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Abstract
We introduce a novel random integration algorithm that boasts both high con-
vergence order and polynomial tractability for functions characterized by sparse
frequencies or rapidly decaying Fourier coefficients. Specifically, for integration
in periodic isotropic Sobolev space and the isotropic Sobolev space with com-
pact support, our approach attains a near-optimal root mean square error. In
contrast to previous nearly optimal algorithms, our method exhibits polynomial
tractability,ensuring that the number of samples does not scale exponentially
with increasing dimensions. Our integration algorithm also enjoys near-optimal
bound for weighted Korobov space. Furthermore, the algorithm can be ap-
plied without the need for prior knowledge of weights, distinguishing it from
component-by-component algorithms. For integration in the Wiener algebra,
the sample complexity of our algorithm is independent of the decay rate of
Fourier coefficients. The effectiveness of the integration is confirmed through
numerical experiments.

Full Text
Preamble
A Random Integration Algorithm for High-dimensional Function
Spaces

Liang Chen∗, Minqiang Xu†, Haizhang Zhang‡

Abstract
We introduce a novel random integration algorithm that exhibits a high con-
vergence order for functions characterized by sparse frequencies or rapidly de-
caying Fourier coefficients. Specifically, for integration in periodic isotropic
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Sobolev spaces and isotropic Sobolev spaces with compact support, our ap-
proach achieves a nearly optimal root mean square error (RMSE) bound. In
contrast to previous nearly optimal algorithms, our method exhibits polyno-
mial tractability. Our integration algorithm also enjoys nearly optimal bound
for weighted Sobolev space. By incorporating the trick of change of variable, our
algorithm is proven to achieve the semi-exponential convergence order for the
integration of analytic functions, which marks a significant improvement over
the previously obtained super-polynomial convergence order. Furthermore, for
integration involving Wiener-type functions, the sample complexity of our algo-
rithm remains independent of the decay rate of the Fourier coefficients.

Keywords: Numerical integration; Monte Carlo; Curse of dimensionality; Sam-
ple complexity; Information-Based complexity

MSC 2020: 65D30, 68Q25, 65C05, 42B10

Introduction
This paper is concerned with numerically integrating multivariate functions de-
fined over the d-dimensional unit cube. Denote

INT(𝑓) ∶= ∫
[0,1]𝑑

𝑓(𝑥)𝑑𝑥.

Evaluation of INT(𝑓) amounts to estimating the value of ̂𝑓(0), where the Fourier
transform is defined as

̂𝑓(𝑤) = ∫
[0,1]𝑑

𝑓(𝑥) exp(−2𝜋𝑖𝑤 ⋅ 𝑥)𝑑𝑥.

For a given positive integer 𝑁 , we introduce the following discrete Fourier trans-
form

̃𝑓 (𝑁)(𝑤) = ∑
𝑧∈ℤ𝑑

𝑁

𝑓(𝑧/𝑁) exp(−2𝜋𝑖𝑤 ⋅ 𝑧/𝑁), 𝑤 ∈ ℤ𝑑

where ℤ𝑑
𝑁 ∶= ℤ𝑑 ∩ [0, 𝑁)𝑑.

Inspired by the sparse Fourier transform (SFT) from signal processing [?, ?, ?],
our methodology for estimating ̂𝑓(0) comprises two fundamental stages. First,
we create a hash map that effectively disperses the frequencies, ensuring that
the energy of frequencies near zero (excluding zero itself) is small. Second, we
employ a low-pass filter to extract the low-frequency components.

Here, we utilize the hash mapping 𝐴𝑁 developed in our previous paper [?],
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𝐴𝑁 ∶= (𝐼𝑑−1 0
𝑣⊤ ℎ𝑑

)

where 𝐴𝑁 is a 𝑑 by 𝑑 matrix, 𝑁 is some prime number, 𝐼𝑑−1 represents the
identity matrix of order 𝑑 − 1, 𝑣 ∶= (ℎ1, ℎ2, … , ℎ𝑑−1), and (𝑣, ℎ𝑑) is drawn from
the uniform distribution on the set ℤ𝑑 ∩[1, 𝑁)𝑑. Note that the distribution here
differs from the setting in [?]. Subsequently, we construct the following low-pass
filter:

𝑓𝐴𝑁,𝐿,𝑟(𝑥) ∶= ∑
|𝑙|≤𝐿

𝑓({𝐴⊤
𝑁(𝑥 − 𝑦𝑙)})𝐺𝑟,𝑙,

where {𝑡} ∈ [0, 1) denotes the fractional part of 𝑡 (for instance, {3.2} = 0.2,
{−1.3} = 0.7), for a vector 𝑣, {𝑣} signifies the operation of taking the fractional
part of each component of the vector individually, 𝑦𝑙 = (0, … , 0, 𝑙/𝑁)⊤, and
𝐺𝑟,𝑙 = exp(− 𝑙2

2𝑟2 ).
The comprehensive attributes of 𝐺𝑟,𝑙 are elaborated in Lemma 2.3. By letting
𝑧 = 𝐴⊤

𝑁𝑥, and substituting it into (Eq. (4)), we derive the following critical
integration approximation of INT(𝑓)

𝐼(𝑓)𝐻
𝑁,𝐿,𝑟,𝑧 ∶= ∑

|𝑙|≤𝐿
𝑓𝑁,𝜂 ({𝑧 − 𝑙𝐻𝑁

𝑁 }) 𝐺𝑟,𝑙,

where 𝐻𝑁 and 𝑧 are drawn from the uniform distribution over ℤ𝑑 ∩ [1, 𝑁)𝑑 and
ℤ𝑑 ∩ [0, 𝑁)𝑑, respectively.

When employing other recent high-dimensional SFT methods for estimating
numerical integration, as cited in references [?, ?, ?], it is not feasible to achieve
the desired error bounds for functions in Sobolev spaces. Previously, Gilbert et
al. [?] introduced an algorithmic framework for high-dimensional SFT, which
could potentially be adapted to develop integration algorithms that attain the
desired error bound. However, such a framework would increase the upper
bound by a factor of 𝑑5, as analyzed on page 61 of [?]. We remark that (Eq.
(5)) exhibits a certain similarity to the quadrature formula introduced in [?].

Utilizing (Eq. (5)), along with the local Monte Carlo sampling (see (Eq. (13)))
and the median trick [?, ?, ?, ?, ?, ?, ?, ?, ?, ?], we shall construct a novel ran-
domized integration algorithm. Our method introduces a fresh understanding
in the construction of numerical integration algorithms from the perspectives
of filtering and dispersing sparse frequencies. The algorithm possesses several
theoretical advantages compared to existing algorithms. We summarize these
advantages as follows:

• Our algorithm is nearly optimal for integration in the periodic isotropic
Sobolev space as well as in the isotropic Sobolev space with compact
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support, while preserving polynomial tractability. Consequently, it is
also nearly optimal and polynomially tractable for smooth functions that
vanish on the boundary. In contrast, previous works [?, ?] have devel-
oped optimal integration algorithms for the mixed Sobolev space and the
isotropic Sobolev space with compact support. However, these algorithms
suffer from a drawback: their RMSE upper bounds are not less than
2Θ(𝑑)𝑀−𝑠/𝑑−1/2 (where 𝑑, 𝑠, and 𝑀 denotes the dimension, the order,
and the sample size, respectively, see Remark 3.2 in [?]. In [?], the cor-
responding constant is larger than 1/(𝑑𝑑/2(21/𝑑 − 1)𝑑), and the order of
the Sobolev space is required to be greater than 𝑑/2, as observed from
the proofs of Theorem 1 and Lemma 5 in [?]), rendering them not polyno-
mially tractable in terms of sample complexity. Furthermore, our upper
bound for integration in the isotropic Sobolev space with compact sup-
port is superior to that presented in [?, ?] when 𝑠 ≤ Θ(𝑑) and 𝑀 ≤ 22Θ(𝑑)

(namely, logΘ(1) 𝑀 ≤ 2Θ(𝑑)). Recently, [?] has proposed a nearly optimal
integration algorithm for general smooth functions and smooth functions
that vanish on the boundary of [0, 1]𝑑 (see Theorem 3.2 in [?]). However,
as acknowledged in the “Future work” section of [?], they still struggle to
overcome the curse of dimensionality in terms of sample complexity. For
more details, see Theorem 3.1, Remark 3.2, Corollary 3.3, and Remark
3.4 in Section 3.

• By incorporating the trick of change of variables, the numerical integration
of the analytic functions over [0, 1]𝑑 is proven to achieve semi-exponential
convergence order, which marks a significant improvement over the pre-
viously obtained super-polynomial convergence order [?, ?, ?, ?] (our al-
gorithmic analysis also applies to the infinitely differentiable functions
defined in [?, ?]). For more details, see Theorem 4.2 and Remark 4.3 in
Section 4.

• Our algorithm achieves a convergence rate of order (log(𝑀))2 (where 𝑀
denotes the sample size) for integration in the subspace of Wiener algebra.
In comparison to previous studies [?, ?, ?, ?, ?, ?, ?], the sample complexity
of our algorithm is independent of the decay rate of Fourier coefficients
and the Hölder continuity of the functions, provided that we choose a
sufficiently large 𝑁 in (Eq. (5)). For more details, see Theorem 4.5 and
Remarks 4.6, 4.7 in Section 4.

