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Abstract
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Introduction and Main Results
For a prime number 𝑝, the p-adic field consists of ℚ with respect to the non-
Archimedean p-adic norm. Let 𝑥 = 𝑝𝛾 𝑎

𝑏 , where 𝑥 ∈ ℚ and 𝛾 ∈ ℤ, with 𝑎 and
𝑏 integers not divisible by 𝑝. Then the p-adic norm is defined by |𝑥|𝑝 = 𝑝−𝛾

and satisfies the following properties: (i) |𝑥|𝑝 ≥ 0, with |𝑥|𝑝 = 0 if and only if
𝑥 = 0; (ii) |𝑥𝑦|𝑝 = |𝑥|𝑝|𝑦|𝑝; (iii) |𝑥 + 𝑦|𝑝 ≤ max{|𝑥|𝑝, |𝑦|𝑝}, with equality when
|𝑥|𝑝 ≠ |𝑦|𝑝.

From standard p-adic analysis, any p-adic number 𝑥 ≠ 0 can be written as
𝑥 = 𝑝𝛾(𝑎0 + 𝑎1𝑝 + 𝑎2

2𝑝 + ⋯) = 𝑝𝛾 ∑∞
𝑗=0 𝑎𝑗

𝑗𝑝, where 𝑎𝑗 ∈ {0, … , 𝑝 − 1} and
𝑎0 ≠ 0. Naturally, the aforementioned p-adic number 𝑥 converges. For any
vector 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) with 𝑥𝑖 ∈ ℚ𝑝 (𝑖 = 1, … , 𝑛), the p-adic norm is defined
by |𝑥|𝑝 = max1≤𝑗≤𝑛 |𝑥𝑗|𝑝. Moreover, the p-adic ball is denoted by 𝐵𝛾(𝑎) = {𝑥 ∈
ℚ𝑛

𝑝 ∶ |𝑥 − 𝑎|𝑝 ≤ 𝑝𝛾}, where the center 𝑎 ∈ ℚ𝑛
𝑝 and radius 𝑝𝛾 with 𝛾 ∈ ℤ. The

p-adic sphere is written as 𝑆𝛾(𝑎) = {𝑥 ∈ ℚ𝑛
𝑝 ∶ |𝑥 − 𝑎|𝑝 = 𝑝𝛾} = 𝐵𝛾(𝑎) � 𝐵𝛾−1(𝑎).

It is easy to see that 𝐵𝛾(𝑎) = ⋃𝑘≤𝛾 𝑆𝑘(𝑎).
Since ℚ𝑛

𝑝 is a locally compact commutative group under addition, there exists a
Haar measure on ℚ𝑛

𝑝 . It is easy to verify that the unique Haar measure 𝑑𝑥 on ℚ𝑛
𝑝

(up to positive constant multiple) satisfies translation invariance. Normalizing
the measure 𝑑𝑥 by ∫𝐵0(0) 𝑑𝑥 = |𝐵0(0)|ℎ = 1, we have ∫𝐵𝛾(𝑎) 𝑑𝑥 = |𝐵𝛾(𝑎)|ℎ = 𝑝𝑛𝛾

and ∫𝑆𝛾(𝑎) 𝑑𝑥 = |𝑆𝛾(𝑎)|ℎ = 𝑝𝑛𝛾(1 − 𝑝−𝑛) = |𝐵𝛾(𝑎)|ℎ − |𝐵𝛾−1(𝑎)|ℎ for any 𝑎 ∈ ℚ𝑛
𝑝

and 𝛾 ∈ ℤ, where |𝐵0(0)|ℎ denotes the Haar measure of the p-adic unit ball.
For more details about p-adic analysis, see [?, ?].

The study of p-adic harmonic analysis holds significant research importance
and occupies a pivotal position in mathematics. It plays an indispensable role
in enhancing our understanding of various branches such as number theory,
algebraic geometry, and representation theory [?, ?, ?]. Additionally, p-adic
harmonic analysis exhibits broad prospects for practical applications, possessing
potential value in areas like cryptography, signal processing, and data analysis
[?, ?].

Let 𝑇 be the classical singular integral operator. The Coifman-Rochberg-Weiss
type commutator [𝑏, 𝑇 ] generated by 𝑇 and a suitable function 𝑏 is defined by
[𝑏, 𝑇 ]𝑓 = 𝑏𝑇 (𝑓) − 𝑇 (𝑏𝑓). In [?, ?], it was shown that [𝑏, 𝑇 ] is bounded on
𝐿𝑠(ℝ𝑛) (1 < 𝑠 < ∞) if and only if 𝑏 ∈ BMO(ℝ𝑛). Janson [?] also established
characterizations of the Lipschitz function space Λ𝛽(ℝ𝑛) via the commutator
and proved that [𝑏, 𝑇 ] is bounded from 𝐿𝑠(ℝ𝑛) to 𝐿𝑞(ℝ𝑛) for 1 < 𝑠 < 𝑛/𝛽 and
1/𝑞 = 1/𝑠 − 𝛽/𝑛 (0 < 𝛽 < 1) if and only if 𝑏 ∈ Λ𝛽(ℝ𝑛) (see also Paluszyński
[?]).

For 0 ≤ 𝛼 < 𝑛 and 𝑓 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ), the p-adic fractional maximal function of 𝑓 is
defined by 𝑀𝛼,𝑝(𝑓)(𝑥) = sup𝐵𝛾(𝑥)

1
|𝐵𝛾(𝑥)|ℎ ∫𝐵𝛾(𝑥) |𝑓(𝑦)| 𝑑𝑦, where the supremum

is taken over all p-adic balls 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 . For 𝛼 = 0, we write 𝑀𝑝 = 𝑀0,𝑝.

