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Abstract

We introduce a novel random integration algorithm that boasts both high con-
vergence order and polynomial tractability for functions characterized by sparse
frequencies or rapidly decaying Fourier coefficients. Specifically, for integration
in periodic isotropic Sobolev space and the isotropic Sobolev space with com-
pact support, our approach attains a near-optimal root mean square error. In
contrast to previous nearly optimal algorithms, our method exhibits polynomial
tractability,ensuring that the number of samples does not scale exponentially
with increasing dimensions. Our integration algorithm also enjoys near-optimal
bound for weighted Korobov space. Furthermore, the algorithm can be ap-
plied without the need for prior knowledge of weights, distinguishing it from
component-by-component algorithms. For integration in the Wiener algebra,
the sample complexity of our algorithm is independent of the decay rate of
Fourier coefficients. The effectiveness of the integration is confirmed through
numerical experiments.

Full Text

Preamble

A Random Integration Algorithm for High-dimensional Function
Spaces

Liang Chenx, Minqgiang Xuf, Haizhang Zhang?

Abstract

We introduce a novel random integration algorithm that exhibits a high con-
vergence order for functions characterized by sparse frequencies or rapidly de-
caying Fourier coefficients. Specifically, for integration in periodic isotropic

chinarxiv.org/items/chinaxiv-202406.00231 Machine Translation


https://chinarxiv.org/items/chinaxiv-202406.00231
https://chinarxiv.org/items/chinaxiv-202406.00231

ChinaRxiv [$X]

Sobolev spaces and isotropic Sobolev spaces with compact support, our ap-
proach achieves a nearly optimal root mean square error (RMSE) bound. In
contrast to previous nearly optimal algorithms, our method exhibits polyno-
mial tractability. Our integration algorithm also enjoys nearly optimal bound
for weighted Sobolev space. By incorporating the trick of change of variable, our
algorithm is proven to achieve the semi-exponential convergence order for the
integration of analytic functions, which marks a significant improvement over
the previously obtained super-polynomial convergence order. Furthermore, for
integration involving Wiener-type functions, the sample complexity of our algo-
rithm remains independent of the decay rate of the Fourier coefficients.

Keywords: Numerical integration; Monte Carlo; Curse of dimensionality; Sam-
ple complexity; Information-Based complexity

MSC 2020: 65D30, 68Q25, 65C05, 42B10

Introduction

This paper is concerned with numerically integrating multivariate functions de-
fined over the d-dimensional unit cube. Denote

INT(f) = fx)da.
0,1]¢

Evaluation of INT(f) amounts to estimating the value of f(0), where the Fourier
transform is defined as

flw) = () exp(—2miw - z)dx.
[0,1]¢

For a given positive integer N, we introduce the following discrete Fourier trans-
form

FN) (w) = Z f(z/N)exp(—2miw - z/N), wezZ?

d
2€L%;

where 7%, := 74N [0, N)<.

Inspired by the sparse Fourier transform (SFT) from signal processing [?, 7, 7],
our methodology for estimating f (0) comprises two fundamental stages. First,
we create a hash map that effectively disperses the frequencies, ensuring that
the energy of frequencies near zero (excluding zero itself) is small. Second, we
employ a low-pass filter to extract the low-frequency components.

Here, we utilize the hash mapping A, developed in our previous paper [?],
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I, 0
Ay = (ZITI hd)

where Ay is a d by d matrix, N is some prime number, I, ; represents the
identity matrix of order d — 1, v := (hy, hg, ..., hy_1), and (v, hy) is drawn from
the uniform distribution on the set Z¢N[1, N)¢. Note that the distribution here
differs from the setting in [?]. Subsequently, we construct the following low-pass
filter:

fAN,Lr Zf{A (@ —y) G,y

<L

where {t} € [0,1) denotes the fractional part of ¢ (for instance, {3.2} = 0.2,
{—1.3} = 0.7), for a vector v, {v} signifies the operation of taking the fractional
part of each component of the vector individually, y, = (0,...,0,I/N)", and
2

Gr,l = exp<_2l?)

The comprehensive attributes of G,.; are elaborated in Lemma 2.3. By letting
z = Ay, and substituting it into (Eq. (4)), we derive the following critical
integration approximation of INT(f)

I(f) Ner: Zan({ ZHN})GM’

<L

where H and z are drawn from the uniform distribution over Z¢N[1, N)¢ and
74N [0, N)?, respectively.

When employing other recent high-dimensional SF'T methods for estimating
numerical integration, as cited in references [?, 7, ?], it is not feasible to achieve
the desired error bounds for functions in Sobolev spaces. Previously, Gilbert et
al. [?] introduced an algorithmic framework for high-dimensional SF'T, which
could potentially be adapted to develop integration algorithms that attain the
desired error bound. However, such a framework would increase the upper
bound by a factor of d°, as analyzed on page 61 of [?]. We remark that (Eq.
(5)) exhibits a certain similarity to the quadrature formula introduced in [?].