• Our algorithm is also nearly optimal for integration in weighted Sobolev
space. Unlike the algorithms [?, ?, ?, ?, ?], our algorithm does not require
prior information about weights, making it universally applicable to vary-
ing weights in the RMSE sense. The integration algorithms applicable to
different weights under the worst-case scenario have been established in
[?, ?, ?, ?, ?]. For more details see Theorem 5.1 and Remark 5.2 in Sec-
tion 5. Very recently, [?] has presented a universal (with respect to both
weights and order) nearly optimal algorithm for weighted Sobolev spaces
in the scenario where the order 𝑠 > 1/2, whereas our nearly optimal algo-
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rithm is valid for the case where 𝑠 > 0. These two works are independent
of each other and different in terms of algorithms, the earliest version (for
the “weighted Korobov space” of order 𝑠 > 0) of our paper has already
been uploaded to arXiv [?]. For more details, see Remark 5.3.

At the end of the introduction, we collect some notations that are frequently
used in the paper.

• ℕ: the set of natural numbers; ℕ0 = ℕ ∪ {0}; ℤ: the set of all integers;
For 𝑁 ∈ ℕ, ℤ𝑁 = ℤ ∩ [0, 𝑁).

• The torus is 𝕋 = ℝ/ℤ = [0, 1). The symbol log refers to the natural
logarithm.

• #𝑈 : the cardinality of a set 𝑈 ; 𝐼𝑈 : the indicator function of 𝑈 .
• For two nonnegative functions ℎ and 𝑔 defined on a common domain, we

express ℎ(𝜏) = Θ(𝑔(𝜏)) if there exist positive absolute constants 𝐶1 and
𝐶2 such that 𝐶1𝑔(𝜏) ≤ ℎ(𝜏) ≤ 𝐶2𝑔(𝜏) holds for all 𝜏 within the domain.

• 𝑤 ∈ [−𝑏, 𝑏] (mod 𝑁): if there exists an integer 𝑎 such that 𝑤 + 𝑎𝑁 ∈
[−𝑏, 𝑏]; 𝑤 ∉ [−𝑏, 𝑏] (mod 𝑁) if no such integer 𝑎 exists.

• 𝜉 ∼ unif Ω: 𝜉 is a random variable uniformly distributed over the set Ω.
• For any function 𝑓 ∶ ℤ𝑑

𝑁 → ℂ, we define its expectation as 𝔼𝑧𝑓(𝑧) =
1

𝑁𝑑 ∑𝑧∈ℤ𝑑
𝑁

𝑓(𝑧).
• Given 𝐻𝑁 ∈ ℤ𝑑 ∩ [1, 𝑁)𝑑 and 𝐵 > 0, 𝑈𝐻𝑁,𝐵 ∶= {𝑤 ∣ 𝐻𝑁 ⋅ 𝑤 ∈

[−𝑁/𝐵, 𝑁/𝐵] (mod 𝑁)}.
• For a vector 𝑘 = (𝑘1, 𝑘2, ⋯ , 𝑘𝑑) ∈ ℤ𝑑 � {0}, we define the support of 𝑘 as

supp(𝑘) = {𝑗 ∣ 𝑗 ∈ {1, 2, … , 𝑑}, 𝑘𝑗 ≠ 0}.
• The median of a set of complex numbers {𝑎𝑗}𝑘

𝑗=1 is defined as
median{𝑎𝑗}𝑘

𝑗=1 = median{ℜ𝑎𝑗}𝑘
𝑗=1 + 𝑖 ⋅ median{ℑ𝑎𝑗}𝑘

𝑗=1, where
median{ℜ𝑎𝑗}𝑘

𝑗=1 and median{ℑ𝑎𝑗}𝑘
𝑗=1 denote the medians of the

real and imaginary parts of the set, respectively.
• In this paper, all hidden constants are considered to be absolute constants.
• Our code is available at https://github.com/Liang-CL-12/sparse-

integration.

Integration Error from Sparsity of Frequencies
In this section, we characterize the integration error of our algorithm in terms of
sparsity. The integration error to be established in Theorem 2.6 demonstrates
that when the sample size is of order 𝑛(log(1/𝜖))(log(𝑛/𝜖)), we can filter out
the 𝑛 nonzero frequency components with min-bandwidth (as defined in (Eq.
(14))) bounded by 𝑀 with the error 𝜖. This suggests that the min-bandwidth of
the sparse frequency components does not affect the integration error, provided
that the sample size is slightly larger than the sparsity. For the remaining part,
we achieve an error on the order of (log(1/𝜖))2/𝑀 (where 𝑀 denotes the sample
size), which nearly matches the error rate of standard Monte Carlo methods.

We first present some preliminary notions and results. For a function 𝑓 , we
consider the random integration algorithms with the random variable 𝜔 of the
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following form

𝐴𝑑,𝑛,𝑤(𝑓) = 𝜙𝑑,𝑛,𝑤(𝑓(𝑥1), 𝑓(𝑥2), ⋯ , 𝑓(𝑥𝑛)),

where {𝑥𝑗}𝑛
𝑗=1 ⊆ [0, 1]𝑑 is a sample set and 𝜙𝑑,𝑛,𝑤 is a map ℂ𝑛 → ℂ.

For an accuracy 𝜖 ∈ (0, 1), the information complexity of numerical integration
in a function space 𝐹 in the random setting is defined by

𝑁(𝜖, 𝐹 , 𝑑) ∶= inf {𝑛 ∈ ℕ ∣ ∃𝐴𝑑,𝑛,𝑤 ∶ 𝐸(𝐹 , 𝐴𝑑,𝑛,𝑤) ≤ 𝜖}

where

𝐸(𝐹 , 𝐴𝑑,𝑛,𝑤) ∶= sup
‖𝑓‖𝐹 ≤1

(𝔼 ∣Id(𝑓) − 𝐴𝑑,𝑛,𝑤(𝑓)∣2)
1/2

.

We say the random algorithms is polynomially tractable, if 𝑁(𝜖, 𝐹 , 𝑑) is polyno-
mial with respect to 𝑑 and 1/𝜖. Furthermore, if 𝑁(𝜖, 𝐹 , 𝑑) is independent of 𝑑,
we say the algorithm is strong polynomially tractable. For further information
on tractability in various settings, see [?, ?, ?] by Novak and Woźniakowski.

Next, we need some technical lemmas. According to Proposition 2.2 in [?], we
have the following corollary.

Lemma 2.1. Let 𝑊 be a given function space with semi-norm ‖ ⋅ ‖𝑊 . If 𝑅𝑚 is
a random algorithm such that

ℙ {|𝑅𝑚(𝑓) − INT(𝑓)| > 𝜖} ≤ 𝛼

for all ‖𝑓‖𝑊 ≤ 1, where 0 < 𝜖, 𝛼 < 1/2, then for an odd positive integer 𝑘, it
holds

ℙ {∣median{𝑅𝑚,𝑗(𝑓)}𝑘
𝑗=1 − INT(𝑓)∣ > 𝜖} ≤ (4𝛼(1 − 𝛼))𝑘/2,

where {𝑅𝑚,𝑗(𝑓)}𝑘
𝑗=1 is a set of 𝑘 independent realizations of 𝑅𝑚(𝑓).

Based on Claim 7.2 in [?] (see the full version: arXiv:1201.2501v2), we have the
following lemma. In order to ensure the paper’s self-sufficiency, we present a
proof.

Lemma 2.2. Let 𝐺𝑟,𝑙,∞ ∶= ∑𝑘∈ℤ exp (− (𝑙+𝑘𝑁)2

2𝑟2 ). For any 𝑤 ∈ ℤ𝑁 , it holds

∑
𝑙∈ℤ𝑁

𝐺𝑟,𝑙,∞ exp(2𝜋𝑖𝑤𝑙/𝑁) = ∑
𝑘∈ℤ

exp (−2(𝜋𝑟(𝑘 + 𝑤/𝑁))2) .
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Proof. Recall the Fourier transform over ℝ

̂𝑓ℝ(𝑤) = ∫
+∞

−∞
𝑓(𝑥) exp(−2𝜋𝑖𝑤𝑥)𝑑𝑥.

Let 𝑔𝑟(𝑥) = 1√
2𝜋𝑟 exp(− 𝑥2

2𝑟2 ). It is well-known that ̂𝑔ℝ
𝑟 (𝑤) = exp(−2(𝜋𝑟𝑤)2). Let

𝐺𝑟,∞(𝑥) = ∑𝑘∈ℤ 𝑔𝑟(𝑥 + 𝑘𝑁). By Poisson’s summation formula (see Theorem
2.28 in [?]),

𝐺𝑟,∞(𝑥) = ∑
𝑤∈ℤ

exp(−2(𝜋𝑟𝑤/𝑁)2) exp(2𝜋𝑖𝑤𝑥/𝑁).

