesimal closed region 𝑑𝜎 in 𝐷. The area element satisfies
𝑑𝐴 = 𝑑𝜎/ cos 𝛾, where 𝛾 is the acute angle between the normal vector of 𝑆’s
tangent plane and the normal vector (0, 0, 1) of the 𝑥𝑂𝑦 plane. Therefore:

cos 𝛾 = |𝐹𝑧|
√𝐹 2𝑥 + 𝐹 2𝑦 + 𝐹 2𝑧

and the area formula becomes:

𝐴 = ∬
𝐷

√𝐹 2𝑥 + 𝐹 2𝑦 + 𝐹 2𝑧

|𝐹𝑧| 𝑑𝜎

chinarxiv.org/items/chinaxiv-202410.00031 Machine Translation

https://chinarxiv.org/items/chinaxiv-202410.00031


3.2 Surface Area Calculation for Parametric Equations

(1) Initial Area Expression via Abstract Implicit Function

By introducing an abstract implicit function, we assume surface 𝑆 can be ex-
pressed by the equation 𝐹(𝑥, 𝑦, 𝑧) = 0 (the specific form of 𝐹(𝑥, 𝑦, 𝑧) need not
be known). Then the surface area 𝐴 can be calculated as:

𝐴 = ∬
𝐷′

√𝐹 2𝑥 + 𝐹 2𝑦 + 𝐹 2𝑧

|𝐹𝑧| 𝑑𝑥 𝑑𝑦 (3-1)

where 𝐷′ is the projection region of 𝑆 onto the 𝑥𝑂𝑦 plane (assuming 𝐹𝑧 ≠ 0).

(2) Transforming the Initial Expression Using Parametric Equations

In equation (3-1), the partial derivatives 𝐹𝑥, 𝐹𝑦, 𝐹𝑧 and the area element 𝑑𝑥 𝑑𝑦
need to be expressed or transformed in terms of the parametric equations.

To utilize the parametric equations, we differentiate 𝐹(𝑥, 𝑦, 𝑧) = 0 with respect
to 𝑢 and 𝑣, obtaining two equations. Rearranging and treating 𝐹𝑥, 𝐹𝑦, 𝐹𝑧 as
variables yields the following system of linear equations:

{𝑥𝑢𝐹𝑥 + 𝑦𝑢𝐹𝑦 + 𝑧𝑢𝐹𝑧 = 0
𝑥𝑣𝐹𝑥 + 𝑦𝑣𝐹𝑦 + 𝑧𝑣𝐹𝑧 = 0

Solving this system gives expressions for the partial derivatives of 𝐹 in terms of
Jacobians:

𝐹𝑥 ∶ 𝐹𝑦 ∶ 𝐹𝑧 = 𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣) ∶ 𝜕(𝑧, 𝑥)

𝜕(𝑢, 𝑣) ∶ 𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣)

Conversion from 𝑑𝑥 𝑑𝑦 to 𝑑𝑢 𝑑𝑣
Using the change of variables formula for double integrals:

𝑑𝑥 𝑑𝑦 = ∣𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣) ∣ 𝑑𝑢 𝑑𝑣

Deriving the Parametric Surface Area Formula

Substituting the above results into equation (3-1) yields:

𝐴 = ∬
𝐷

√( 𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣))

2
+ (𝜕(𝑧, 𝑥)

𝜕(𝑢, 𝑣))
2

+ (𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣))

2
𝑑𝑢 𝑑𝑣

This is the recommended formula for parametric surface area calculation. Simi-
larly, the area element is:

𝑑𝑆 = √( 𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣))

2
+ (𝜕(𝑧, 𝑥)

𝜕(𝑢, 𝑣))
2

+ (𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣))

2
𝑑𝑢 𝑑𝑣 (3-2)
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This expression for the area element can be applied to Type I surface integrals.