Utilizing (Eq. (5)), along with the local Monte Carlo sampling (see (Eq. (13)))
and the median trick [?, ?,?,?,?, 2,2, 7, 7, ?], we shall construct a novel ran-
domized integration algorlthm. Our method introduces a fresh understanding
in the construction of numerical integration algorithms from the perspectives
of filtering and dispersing sparse frequencies. The algorithm possesses several
theoretical advantages compared to existing algorithms. We summarize these
advantages as follows:

e Our algorithm is nearly optimal for integration in the periodic isotropic
Sobolev space as well as in the isotropic Sobolev space with compact
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support, while preserving polynomial tractability. Consequently, it is
also nearly optimal and polynomially tractable for smooth functions that
vanish on the boundary. In contrast, previous works [?, ?] have devel-
oped optimal integration algorithms for the mixed Sobolev space and the
isotropic Sobolev space with compact support. However, these algorithms
suffer from a drawback: their RMSE upper bounds are not less than
20(d) py—s/d=1/2 (where d, s, and M denotes the dimension, the order,
and the sample size, respectively, see Remark 3.2 in [?]. In [?], the cor-
responding constant is larger than 1/(d%/?(2Y/¢ — 1)4), and the order of
the Sobolev space is required to be greater than d/2, as observed from
the proofs of Theorem 1 and Lemma 5 in [?]), rendering them not polyno-
mially tractable in terms of sample complexity. Furthermore, our upper
bound for integration in the isotropic Sobolev space with compact sup-
port is superior to that presented in [?, ?] when s < ©(d) and M < 22€(@
(namely, logg(l) M < 20(d)). Recently, [?] has proposed a nearly optimal
integration algorithm for general smooth functions and smooth functions
that vanish on the boundary of [0,1]? (see Theorem 3.2 in [?]). However,
as acknowledged in the “Future work” section of [?], they still struggle to
overcome the curse of dimensionality in terms of sample complexity. For
more details, see Theorem 3.1, Remark 3.2, Corollary 3.3, and Remark
3.4 in Section 3.

e By incorporating the trick of change of variables, the numerical integration
of the analytic functions over [0, 1]¢ is proven to achieve semi-exponential
convergence order, which marks a significant improvement over the pre-
viously obtained super-polynomial convergence order [?, 7, 7, ?] (our al-
gorithmic analysis also applies to the infinitely differentiable functions
defined in [?, ?]). For more details, see Theorem 4.2 and Remark 4.3 in
Section 4.

 Our algorithm achieves a convergence rate of order (log(M))? (where M
denotes the sample size) for integration in the subspace of Wiener algebra.
In comparison to previous studies [?, 7, ?, 7, 7, 7, ?], the sample complexity
of our algorithm is independent of the decay rate of Fourier coefficients
and the Holder continuity of the functions, provided that we choose a
sufficiently large N in (Eq. (5)). For more details, see Theorem 4.5 and
Remarks 4.6, 4.7 in Section 4.

e Our algorithm is also nearly optimal for integration in weighted Sobolev
space. Unlike the algorithms [?, ?, ?, 7, ?], our algorithm does not require
prior information about weights, making it universally applicable to vary-
ing weights in the RMSE sense. The integration algorithms applicable to
different weights under the worst-case scenario have been established in
[?, 7,7, 7, ?]. For more details see Theorem 5.1 and Remark 5.2 in Sec-
tion 5. Very recently, [?] has presented a universal (with respect to both
weights and order) nearly optimal algorithm for weighted Sobolev spaces
in the scenario where the order s > 1/2, whereas our nearly optimal algo-
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rithm is valid for the case where s > 0. These two works are independent
of each other and different in terms of algorithms, the earliest version (for
the “weighted Korobov space” of order s > 0) of our paper has already
been uploaded to arXiv [?]. For more details, see Remark 5.3.

At the end of the introduction, we collect some notations that are frequently
used in the paper.

o N: the set of natural numbers; N, = N U {0}; Z: the set of all integers;
For N € N, Zy = ZN [0, N).

e The torus is T = R/Z = [0,1). The symbol log refers to the natural
logarithm.

o #U: the cardinality of a set U; Ij;: the indicator function of U.

e For two nonnegative functions i and g defined on a common domain, we
express h(7) = O(g(7)) if there exist positive absolute constants C; and
C, such that Cyg(7) < h(7) < Cyg(7) holds for all 7 within the domain.

e w € [—b,b] (mod N): if there exists an integer a such that w + aN €
[=b,b]; w ¢ [—b,b] (mod N) if no such integer a exists.

e &~ unif Q: £ is a random variable uniformly distributed over the set (2.

o For any function f : Z% — C, we define its expectation as E,f(z) =

1
N Zzel?\, f(2).

e Given Hy € 74N [1,N)¢ and B > 0, Upyp = {w | Hy -w €
[-N/B,N/B] (mod N)}.

e For a vector k = (ky,ky, -, k;) € Z2 {0}, we define the support of k as
Supp<k> - {] | J € {1723 "'ad}akj 7é 0}

e The median of a set of complex numbers {aj 3?:1 is defined as
median{aj};?:1 = median{i)%aj}?:1 + i - median{jaj}é‘?:l, where

median{9Ra;}¥_, and median{Ja,;}¥ ; denote the medians of the
real and imaginary parts of the set, respectively.
o In this paper, all hidden constants are considered to be absolute constants.
e Our code is available at https://github.com/Liang-CL-12/sparse-
integration.