Note that

∑
𝑙∈ℤ𝑁

exp(2𝜋𝑖𝑤′𝑙/𝑁) exp(−2𝜋𝑖𝑤𝑙/𝑁) = {𝑁 for 𝑤′ = 𝑤 (mod 𝑁), 𝑤′, 𝑤 ∈ ℤ,
0 for 𝑤′ ≠ 𝑤 (mod 𝑁), 𝑤′, 𝑤 ∈ ℤ.

Multiplying both sides of (Eq. (7)) by exp(2𝜋𝑖𝑤𝑥/𝑁) and substituting 𝑥 = 𝑙,
we have

∑
𝑙∈ℤ𝑁

𝐺𝑟,𝑙,∞ exp(2𝜋𝑖𝑤𝑙/𝑁) = ∑
𝑘∈ℤ

exp (−2(𝜋𝑟(𝑘 + 𝑤/𝑁))2) .

Lemma 2.3. Let 0 < 𝜖 ≤ 1/10, 𝐵 be an integer greater than 2,
𝑟 = 𝐵√log(1/𝜖), and 𝐿 = ⌈𝑟√2 log(1/𝜖)⌉. If 𝑁 is an integer that satis-
fies 𝑁 ≥ 3𝐿 then

∣ ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙 exp(2𝜋𝑖𝑤𝑙/𝑁)∣ ≤ 10𝜖 for any 𝑤 ∉ [−𝑁/𝐵, 𝑁/𝐵] (mod 𝑁),

and

∣1 − ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙∣ ≤ 10𝜖.

Proof. Given that 𝑁 ≥ 3𝐿 and 𝐿 = ⌈𝑟√2 log(1/𝜖)⌉, we have for 𝑙 ∈ [−𝐿, 𝐿],

|𝐺𝑟,𝑙−𝐺𝑟,𝑙,∞| ≤ 2
∞

∑
𝑘=1

exp (−(𝑁 − |𝑙| + (𝑘 − 1)𝑁)2

2𝑟2 ) ≤ 2
∞

∑
𝑘=1

exp (−(𝑁 − 𝐿 + (𝑘 − 1)𝑁)2

2𝑟2 ) .
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Since 𝑁 ≥ 3𝐿, we have 𝑁 − 𝐿 ≥ 2𝐿, and thus

|𝐺𝑟,𝑙−𝐺𝑟,𝑙,∞| ≤ 2
∞

∑
𝑘=1

exp (−(2𝐿 + (𝑘 − 1)𝑁)2

2𝑟2 ) ≤ 2
∞

∑
𝑘=1

exp (−4𝐿2 + 4𝐿(𝑘 − 1)𝑁
2𝑟2 ) .

Since 𝐿/𝑟 ≥ √2 log(1/𝜖), we have exp(− 3𝐿2
2𝑟2 ) ≤ 𝜖2. It follows that for 𝑙 ∈

[−𝐿, 𝐿],

|𝐺𝑟,𝑙 − 𝐺𝑟,𝑙,∞| ≤ 𝜖2

1 − exp(−4) .

Denote the set ℤ𝑁 � ([0, 𝐿] ∪ [𝑁 − 𝐿, 𝑁 − 1]) by 𝑀 . Note that

∑
𝑙∈𝑀

𝐺𝑟,𝑙,∞ ≤ 2 ∑
𝐿<𝑙≤𝑁/2

𝐺𝑟,𝑙,∞ ≤ 4 ∑
𝐿<𝑙≤𝑁

exp (− 𝑙2
2𝑟2 ) ≤ 4 ∑

𝑙>𝐿
exp (− 𝑙2

2𝑟2 ) .

Since 𝐿/𝑟 ≥ √2 log(1/𝜖) and 𝑁 > 3𝐿, we have

∑
𝑙∈𝑀

𝐺𝑟,𝑙,∞ ≤ 4 ∫
∞

𝐿
exp (− 𝑥2

2𝑟2 ) 𝑑𝑥 ≤ 4𝑟 exp (− 𝐿2

2𝑟2 ) ≤ 4𝑟𝜖2 ≤ 8𝜖.

Therefore, by employing (Eq. (10)), 0 < 𝜖 ≤ 1/10, and 𝐿 = ⌈𝑟√2 log(1/𝜖)⌉, we
derive that

∣ ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙 exp(2𝜋𝑖𝑤𝑙/𝑁)∣ ≤ ∑
|𝑙|≤𝐿

|𝐺𝑟,𝑙−𝐺𝑟,𝑙,∞|+∣ ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙,∞ exp(2𝜋𝑖𝑤𝑙/𝑁)∣ ≤ 𝜖2(2𝐿+1)+8𝜖 ≤ 9𝜖.

Using Lemma 2.2 and taking 𝑤 = 0 in (Eq. (6)), we have

∣ ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙,∞ − 1∣ = ∣∑
𝑘∈ℤ

exp(−2(𝜋𝑟𝑘)2) − 1∣ ≤ 𝜖.

Combining (Eq. (11)), (Eq. (12)), and the triangle inequality yields

∣1 − ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙∣ ≤ 10𝜖.
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On the other hand, using (Eq. (6)) and considering the condition
𝑟 = 𝐵√log(1/𝜖), we derive that for 𝑤 ∉ [−𝑁/𝐵, 𝑁/𝐵] (mod 𝑁),

∣ ∑
|𝑙|≤𝐿

𝐺𝑟,𝑙,∞ exp(2𝜋𝑖𝑤𝑙/𝑁)∣ = ∣∑
𝑘∈ℤ

exp(−2(𝜋𝑟(𝑘 + 𝑤/𝑁))2)∣ ≤ 𝜖.

Combining the above inequality and (Eq. (11)), we complete the proof of (Eq.
(8)).

The lemma presented below is closely related to Lemma 3.2 in [?] and Lemma
4 in [?].

Lemma 2.4. Let 𝑁 be a prime number and 𝐵 be a positive integer with
𝑁 ≥ 3𝐵 > 6. Then, for any 𝑤 ∈ ℤ𝑑 with 𝑤 ≠ 0 (mod 𝑁), it holds 𝐻𝑁 ⋅ 𝑤 ∈
[−𝑁/𝐵, 𝑁/𝐵] (mod 𝑁) with probability at most 4/𝐵 over the randomness of
𝐻𝑁 , where 𝐻𝑁 ∶= (ℎ1, ℎ2, … , ℎ𝑑) is drawn from the uniform distribution over
ℤ𝑑 ∩ [1, 𝑁)𝑑.

Proof. Since 𝑤 ≠ 0 (mod 𝑁), it must have a non-zero component.
Without loss of generality, let us assume that 𝑤𝑑 ≠ 0 (mod 𝑁). Then,
fixing arbitrary values ℎ1, … , ℎ𝑑−1, with probability at most 4/𝐵 (no
greater than #{𝑤∈ℤ∣𝑤∈[−𝑁/𝐵,𝑁/𝐵]}

𝑁 ) over the randomness of ℎ𝑑, we have
∑𝑑

𝑖=1 ℎ𝑖𝑤𝑖 ∈ [−𝑁/𝐵, 𝑁/𝐵] (mod 𝑁), thereby completing the proof.

Now, we introduce the local Monte Carlo sampling. For any function 𝑓 ∶
[0, 1]𝑑 → ℂ, we introduce a new function 𝑓𝑁,𝜂 defined as

𝑓𝑁,𝜂(𝑧/𝑁) ∶= 𝑓(𝑧/𝑁 + 𝜂𝑧), 𝑧 ∈ ℤ𝑑
𝑁 ,

where 𝜂 = (𝜂𝑧)𝑧∈ℤ𝑑
𝑁

, and each 𝜂𝑧 is independently and identically distributed
from the uniform distribution on [0, 1/𝑁)𝑑.

Given a function 𝑓 with ‖𝑓‖𝐿2([0,1]𝑑) ≤ 1, we use 𝑎𝜉 to denote the Fourier coeffi-
cient of 𝑓 . Then 𝑓 can be expressed as

𝑓(𝑥) = ∑
𝜉∈ℤ𝑑

𝑎𝜉 exp(2𝜋𝑖𝜉 ⋅ 𝑥).

For 𝑀 > 0, let

𝑈 ⊆ {𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑑) ∈ ℤ𝑑 � {0} ∣ min
𝑗∈supp(𝑤)

|𝑤𝑗| ≤ 𝑀},

and define 𝑔(𝑥) and 𝑅(𝑥) as
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𝑔(𝑥) = ∑
𝜉∈𝑈

𝑎𝜉 exp(2𝜋𝑖𝜉 ⋅ 𝑥), 𝑅(𝑥) = ∑
𝜉∉(𝑈∪{0})

𝑎𝜉 exp(2𝜋𝑖𝜉 ⋅ 𝑥).

We call 𝑀 the min-bandwidth of 𝑔. Then the function 𝑓 can be rewritten as

𝑓(𝑥) = 𝑎0 + 𝑔(𝑥) + 𝑅(𝑥), 𝑥 ∈ [0, 1]𝑑.

By the definition of 𝑓𝑁,𝜂 in (Eq. (13)), we obtain

𝑓𝑁,𝜂(𝑧/𝑁) = 𝑎0 + 𝑔(𝑧/𝑁 + 𝜂𝑧) + 𝑅(𝑧/𝑁 + 𝜂𝑧).