If 𝑏 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ), the fractional maximal commutator generated by 𝑏 with 𝑀𝛼,𝑝
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is given by 𝑀𝑏
𝛼,𝑝(𝑓)(𝑥) = sup𝐵𝛾(𝑥)

1
|𝐵𝛾(𝑥)|ℎ ∫𝐵𝛾(𝑥) |𝑏(𝑥) − 𝑏(𝑦)||𝑓(𝑦)| 𝑑𝑦. For 𝛼 =

0, we write 𝑀𝑏
0,𝑝. The commutator generated by 𝑏 with 𝑀𝛼,𝑝 is defined by

[𝑏, 𝑀𝛼,𝑝](𝑓)(𝑥) = 𝑏(𝑥)𝑀𝛼,𝑝(𝑓)(𝑥) − 𝑀𝛼,𝑝(𝑏𝑓)(𝑥). For 𝛼 = 0, we write [𝑏, 𝑀𝑝] =
[𝑏, 𝑀0,𝑝].

Kim [?] introduced the p-adic sharp maximal function 𝑀 ♯
𝑝(𝑓)(𝑥) =

sup𝐵𝛾(𝑥)
1

|𝐵𝛾(𝑥)|ℎ ∫𝐵𝛾(𝑥) |𝑓(𝑦) − 𝑓𝐵𝛾(𝑥)| 𝑑𝑦, where 𝑓𝐵𝛾(𝑥) is the average of 𝑓
over 𝐵𝛾(𝑥). The nonlinear commutator generated by 𝑏 with 𝑀 ♯

𝑝 is defined
by [𝑏, 𝑀 ♯

𝑝](𝑓)(𝑥) = 𝑏(𝑥)𝑀 ♯
𝑝(𝑓)(𝑥) − 𝑀 ♯

𝑝(𝑏𝑓)(𝑥). It is worth noting that the
operators 𝑀𝑏

𝛼,𝑝 and [𝑏, 𝑀𝛼,𝑝] essentially differ from each other. Indeed, 𝑀𝑏
𝛼,𝑝

is positive and sublinear, but [𝑏, 𝑀𝛼,𝑝] is neither positive nor sublinear. The
same holds for [𝑏, 𝑀 ♯

𝑝].
In the Euclidean setting, many researchers have studied the operators 𝑀𝑏

𝛼,𝑝,
[𝑏, 𝑀𝛼,𝑝], and [𝑏, 𝑀 ♯

𝑝]; see [?, ?] for instance. We can study analogous results on
p-adic fields by borrowing similar methods.

Recently, when 𝑏 belongs to Lipschitz spaces, the authors [?, ?] gave necessary
and sufficient conditions for the boundedness of the commutators in variable
Lebesgue spaces and Morrey spaces. When 𝑏 belongs to BMO spaces, similar
results were obtained in [?].

Inspired by the above literature [?], we focus on studying the boundedness
for commutators of the sharp maximal function in p-adic variable Lebesgue
spaces and Morrey spaces. Moreover, we also establish the boundedness of
commutators of the fractional maximal operator in the p-adic Morrey space,
which yields some new characterizations of Lipschitz and BMO spaces.

To introduce the following theorem, we define 𝑏−(𝑥) = {|𝑏(𝑥)|, if 𝑏(𝑥) < 0
0, if 𝑏(𝑥) ≥ 0

and 𝑏+(𝑥) = |𝑏(𝑥)| − 𝑏−(𝑥). The following result gives boundedness for the
commutator of the sharp maximal function on p-adic variable Lebesgue spaces
and provides new characterizations of BMO spaces.

Theorem 1.1. Assume that 𝑏 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ) and 𝑏− ∈ 𝐿∞(ℚ𝑛
𝑝 ). Then the fol-

lowing statements are equivalent: 1. 𝑏 ∈ BMO(ℚ𝑛
𝑝 ); 2. [𝑏, 𝑀 ♯

𝑝] is bounded on
𝐿𝑞(⋅)(ℚ𝑛

𝑝 ) for all 𝑞(⋅) ∈ 𝐶 log(ℚ𝑛
𝑝 ) with 𝑞(⋅) ∈ 𝒫(ℚ𝑛

𝑝 ); 3. [𝑏, 𝑀 ♯
𝑝] is bounded on

𝐿𝑞(⋅)(ℚ𝑛
𝑝 ) for some 𝑞(⋅) ∈ 𝐶 log(ℚ𝑛

𝑝 ) with 𝑞(⋅) ∈ 𝒫(ℚ𝑛
𝑝 ); 4. There exists some

𝑞(⋅) ∈ 𝐶 log(ℚ𝑛
𝑝 ) with 𝑞(⋅) ∈ 𝒫(ℚ𝑛

𝑝 ) such that

‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞(⋅)(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞(⋅)(ℚ𝑛𝑝 )
≤ 𝐶; (1)

5. For all 𝑞(⋅) ∈ 𝐶 log(ℚ𝑛
𝑝 ) with 𝑞(⋅) ∈ 𝒫(ℚ𝑛

𝑝 ), condition (1.5) holds.
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Remark 1. If 𝑞(⋅) is a constant exponent, this result can be found in Theorem
1.4 of [?].

The following result gives boundedness for the commutator of the sharp max-
imal function on p-adic Morrey spaces and provides new characterizations of
Lipschitz spaces.