Integration Error from Sparsity of Frequencies

In this section, we characterize the integration error of our algorithm in terms of
sparsity. The integration error to be established in Theorem 2.6 demonstrates
that when the sample size is of order n(log(1/¢))(log(n/¢)), we can filter out
the n nonzero frequency components with min-bandwidth (as defined in (Eq.
(14))) bounded by M with the error e. This suggests that the min-bandwidth of
the sparse frequency components does not affect the integration error, provided
that the sample size is slightly larger than the sparsity. For the remaining part,
we achieve an error on the order of (log(1/¢))?/M (where M denotes the sample
size), which nearly matches the error rate of standard Monte Carlo methods.

We first present some preliminary notions and results. For a function f, we
consider the random integration algorithms with the random variable w of the
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following form

Ad,n,w(f) = d)d,vz,w(f(‘rl)’ f('rQ)’ ] f(a:n))a

where {x;}7, C[0,1]% is a sample set and ¢, ,, is a map C" — C.

For an accuracy € € (0, 1), the information complexity of numerical integration
in a function space F' in the random setting is defined by

N(e,F,d):=inf{neN|3A,, ,: E(F,A;,.) <€}

where

o\ 1/2
E(Fa Ad,n,w) ‘= Ssup ([E |Id<f) - Ad,n,w<f>| > .
[flF<1

We say the random algorithms is polynomially tractable, if N (e, F', d) is polyno-
mial with respect to d and 1/e. Furthermore, if N (¢, F',d) is independent of d,
we say the algorithm is strong polynomially tractable. For further information
on tractability in various settings, see [?, ?, ?] by Novak and WoZniakowski.

Next, we need some technical lemmas. According to Proposition 2.2 in [?], we
have the following corollary.

Lemma 2.1. Let W be a given function space with semi-norm | - ||;,. If R,,, is
a random algorithm such that

P{IR,.(f) —INT(f)| > e} <a

for all |fllw < 1, where 0 < e, < 1/2, then for an odd positive integer k, it
holds

P {|median{Rm7j(f) 2?:1 - INT(f)| > e} < (4a(l — a))*/?,
where {R,, ;(f)}}_, is a set of k independent realizations of R,,(f).
Based on Claim 7.2 in [?] (see the full version: arXiv:1201.2501v2), we have the

following lemma. In order to ensure the paper’s self-sufficiency, we present a
proof.

272

Lemma 2.2. Let G,.; o ==, , exp (—M) For any w € Z, it holds

Z G100 exp(2miwl/N) = Zexp 2(mr(k +w/N))?).

[IVAN; kez
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Proof. Recall the Fourier transform over R

+00

fue (w) = f(z) exp(—2miwz)dz.

—00

Let gr(x) = 217rr exp(—%). It is well-known that g&¥(w) = exp(—2(7rw)?). Let

() = 3,7 9-(x + kN). By Poisson’s summation formula (see Theorem
2 28 in [?]),

Z exp(—2(mrw/N)?) exp(2riwz/N).
we”Z

Note that

Z exp(2miw’l/N) exp(—2miwl/N) =

I€Zx

N forw =w (mod N),w weEZ,
0 forw #w (mod N),w',we Z.

Multiplying both sides of (Eq. (7)) by exp(2miwz/N) and substituting x = I,
we have

Z G, 100 €XP(2miwl /N ) = Zexp 2(mr(k +w/N))?).

I€Zy kez

Lemma 2.3. Let 0 < e < 1/10, B be an integer greater than 2,

r = By/log(1/e), and L = [ry/2log(1/e)]. If N is an integer that satis-
fies N > 3L then

Z G, exp(2miwl/N)| < 10e for any w ¢ [-N/B,N/B] (mod N),
<L

and

1= Gyl < 10e.

<L

Proof. Given that N > 3L and L = [ry/2log(1/e€)]|, we have for | € [-L, L],

o0

> (N —|I] + (k — C(N—LA (k-
|Gr,l7Gr,l,oo| < Q;QXP ( 22 <2 Z 272
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Since N > 3L, we have N — L > 2L, and thus

> (2L+ (k—1)N)? = 412 +4L(k—1)N
|Gi=Grpl <2 exp (— 5,2 <2) exp |- 53 .
k=1 " k=1 r

Since L/r > /2log(1/e€), we have exp(—%) < €2. Tt follows that for | €
[_LaLL

62

G, —G <.
‘ 7, r,l,oo' =1 —exp(—4)

Denote the set Z ([0,L]U[N — L, N —1]) by M. Note that

2 2
S )

leM L<I<N/2 L<I<N I>L

Since L/r > y/2log(1/e) and N > 3L, we have

o x? L?
Z GT’Z’OO < 4/L exp (—272) dx < 4rexp <_2r2> < 4re? < 8e.

leM

Therefore, by employing (Eq. (10)), 0 < e < 1/10, and L = [ry/2log(1/e)], we
derive that

Z G, exp(2miwl/N)| < Z |G, =G oo |+ Z G, 1 oo exp(2miwl /N)| < €2(2L+1)+8¢ < 9e.
li<L <L <L

Using Lemma 2.2 and taking w = 0 in (Eq. (6)), we have

Z Grioo— 1= Zexp(—2(ﬂ'rk)2) —1| <e
<L kez
Combining (Eq. (11)), (Eq. (12)), and the triangle inequality yields

1= Gyl < 10e.