For convenience, we let

𝑎∗
0 = ̃𝑓 (𝑁)

𝑁,𝜂(0) = 𝑎0 + ̃𝑔(𝑁)
𝑁,𝜂(0) + 𝑅̃(𝑁)

𝑁,𝜂(0),

and

𝑅2(𝑧/𝑁) = 𝑅𝑁,𝜂(𝑧/𝑁) + 𝑔𝑁,𝜂(𝑧/𝑁) − 𝑔(𝑧/𝑁) − ̃𝑔(𝑁)
𝑁,𝜂(0) − 𝑅̃(𝑁)

𝑁,𝜂(0).

Note that 𝑅̃2(0) = 0, and 𝑓𝑁,𝜂 can be rewritten as

𝑓𝑁,𝜂(𝑧/𝑁) = 𝑎∗
0 + 𝑔(𝑧/𝑁) + 𝑅2(𝑧/𝑁).

Lemma 2.5. Let 𝑓 and 𝑓𝑁,𝜂 be functions defined in (Eq. (16)) and (Eq. (19)).
Let 𝐾 = #𝑈 and ‖𝑓‖𝐿2([0,1]𝑑) ≤ 1. We have over the randomness of 𝜂 that

ℙ {|𝑎∗
0 − 𝑎0| ≤ 𝜖} > 1 − 𝜖2𝑁𝑑,

and

ℙ
⎧{
⎨{⎩

∑
𝑧∈ℤ𝑑

𝑁

|𝑅2(𝑧/𝑁)|2 ≤ ‖𝑅‖2
𝐿2([0,1]𝑑) + Θ (𝜎2𝑁𝑑/2

𝑛 )
⎫}
⎬}⎭

≥ 1 − 𝜎2 − 𝜖2𝑁𝑑.

Proof. Since 𝔼𝜂 ̃𝑓 (𝑁)
𝑁,𝜂(0) = 𝑎0 and ‖𝑓‖𝐿2([0,1]𝑑) ≤ 1, we have

𝔼𝜂 ∣ ̃𝑓 (𝑁)
𝑁,𝜂(0) − 𝑎0∣

2
≤ 1

𝑁𝑑 .

Then by Chebyshev’s inequality,
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ℙ{|𝑎∗
0 − 𝑎0| ≤ 𝜖} = ℙ {∣ ̃𝑓 (𝑁)

𝑁,𝜂(0) − 𝑎0∣ ≤ 𝜖} ≥ 1 −
𝔼𝜂 ∣ ̃𝑓 (𝑁)

𝑁,𝜂(0) − 𝑎0∣
2

𝜖2 > 1 − 𝜖2𝑁𝑑.

Notice that

𝑅2(𝑧/𝑁) = 𝑅𝑁,𝜂(𝑧/𝑁) + (𝑔𝑁,𝜂(𝑧/𝑁) − 𝑔(𝑧/𝑁)) − ( ̃𝑔(𝑁)
𝑁,𝜂(0) + 𝑅̃(𝑁)

𝑁,𝜂(0)) .

Next, we will estimate the first two terms in (Eq. (22)) respectively. Note that

∑
𝑧∈ℤ𝑑

𝑁

|𝑅𝑁,𝜂(𝑧/𝑁)|2 = ‖𝑅‖2
𝐿2([0,1]𝑑).

Then for a positive number 𝜎2, the application of Markov’s inequality yields

ℙ
⎧{
⎨{⎩

∑
𝑧∈ℤ𝑑

𝑁

|𝑅𝑁,𝜂(𝑧/𝑁)|2 ≤
‖𝑅‖2

𝐿2([0,1]𝑑)
𝜎2/2

⎫}
⎬}⎭

> 1 − 𝜎2/2.

Analogous to (Eq. (20)), we have 𝔼𝜂| ̃𝑔(𝑁)
𝑁,𝜂(𝑤) − 𝑎𝑤|2 ≤ 1

𝑁𝑑 for 𝑤 ∈ 𝑈 . Applying
Parseval’s identity, we have

𝔼𝜂𝔼𝑧|𝑔𝑁,𝜂(𝑧/𝑁) − 𝑔(𝑧/𝑁)|2 ≤ 2𝐾
𝑁𝑑 .

Applying Markov’s inequality and the above inequalities, we obtain the following
two inequalities:

ℙ {𝔼𝑧|𝑔𝑁,𝜂(𝑧/𝑁) − 𝑔(𝑧/𝑁)|2 ≤ 2𝐾
𝜎2𝑁𝑑 } ≥ 1 − 𝜎2,

and

ℙ
⎧{
⎨{⎩

∑
𝑧∈ℤ𝑑

𝑁

|𝑔𝑁,𝜂(𝑧/𝑁) − 𝑔(𝑧/𝑁)|2 ≤ 2𝐾
𝜎2𝑁𝑑/2

⎫}
⎬}⎭

≥ 1 − 𝜎2𝑁𝑑/2.

By (Eq. (21)), (Eq. (23)), and (Eq. (25)),

∑
𝑧∈ℤ𝑑

𝑁

|𝑅2(𝑧/𝑁)|2 ≤ ‖𝑅‖2
𝐿2([0,1]𝑑) + Θ(𝜖2) + 𝜎2𝑁𝑑/2
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holds with probability at least 1 − 𝜎2 − 𝜖2𝑁𝑑.

To establish the theoretical analysis framework for our algorithm, we meticu-
lously design a function space that is comprised of the function 𝑓 specifically
defined in (16):

𝐹𝐾,𝑀,𝜆1,𝜆2
∶=

⎧{{{{{
⎨{{{{{⎩

𝑓(𝑥) = 𝑎0 + 𝑔(𝑥) + 𝑅(𝑥), 𝑥 ∈ [0, 1]𝑑

∣
∣
∣
∣
∣
∣
∣
∣
∣

𝑔(𝑥) = ∑
𝜉∈𝑈

𝑎𝜉 exp(2𝜋𝑖𝜉 ⋅ 𝑥),

𝑈 ⊆ {𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑑) ∈ ℤ𝑑 � {0} ∣ min
𝑗∈supp(𝑤)

|𝑤𝑗| ≤ 𝑀},

∑
𝜉∈𝑈

|𝑎𝜉| ≤ 𝜆1, #𝑈 = 𝐾,

𝑅(𝑥) = ∑
𝑤∈ℤ𝑑�(𝑈∪{0})

𝑏𝑤 exp(2𝜋𝑖𝑤 ⋅ 𝑥), ‖𝑅‖2
𝐿2([0,1]𝑑) ≤ 𝜆2

⎫}}}}}
⎬}}}}}⎭

.

It is obvious that INT(𝑓) = ̂𝑓(0) = 𝑎0 for any 𝑓 ∈ 𝐹𝐾,𝑀,𝜆1,𝜆2
.

Theorem 2.6. Let 𝑓 ∈ 𝐹𝐾,𝑀,𝜆1,𝜆2
with ‖𝑓‖𝐿2([0,1]𝑑) ≤ 1. Given 0 < 𝜎, 𝜎2 ≤

1/10, 𝑛 ≥ 𝐾 + 1, 0 < 𝜖 < 𝜎/𝑛, we take 𝐵 = ⌈4𝑛/𝜎⌉, 𝑟 = 𝐵√log(1/𝜖), 𝐿 =
⌈𝑟√2 log(1/𝜖)⌉, and let 𝑁 = max{Θ(1/(𝜎𝜖)2/𝑑), Θ((𝐾/(𝜎2𝜖2))2/𝑑), 𝑀 + 1, 3𝐿}
be a prime number. Then it holds that over the randomness of 𝐻𝑁 , 𝑧, and 𝜂,

∣𝐼(𝑓𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 − INT(𝑓)∣ ≤ Θ ((𝜆1 + 1)𝜖 + √𝜆2 log(1/𝜖)

𝐿𝜎𝜎2
)

with probability at least 1 − 𝜎 − 𝜎2.

Taking the median of outputs {𝐼(𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1, which are obtained by in-

dependently randomizing 𝐻𝑁 , 𝑧, and 𝜂 for 𝑡 times, where 𝑡 is an odd number
greater than or equal to 7, we have

∣median{𝐼(𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣ ≤ Θ ((𝜆1 + 1)𝜖 + √𝜆2 log(1/𝜖)

𝐿𝜎𝜎2
)

with probability at least 1 − (2𝜎 + 𝜎2)𝑡.

Furthermore, the RMSE of the presented integration method is bounded by

(𝔼{𝐻𝑁𝑗 ,𝑧𝑗,𝜂𝑗}𝑡
𝑗=1

∣median{𝐼(𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣

2
)

1/2

≤ Θ ((𝜆1 + 1)𝜖 + √𝜆2 log(1/𝜖)
𝐿𝜎𝜎2

+ (2𝜎 + 𝜎2)𝑡) .
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Proof. For any function 𝑓 ∈ 𝐹𝐾,𝑀,𝜆1,𝜆2
, 𝑓 can be expressed as 𝑓(𝑥) = 𝑎0 +

𝑔(𝑥)+𝑅(𝑥), with the conditions ∑𝜉∈𝑈 |𝑎𝜉| ≤ 𝜆1, INT(𝑅) = 0, and ‖𝑅‖2
𝐿2([0,1]𝑑) ≤

𝜆2.