4. Comparison and Analysis of the Two Methods
4.1 Understandability

The textbook method introduces the definitions of 𝐸, 𝐹 , 𝐺 and provides the
integrand

√
𝐸𝐺 − 𝐹 2, but the original mathematical meaning of this expression

is obscure and thus not easily understood. Moreover, the derivation involves
large logical leaps that are difficult for students to follow.

In contrast, the recommended formula is more intuitive. Since (𝐹𝑥, 𝐹𝑦, 𝐹𝑧) is the
normal vector to 𝑆, and from the derivation we see that ( 𝜕(𝑦,𝑧)

𝜕(𝑢,𝑣) ,
𝜕(𝑧,𝑥)
𝜕(𝑢,𝑣) ,

𝜕(𝑥,𝑦)
𝜕(𝑢,𝑣) )

is also a normal vector, the magnitude of this vector appears in the integrand.
Therefore, the mathematical meaning of our formula’s integrand is clear and
explicit, making it easy to understand. The derivation process is also clear and
straightforward.

4.2 Memorability

The integrand in our recommended formula is in the form of a vector magni-
tude and possesses excellent symmetry, making it very easy to remember. The
textbook integrand requires memorizing not only

√
𝐸𝐺 − 𝐹 2 but also the def-

initions of 𝐸, 𝐹 , and 𝐺. Remembering 𝐸𝐺 − 𝐹 2 alone is already challenging,
let alone the definitions of 𝐸, 𝐹 , and 𝐺. Therefore, the textbook formula is not
easily retained.

Thus, the proposed method offers advantages in reducing learning difficulty.

4.3 Computational Example

(1) Problem Statement

Given the parametric equations of surface 𝑆:

𝑥 = 𝑅 sin 𝜑 cos 𝜃, 𝑦 = 𝑅 sin 𝜑 sin 𝜃, 𝑧 = 𝑅 cos 𝜑

with (𝜑, 𝜃) ∈ 𝐷 = {(𝜑, 𝜃) ∣ 0 ≤ 𝜑 ≤ 𝛼, 0 ≤ 𝜃 ≤ 2𝜋}, find the area 𝐴 of 𝑆.

(2) Calculation Using the Textbook Formula

First compute the coefficients:

𝐸 = 𝑅2, 𝐹 = 0, 𝐺 = 𝑅2 sin2 𝜑

Then:

𝐴 = ∬
𝐷

√
𝐸𝐺 − 𝐹 2 𝑑𝜑 𝑑𝜃 = ∬

𝐷
𝑅2 sin 𝜑 𝑑𝜑 𝑑𝜃 = 2𝜋𝑅2(1 − cos 𝛼)
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(3) Calculation Using the Recommended Method

Compute the Jacobian determinants:

𝜕(𝑦, 𝑧)
𝜕(𝜑, 𝜃) = 𝑅2 sin2 𝜑 cos 𝜃

𝜕(𝑧, 𝑥)
𝜕(𝜑, 𝜃) = 𝑅2 sin2 𝜑 sin 𝜃

𝜕(𝑥, 𝑦)
𝜕(𝜑, 𝜃) = 𝑅2 sin 𝜑 cos 𝜑

The magnitude is:

√𝑅4 sin4 𝜑 cos2 𝜃 + 𝑅4 sin4 𝜑 sin2 𝜃 + 𝑅4 sin2 𝜑 cos2 𝜑 = 𝑅2 sin 𝜑

Thus:
𝐴 = ∬

𝐷
𝑅2 sin 𝜑 𝑑𝜑 𝑑𝜃 = 2𝜋𝑅2(1 − cos 𝛼)

(4) Comparison of the Two Methods

In this example, both methods involve comparable computational effort. How-
ever, the recommended method exhibits greater symmetry, and the formula is
more conducive to memorization. From the perspective of multiplication op-
erations, the textbook formula theoretically involves 3 × 3 operations (such as
computing 𝐸𝐺), whereas the recommended formula involves 2 × 2 operations
(computing Jacobian determinants), making it more efficient in principle.