Theorem 1.2. Assume that 𝑏 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ) and 0 < 𝛽 < 1. Then the following
statements are equivalent: 1. 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) and 𝑏 ≥ 0; 2. [𝑏, 𝑀 ♯
𝑝] is bounded from

𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛

𝑝 ) for all 𝑟, 𝑞 with 1 < 𝑟 < 𝑛/𝛽 and 1/𝑞 = 1/𝑟 − 𝛽/(𝑛 − 𝜆);
3. [𝑏, 𝑀 ♯

𝑝] is bounded from 𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛

𝑝 ) for some 𝑟, 𝑞 with 1 < 𝑟 < 𝑛/𝛽
and 1/𝑞 = 1/𝑟 − 𝛽/(𝑛 − 𝜆); 4. There exists some 𝑟, 𝑞 with 1 < 𝑟 < 𝑛/𝛽 and
1/𝑞 = 1/𝑟 − 𝛽/(𝑛 − 𝜆) such that

‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )
≤ 𝐶; (2)

5. For all 𝑟, 𝑞 with 1 < 𝑟 < 𝑛/𝛽 and 1/𝑞 = 1/𝑟 − 𝛽/(𝑛 − 𝜆), condition (1.6)
holds.

Remark 2. In the Euclidean setting, see Theorem 1.3 of [?].

The following result gives boundedness for the commutator of the sharp maximal
function on p-adic Morrey spaces and provides new characterizations of BMO
spaces.

Theorem 1.3. Assume that 𝑏 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ) and 𝑏− ∈ 𝐿∞(ℚ𝑛
𝑝 ). Then the fol-

lowing statements are equivalent: 1. 𝑏 ∈ BMO(ℚ𝑛
𝑝 ); 2. [𝑏, 𝑀 ♯

𝑝] is bounded on
𝐿𝑞,𝜆(ℚ𝑛

𝑝 ) for all 𝑞 with 1 < 𝑞 < ∞; 3. [𝑏, 𝑀 ♯
𝑝] is bounded on 𝐿𝑞,𝜆(ℚ𝑛

𝑝 ) for some
𝑞 with 1 < 𝑞 < ∞; 4. There exists some 𝑞 with 1 < 𝑞 < ∞ such that

‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )
≤ 𝐶; (3)

5. For all 𝑞 with 1 < 𝑞 < ∞, condition (1.7) holds.

Theorem 1.4 (Spanne type result). Assume that 𝑏 is a locally integrable
function on ℚ𝑛

𝑝 , and 0 ≤ 𝛼 < 𝛼 + 𝛽 < 𝑛. Let 1 < 𝑟 < 𝑛/(𝛼 + 𝛽), 0 < 𝜆 <
𝑛 − 𝑟(𝛼 + 𝛽), and 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/𝑛 with 𝜆/𝑟 = 𝜅/𝑞. Then 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) if
and only if 𝑀𝑏

𝛼,𝑝 is bounded from 𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) to 𝐿𝑞,𝜅(ℚ𝑛

𝑝 ).
Remark 3. When 𝛼 = 0, the above result can be found in Theorem 3 of [?].

Theorem 1.5 (Adams type result). Assume that 𝑏 is a locally integrable
function on ℚ𝑛

𝑝 , and 0 < 𝛼 < 𝛼 + 𝛽 < 𝑛. Let 1 < 𝑟 < 𝑛/(𝛼 + 𝛽), 0 < 𝜆 <
𝑛 − 𝑟(𝛼 + 𝛽), and 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/(𝑛 − 𝜆). Then 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) if and only if
𝑀𝑏

𝛼,𝑝 is bounded from 𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛

𝑝 ).
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Remark 4. For the case 𝛼 = 0, the above result can be obtained from Theorem
2 of [?].

Theorem 1.6 (Spanne type result). Assume that 𝑏 is a locally integrable
function on ℚ𝑛

𝑝 , and 0 ≤ 𝛼 < 𝛼 + 𝛽 < 𝑛. Let 1 < 𝑟 < 𝑛/(𝛼 + 𝛽), 0 < 𝜆 <
𝑛 − 𝑟(𝛼 + 𝛽), and 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/𝑛 with 𝜆/𝑟 = 𝜅/𝑞. Then 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) and
𝑏 ≥ 0 if and only if [𝑏, 𝑀𝛼,𝑝] is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜅(ℚ𝑛
𝑝 ).

Remark 5. For the case 𝛼 = 0, the above result can be obtained from Theorem
7 of [?].

Theorem 1.7 (Adams type result). Assume that 𝑏 is a locally integrable
function on ℚ𝑛

𝑝 , and 0 < 𝛼 < 𝛼 + 𝛽 < 𝑛. Let 1 < 𝑟 < 𝑛/(𝛼 + 𝛽), 0 < 𝜆 <
𝑛 − 𝑟(𝛼 + 𝛽), and 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/(𝑛 − 𝜆). Then 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) and 𝑏 ≥ 0 if
and only if [𝑏, 𝑀𝛼,𝑝] is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ).

Remark 6. For the case 𝛼 = 0, the above result can be obtained from Theorem
6 of [?].

Throughout this paper, the letter 𝐶 always denotes a constant independent of
the primary parameters involved and whose value may differ from line to line.
In addition, we introduce some notation. Here and hereafter, |𝐸|ℎ will always
denote the Haar measure of a measurable set 𝐸 ⊂ ℚ𝑛

𝑝 , and 𝜒𝐸 denotes the
characteristic function of a measurable set 𝐸 ⊂ ℚ𝑛

𝑝 .

2 Preliminaries
2.1 p-adic Function Spaces

Let 1 ≤ 𝑞 < ∞. A measurable function 𝑓 is said to belong to the p-adic Lebesgue
space 𝐿𝑞(ℚ𝑛

𝑝 ) if

‖𝑓‖𝐿𝑞(ℚ𝑝𝑛) = (∫
ℚ𝑝𝑛

|𝑓(𝑥)|𝑞 𝑑𝑥)
1/𝑞

< ∞.