As presented in (Eq. (19)), we have

𝑓𝑁,𝜂(𝑧/𝑁) = 𝑎∗
0 + 𝑔(𝑧/𝑁) + 𝑅2(𝑧/𝑁), 𝑧 ∈ ℤ𝑑

𝑁 .

To bound the integration error, by (Eq. (5)) and that 𝑎0 = INT(𝑓), it suffices
to estimate the following three terms:

∣𝑎∗
0 ∑

|𝑙|≤𝐿
𝐺𝑟,𝑙 − 𝑎0∣ , ∣ ∑

|𝑙|≤𝐿
𝑔 ({𝑧 − 𝑙𝐻𝑁

𝑁 }) 𝐺𝑟,𝑙∣ , ∣ ∑
|𝑙|≤𝐿

𝑅2 ({𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙∣ .

By choosing a prime number 𝑁 = max{Θ(1/(𝜎𝜖)2/𝑑), Θ((𝐾/(𝜎2𝜖2))2/𝑑), 𝑀 +
1, 3𝐿} and making use of Lemma 2.5, we have

ℙ{|𝑎∗
0 − 𝑎0| ≤ Θ(𝜖)} ≥ 1 − 𝜎.

Moreover, the following inequality holds with probability at least 1 − 𝜎 − 𝜎2,

∑
𝑧∈ℤ𝑑

𝑁

|𝑅2(𝑧/𝑁)|2 = ∑
𝑧∈ℤ𝑑

𝑁

∣𝑅̃2(𝑧/𝑁)∣2 ≤ 𝜆2 + Θ(𝜖2).

The application of (Eq. (18)) and (Eq. (15)) (recall the condition 𝑁 ≥ 𝑀 + 1)
yields that: 𝑅̃(𝑁)(0) = 0, ̃𝑔(𝑁)(0) = 0, and ̃𝑓 (𝑁)

𝑁,𝜂(0) = 𝑎∗
0.

From Lemma 2.3 and (Eq. (34)), we deduce

∣𝑎∗
0 ∑

|𝑙|≤𝐿
𝐺𝑟,𝑙 − 𝑎0∣ ≤ Θ(𝜖)

with probability at least 1 − 𝜎.

We will analyze the last two terms of (Eq. (33)) separately. Let 𝑛 ≥ 𝐾 + 1,
𝐵 = ⌈4𝑛/𝜎⌉, 𝑟 = 𝐵√log(1/𝜖), and 𝐿 = 𝑟√2 log(1/𝜖). By Lemma 2.4, for
𝑤(𝑗) ∈ 𝑈 ,

ℙ{𝑤(𝑗) ∈ 𝑈𝐻𝑁,𝐵} ≤ 𝜎/𝑛, 1 ≤ 𝑗 ≤ 𝐾,

which leads to
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ℙ{𝑤(𝑗) ∉ 𝑈𝐻𝑁,𝐵 holds for every 𝑗 = 1, 2, … , 𝐾} ≥ 1 − 𝜎.

Furthermore, by Lemma 2.3, it holds

∣ ∑
|𝑙|≤𝐿

𝑔 ({𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙∣ ≤ 𝜆1𝜖

for every 𝑧 ∈ ℤ𝑑
𝑁 with probability at least 1 − 𝜎.

Next, we analyze 𝑅2. For each 𝜉 ∈ ℤ𝑑
𝑁 � {0}, we let 𝑅̃2(𝜉) = 𝑐𝜉 and denote

𝑡𝜉 ∶= ∑
|𝑙|≤𝐿

exp (2𝜋𝑖𝜉 ⋅ {𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙.

The application of Lemma 2.3 leads to ∑|𝑙|≤𝐿 𝐺𝑟,𝑙 ≤ 2. Therefore,

∑
𝜉∈ℤ𝑑

𝑁 �{0}
|𝑐𝜉|2𝑡𝜉 ≤ Θ(1)‖𝑅2‖2

𝐿2([0,1]𝑑).

In addition, by using Lemma 2.4, we derive

ℙ{𝜉 ∈ 𝑈𝐻𝑁,𝐵} ≤ Θ(1/𝐵).

The combination of (Eq. (39)) and (Eq. (40)) yields

𝔼𝐻𝑁
[𝑡𝜉 ∣ 𝜉 ∈ 𝑈𝐻𝑁,𝐵] ℙ{𝜉 ∈ 𝑈𝐻𝑁,𝐵} ≤ Θ(1/𝐵).

On the other hand, by using (Eq. (8)), we have

𝔼𝐻𝑁
[𝑡𝜉 ∣ 𝜉 ∉ 𝑈𝐻𝑁,𝐵] ℙ{𝜉 ∉ 𝑈𝐻𝑁,𝐵} ≤ Θ(𝜖2).

Therefore, it follows that for 𝐻𝑁 ∼ unif ℤ𝑑 ∩ [1, 𝑁)𝑑,

𝔼𝐻𝑁
𝑡𝜉 ≤ Θ(1/𝐵 + 𝜖2).

Upon observing that for every distinct 𝜉, 𝜂 ∈ ℤ𝑑
𝑁 � {0},

∑
𝑧∈ℤ𝑑

𝑁

∑
|𝑙|≤𝐿

exp (2𝜋𝑖𝜉 ⋅ {𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙 ∑

|𝑙′|≤𝐿
exp (−2𝜋𝑖𝜂 ⋅ {𝑧 − 𝑙′𝐻𝑁

𝑁 }) 𝐺𝑟,𝑙′ = 0,
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and 𝑅̃2(𝜉) = 𝑐𝜉, by combining (Eq. (35)) and (Eq. (42)), we immediately arrive
at the conclusion that with probability at least 1 − 𝜎 − 𝜎2 over the randomness
of 𝜂,

∣ ∑
|𝑙|≤𝐿

𝑅2 ({𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙∣ ≤ Θ ( 𝜆2

𝑛𝜎𝜎2
) ,

where 𝑧 ∼ unif ℤ𝑑
𝑁 .

Recalling the conditions 𝐵 = ⌈4𝑛/𝜎⌉ and 𝜖 < 1/𝑛, we obtain the following
inequality by Markov’s inequality,

∣ ∑
|𝑙|≤𝐿

𝑅2 ({𝑧 − 𝑙𝐻𝑁
𝑁 }) 𝐺𝑟,𝑙∣ ≤ Θ (√ 𝜆2

𝑛𝜎𝜎2
)

with probability at least 1−2𝜎 −𝜎2, where the probability is determined by the
random variables 𝑧, 𝐻𝑁 , and 𝜂.

Summarizing (Eq. (32)), (Eq. (36)), (Eq. (37)), and (Eq. (45)), and applying
Markov’s inequality, we obtain

∣𝐼(𝑓𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 − INT(𝑓)∣ ≤ Θ ((𝜆1 + 1)𝜖 + √ 𝜆2

𝑛𝜎𝜎2
)

with probability at least 1 − 4𝜎 − 𝜎2.

Replacing 𝜎 by 𝜎/4, we complete the proof of (Eq. (28)).

By randomly selecting 𝐻𝑁 , 𝑧, and 𝜂 to compute 𝐼(𝑓𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 𝑡 times, we

obtain 𝑡 different results. Extracting the median of the obtained results,
the estimation (29) can be naturally derived from Lemma 2.1. Denote
median{𝐼(𝑓𝑁,𝜂𝑗

)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓) by 𝑌 . Then

ℙ{200𝑘 ≤ |𝑌 | ≤ 200(𝑘 + 1)} ≤ (𝑡
𝑘)(2𝜎 + 𝜎2)𝑘(1 − 2𝜎 − 𝜎2)𝑡−𝑘.

Therefore,

𝔼{𝐻𝑁𝑗 ,𝑧𝑗,𝜂𝑗}𝑡
𝑗=1

|𝑌 |2 ≤ Θ ((𝜆1 + 1)𝜖 + √ 𝜆2
𝑛𝜎𝜎2

+ (2𝜎 + 𝜎2)𝑡)
2

.

This completes the proof.
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Integration in Isotropic Sobolev Spaces
We are now prepared to develop an estimation for the periodic isotropic Sobolev
spaces of order 𝑠 ≥ 0.

𝐻𝑠(𝕋𝑑) ∶=
⎧{
⎨{⎩

𝑓 ∈ 𝐿2(𝕋𝑑) ∣ ‖𝑓‖𝐻𝑠(𝕋𝑑) ∶= ∑
𝑤∈ℤ𝑑

(1 +
𝑑

∑
𝑗=1

|2𝜋𝑤𝑗|2)
𝑠/2

| ̂𝑓(𝑤)|2 < ∞
⎫}
⎬}⎭

.