<L
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On the other hand, using (Eq. (6)) and considering the condition
r = By/log(1/e), we derive that for w ¢ [-N/B,N/B| (mod N),

€.

Z G100 €xXp(2miwl /N) Zexp (mr(k+w/N))?)| <

[I<L kez

Combining the above inequality and (Eq. (11)), we complete the proof of (Eq
(8))-

The lemma presented below is closely related to Lemma 3.2 in [?] and Lemma
4 in [7].

Lemma 2.4. Let N be a prime number and B be a positive integer with
N > 3B > 6. Then, for any w € Z¢ with w # 0 (mod N), it holds Hy - w €
[-N/B,N/B] (mod N) with probability at most 4/B over the randomness of
Hy, where Hy := (hq, hy, ..., hy) is drawn from the uniform distribution over
74N (1, N)%

Proof. Since w # 0 (mod N), it must have a non-zero component.
Without loss of generality, let us assume that w; # 0 (mod N). Then,
fixing arbitrary values hq,...,h,;_;, with probability at most 4/B (no
greater than #{wez‘“’e[&N/ B.N/BIVY over the randomness of hy, we have
Zle hyw; € [-N/B,N/B] (mod N), thereby completing the proof.

Now, we introduce the local Monte Carlo sampling. For any function f :
[0,1]% — C, we introduce a new function fn ., defined as

fun(z/N) = f(z/N +1.), z€Z,

where 1 = (1,).cz4 , and each 7, is independently and identically distributed
from the uniform distribution on [0,1/N).

Given a function f with [|f],0,12) < 1, we use a, to denote the Fourier coeffi-
cient of f. Then f can be expressed as

x) = Z ag exp(2mi§ - ).
gezd

For M > 0, let

U CA{w = (wy,wy,...,wy) € Z¢ {0} | mln |w\<M}
jesupp(w

and define g(x) and R(x) as
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g(x) = Z% exp(2mi§ - x), R(x)= Z ag exp(2mi - x).
€U gg(Uufo})

We call M the min-bandwidth of g. Then the function f can be rewritten as

f(@) =ag +g(x) + R(z), = €[0,1]".

By the definition of fy , in (Eq. (13)), we obtain

Inn(ZIN) = ag +g(z/N +n,) + R(z/N +1,).
For convenience, we let
a5 = Fy(0) = ag + Gy, (0) + Ry, (0),
and
Ry(2/N) = Ry (2/N) + g, (2/ N) = g(2/N) = G (0) — B, (0).
Note that RQ(O) =0, and fy , can be rewritten as

Ina(z/N) = ai+g(z/N) + Ry(2/N).

Lemma 2.5. Let f and fy , be functions defined in (Eq. (16)) and (Eq. (19)).
Let K = #U and | f], 0,12y < 1. We have over the randomness of 7 that

P{lay —ao| <€} >1—€2N1,

and

2 n7d/2
2 2 o°N 2 2ard
P{}imxwwn$nmkwﬂﬂ+e( ) )}Zl—o—eN.

2€7%;
Proof. Since [Enfj(VN%(O) = ag and | f[,(o,1y2) < 1, we have
AN 2
E, ’fN»n<0> n ao‘ < Nd’

Then by Chebyshev’s inequality,
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P{lag — ag| < €} = P{|f\(0) —ag| < e} >1—

Notice that

Ry(2/N) = Ry, (2/N) + (g (2/N) — g(2/N)) — (35 1(0) + R (0)) .

Next, we will estimate the first two terms in (Eq. (22)) respectively. Note that

Z |RN,n<Z/N)|2 = HRH%,Z([O,W)-

zEZ‘fV
Then for a positive number o2, the application of Markov’s inequality yields

IRIZ, 0,10
”’{ > IRy, (z/N)? < 705% DL S 020

d
z€L%

Analogous to (Eq. (20)), we have [En|§§\],v1>7(w) —a,|? < w7 for w € U. Applying
Parseval’s identity, we have

2K

Applying Markov’s inequality and the above inequalities, we obtain the following
two inequalities:

P{Edgn (/M) = g/ NP < s} 21— 02,

o2Nd
and
PL S [gnn(2/N) — g/ N)P < —m b 51— g2Nar
~ N2 g\z = g2Nd2 [ = g )
2€L Y

By (Eq. (21)), (Eq. (23)), and (Eq. (25)),

3" [Ry(2/N)2 < |RIZ, o130, + O(€2) + 02NV

d
z€L%
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holds with probability at least 1 — o2 — e2N?.