Moreover, for 𝑞 = ∞, we denote 𝐿∞(ℚ𝑛
𝑝 ) as the set of all measurable real-valued

functions 𝑓 on ℚ𝑛
𝑝 satisfying

‖𝑓‖𝐿∞(ℚ𝑛𝑝 ) = ess sup|𝑓(𝑥)| = inf {𝜆 > 0 ∶ |{𝑥 ∈ ℚ𝑛
𝑝 ∶ |𝑓(𝑥)| > 𝜆}|ℎ = 0} < ∞.

Here, if the limit exists, the integral in the above equation is defined as follows:

∫
ℚ𝑝𝑛

|𝑓(𝑥)|𝑞 𝑑𝑥 = lim
𝛾→∞

∫
𝐵𝛾(0)

|𝑓(𝑥)|𝑞 𝑑𝑥 = lim
𝛾→∞

∑
−∞<𝑘≤𝛾

∫
𝑆𝑘(0)

|𝑓(𝑥)|𝑞 𝑑𝑥.

A measurable function 𝑞(⋅) is called a variable exponent if 𝑞(⋅) ∶ ℚ𝑛
𝑝 → (0, ∞).

In [?], the following definitions are introduced.
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Definition 2.1. Given a measurable function 𝑞(⋅) defined on ℚ𝑛
𝑝 , we denote

𝑞− ∶= ess inf 𝑞(𝑥) and 𝑞+ ∶= ess sup 𝑞(𝑥). We denote by 𝒫(ℚ𝑛
𝑝 ) the set of all

measurable functions 𝑞(⋅) ∶ ℚ𝑛
𝑝 → (1, ∞) such that 1 < 𝑞− ≤ 𝑞(𝑥) ≤ 𝑞+ < ∞ for

all 𝑥 ∈ ℚ𝑛
𝑝 .

Definition 2.2 (p-adic variable exponent Lebesgue spaces). Let 𝑞(⋅) ∈
𝒫(ℚ𝑛

𝑝 ). Define the p-adic variable exponent Lebesgue spaces 𝐿𝑞(⋅)(ℚ𝑛
𝑝 ) as follows:

𝐿𝑞(⋅)(ℚ𝑛
𝑝 ) = {𝑓 is measurable ∶ 𝐹𝑞(𝑓/𝜂) < ∞ for some constant 𝜂 > 0},

where 𝐹𝑞(𝑓) ∶= ∫ℚ𝑝𝑛 |𝑓(𝑥)|𝑞(𝑥) 𝑑𝑥. The Lebesgue space 𝐿𝑞(⋅)(ℚ𝑛
𝑝 ) is a Banach

function space with respect to the Luxemburg norm

‖𝑓‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ) = inf {𝜂 > 0 ∶ 𝐹𝑞(𝑓/𝜂) = ∫
ℚ𝑝𝑛

(|𝑓(𝑥)|
𝜂 )

𝑞(𝑥)
𝑑𝑥 ≤ 1} .

Definition 2.3 (log-Hölder continuity). Let 𝑞(⋅) ∈ 𝒫(ℚ𝑛
𝑝 ). Denote by

𝐶 log(ℚ𝑛
𝑝 ) the set of all 𝑞(⋅) which satisfy

𝛾(𝑞−(𝐵𝛾(𝑥)) − 𝑞+(𝐵𝛾(𝑥))) ≤ 𝐶
for all 𝛾 ∈ ℤ and any 𝑥 ∈ ℚ𝑛

𝑝 , where 𝐶 denotes a universal constant. The set
𝐶 log

∞ (ℚ𝑛
𝑝 ) consists of all 𝑞(⋅) which satisfy

|𝑞(𝑥) − 𝑞(𝑦)| ≤ 𝐶
log𝑝(𝑝 + min{|𝑥|𝑝, |𝑦|𝑝})

for any 𝑥, 𝑦 ∈ ℚ𝑛
𝑝 , where 𝐶 denotes a universal constant. Denote by 𝐶 log(ℚ𝑛

𝑝 ) =
𝐶 log

loc (ℚ𝑛
𝑝 ) ∩ 𝐶 log

∞ (ℚ𝑛
𝑝 ) the set of all global log-Hölder continuous functions 𝑞(⋅).

Kim [?] gave the following definition of the p-adic version of BMO space.

Definition 2.4. Let 𝑓 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ). If ‖𝑀 ♯
𝑝(𝑓)‖𝐿∞(ℚ𝑛𝑝 ) < ∞, then we say that

𝑓 is a function of bounded mean oscillation on ℚ𝑛
𝑝 . We denote the space of

such functions by BMO(ℚ𝑛
𝑝 ) = {𝑓 ∈ 𝐿1

loc(ℚ𝑛
𝑝 ) ∶ 𝑀 ♯

𝑝(𝑓) ∈ 𝐿∞(ℚ𝑛
𝑝 )}. For 𝑓 ∈

BMO(ℚ𝑛
𝑝 ), we write

‖𝑓‖BMO(ℚ𝑛𝑝 ) = ‖𝑀 ♯
𝑝(𝑓)‖𝐿∞(ℚ𝑛𝑝 ) = sup

𝐵𝛾(𝑥)

1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑓(𝑦) − 𝑓𝐵𝛾(𝑥)| 𝑑𝑦,

where 𝑓𝐵𝛾(𝑥) is the average of 𝑓 over 𝐵𝛾(𝑥).
The following result introduces the basic definition of p-adic Lipschitz spaces
[?].

