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Abstract
The occurrence of the first significant digits from real world sources is usually
not equally distributed, but is consistent with a logarithmic distribution instead,
known as Benford’s law. In this work, we perform a comprehensive investigation
on the first digit distributions of the duration, fluence, and energy flux of gamma-
ray bursts (GRBs) for the first time. For a complete GRB sample detected by
the Fermi satellite, we find that the first digits of the duration and fluence adhere
to Benford’s law. However, the energy flux shows a significant departure from
this law, which may be due to the fact that a considerable part of the energy
flux measurements is restricted by lack of spectral information. Based on the
conventional duration classification scheme, we also check if the durations and
fluences of long and short GRBs (with duration T90 > 2 s and T90 ≤ 2 s,
respectively) obey Benford’s law. We find that the fluences of both long and
short GRBs still agree with the Benford distribution, but their durations do not
follow Benford’s law. Our results hint that the long–short GRB classification
scheme does not directly represent the intrinsic physical classification scheme.
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Abstract
The occurrence of first significant digits from real-world data sources is typically
not uniformly distributed, but instead follows a logarithmic distribution known
as Benford’s law. In this work, we perform the first comprehensive investiga-
tion of the first-digit distributions of the duration, fluence, and energy flux of
gamma-ray bursts (GRBs). For a complete GRB sample detected by the Fermi
satellite, we find that the first digits of duration and fluence adhere to Benford’s
law. However, the energy flux shows a significant departure from this law, likely
because a considerable fraction of the energy flux measurements is restricted by
insufficient spectral information. Based on the conventional duration classifica-
tion scheme, we also examine whether the durations and fluences of long and
short GRBs (with duration T90 > 2 s and T90 ≤ 2 s, respectively) obey Ben-
ford’s law. We find that while the fluences of both long and short GRBs still
agree with the Benford distribution, their durations do not follow Benford’s
law. Our results suggest that the long–short GRB classification scheme does
not directly represent the intrinsic physical classification scheme.

Key words: (stars:) gamma-ray burst: general – methods: statistical – astro-
nomical databases: miscellaneous

1. Introduction
People might assume that the first significant digits (i.e., 1, 2, …, 9) of any
randomly chosen dataset would be uniformly distributed, but this is not true
for natural phenomena. As early as 1881, Simon Newcomb observed an unex-
pected pattern in the first digits of logarithm tables: the number 1 appears
more frequently than 2, 2 more frequently than 3, and so on (Newcomb 1881).

More than half a century later, Frank Benford rediscovered this logarithmic
distribution of first digits in numerous data tables, a phenomenon now known
as the first-digit law or Benford’s law (Benford 1938). This law states that for
a given real dataset, the probability of numbers having first digit k is expressed
as (Benford 1938):
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𝑃(𝑘) = log10 (1 + 1
𝑘) , 𝑘 = 1, 2, … , 9.

Empirically, Benford’s law has been verified across diverse research fields, in-
cluding geography (e.g., river lengths and lake areas; Benford 1938), finance
(e.g., stock market indices; Ley 1996; De Ceuster et al. 1998), biology (e.g.,
pre-vaccination measles incidence data, absolute values from human magnetoen-
cephalography recordings, and bacterial gene data lengths; Cáceres et al. 2008),
seismology (e.g., recurrence times of seismic events; Sottili et al. 2012), and sta-
tistical and nuclear physics (e.g., physical constants and distributions; Burke &
Kincanon 1991; Shao & Ma 2010b, half-lives of unstable nuclei; Buck et al. 1993;
Ni & Ren 2008; Ni et al. 2009, widths of hadrons; Shao & Ma 2009, and lepton
branching fractions; Dantuluri & Desai 2018). Practically, this peculiar law
has been effectively used to detect fraud in taxation and accounting (Nigrini
1996; Nigrini & Mittermaier 1997; Geyer & Williamson 2004) and to minimize
storage space and accelerate calculations in computer science (Barlow & Bareiss
1985; Schatte 1988; Berger & Hill 2007). Theoretically, the law has been well
explained using a central-limit-like theorem for first digits (Hill 1995) and a sim-
ple Markov process (Burgos & Santos 2021). Mathematically, Benford’s law is
scale-invariant (Berger et al. 2008), meaning it is independent of any particular
choice of units (Pinkham 1961).