5. Application to Type I Surface Integrals
5.1 Surface Integral When the Integration Surface is Given by Para-
metric Equations

A Type I surface integral (surface integral with respect to area) can be written
as:

𝐼 = ∬
Σ

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑆

where Σ is a smooth surface given by parametric equations:

𝑥 = 𝑥(𝑢, 𝑣), 𝑦 = 𝑦(𝑢, 𝑣), 𝑧 = 𝑧(𝑢, 𝑣), (𝑢, 𝑣) ∈ 𝐷

with 𝐷 being a bounded closed region in the plane, and 𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣)
having continuous first-order partial derivatives on 𝐷 with the Jacobian determi-
nants not all zero. Here 𝑓(𝑥, 𝑦, 𝑧) is a bounded function on Σ, and 𝑑𝑆 represents
the area element.
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Using equation (3-2), the area element is:

𝑑𝑆 = √( 𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣))

2
+ (𝜕(𝑧, 𝑥)

𝜕(𝑢, 𝑣))
2

+ (𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣))

2
𝑑𝑢 𝑑𝑣

Therefore, the surface integral can be computed by:

𝐼 = ∬
𝐷

𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣), 𝑧(𝑢, 𝑣))√( 𝜕(𝑦, 𝑧)
𝜕(𝑢, 𝑣))

2
+ (𝜕(𝑧, 𝑥)

𝜕(𝑢, 𝑣))
2

+ (𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣))

2
𝑑𝑢 𝑑𝑣

5.2 Computational Example

Problem: Compute the surface integral ∬Σ
1
𝑧 𝑑𝑆, where Σ is the top portion

of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 1 cut by the plane 𝑧 = 1
2 .

Solution: The surface Σ can be parameterized as:

𝑥 = cos 𝜑 cos 𝜃, 𝑦 = cos 𝜑 sin 𝜃, 𝑧 = sin 𝜑

with (𝜑, 𝜃) ∈ 𝐷 = {𝜋/6 ≤ 𝜑 ≤ 𝜋/2, 0 ≤ 𝜃 ≤ 2𝜋}.

Compute the Jacobians:
𝜕(𝑦, 𝑧)
𝜕(𝜑, 𝜃) = cos2 𝜑 cos 𝜃

𝜕(𝑧, 𝑥)
𝜕(𝜑, 𝜃) = cos2 𝜑 sin 𝜃

𝜕(𝑥, 𝑦)
𝜕(𝜑, 𝜃) = sin 𝜑 cos 𝜑

The magnitude is:

√cos4 𝜑 cos2 𝜃 + cos4 𝜑 sin2 𝜃 + sin2 𝜑 cos2 𝜑 = cos 𝜑

Thus:
𝑑𝑆 = cos 𝜑 𝑑𝜑 𝑑𝜃

The integral becomes:

∬
Σ

1
𝑧 𝑑𝑆 = ∫

2𝜋

0
∫

𝜋/2

𝜋/6

1
sin 𝜑 cos 𝜑 𝑑𝜑 𝑑𝜃 = 2𝜋 ∫

𝜋/2

𝜋/6
cot 𝜑 𝑑𝜑 = 2𝜋 [ln | sin 𝜑|]𝜋/2

𝜋/6 = 2𝜋 ln 2
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6. Significance for Advanced Mathematics Teaching
The recommended method for calculating parametric surface area fully lever-
ages the implicit function surface area calculation technique. Since parametric
surface area is typically taught after implicit function surface area in advanced
mathematics curricula, introducing this method allows students to conveniently
use the implicit function formula as their starting point. The subsequent deriva-
tion only requires basic knowledge of computing partial derivatives, solving sys-
tems of equations, and applying the change of variables formula for double in-
tegrals, making the process very clear and natural. Furthermore, the integrand
in the final formula is in the form of a normal vector magnitude with symmet-
ric properties, making it extremely easy to remember. Therefore, this method
should have practical application value in advanced mathematics teaching.
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