Definition 2.5. Let 0 < 𝛽 < 1. The p-adic version of homogeneous Lipschitz
spaces Λ𝛽(ℚ𝑛

𝑝 ) is defined by

Λ𝛽(ℚ𝑛
𝑝 ) ∶= {𝑓 ∈ 𝐿1

loc(ℚ𝑛
𝑝 ) ∶ ‖𝑓‖Λ𝛽(ℚ𝑛𝑝 ) < ∞},
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where
‖𝑓‖Λ𝛽(ℚ𝑛𝑝 ) = sup

𝑥,𝑦∈ℚ𝑝𝑛,𝑥≠𝑦

|𝑓(𝑥) − 𝑓(𝑦)|
|𝑥 − 𝑦|𝛽𝑝

.

Remark 7. (1) Assume that 1 ≤ 𝑞 < ∞. The p-adic version of homogeneous
Lipschitz spaces Lip𝑞

𝛽(ℚ𝑛
𝑝 ) is defined by

Lip𝑞
𝛽(ℚ𝑛

𝑝 ) ∶= {𝑓 ∈ 𝐿1
loc(ℚ𝑛

𝑝 ) ∶ ‖𝑓‖Lip𝑞
𝛽(ℚ𝑛𝑝 ) < ∞},

where

‖𝑓‖Lip𝑞
𝛽(ℚ𝑛𝑝 ) = sup

𝐵𝛾(𝑥)
( 1

|𝐵𝛾(𝑥)|ℎ
∫

𝐵𝛾(𝑥)
|𝑓(𝑦) − 𝑓𝐵𝛾(𝑥)|𝑞 𝑑𝑦)

1/𝑞

.

(2) (see Lemma 6 of [?]) By virtue of Definition 2.5, for all 0 < 𝛽 < 1 and
1 ≤ 𝑞 < ∞, we have Λ𝛽(ℚ𝑛

𝑝 ) ≈ Lip𝑞
𝛽(ℚ𝑛

𝑝 ) with equivalent norms.

It is well known that the classical Morrey spaces were introduced by Morrey in
[?] to study certain problems in second-order elliptic partial differential equa-
tions.

Definition 2.6 (Classic Morrey space). The p-adic version of Morrey space
𝐿𝑞,𝜆(ℚ𝑛

𝑝 ) is defined, for 1 ≤ 𝑞 ≤ ∞ and 0 ≤ 𝜆 ≤ 𝑛, as the space of all 𝑓 ∈
𝐿𝑞

loc(ℚ𝑛
𝑝 ) with finite norm

‖𝑓‖𝐿𝑞,𝜆 = sup
𝐵𝛾(𝑥)

|𝐵𝛾(𝑥)|− 𝜆
𝑞𝑛 ‖𝑓‖𝐿𝑞(ℚ𝑝𝑛) < ∞.

2.2 Auxiliary Propositions and Lemmas

In this section we state some auxiliary propositions and lemmas needed for
proving our main theorems, describing only the partial results we require.

First, the p-adic version of Hölder’s inequality can be found in [?].

Lemma 2.1 (Generalized Hölder’s inequality on ℚ𝑛
𝑝 ). Let ℚ𝑛

𝑝 be an 𝑛-
dimensional p-adic vector space. Suppose that 𝑞1(⋅), 𝑞2(⋅), 𝑟(⋅) ∈ 𝒫(ℚ𝑛

𝑝 ) satisfy
1

𝑟(⋅) = 1
𝑞1(⋅) + 1

𝑞2(⋅) almost everywhere. Then there exists a positive constant 𝐶
such that for all 𝑓 ∈ 𝐿𝑞1(⋅)(ℚ𝑛

𝑝 ) and 𝑔 ∈ 𝐿𝑞2(⋅)(ℚ𝑛
𝑝 ), the inequality

‖𝑓𝑔‖𝐿𝑟(⋅)(ℚ𝑛𝑝 ) ≤ 𝐶‖𝑓‖𝐿𝑞1(⋅)(ℚ𝑛𝑝 )‖𝑔‖𝐿𝑞2(⋅)(ℚ𝑛𝑝 )

holds.

The authors in [?] obtained the following Lemmas 2.2 and 2.3.

Lemma 2.2. Let 0 < 𝛽 < 1 and 0 < 𝛼 < 𝛼 + 𝛽 < 𝑛. If 𝑏 ∈ Λ𝛽(ℚ𝑛
𝑝 ), then for

any 𝑥 ∈ ℚ𝑛
𝑝 , we have

𝑀𝑏
𝛼,𝑝(𝑓)(𝑥) ≤ 𝐶‖𝑏‖Λ𝛽(ℚ𝑛𝑝 )𝑀𝛼+𝛽,𝑝(𝑓)(𝑥).
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Lemma 2.3. Let 0 < 𝛼 < 𝑛. If 𝑏 ∈ Λ𝛽(ℚ𝑛
𝑝 ) and 𝑏 ≥ 0, then for any 𝑥 ∈ ℚ𝑛

𝑝
such that 𝑀𝛼,𝑝(𝑓)(𝑥) < ∞, we obtain

|[𝑏, 𝑀𝛼,𝑝](𝑓)(𝑥)| ≤ 𝑀𝑏
𝛼,𝑝(𝑓)(𝑥).

The following result derives from [?].

Lemma 2.4. Assume 0 < 𝛼 < 𝑛, 1 < 𝑟 < 𝑛/𝛼, and 0 < 𝜆 < 𝑛 − 𝑟𝛼. 1. If
1/𝑞 = 1/𝑟 − 𝛼/(𝑛 − 𝜆), then 𝑀𝛼,𝑝 is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ); 2.