In astronomy, Benford’s law has been extensively applied to various astrophys-
ical datasets, including light curves of variable stars and other X-ray sources
(Moret et al. 2006), pulsar properties (Shao & Ma 2010a), distances of galax-
ies and stars (Alexopoulos & Leontsinis 2014), exoplanetary and asteroid data
(Shukla et al. 2017; Melita & Miraglia 2021), and Gaia Data Release 2 (DR2)
parallaxes (de Jong et al. 2020). Nevertheless, some types of data, such as
pulsar and fast radio burst dispersion measures, do not obey Benford’s law
(Mamidipaka & Desai 2023).

In this work, we investigate for the first time the first-digit distributions of the
duration, fluence, and energy flux of gamma-ray bursts (GRBs) and test whether
these digits conform to Benford’s law. GRBs are flashes of high-energy radiation
originating from the most energetic explosions in the universe. According to
their duration T90 (the time interval containing 90% of the prompt emission),
GRBs are classified into long GRBs (T90 > 2 s) and short GRBs (T90 ≤ 2 s)
(Kouveliotou et al. 1993). Generally, long GRBs are believed to be powered by
the core collapse of massive stars (Paczyński 1998; Woosley & Bloom 2006),
while short GRBs are thought to originate from mergers of binary compact
objects (Eichler et al. 1989; Narayan et al. 1992).

2.1. Dataset
We downloaded the durations T90 (in units of s), fluences F (in units of erg
cm−2), and energy fluxes P𝛾 (in units of erg cm−2 s−1) in the 10–1000 keV energy
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range from the online catalog of GRBs observed by Fermi’s Gamma-ray Burst
Monitor (Fermi-GBM) (Gruber et al. 2014; von Kienlin et al. 2014; Narayana
Bhat et al. 2016; von Kienlin et al. 2020). The Fermi-GBM burst catalog
comprises 3665 cosmic GRBs that occurred between 2008 July 12 and 2023
December 6. We removed one GRB for which no relevant data were available,
leaving 3664 GRBs with T90 and fluence measurements.

The energy flux of each burst in the observer frame is calculated by integrating
the spectral model over the 10–1000 keV band:

𝑃𝛾 = ∫
𝐸max

𝐸min

𝑁(𝐸) 𝑑𝐸,

where p64 is the peak flux on the 64 ms timescale (in units of photon cm−2

s−1), the spectral model N(E) is the Band function (Band et al. 1993), and
E��� and E��� are 10 keV and 1000 keV, respectively. Spectral parameters are
required to calculate the energy flux, but not every burst has the requisite
spectral information. Consequently, only 2298 GRBs in the catalog have energy
flux measurements.

2.2. Results
The first-digit distributions of duration and fluence for the complete GRB sam-
ple are presented in Figure 1 and Table 1. As noted above, there are N ��� =
3664 available GRBs. The expected number according to Benford’s law, NBen
= N ���P(k), along with the root-mean-square error estimated from the binomial
distribution, 𝜎 = √(N ���P(k)[1−P(k)]), are also shown in the figure. Figure 1
demonstrates that the observed distributions are well consistent with theoretical
predictions from Benford’s law.

To quantify the goodness of fit to Benford’s law, we adopt the Pearson �2 statis-
tic:

𝜒2 =
9

∑
𝑘=1

[𝑁obs(𝑘) − 𝑁Ben(𝑘)]2
𝑁Ben(𝑘) ,

where N �bs and NBen are the observed and expected Benford numbers for
a single digit k, respectively. For the first-digit distribution of duration, we
obtain a Pearson �2 value of 13.0 for 8 degrees of freedom (dof). For the fluence
distribution, we obtain a �2 value of 12.5. These two �2 values correspond to p-
values of 0.11 and 0.13, respectively, which strongly support the null hypothesis
that the durations and fluences of the complete GRB sample follow Benford’s
law. It is worth emphasizing that higher p-values indicate greater support for
the null hypothesis. In this study, we reject the null hypothesis if p < 0.05
(equivalent to the 95% confidence level).

chinarxiv.org/items/chinaxiv-202405.00280 Machine Translation

https://chinarxiv.org/items/chinaxiv-202405.00280


GRBs are divided into two classes—long GRBs and short GRBs—with a division
at T90 = 2 s (Kouveliotou et al. 1993). Using this conventional division (T90
> 2 s for long GRBs and T90 ≤ 2 s for short GRBs), we find 3061 long GRBs
and 603 short GRBs in the Fermi-GBM burst catalog. We also test whether
the durations and fluences of long and short GRBs obey Benford’s law. The
first-digit distributions of duration and fluence for long and short GRBs are
depicted in Figures 2 and 3, respectively. As listed in Table 1, the �2 tests
and corresponding p-values for fluences are extremely supportive of the null
hypothesis that the fluences of both long and short GRBs conform to Benford’s
law.