To establish the theoretical analysis framework for our algorithm, we meticu-
lously design a function space that is comprised of the function f specifically
defined in (16):

g9(x) = a exp(2mi€ - x),
¢eU
U C{w = (w;,wy,...,wy) € Z* {0}| min
Jjesupp(w

— — d
Fiearann, = 1(@) = a0 +g(@) + Rlx),z € 0, 1] > lagl <AL #U =K,

geU

R(z)= Y byexp(2miw-x).|RI}
weZ® (UU{0})

It is obvious that INT(f) = f(O) =q, for any f € Fre v n,-

Theorem 2.6. Let f € Fy py 5, 5, With |[f[z,(0,1e) £ 1. Given 0 < 0,05 <
1/10,n > K+ 1,0 < € < o/n, we take B = [4n/o]|, r = By/log(1/e), L =
[ry/21og(1/€)], and let N = max{0(1/(ce)?/?),0((K /(04€?))*/*), M + 1,3L}

be a prime number. Then it holds that over the randomness of H;, z, and 7,

(i )¥r . —INT(f)| < © (w F1)et w)

with probability at least 1 — o — 0.
Hy.
Taking the median of outputs {I(fy nj)NNLJ vz }o=1, which are obtained by in-
. JLyr,z;
dependently randomizing Hy, z, and n for ¢ times, where ¢ is an odd number
greater than or equal to 7, we have

Looy

Hy, A, log(1
median{I(fx )N rz i1 — INT(f)’ <O ((M +1)e+ 2°g</6))

with probability at least 1 — (20 + 05)¢.
Furthermore, the RMSE of the presented integration method is bounded by

)
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Proof. For any function f € Fi p 5, 5, [ can be expressed as f(z) = ag +
g(x)+R(x), with the conditions Z&U lag] < Ay, INT(R) = 0, and ||R||iQ([0 1y <
AQ.

As presented in (Eq. (19)), we have
fna(2/N) = ag +g(z/N) + Ry(2/N), =€ Zg.

To bound the integration error, by (Eq. (5)) and that a, = INT(f), it suffices
to estimate the following three terms:

> Gu—al | X o({E2 ) el [ m({E2 )6

<L <L <L

By choosing a prime number N = max{0(1/(c¢)>%), 0((K /(04€?))?/?), M +
1,3L} and making use of Lemma 2.5, we have

P{lag —agl <O(e)} > 1—o0.
Moreover, the following inequality holds with probability at least 1 — o — o,
D Ry (z/N)2 = |Ry(2/N) | < Ay + O(e2).
zEZd zeZd

The application of (Eq. (18)) and (Eq. (15)) (recall the condition N > M + 1)
yields that: R (0) = 0, 3™ (0) = 0, and f](VN,;(O) = a}.
From Lemma 2.3 and (Eq. (34)), we deduce

a5 Y G,y —ag| < O(e)
<L

with probability at least 1 — o.
We will analyze the last two terms of (Eq. ) separately. Let n > K + 1,

B = [4n/o], r = By/log(1/e), and L = r\/QIOg 1/e). By Lemma 2.4, for

w) e U,

P{w) €Uy, pt<o/n, 1<j<K,

which leads to
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P{w") ¢ Uy, p holds for every j=1,2,...,K} > 1—o0.
Furthermore, by Lemma 2.3, it holds
—IH
Z 9 ({ZTN}> G| < A€
[1<L

for every z € Z‘fv with probability at least 1 —o.

Next, we analyze R,. For each & € Z4, {0}, we let Ry(¢) = c¢ and denote

e = Z exp <2m'§~ {%}) G,

<L

The application of Lemma 2.3 leads to Zu|<L G, < 2. Therefore,

. Zdz{ }|C§‘2t§ S ®<1)”R2H%2([071]d>-
€zg {0

In addition, by using Lemma 2.4, we derive

P{¢ € UHN,B} < O(1/B).

The combination of (Eq. (39)) and (Eq. (40)) yields

Ea, [tg | € € UHN,B] P{¢ e UHN,B} <O(1/B).

On the other hand, by using (Eq. (8)), we have

[EHN [tg | & ¢ UHN,B] P{¢ ¢ UHN,B} < @(62)-

Therefore, it follows that for Hy ~ unif Z¢ N [1, N)¢,

Ey te < O(1/B+ ).

Upon observing that for every distinct &1 € 74, {0},

Z Z exp (2m’§~ {*}) G, Z exp <2m'77~ {Z_Jl\;HN}) G, =0,

zez4, UL <L
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and Ry(¢) = ¢, by combining (Eq. (35)) and (Eq. (42)), we immediately arrive
at the conclusion that with probability at least 1 — o — o, over the randomness
of n,

where z ~ unif Z‘]i\,.

Recalling the conditions B = [4n/o] and € < 1/n, we obtain the following
inequality by Markov’s inequality,

> (o <o (i)

<L

with probability at least 1 —20 — o4, where the probability is determined by the
random variables z, Hp, and 7.

Summarizing (Eq. (32)), (Eq. (36)), (Eq. (37)), and (Eq. (45)), and applying
Markov’s inequality, we obtain

nooy

A
|I<fN,7]>%,L,7',z - INT<f>| <O (()‘1 + 1>€ + 2 )

with probability at least 1 — 40 — o5.
Replacing ¢ by o/4, we complete the proof of (Eq. (28)).

By randomly selecting Hy, z, and n to compute I(me)%,Lﬂ,,z t times, we

obtain ¢ different results. Extracting the median of the obtained results,
the estimation (29) can be naturally derived from Lemma 2.1. Denote

Hy,
median{[(mej)vaijz_ t_| —INT(f) by Y. Then

3=
t
P{200k < |Y| <200(k+1)} < (k) (20 + 0'2>k(1 — 20 — O'Q)tfk.

Therefore,

A
[E{HNj,zj,nj};i 1|Yv|2 <0 (()\1 + 1)6 + \/;224— (20’ + 0’2>t>

This completes the proof.