If 1/𝑞 = 1/𝑟 − 𝛼/𝑛 and 𝜆/𝑟 = 𝜅/𝑞, then 𝑀𝛼,𝑝 is bounded from 𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) to

𝐿𝑞,𝜅(ℚ𝑛
𝑝 ).

The following result can be found in [?].

Lemma 2.5. Let 𝑞(⋅) ∈ 𝐶 log(ℚ𝑛
𝑝 ) with 𝑞(⋅) ∈ 𝒫(ℚ𝑛

𝑝 ). Then there exists a
positive constant 𝐶 such that for any p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛

𝑝 , the equality

|𝐵𝛾(𝑥)|ℎ = ‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞(⋅)(ℚ𝑛𝑝 )‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞′(⋅)(ℚ𝑛𝑝 )

holds.

He and Li [?] gave the norm of characteristic functions.

Lemma 2.6. Let 1 ≤ 𝑞 < ∞ and 0 < 𝜆 < 𝑛. Then

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ) = |𝐵𝛾(𝑥)| 𝑛−𝜆
𝑞𝑛 .

3 Proof of the Principal Results
Proof of Theorem 1.1. Since the implications (2) ⟹ (3) and (5) ⟹ (4)
follow readily, and (2) ⟹ (5) is similar to (3) ⟹ (4), we only need to prove
(1) ⟹ (2), (3) ⟹ (4), and (4) ⟹ (1).
For (1) ⟹ (2): For any p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛

𝑝 , using (3.2) of [?] and
𝑀 ♯

𝑝(𝑓)(𝑥) ≤ 2𝑀𝑝(𝑓)(𝑥), we obtain

|[𝑏, 𝑀 ♯
𝑝](𝑓)(𝑥)| ≤ 4(𝑏−(𝑥)𝑀𝑝(𝑓)(𝑥) + 𝑀𝑝(𝑏−𝑓)(𝑥)) + 2𝑀|𝑏|𝑝𝑓(𝑥).

Note that 𝑏 ∈ BMO(ℚ𝑛
𝑝 ) implies |𝑏| ∈ BMO(ℚ𝑛

𝑝 ). For 𝑞(⋅) ∈ 𝐶 log(ℚ𝑛
𝑝 ) with

𝑞(⋅) ∈ 𝒫(ℚ𝑛
𝑝 ), using Minkowski’s inequality and the boundedness of 𝑀𝑝 and

𝑀|𝑏|𝑝 on 𝐿𝑞(⋅)(ℚ𝑛
𝑝 ) [?, ?], we get

‖[𝑏, 𝑀 ♯
𝑝](𝑓)‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ) ≤ 𝐶(‖𝑏−‖𝐿∞(ℚ𝑛𝑝 ) + ‖𝑏‖BMO(ℚ𝑛𝑝 ))‖𝑓‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ).

For (3) ⟹ (4): For any p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 and 𝑦 ∈ ℚ𝑛

𝑝 , we have from [?]

𝑀 ♯
𝑝(𝜒𝐵𝛾(𝑥))(𝑦) = 2(𝑝 − 1)

𝑝2 .
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Using (3) and the above identity,

‖𝑏− 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ) ≤ 𝑝2

2(𝑝 − 1)‖[𝑏, 𝑀 ♯
𝑝](𝜒𝐵𝛾(𝑥))‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ) ≤ 𝐶‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞(⋅)(ℚ𝑛𝑝 ).

For (4) ⟹ (1): For any p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 and 𝑦 ∈ ℚ𝑛

𝑝 , we have from [?]

|𝑏𝐵𝛾(𝑥)| ≤ 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦).

Let 𝐸 = {𝑦 ∈ 𝐵𝛾(𝑥) ∶ 𝑏(𝑦) ≤ 𝑏𝐵𝛾(𝑥)}. For any 𝑦 ∈ 𝐸, we have

𝑏(𝑦) ≤ 𝑏𝐵𝛾(𝑥) ≤ 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦),

and thus
|𝑏(𝑦) − 𝑏𝐵𝛾(𝑥)| ≤ |𝑏(𝑦) − 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)|.

Using (4) and Lemmas 2.1 and 2.5, we obtain

|𝐵𝛾(𝑥)|ℎ ∫
𝐵𝛾(𝑥)

|𝑏(𝑦)−𝑏𝐵𝛾(𝑥)| 𝑑𝑦 ≤ |𝐵𝛾(𝑥)|ℎ ∫
𝐵𝛾(𝑥)

|𝑏(𝑦)− 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)| 𝑑𝑦,

which implies 𝑏 ∈ BMO(ℚ𝑛
𝑝 ).

Next, we further prove 𝑏− ∈ 𝐿∞(ℚ𝑛
𝑝 ). For any fixed p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛

𝑝 , if
𝑦 ∈ 𝐵𝛾(𝑥), using the previous inequality we obtain

𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦) − 𝑏(𝑦) ≥ |𝑏𝐵𝛾(𝑥)| − 𝑏+(𝑦) + 𝑏−(𝑦).

Integrating over 𝐵𝛾(𝑥) and applying the p-adic version of the Lebesgue differen-
tiation theorem as 𝛾 → −∞, we get |𝑏(𝑦)| − 𝑏+(𝑦) + 𝑏−(𝑦) = 2𝑏−(𝑦) ≤ 𝐶, which
yields 𝑏− ∈ 𝐿∞(ℚ𝑛

𝑝 ). This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Since the implications (2) ⟹ (3) and (5) ⟹ (4)
follow readily, and (2) ⟹ (5) is similar to (3) ⟹ (4), we only need to prove
(1) ⟹ (2), (3) ⟹ (4), and (4) ⟹ (1).
For (1) ⟹ (2): Suppose 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) and 𝑏 ≥ 0. For any 𝑥 ∈ ℚ𝑛
𝑝 , it follows from

(3.1) and Theorem 2 of [?] that [𝑏, 𝑀 ♯
𝑝] is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ).