However, the durations of both long and short GRBs clearly deviate from Ben-
ford’s law. We find Pearson �2 values of 19.9 and 74.2 for the durations of 3061
long GRBs and 603 short GRBs, respectively, corresponding to p-values of 0.01
and 7 × 10−13. Based on these p-values, we can safely reject the null hypothesis.

Similarly, Figure 4 and Table 1 show the first-digit distribution of energy flux
for the 2298 available GRBs. While the relative ranking of digit probabilities
roughly agrees with Benford’s law, the distribution is not strictly obeyed. The
large �2 value and extremely low p-value suggest that the energy flux of GRBs
does not adhere to Benford’s law.

3. Summary
In this work, we have performed a systematic investigation of the first-digit
distributions of duration, fluence, and energy flux of GRBs. For the complete
GRB sample detected by Fermi-GBM, our results show that the first digits of
duration and fluence are not uniformly distributed; instead, smaller digits ap-
pear more frequently than larger ones according to the logarithmic distribution
expected from Benford’s law. However, not all quantities obey Benford’s law.
Artificial and restricted quantities often deviate from the law, such as the energy
fluxes of GRBs in our study. The main reason for this deviation may be that
the energy flux measurements are restricted by spectral fits for each GRB, and
only 63% of bursts have the required spectral information. Thus, there is not
enough dynamic range to make the energy fluxes fully compliant with Benford’s
law.

The Fermi-GBM burst catalog reveals a bimodal T90 distribution, confirming
the existence of two GRB classes—long versus short GRBs with a separation
at about 2 s (Kouveliotou et al. 1993; von Kienlin et al. 2020). Using the
conventional long–short GRB classification scheme, we found 3061 long GRBs
(with T90 > 2 s) and 603 short GRBs (with T90 ≤ 2 s). We also examined
whether the first digits of duration and fluence for long and short GRBs adhere
to Benford’s distribution. We found that while the fluences of both long and
short GRBs still follow Benford’s law, their durations are no longer consistent
with this law. Our results indicate that the fluence data appear very natural and
believable, but T90 is not always a good quantity for GRB classification. The
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long–short GRB classification scheme does not directly represent the intrinsic
physical classification scheme (Zhang et al. 2007; Lü et al. 2010; Qin et al. 2013).
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Appendix: First Digit Distributions for Swift-BAT GRBs
To cross-check the results from Fermi-GBM, we also analyzed the first-digit
distributions for GRB data observed with the Burst Alert Telescope (BAT)
onboard the Swift satellite. For the Swift-BAT sample, the durations (in units
of s) and fluences (in units of erg cm−2) in the 15–150 keV energy range were
taken from the online burst catalog. The dataset contains 1627 GRBs up to 2024
January. We removed 143 bursts for which no duration or fluence measurements
were available, leaving 1484 GRBs (including 1354 long bursts with T90 > 2 s
and 130 short bursts with T90 ≤ 2 s) for our first-digit analysis.

The first-digit distributions of duration and fluence for all 1484 GRBs, 1354
long GRBs, and 130 short GRBs are illustrated in Figures A1, A2, and A3,
respectively. A tabular summary of our Benford analyses for the Swift-BAT
sample is provided in Table A1. The Pearson �2 tests and corresponding p-
values indicate that the durations and fluences for the overall sample and for
the long and short GRB subsamples are all roughly consistent with Benford’s
law. As shown in Figure A3, the digits 2, 5, and 9 are smaller than the expected
Benford distributions. The duration and fluence of short GRBs do not appear
to fit Benford’s law by eye, but their corresponding p-values support that they
do. This optical illusion may be caused by the relatively small sample size of
short GRBs.

The comparison between the Fermi-GBM and Swift-BAT samples can be sum-
marized as follows: (i) the first-digit distributions of duration and fluence for
the overall GRB data conform to Benford’s law, independent of the GRB mis-
sion considered; (ii) Benford’s law is still followed by the fluence distributions
of both long and short GRBs for each mission; (iii) the duration distributions
of the long and short GRB groups observed with Fermi-GBM do not obey Ben-
ford’s law, but those of the Swift-BAT sample are generally consistent with this
law. Note that the ratios of short-to-long GRB numbers with a division at
T90 = 2 s for the Fermi-GBM and Swift-BAT samples are 603:3061 (1:5.1) and
130:1354 (1:10.4), respectively. Obviously, the T90 distribution is instrument-
dependent. Again, our results suggest that the duration classification scheme
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does not always match the intrinsic physical classification scheme. If it did, the
duration distributions of both long and short GRBs for samples observed with
different missions would always adhere to Benford’s law.
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