Theorem 3.1. Let 𝑓 ∈ 𝐻𝑠(𝕋𝑑) with ‖𝑓‖𝐻𝑠(𝕋𝑑) ≤ 1. Let 0 < 𝜎 ≤ 1/10,
𝑛 ≥ 1, 𝜖 < 𝜎/𝑛, 𝐵 = ⌈4𝑛/𝜎⌉, 𝑟 = 𝐵√log(1/𝜖), 𝐿 = ⌈𝑟√2 log(1/𝜖)⌉ and
𝑁 = max{Θ(1/(𝜎𝜖)2/𝑑), Θ((𝑛/𝜖2)2/𝑑), 3𝐿} be a prime number. It holds with
probability at least 1 − 𝜎 − 1/10 over the randomness of 𝐻𝑁 , 𝑧, and 𝜂 that

∣𝐼(𝑓𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 − INT(𝑓)∣ ≤ Θ ((log(1/𝜖))𝑠/𝑑+1/2

(𝐿𝜎)𝑠/𝑑+1/2 ) .

Let median{𝐼(𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 be defined as in Theorem 2.6. It holds with

probability at least 1 − (2√𝜎 + 1/10)𝑡 that

∣median{𝐼(𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣ ≤ Θ ((log(1/𝜖))𝑠/𝑑+1/2

(𝐿𝜎)𝑠/𝑑+1/2 ) .

Furthermore, the RMSE is bounded by

(𝔼{𝐻𝑁𝑗 ,𝑧𝑗,𝜂𝑗}𝑡
𝑗=1

∣median{𝐼(𝑓𝑁,𝜂)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣

2
)

1/2

≤ Θ ((log(1/𝜖))𝑠/𝑑+1/2

(𝐿𝜎)𝑠/𝑑+1/2 + 𝐿𝜖 + (2√𝜎 + 1/10)𝑡) .

Remark 3.2. We use 𝑀 ∶= (2𝐿 + 1)𝑡 to represent the total sample size em-
ployed by our algorithm. Substituting 𝜎 = 1/10, 𝑡 = log5/2(𝑛𝑠/𝑑+1/2), and
𝜖 = 1/𝑛𝑠/𝑑+3/2 into (Eq. (50)), the RMSE error is bounded above by

Θ ((3 + 4𝑠/𝑑)4𝑠/𝑑+3(log 𝑀)2𝑠/𝑑+1

𝑀𝑠/𝑑+1/2 ) .

When the RMSE error is equal to 𝜖, it follows that the sample size 𝑀 is poly-
nomial with respect to 1/𝜖. This demonstrates that the random algorithm
has strong polynomial tractability. The upper bound in (Eq. (51)) (up to an
absolute constant factor) also applies to integration in the isotropic Sobolev
space with compact support (see Corollary 3.3 and Remark 3.4). In contrast to
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[?, ?], where the upper bounds for integration algorithms in this space are at
least 2Θ(𝑑)𝑀−𝑠/𝑑−1/2, our bound outperforms these results when 𝑠 ≤ Θ(𝑑) and
𝑀 ≤ 22Θ(𝑑) (i.e., logΘ(1) 𝑀 ≤ 2Θ(𝑑)).
Additionally, in the absence of prior knowledge of the order 𝑠, setting 𝜖 =
1/(𝑛 log 𝑛) and 𝑡 = log5/2(𝑛 log 𝑛) yields an algorithm universally applicable to
all 𝑠.

Proof. Let 𝑛 be a positive integer, and define 𝛽𝑛,𝑑 = 𝑛1/𝑑/2𝜋. Decompose any
function 𝑓 ∈ 𝐻𝑠(𝕋𝑑) as

𝑓(𝑥) = 𝑎0 + 𝑔(𝑥) + 𝑅(𝑥),

where

𝑔(𝑥) = ∑
𝑤∈ℤ𝑑∩(−𝛽𝑛,𝑑,𝛽𝑛,𝑑)𝑑�{0}

𝑎𝑤 exp(2𝜋𝑖𝑤⋅𝑥), 𝑅(𝑥) = ∑
𝑤∉ℤ𝑑∩(−𝛽𝑛,𝑑,𝛽𝑛,𝑑)𝑑

𝑎𝑤 exp(2𝜋𝑖𝑤⋅𝑥).

Since 𝑓 ∈ 𝐻𝑠(𝕋𝑑), it follows that ‖𝑅‖𝐿2([0,1]𝑑) ≤ Θ(𝑛−𝑠/𝑑‖𝑓‖𝐻𝑠). Additionally,

𝑊 ∶= #{𝑤 ∣ 𝑤 ∈ ℤ𝑑 ∩ (−𝛽𝑛,𝑑, 𝛽𝑛,𝑑)𝑑 � {0}} ≤ 𝑛 − 1.

By the Cauchy-Schwarz inequality,

∑
𝑤∈ℤ𝑑∩(−𝛽𝑛,𝑑,𝛽𝑛,𝑑)𝑑�{0}

|𝑎𝑤| ≤
√

𝑛 − 1.

Let 𝐵 = 4𝑛/𝜎. Theorem 3.1 follows immediately by letting 𝜎2 = 1/10 and
𝑀 = 𝛽𝑛,𝑑 in Theorem 2.6.

Given a bounded measurable set Ω with volume 1, we denote the isotropic
Sobolev spaces with compact support in Ω by 𝐻̊𝑠(Ω) (see the definition on page
1189 in [?] for details). Specifically,

𝐻̊𝑠(Ω) ∶= {𝑓 ∈ 𝐿̊2(Ω) ∣ 𝐷𝛼𝑓 ∈ 𝐿2(ℝ𝑑) for 𝛼 ∈ ℕ𝑑
0 and |𝛼|1 ≤ 𝑠}

equipped with the norm

‖𝑓‖𝐻̊𝑠(Ω) ∶= ‖𝑓‖𝐿2(Ω) + ∑
|𝛼|1=𝑠

‖𝐷𝛼𝑓‖𝐿2(Ω),

where 𝐿̊2(Ω) ∶= {𝑓 ∈ 𝐿2(ℝ𝑑) ∣ supp(𝑓) ⊆ Ω}, 𝐷𝛼𝑓 denotes the 𝛼-order weak
partial derivative of a function 𝑓 .

chinarxiv.org/items/chinaxiv-202406.00231 Machine Translation

https://chinarxiv.org/items/chinaxiv-202406.00231


For any 𝑓 ∈ 𝐻̊𝑠(Ω), define the function

𝐹(𝑥) = ∑
𝑘∈ℤ𝑑

𝑓(𝑘 + 𝑥).

It holds

∫
Ω

𝑓(𝑥)𝑑𝑥 = ∫
[0,1]𝑑

𝐹(𝑥)𝑑𝑥, ∫
ℝ𝑑

|𝐷𝛼𝑓(𝑥)|2𝑑𝑥 = ∫
[0,1]𝑑

|𝐷𝛼𝐹(𝑥)|2𝑑𝑥 for every 𝛼 ∈ ℕ𝑑
0.

By the Parseval identity and Minkowski inequality, we have ‖𝐹‖𝐻𝑠(𝕋𝑑) ≤
‖𝑓‖𝐻̊𝑠(Ω).

Consequently, the error bounds (48), (49), and (50) derived earlier remain valid
for the integral INT(𝐹) = ∫Ω 𝑓(𝑥)𝑑𝑥.

A relevant question concerns the number of samples required to determine the
value of 𝐹(𝑥). More precisely, based on (Eq. (5)), how many samples are needed
to obtain the values of the set {𝐹𝑁,𝜂({(𝑧 − 𝑙𝐻𝑁)/𝑁})}𝐿

𝑙=−𝐿? Define

𝐽Ω(𝑥) ∶= ∑
𝑘∈ℤ𝑑

𝐼Ω(𝑘 + 𝑥).

With a certain probability, only Θ(𝐿) samples are required. In fact,

2𝐿 + 1 =
𝐿

∑
𝑙=−𝐿

𝔼𝜂,𝑧𝐽Ω ({𝑧 − 𝑙𝐻𝑁
𝑁 } + 𝜂𝑧) .

By Markov’s inequality,

ℙ {
𝐿

∑
𝑙=−𝐿

#{𝑘 ∣ 𝑘 ∈ ℤ𝑑, (𝑧 − 𝑙𝐻𝑁)/𝑁 + 𝜂𝑧 + 𝑘 ∈ Ω} ≥ 200𝐿 + 100} ≤ 1/100.

In other words, with a probability of at least 99/100, the number of samples
required to obtain {𝐹𝑁,𝜂({(𝑧 − 𝑙𝐻𝑁)/𝑁})}𝐿

𝑙=−𝐿 is at most 200𝐿 + 100.

When searching the sets

𝑉𝑙 ∶= {(𝑧 −𝑙𝐻𝑁)/𝑁 +𝜂𝑧 +𝑘 ∣ 𝑘 ∈ ℤ𝑑, (𝑧 −𝑙𝐻𝑁)/𝑁 +𝜂𝑧 +𝑘 ∈ Ω}, −𝐿 ≤ 𝑙 ≤ 𝐿,
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no samples of the function 𝑓 are required. If the number of elements in the
union ⋃−𝐿≤𝑙≤𝐿 𝑉𝑙 exceeds 200𝐿 + 100, we promptly output the result (denoted
as 𝐼∗(𝐹𝑁,𝜂)𝐻

𝑁,𝐿,𝑟,𝑧) as zero. Otherwise, set 𝐼∗(𝐹𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 = 𝐼(𝐹𝑁,𝜂)𝐻

𝑁,𝐿,𝑟,𝑧.