For (3) ⟹ (4): For any fixed p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 , using assertion (3), the

identity for 𝑀 ♯
𝑝(𝜒𝐵𝛾(𝑥)), and Lemma 2.6, we obtain

‖𝑏− 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ) ≤ 𝑝2

2(𝑝 − 1)‖[𝑏, 𝑀 ♯
𝑝](𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ) ≤ 𝐶|𝐵𝛾(𝑥)|𝛽/(𝑛−𝜆)‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ).
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For (4) ⟹ (1): For any p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 and 𝑦 ∈ ℚ𝑛

𝑝 , we have from [?]

|𝑏𝐵𝛾(𝑥)| ≤ 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦).

Let 𝐸 = {𝑦 ∈ 𝐵𝛾(𝑥) ∶ 𝑏(𝑦) ≤ 𝑏𝐵𝛾(𝑥)}. For any 𝑦 ∈ 𝐸,

|𝑏(𝑦) − 𝑏𝐵𝛾(𝑥)| ≤ |𝑏(𝑦) − 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)|.

Using Lemma 2.6 and the fact that 1/𝑟 = 1/𝑞 + 𝛽/(𝑛 − 𝜆), we obtain

( 1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑏(𝑦) − 𝑏𝐵𝛾(𝑥)|𝑞 𝑑𝑦)
1/𝑞

≤ 𝐶|𝐵𝛾(𝑥)|𝛽/𝑛 ‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )
≤ 𝐶|𝐵𝛾(𝑥)|𝛽/𝑛.

Using Remark 7(2), this implies 𝑏 ∈ Λ𝛽(ℚ𝑛
𝑝 ).

Next, we need to prove 𝑏 ≥ 0, i.e., 𝑏− = 0. On the one hand, note that from
(3.3) of [?],

|𝐵𝛾(𝑥)|ℎ ∫
𝐵𝛾(𝑥)

| 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)−𝑏(𝑦)| 𝑑𝑦 ≥ |𝑏𝐵𝛾(𝑥)|−|𝐵𝛾(𝑥)|ℎ ∫

𝐵𝛾(𝑥)
𝑏+(𝑦) 𝑑𝑦+|𝐵𝛾(𝑥)|ℎ ∫

𝐵𝛾(𝑥)
𝑏−(𝑦) 𝑑𝑦.

On the other hand, applying Hölder’s inequality and the previous estimate,

|𝐵𝛾(𝑥)|ℎ ∫
𝐵𝛾(𝑥)

| 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)−𝑏(𝑦)| 𝑑𝑦 ≤ 𝐶|𝐵𝛾(𝑥)|𝛽/𝑛‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞′,𝜆(ℚ𝑛𝑝 )

‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )
≤ 𝐶|𝐵𝛾(𝑥)|𝛽/𝑛.

Combining these inequalities and letting 𝛾 → −∞ with 𝑦 ∈ 𝐵𝛾(𝑥), by the p-adic
version of the Lebesgue differentiation theorem we obtain |𝑏(𝑦)|−𝑏+(𝑦)+𝑏−(𝑦) =
2𝑏−(𝑦) = 0, which completes the proof of Theorem 1.2.

Remark 8. For the proof of Theorem 1.2, note that the estimation method
differs from Theorem 2.1 in [?], which is briefly described as follows: (i) In (1) ⇒
(2), the approach not only requires 𝑏 to be non-negative but is also relatively
simple; (ii) In (2) ⇒ (3), the norm estimate we deduce from boundedness differs
from Theorem 2.1 of [?]$; (iii) In (4) ⇒ (1), we avoid using Hölder’s inequality
in combination with existing results, which is more helpful for understanding
the proof.

Proof of Theorem 1.3. Since the implications (2) ⟹ (3) and (5) ⟹ (4)
follow readily, and (2) ⟹ (5) is similar to (3) ⟹ (4), we only need to prove
(1) ⟹ (2), (3) ⟹ (4), and (4) ⟹ (1).
For (1) ⟹ (2): Suppose 𝑏 ∈ BMO(ℚ𝑛

𝑝 ) and 𝑏− ∈ 𝐿∞(ℚ𝑛
𝑝 ). For any 𝑥 ∈ ℚ𝑛

𝑝 , it
follows from (3.1) and Theorem 1.5 of [?] that [𝑏, 𝑀 ♯

𝑝] is bounded on 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ).
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For (3) ⟹ (4): For any fixed p-adic ball 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 , using assertion (3) and

the identity for 𝑀 ♯
𝑝(𝜒𝐵𝛾(𝑥)), we obtain

‖𝑏− 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ) ≤ 𝑝2

2(𝑝 − 1)‖[𝑏, 𝑀 ♯
𝑝](𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ) ≤ 𝐶‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 ).

For (4) ⟹ (1): By virtue of Lemma 2.6 and the previous inequality, we have

( 1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑏(𝑦) − 𝑝2

2(𝑝 − 1)𝑀 ♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦)|𝑞 𝑑𝑦)

1/𝑞

≤
‖𝑏 − 𝑝2

2(𝑝−1) 𝑀
♯
𝑝(𝑏𝜒𝐵𝛾(𝑥))‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )

‖𝜒𝐵𝛾(𝑥)‖𝐿𝑞,𝜆(ℚ𝑛𝑝 )
≤ 𝐶.