2
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Integration in Isotropic Sobolev Spaces

We are now prepared to develop an estimation for the periodic isotropic Sobolev
spaces of order s > 0.

d s/2
He(Td) 1= Z (1 + Z; |27ij2> |f(w)]? < oo} :
=

wezZl

H5(TY) = {f € Ly(TH || /]

Theorem 3.1. Let f € H*(T%) with |[f]yeqa) < 1. Let 0 < o < 1/10,
n>1 ¢ < o/n, B= [4n/o], r = By/log(l/e), L = [ry/2log(1/e)] and
N = max{0(1/(ce)?%),0((n/e?)*?),3L} be a prime number. It holds with
probability at least 1 — o — 1/10 over the randomness of Hy, z, and n that

1 1 s/d+1/2
‘I(fN,n)]I%,L,r,z - INT(f)‘ < © (%) :

Hpy.

Let median{I(fy nj)N L2 iz be defined as in Theorem 2.6. It holds with
’ Tz
probability at least 1 — (2y/ + 1/10)" that

' Hy, log(1/e€))s/d+1/2
medlan{I(mej)vaLﬂ,,zj ;-:1 — INT(f)‘ <O <((1('ﬂ/)s)/21+1/2> :

Furthermore, the RMSE is bounded by

N

9 1/2 s/ /
median{f(fzv,n)g,i,r,zj =1 — INT(f) ) <®© ((log(l/e))dm + Le + (2y/0 + 1/10)t> .

(Lo)s/d+1/2

([E{HN]» 1Zj177j}§':1

Remark 3.2. We use M := (2L + 1)t to represent the total sample size em-
ployed by our algorithm. Substituting ¢ = 1/10, ¢t = log5/2(ns/d+1/2), and
€ = 1/n*/4+3/2 into (Eq. (50)), the RMSE error is bounded above by

o (3 + 4S/d)4s/d+3(10g M)Qs/d+1
Ms/d+1/2 :

When the RMSE error is equal to €, it follows that the sample size M is poly-
nomial with respect to 1/e. This demonstrates that the random algorithm
has strong polynomial tractability. The upper bound in (Eq. (51)) (up to an
absolute constant factor) also applies to integration in the isotropic Sobolev
space with compact support (see Corollary 3.3 and Remark 3.4). In contrast to
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[?, 7], where the upper bounds for integration algorithms in this space are at
least 20 Nf—s/d=1/2  our bound outperforms these results when s < O(d) and

M < 220@ (ie. 1log®Y M < 20(d)).

Additionally, in the absence of prior knowledge of the order s, setting ¢ =
1/(nlogn) and t = 10g5/ 2 (nlogn) yields an algorithm universally applicable to
all s.

Proof. Let n be a positive integer, and define 3, ; = n/?/2m. Decompose any
function f € H*(T?) as

f(x) = ag + g(x) + R(z),

where

g(x) = Z a,, exp(2miw-z), R(x)= Z a,, exp(2miw-z).
weZN(=B,, 4:Bn,a)% {0} wEZAN (=B, a,Bn,a)?

Since f € H*(T?), it follows that IR, 0,14 < O(n~%/%| f| z.). Additionally,

W= #{w | w e Zd N (_Bn,d75n,d)d {O}} S n—1.
By the Cauchy-Schwarz inequality,
Z la,| < vn—1.
wWEZIN(=B,,,458n,a)* {0}

Let B = 4n/o. Theorem 3.1 follows immediately by letting oy = 1/10 and
M =B, 4 in Theorem 2.6.

Given a bounded measurable set {2 with volume 1, we denote the isotropic
Sobolev spaces with compact support in € by H*(2) (see the definition on page
1189 in [?] for details). Specifically,

H3(Q) := {f € Ly(Q) | D*f € Ly(R?) for a € NZ and |a, < s}

equipped with the norm

1AV e @) = If Ly + Z 1D fll 1,0

|afy=s

where L, (Q) := {f € Ly(R?) | supp(f) € Q}, D*f denotes the a-order weak
partial derivative of a function f.
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For any f € H*(Q), define the function
F(z) = Z flk+ ).
kezd

It holds

/f(x)dw = / F(z)dz, / | D f(x)|*dx = / |D*F(x)]?dx  for every a € N¢.
0 [0,1)¢ d

R 0,1)d

By the Parseval identity and Minkowski inequality, we have ||F|
I.f1

Consequently, the error bounds (48), (49), and (50) derived earlier remain valid
for the integral INT(F) = [, f(x)dz.

He(Td) <

Ho(Q)

A relevant question concerns the number of samples required to determine the
value of F'(x). More precisely, based on (Eq. (5)), how many samples are needed
to obtain the values of the set {Fy, ({(z—1Hy)/N})}_,? Define

Jo(z) = Z Io(k+ ).

kezd

With a certain probability, only ©(L) samples are required. In fact,

L z—IHy
ie b (L ).
=L

By Markov’s inequality,

L
P { S #{k | kezd (z—1Hy)/N +n, + k€ Q} > 200L + 100} < 1/100.
l=—L

In other words, with a probability of at least 99/100, the number of samples
required to obtain {Fy , ({(z —IHy)/N})}_, is at most 200L + 100.