This ensures that the sample complexity of our algorithm remains polynomial.
Consequently, we have the following corollary.

Corollary 3.3. Let 𝑓 ∈ 𝐻̊𝑠(Ω) with ‖𝑓‖𝐻̊𝑠(Ω) ≤ 1. Let 𝐹(𝑥) = ∑𝑘∈ℤ𝑑 𝑓(𝑘 + 𝑥).
Assume the same parameter settings as those in Theorem 3.1. Then it holds
with probability at least 1 − 𝜎 − 1/10 − 1/100 over the randomness of 𝐻𝑁 , 𝑧,
and 𝜂 that

∣𝐼∗(𝐹𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 − INT(𝐹)∣ ≤ Θ ((𝐿𝛿/ log(1/𝜖))𝑠/𝑑+1/2

𝑀𝑠/𝑑+1/2 ) .

By obtaining median{𝐼∗(𝐹𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 as in Theorem 2.6, we have with

probability at least 1 − (2√𝜎 + 1/10 + 1/100)𝑡 that

∣median{𝐼∗(𝐹𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝐹)∣ ≤ Θ ((𝐿𝛿/ log(1/𝜖))𝑠/𝑑+1/2

𝑀𝑠/𝑑+1/2 ) .

Furthermore, the RMSE is bounded by

(𝔼{𝐻𝑁𝑗 ,𝑧𝑗,𝜂𝑗}𝑡
𝑗=1

∣median{𝐼∗(𝐹𝑁,𝜂)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝐹)∣

2
)

1/2

≤ Θ ((𝐿𝛿/ log(1/𝜖))𝑠/𝑑+1/2

𝑀𝑠/𝑑+1/2 + 𝐿𝜖 + (2√𝜎 + 1/10 + 1/100)𝑡) .

Remark 3.4. We adopt the definition of the isotropic Sobolev space from
[?], which differs subtly from that in [?]. Nevertheless, the theorem remains
applicable to the compactly supported isotropic Sobolev space as defined in [?].

Remark 3.5. The analysis of the algorithm’s sample complexity and polyno-
mial tractability is parallel to that in Theorem 3.1 and Remark 3.2.

Integration of Analytic and Wiener-type Functions
In this section, we estimate the integral error for analytic and Wiener-type
functions. We derive semi-exponential convergence rates for the numerical inte-
gration of analytic functions in the asymptotic sense.

To this end, we first present a lemma to estimate the coefficients of higher-
order derivatives of composite functions. Faà di Bruno’s formula [?] states that
the 𝑘-th order derivative of a composite function 𝑔 ∘ 𝑓 admits the following
representation:
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(𝑔 ∘ 𝑓)(𝑘)(𝑥) =
𝑘

∑
𝑝=1

∑
𝑝1+⋯+𝑝𝑘=𝑝

𝑝1+2𝑝2+⋯+𝑘𝑝𝑘=𝑘

𝑎(𝑝, 𝑝1, … , 𝑝𝑘)𝑔(𝑝)(𝑓(𝑥))
𝑘

∏
𝑗=1

(𝑓 (𝑗)(𝑥))𝑝𝑗 ,

where 𝑎(𝑝, 𝑝1, … , 𝑝𝑘) are non-negative constants dependent only on 𝑝, 𝑝1, … , 𝑝𝑘.

Lemma 4.1. Let 𝑘 ∈ ℕ and 𝑎(𝑝, 𝑝1, … , 𝑝𝑘) be defined as in (Eq. 52). It holds

𝑘
∑
𝑝=1

∑
𝑝1+⋯+𝑝𝑘=𝑝

𝑝1+2𝑝2+⋯+𝑘𝑝𝑘=𝑘

𝑎(𝑝, 𝑝1, … , 𝑝𝑘) ≤ 4𝑘.

Proof. For 1 ≤ 𝑞 ≤ 𝑘, consider 𝑔𝑞(𝑥) = 𝑥𝑞/𝑞! and 𝑓(𝑥) = 𝑒𝑥. By Faà di Bruno’s
formula,

𝑞𝑞

𝑞! = (𝑔𝑞∘𝑓)(𝑞)|𝑥=0 = ∑
𝑝1+⋯+𝑝𝑘=𝑞

𝑝1+2𝑝2+⋯+𝑘𝑝𝑘=𝑘

𝑎(𝑝, 𝑝1, … , 𝑝𝑘) 𝑞!
(𝑞 − 𝑝)! ≤ 𝑞! ∑

𝑝1+⋯+𝑝𝑘=𝑞
𝑝1+2𝑝2+⋯+𝑘𝑝𝑘=𝑘

𝑎(𝑝, 𝑝1, … , 𝑝𝑘).

Summing over 𝑞 from 1 to 𝑘 and using Stirling’s formula, we obtain:

𝑘
∑
𝑝=1

∑
𝑝1+⋯+𝑝𝑘=𝑝

𝑝1+2𝑝2+⋯+𝑘𝑝𝑘=𝑘

𝑎(𝑝, 𝑝1, … , 𝑝𝑘) ≤
𝑘

∑
𝑞=1

𝑞𝑞

𝑞!𝑞! ≤ 4𝑘.

Now, we present the main idea of the error analysis. For any analytic function
𝑓 defined on [0, 1]𝑑, we first use the trick of change of variable (see [?, ?, ?])
to construct a smooth function 𝑇 𝑓 , which vanishes on the boundary of the
hypercube [0, 1]𝑑 and satisfies the integral identity ∫[0,1]𝑑 𝑓(𝑡)𝑑𝑡 = ∫[0,1]𝑑 𝑇 𝑓(𝑡)𝑑𝑡.
Specifically, we utilize the function introduced in [?]:

𝜓(𝑦) =
⎧{{
⎨{{⎩

∫𝑦
0 exp(−1/(𝜉(1−𝜉)))𝑑𝜉

∫1
0 exp(−1/(𝜉(1−𝜉)))𝑑𝜉

if 𝑦 ∈ [0, 1],
0 if 𝑦 < 0,
1 if 𝑦 > 1.

For 𝑡 = (𝑡1, 𝑡2, … , 𝑡𝑑) ∈ ℝ𝑑, let 𝑓𝜓(𝑡) = 𝑓(𝜓(𝑡1), 𝜓(𝑡2), … , 𝜓(𝑡𝑑)), and define

𝑇 𝑓(𝑡) ∶= (
𝑑

∏
𝑗=1

𝜓′(𝑡𝑗)) 𝑓𝜓(𝑡).
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It follows that

∫
[0,1]𝑑

𝑓(𝑡)𝑑𝑡 = ∫
[0,1]𝑑

𝑇 𝑓(𝑡)𝑑𝑡.

For arbitrary analytic function 𝑓 defined on [0, 1]𝑑, applying the results proposed
in [?] (see page 2273), we know that there exist constants 𝐶𝑓,1 > 1 and 𝐶𝑓,2 > 1
depending only on 𝑓 , such that

∥ 𝜕𝐽1+⋯+𝐽𝑑𝑓
𝜕𝑥𝐽1

1 ⋯ 𝜕𝑥𝐽𝑑
𝑑

∥
𝐿∞([0,1]𝑑)

≤ 𝐶𝑓,1(𝐶𝑓,2)𝐽𝐽!,

for all 𝑡 ∈ [0, 1]𝑑, where {𝐽1, 𝐽2, … , 𝐽𝑑} ⊆ ℕ0 and 𝐽 = 𝐽1 + ⋯ + 𝐽𝑑.

We consider the more general case, i.e., Theorem 4.2 applies to the functions
that satisfy the following inequality

∥ 𝜕𝐽1+⋯+𝐽𝑑𝑓
𝜕𝑥𝐽1

1 ⋯ 𝜕𝑥𝐽𝑑
𝑑

∥
𝐿1([0,1]𝑑)

≤ 𝐶𝑓,1(𝐶𝑓,2)𝐽𝐽!,

for all 𝑡 ∈ [0, 1]𝑑, where 𝐶𝑓,1 > 1 and 𝐶𝑓,2 > 1 are some constants depending
only on 𝑓 , {𝐽1, 𝐽2, … , 𝐽𝑑} ⊆ ℕ0 and 𝐽 = 𝐽1 + ⋯ + 𝐽𝑑. Both analytic functions
defined on [0, 1]𝑑 and the infinitely differentiable functions defined in [?, ?]
satisfy (Eq. (54)). By demonstrating that the Fourier coefficients of 𝑇 𝑓 exhibit
semi-exponential decay and using Theorem 2.6, we establish the following result.