It follows from Theorem 1.4 of [?] that 𝑏 ∈ BMO(ℚ𝑛
𝑝 ) and 𝑏− ∈ 𝐿∞(ℚ𝑛

𝑝 ). Thus
we obtain Theorem 1.3.

Proof of Theorem 1.4. Using a similar approach to the proof of Theorem
1.5, Theorem 1.4 can be proven; hence we omit the proof.

Proof of Theorem 1.5. On the one hand, by Lemmas 2.2 and 2.4, we can
obtain the result; the proof can also be found in Theorem 2.2 of [?].

On the other hand, if 𝑀𝑏
𝛼,𝑝 is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ), then for all

fixed p-adic balls 𝐵𝛾(𝑥) ⊂ ℚ𝑛
𝑝 and any 𝑦 ∈ 𝐵𝛾(𝑥), we have

( 1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑏(𝑦) − 𝑏𝐵𝛾(𝑥)|𝑞 𝑑𝑦)
1/𝑞

≤ 𝐶|𝐵𝛾(𝑥)| 𝑛+𝜆
𝑛𝑞 −1− 𝛼+𝛽

𝑛 ‖𝜒𝐵𝛾(𝑥)‖𝐿𝑟,𝜆(ℚ𝑛𝑝 ) ≤ 𝐶,

where the last step uses the fact that 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/(𝑛 − 𝜆). It follows
from Remark 7(2) that 𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ).
Remark 9. Note that the converse direction is different from Theorem 2.2
in [?], where we avoid using Hölder’s inequality in combination with existing
results, which is more helpful for understanding the proof.

For a fixed p-adic ball 𝐵∗, the fractional maximal function with respect to 𝐵∗

of a locally integrable function 𝑓 is given by

𝑀𝛼,𝐵∗,𝑝(𝑓)(𝑥) = sup
𝐵𝛾(𝑥)⊂𝐵∗

1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑓(𝑦)| 𝑑𝑦,

where the supremum is taken over all p-adic balls 𝐵𝛾(𝑥) with 𝐵𝛾(𝑥) ⊂ 𝐵∗.

The following result plays a role in the proof of Theorem 1.7; for details, see [?].

Lemma 3.1. Let 𝑏 be a locally integrable function on ℚ𝑛
𝑝 , 0 < 𝛽 < 1, and

0 < 𝛼 < 𝛼+𝛽 < 𝑛. Then the following statements are equivalent: 1. 𝑏 ∈ Λ𝛽(ℚ𝑛
𝑝 )

and 𝑏 ≥ 0; 2. For all 1 ≤ 𝑞 < ∞,

( 1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑏(𝑦) − |𝐵𝛾(𝑥)|ℎ𝑀𝛼,𝐵𝛾(𝑥),𝑝(𝑏)(𝑦)|𝑞 𝑑𝑦)
1/𝑞

≤ 𝐶|𝐵𝛾(𝑥)|𝛽/𝑛;
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3. For some 𝑠 with 1 ≤ 𝑠 < ∞, condition (3.11) holds.

Proof of Theorem 1.6. Using a similar approach to the proof of Theorem
1.7, Theorem 1.6 can be proven; hence we omit the proof.

Proof of Theorem 1.7. Since 𝑏 ∈ Λ𝛽(ℚ𝑛
𝑝 ) and 𝑏 ≥ 0, for any 𝑥 ∈ ℚ𝑛

𝑝 , using
Lemma 2.3 we obtain that [𝑏, 𝑀𝛼,𝑝] is bounded from 𝐿𝑟,𝜆(ℚ𝑛

𝑝 ) to 𝐿𝑞,𝜆(ℚ𝑛
𝑝 ); the

proof can also be found in Theorem 2.2 of [?].

Conversely, suppose [𝑏, 𝑀𝛼,𝑝] ∶ 𝐿𝑟,𝜆(ℚ𝑛
𝑝 ) → 𝐿𝑞,𝜆(ℚ𝑛

𝑝 ). For any fixed p-adic ball
𝐵𝛾(𝑥) ⊂ ℚ𝑛

𝑝 and all 𝑦 ∈ 𝐵𝛾(𝑥), the following estimates were obtained in [?]:

𝑀𝛼,𝑝(𝜒𝐵𝛾(𝑥))(𝑦) = |𝐵𝛾(𝑥)|𝛼/𝑛, 𝑀𝛼,𝑝(𝑏𝜒𝐵𝛾(𝑥))(𝑦) = 𝑀𝛼,𝐵𝛾(𝑥),𝑝(𝑏)(𝑦).

Therefore,

( 1
|𝐵𝛾(𝑥)|ℎ

∫
𝐵𝛾(𝑥)

|𝑏(𝑦) − |𝐵𝛾(𝑥)|ℎ𝑀𝛼,𝐵𝛾(𝑥),𝑝(𝑏)(𝑦)|𝑞 𝑑𝑦)
1/𝑞

≤ 𝐶|𝐵𝛾(𝑥)| 𝑛+𝜆
𝑛𝑞 −1− 𝛼+𝛽

𝑛 ‖𝜒𝐵𝛾(𝑥)‖𝐿𝑟,𝜆(ℚ𝑛𝑝 ) ≤ 𝐶,

where the last step uses 1/𝑞 = 1/𝑟 − (𝛼 + 𝛽)/(𝑛 − 𝜆). By Lemma 3.1, we get
𝑏 ∈ Λ𝛽(ℚ𝑛

𝑝 ) and 𝑏 ≥ 0.

Remark 10. Note that the estimation method differs from Theorem 2.3 in [?],
where we avoid using Hölder’s inequality in combination with existing results,
which is more helpful for understanding the proof.
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