When searching the sets

Vii={(z—lHy)/N+n.+k|ke€Z? (:—IH\)/N+n.+k€Q}, —L<I<L,
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no samples of the function f are required. If the number of elements in the
union | J <1<, Vi exceeds 200L + 100, we promptly output the result (denoted

as I"(Fy )N 1.r..) as zero. Otherwise, set I*(Fy )N 1. = I(Fx )N L.z
This ensures that the sample complexity of our algorithm remains polynomial.
Consequently, we have the following corollary.

Corollary 3.3. Let f € H*(Q) with 1A gre) < 1. Let Fz) =32, ;0 f(k+2).
Assume the same parameter settings as those in Theorem 3.1. Then it holds

with probability at least 1 — o — 1/10 — 1/100 over the randomness of Hy, z,
and 7 that

. (L3/log(1/e))s/d+1/2
|I (FN-,"])%,L,T,Z - INT(F)| <0 ( Ms/d+1/2 !

Hy,
By obtaining median{I*(Fy m_)NNL’TZ_}’;-:l as in Theorem 2.6, we have with
R b 1<y P

probability at least 1 — (2y/o + 1/10 + 1/100)* that

H
’medlan{I* (Fij )N,L,r,zj e

ol IV < o (LSLKEO Y

Ms/d+1/2

Furthermore, the RMSE is bounded by

1/2
N (L 1ot/
< Ms/d+1/2

) . Hy.
([E{HN,ZJ.,W};I median{I*(Fy )\, }i-1 — INT(F)

Remark 3.4. We adopt the definition of the isotropic Sobolev space from
[?], which differs subtly from that in [?]. Nevertheless, the theorem remains
applicable to the compactly supported isotropic Sobolev space as defined in [?].

Remark 3.5. The analysis of the algorithm’s sample complexity and polyno-
mial tractability is parallel to that in Theorem 3.1 and Remark 3.2.

Integration of Analytic and Wiener-type Functions

In this section, we estimate the integral error for analytic and Wiener-type
functions. We derive semi-exponential convergence rates for the numerical inte-
gration of analytic functions in the asymptotic sense.

To this end, we first present a lemma to estimate the coefficients of higher-
order derivatives of composite functions. Faa di Bruno’s formula [?] states that
the k-th order derivative of a composite function g o f admits the following
representation:
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k k
(ge :Z S appr e p)gd (S H
Jj=

p=1 Pyt +pr=p
P1+2py+tkpp=k
where a(p, py, ... ,p;,) are non-negative constants dependent only on p, py, ..., Dj.

Lemma 4.1. Let kK € N and a(p,py,...,p;) be defined as in (Eq. 52). It holds

Z Z a(papla"'7pk> §4k

p=1  pyt+pR=p
P1+2py+tkpr=k

Proof. For 1 < ¢ <k, consider g (z) = 29/q! and f(x) = e®. By Faa di Bruno’s
formula,

q‘ q

i (quf)@‘m:o = Z a(papla 7pk)ﬁ < q' Z a<p7p17

T P+ FpE=a a=pr P+ FpE=a
p1+2pattkpp=k p1+2pattkpp=k

Summing over ¢ from 1 to k and using Stirling’s formula, we obtain:

k

k
Z Z a<p7p17"'7pk Zqi
g=1

p=1  pyt+pr=p
P1+2py+tkpp=k

Now, we present the main idea of the error analysis. For any analytic function
f defined on [0,1]%, we first use the trick of change of variable (see [?, ?, ?])
to construct a smooth function T f, which vanishes on the boundary of the
hypercube [0, 1]¢ and satisfies the integral identity f[o e ftydt = f[o e Tf(t)dt

Specifically, we utilize the function introduced in [?]:

) exp(—1/(£(1-€)))d€

if y € [0, 1],

o e gae TYEO
P(y) =90 if y <0,
ify > 1.

For t = (t,ty, ..., tq) € R, let fi,(t) = f(4b(ty), ¥(ty), ..., ¥(ty)), and define

d
= (HW(@)) fy(®)
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It follows that

F(t)dt = / Tf(t)dt.
0,1)¢ 0,1)4

For arbitrary analytic function f defined on [0, 1]¢, applying the results proposed
in [?] (see page 2273), we know that there exist constants C';; > 1 and C 5 > 1
depending only on f, such that

8J1+-<<+de

. < C(Cro) TN,
Ot - O r1Cr2)

L ([0,1)4)

for all ¢ € [0,1]%, where {J;, Jy, ..., J;} C Ny and J = J; + -+ J,.

We consider the more general case, i.e., Theorem 4.2 applies to the functions
that satisfy the following inequality

6,]1+-~+de

e E— < C,(Ch )T,
8x1‘]1---8m;d f’l( f’2)

Ll([ovl]d>

for all ¢ € [0,1], where C;; > 1 and Cf, > 1 are some constants depending
only on f, {J;, Jy, ..., Jy} TNy and J = J; + -+ + J;. Both analytic functions
defined on [0,1]? and the infinitely differentiable functions defined in [?, ?]
satisfy (Eq. (54)). By demonstrating that the Fourier coefficients of T'f exhibit
semi-exponential decay and using Theorem 2.6, we establish the following result.