Theorem 4.2. Assume that 𝑓 satisfies (Eq. (54)). Let the parameters sat-
isfy 0 < 𝜎 ≤ 1/10, 𝑛 > 3, 0 < 𝜖 < 𝜎/𝑛, 𝐵 = ⌈4𝑛/𝜎⌉, 𝑟 = 𝐵√log(1/𝜖),
and 𝐿 = ⌈𝑟√2 log(1/𝜖)⌉. Additionally, let 𝑁 be a prime number such that
𝑁 = max{Θ((𝑛/(ln(𝐿)𝜖2))2/𝑑), Θ(1/(𝜎𝜖)2/𝑑), 3𝐿}. Then with respect to the
randomness of 𝐻𝑁 , 𝑧, and 𝜂, the following inequality holds with a probability
of at least 1 − 1/(ln 𝐿):

∣𝐼(𝑇 𝑓𝑁,𝜂)𝐻
𝑁,𝐿,𝑟,𝑧 − INT(𝑓)∣ ≤ 𝐶𝑓,0 exp (−𝐶𝑓,∗𝐿𝐶∗/𝑑) ,

where 𝐶𝑓,0 represents a positive constant dependent on both the function 𝑓 and
the dimension 𝑑, 𝐶𝑓,∗ denotes a positive constant dependent on 𝑓 , and 𝐶∗ is a
positive absolute constant.

Let median{𝐼(𝑇 𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 be defined as in Theorem 2.6. Then the fol-

lowing inequality holds with a probability of at least 1 − (2√1/(ln 𝐿))𝑡:

∣median{𝐼(𝑇 𝑓𝑁,𝜂𝑗
)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣ ≤ 𝐶𝑓,0 exp (−𝐶𝑓,∗𝐿𝐶∗/𝑑) .
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Furthermore,

(𝔼{𝐻𝑁𝑗 ,𝑧𝑗,𝜂𝑗}𝑡
𝑗=1

∣median{𝐼(𝑇 𝑓𝑁,𝜂)𝐻𝑁𝑗
𝑁,𝐿,𝑟,𝑧𝑗

}𝑡
𝑗=1 − INT(𝑓)∣

2
)

1/2

≤ 𝐶𝑓,0 exp (−𝐶𝑓,∗𝐿𝐶∗/𝑑)+(2√1/(ln 𝐿))𝑡.

Proof. We start the proof by estimating ‖𝜕𝑘(𝑇 𝑓)‖𝐿1([0,1]𝑑). Let (𝑔 ∘ ℎ)(𝑦) ∶=
exp(−1/(𝑦(1 − 𝑦))). For every 𝑘 ∈ ℕ, using Lemma 4.1, we have

sup
𝑦∈(0,1)

∣ 𝑑𝑘

𝑑𝑦𝑘 (𝑔 ∘ ℎ)(𝑦)∣ ≤ 𝑐1(4𝑘/𝑒)2𝑘𝑘!,

where 𝑐1 = 2𝑒2/ ∫1
0 exp(−1/(𝜉(1 − 𝜉)))𝑑𝜉 represents an absolute constant. For

the last inequality in (Eq. (58)), we have used the fact that the function 𝑥2𝑘/𝑒𝑥

attains its maximum on the interval (1, +∞) at 𝑥 = 2𝑘.

Combining (Eq. (54)), (Eq. (58)) with Lemma 4.1, we deduce that

∥ 𝜕𝑘

𝜕𝑥𝑘
𝑗

(𝑇 𝑓)∥
𝐿1([0,1]𝑑)

≤ 4𝑘𝐶𝑓,1(𝐶𝑓,2)𝑘𝑘!(𝑐1+1)𝑘(4𝑘)2𝑘𝑘! for every 𝑘 ∈ ℕ and 1 ≤ 𝑗 ≤ 𝑑.

From (Eq. (58)) and (Eq. (59)), by applying Leibniz’s formula and Stirling’s
formula, we can prove that there exist absolute constants 𝐶1 and 𝐶2 such that

∥ 𝜕𝑘

𝜕𝑥𝑘
𝑗

(𝑇 𝑓)∥
𝐿1([0,1]𝑑)

≤ 𝐶𝑓,1(𝐶1𝐶𝑓,2𝑘)𝐶2(𝑘+𝑑) for every 𝑘 ∈ ℕ and 1 ≤ 𝑗 ≤ 𝑑.

Employing (Eq. (60)) and integration by parts, we obtain

|𝑇 𝑓(𝑤)| ≤ 𝐶𝑓,1(𝐶1𝐶𝑓,2𝑘)𝐶2(𝑘+𝑑)/‖𝑤‖𝑘
∞ for every 𝑘 ∈ ℕ,

where 𝑤 = (𝑤1, 𝑤2, … , 𝑤𝑑) ∈ ℕ𝑑
0�{0} and ‖𝑤‖∞ ∶= max1≤𝑗≤𝑑{|𝑤1|, |𝑤2|, … , |𝑤𝑑|}.

By choosing 𝑘 = max{⌊(‖𝑤‖∞/𝑒)1/(2𝐶2)⌋, 𝑑 + 1}, when (‖𝑤‖∞/𝑒)1/(2𝐶2) ≥ 𝑑 + 1,
we derive

|𝑇 𝑓(𝑤)| ≤ 𝐶𝑓,1 exp (−‖𝑤‖1/(2𝐶2)
∞

𝐶1𝐶𝑓,2
) .
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Consequently, there exist positive constants 𝐶3 and 𝐶𝑓,3 such that

|𝑇 𝑓(𝑤)| ≤ 𝐶𝑓,1𝑒−‖𝑤‖𝐶3∞ for all ‖𝑤‖∞ ≥ 𝑑 + 1.

Next, let 𝛽 > 1, 𝜌 > 1, and 𝜆 > 0. Through a series of deductions, we obtain

∞
∑
𝑚=1

𝑚𝑑𝜌−(𝑚𝛽)𝜆 ≤ 𝐶𝜌,𝜆,𝑑𝜌−𝛽𝜆 ,

where 𝐶𝜌,𝜆,𝑑 ∶= ∑∞
𝑚=1 𝑚𝑑𝜌−𝑚𝜆+1. Therefore, for 𝛽 > 1, there exists a constant

𝐶𝑓,4,𝑑 depending on 𝑓 and 𝑑, and a constant 𝐶𝑓,5 depending on 𝑓 , such that

⎛⎜
⎝

∑
‖𝑤‖∞>𝛽

|𝑇 𝑓(𝑤)|2⎞⎟
⎠

1/2

≤ 𝐶𝑓,4,𝑑𝛽𝑑/2𝑒−𝛽𝐶3 𝐶𝑓,5.

Let 𝐾 ≥ 2 be a positive integer, and define 𝛽𝐾,𝑑 = ((𝐾 − 1)1/𝑑 − 1)/2. We
decompose 𝑇 𝑓 as

𝑇 𝑓(𝑥) = 𝑎0 + 𝑔(𝑥) + 𝑅(𝑥),

where

𝑔(𝑥) = ∑
𝑤∈ℤ𝑑∩[−𝛽𝐾,𝑑,𝛽𝐾,𝑑]𝑑�{0}

𝑎𝑤 exp(2𝜋𝑖𝑤⋅𝑥), 𝑅(𝑥) = ∑
𝑤∉ℤ𝑑∩[−𝛽𝐾,𝑑,𝛽𝐾,𝑑]𝑑

𝑎𝑤 exp(2𝜋𝑖𝑤⋅𝑥).

Then

#{𝑤 ∣ 𝑤 ∈ ℤ𝑑 ∩ [−𝛽𝐾,𝑑, 𝛽𝐾,𝑑]𝑑 � {0}} ≤ 𝐾,

and

‖𝑅‖𝐿2([0,1]𝑑) ≤ 𝐶𝑓,4,𝑑𝑒−(𝐾−1)𝐶3/𝑑𝐶𝑓,5.

By choosing 𝜎 = 𝜎2 = 1/(2 ln 𝐿) in Theorem 2.6, we successfully complete the
proof.

Remark 4.3. By substituting 𝜖 = exp(−𝐿𝐶∗/𝑑) into (Eq. (55)), we demonstrate
that the error exhibits semi-exponential behavior in relation to 𝐿, a property
that holds with a probability of at least 1−1/ ln 𝐿. This result is comparable to
Theorem 2 presented in [?]. Furthermore, the results obtained from Eq. (57) can
be compared with Corollary 3 in [?]. In [?], the upper bound for the convergence
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rate is articulated as 𝐶𝑓𝑀−𝐶 log(𝑀)/𝑑, where 𝐶𝑓 is a constant dependent on 𝑓
and 𝑑, and 𝐶 is an absolute constant such that 𝐶 < 0.21. Asymptotically, our
convergence order significantly surpasses the findings reported in [?], despite the
fact that the constant in the exponential term of our error bounds is contingent
upon 𝑓 . Moreover, our algorithm also achieves sub-exponential convergence for
the infinitely differentiable functions as defined in [?, ?].

Remark 4.4. From the standpoint of sample complexity, our theorem estab-
lishes the existence of 𝑀 samples that can achieve a semi-exponential conver-
gence rate. However, to achieve high precision with this method, it also involves
approximating the integral ∫𝑦

0 exp(−1/(𝜉(1 − 𝜉)))𝑑𝜉.

For future investigations, we propose an alternative framework: for any speci-
fied sample size 𝑀 , we will employ B-splines to construct a 𝑘𝑀 -order smooth
function 𝜓𝑘𝑀

as a substitute for the

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.
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