Theorem 4.2. Assume that f satisfies (Eq. (54)). Let the parameters sat-
isfy 0 <o <1/10, n > 3,0 < ¢ < o/n, B = [4n/o], r = By/log(1/e),
and L = [ry/2log(1/e)]. Additionally, let N be a prime number such that
N = max{O((n/(In(L)e?))?/*),0(1/(s¢)>%),3L}. Then with respect to the
randomness of Hp, z, and 7, the following inequality holds with a probability
of at least 1 —1/(In L):

(T fy )% 1. — INT(f)| < Cpgexp (—Cf L),

where ('  represents a positive constant dependent on both the function f and
the dimension d, Uy, denotes a positive constant dependent on f, and C* is a
positive absolute constant.

N

Hy.
Let median{I(T fy nj)N L. }i—1 be defined as in Theorem 2.6. Then the fol-
. JLor,z;
lowing inequality holds with a probability of at least 1 — (24/1/(In L))*:

Hy. .
median{I(TfN7nj)NfVL]7T7zj b INT(f)’ < Cpoexp (—C; LC /4.
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Furthermore,

N

Hy .
median{I(TfNJ)N,li,r,zj 3:1 - INT(f)

1/2
2
([E{HNj,ijj};l ) < Cypexp (fC’fV*LC*/d)+(2 1/(InL))t.

Proof. We start the proof by estimating [0%(Tf)|, (0.1ja)- Let (go h)(y) :=
exp(—1/(y(1 —y))). For every k € N, using Lemma 4.1, we have

dk

L (g h><y>] < oy (4k /)R,

sup dy

y€(0,1)

where ¢, = 262/f01 exp(—1/(&£(1 — £)))d€ represents an absolute constant. For

the last inequality in (Eq. (58)), we have used the fact that the function 22 /e®
attains its maximum on the interval (1,4+00) at x = 2k.

Combining (Eq. (54)), (Eq. (58)) with Lemma 4.1, we deduce that

From (Eq. (58)) and (Eq. (59)), by applying Leibniz’s formula and Stirling’s
formula, we can prove that there exist absolute constants C; and C, such that

ak

(Tf) < 4FCs 1 (Cy o) k! (e +1)F(4k)? k! for every k€ Nand 1 < j <d.

L, ([0,1]9)

8k-

(T)

< C’f’l(Cle’Qk)Cﬂk*d) for every k€ Nand 1 < j <d.

Ly([0,1)4)

Employing (Eq. (60)) and integration by parts, we obtain

T (w)] < Cp 1 (CLCp k)20 [l for every & € W,

where w = (wy,wy, ..., wy) € NG {0} and |w], := max,; {|w,|, [wy], ..., Jwy|}.
By choosing k = max{|(|w]../e)"/?%)|,d + 1}, when (|w]|.,/e)"/?%2) > d +1,

we derive

20,
Tl < Cpyexp <1
=0 CiCf 5
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Consequently, there exist positive constants C'; and C 5 such that

TH(w)| < Cp e tI% for all Jul, >d+ 1.

Next, let > 1, p > 1, and A > 0. Through a series of deductions, we obtain

o0

_ A _BA
Zmd/’ (mh)* < CoraP 7,
m=1

where C, , ;= Z:Zl m@p~m*+1, Therefore, for 3 > 1, there exists a constant

C4 4.4 depending on f and d, and a constant C 5 depending on f, such that

1/2
( > |?f<w>|2> < Cpaaf2e 0 .
|

[wloo>B

Let K > 2 be a positive integer, and define By ; = ((K — DY —1)/2. We
decompose T f as

Tf(x) = ag+ g(x) + R(z),

where
g(x) = Z a,, exp(2miw-z), R(z) = Z a,, exp(2miw-z).
weZN[~B g a:Bk,al? {0} wEZN[~B g, a:Bk,al¢
Then
#{w|wez?n [_5K,daﬂl<,d]d {0}} <K,
and

—(K—1)C3/
HRHLQ([O,I]d) < Cf,4,de (K—1)Cs dCf75'

By choosing 0 = 05 = 1/(2In L) in Theorem 2.6, we successfully complete the
proof.

Remark 4.3. By substituting ¢ = exp(—L¢"/¢) into (Eq. (55)), we demonstrate
that the error exhibits semi-exponential behavior in relation to L, a property
that holds with a probability of at least 1 —1/1n L. This result is comparable to
Theorem 2 presented in [?]. Furthermore, the results obtained from Eq. (57) can
be compared with Corollary 3 in [?]. In [?], the upper bound for the convergence
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rate is articulated as C}M’Clog(M)/d, where Cy is a constant dependent on f
and d, and C is an absolute constant such that C' < 0.21. Asymptotically, our
convergence order significantly surpasses the findings reported in [?], despite the
fact that the constant in the exponential term of our error bounds is contingent
upon f. Moreover, our algorithm also achieves sub-exponential convergence for
the infinitely differentiable functions as defined in [?, ?].

Remark 4.4. From the standpoint of sample complexity, our theorem estab-
lishes the existence of M samples that can achieve a semi-exponential conver-
gence rate. However, to achieve high precision with this method, it also involves
approximating the integral foy exp(—1/(&(1=¢&)))dE.

For future investigations, we propose an alternative framework: for any speci-
fied sample size M, we will employ B-splines to construct a k,;-order smooth
function ¢, ~as a substitute for the

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.
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