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Introduction and Main Results

Research on p-adic fields spans multiple disciplines, including mathematics, the-
oretical physics, and computer science. In mathematics, p-adic fields constitute
an important branch of number theory, primarily investigating the properties
and structures of p-adic numbers [?, ?]. In theoretical physics, p-adic theory
finds wide application in quantum mechanics, string theory, and cosmology.
Specifically, p-adic numbers can describe particle states and interactions in
quantum mechanics [?, 7, ?], while in string theory they characterize string vi-
bration patterns and interactions. Additionally, p-adic numbers are employed
to describe the geometric structure and evolution of the universe in cosmology.
In computer science, p-adic theory is applied in cryptography, computer graph-
ics, and data encryption [?, ?, ?]. In cryptography, p-adic numbers provide
methods for encryption and decryption, while in computer graphics they can
generate images with complex geometric shapes. In summary, research on p-
adic fields involves multiple disciplines with broad applications and profound
research significance.

Let Z and Q denote the fields of integers and rational numbers, respectively. For
a fixed prime number p, the p-adic field Q,,, originally introduced by K. Hensel
in 1908, is the completion of Q with respect to the non-Archimedean p-adic
absolute value. For x € Q, write z = p”§ where v € Z, and a,b are non-zero
integers not divisible by p. The p-adic absolute value is defined as |x\p =p 7.

It is well known that the non-Archimedean p-adic absolute value shares many
properties with the Archimedean absolute value, such as positive definiteness,
multiplicativity, and the non-Archimedean inequality. Specifically, these prop-
erties are:

L. |z[, >0, and |z[, = 0 if and only if x = 0;

2. |zyl, = [],lyl,:

3. |z +yl, < max{|z|, [yl,}. If |z|, # |y|,, then equality holds, and the
converse is also true.

Combining properties (1) and (3), we obtain the same triangle inequality as for
the Archimedean absolute value, namely |z + y|, < |z, + |y/,.

From standard p-adic analysis, any non-zero p-adic number = can be written as
O .
x =p(ay +ay, + agp + ) =p72ajpf, a;=0,...,p—1,
3=0

where |z[, = p~” when a, # 0. Naturally, the above p-adic series converges.

Next, we consider the n-dimensional p-adic linear space Q. When n = 1,
this reduces to the case described above. For any n-dimensional vector © =
(71,79, ...,2,) where z; € Q, (i = 1,...,n), the p-adic absolute value is given
by

|‘r|p = 121?;31 |xj|p’
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The p-adic ball is denoted by
By(a) = {z € Q| —al, <p'},

with center a € Q;; and radius p” where v € Z. The corresponding p-adic sphere
is denoted by

S’y(a) = {x € QZ : |.27 - a’|p = p’y} = B’y(a) \ B'\/*l(a»

In particular, if a = 0 and v = 0, then B,,(0) and S,(0) are called the p-adic unit
ball and p-adic unit sphere, respectively. Moreover, when a = 0, we typically
omit the center in the notation for p-adic balls and spheres.

From the definition of p-adic balls and spheres, we observe the following rela-
tionship: B, (a) = qu Si(a). For any a, € Q) and v € Z, it is not difficult to
obtain the equalities

QZ\{O} = U S’y? a0+B’y = B’y<a0)7 a0+5'y = S’y(ao) = B’y(G‘O)\B'y—l(aO)'
yeZ

Since @ is a locally compact commutative group under addition, there exists
a Haar measure on Q. It is easy to see that the unique Haar measure dz
on Q (up to a positive constant multiple) satisfies translation invariance (i.e.,
d(z + a) = dz). Here we normalize the measure so that

B

0

where |B,|, denotes the Haar measure of the p-adic unit ball. In general, for
any a € Q and v € Z, we have

[ dr =Bl =
B, (a)

and
/S dz = |5, (a)l, = P (1 —p™) = |B, (@)l — | B, _1(a)].

For more details about p-adic analysis, we refer readers to [?, 7] and the refer-
ences therein.

As is well known, the study of commutators has attracted considerable attention
due to their many applications in partial differential equations and harmonic
analysis. Let T be a classical singular integral operator. The Coifman-Rochberg-
Weiss type commutator [b, T'] generated by T' and a suitable function b is defined
by

[b,T]f =0T(f) =T(bf).
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It is well known that b € BMO(R™) if and only if [b, T'] is bounded on L*(R™) for
1 < s < o0, as proved by Coifman, Rochberg, and Weiss [?] (see also [?]). In [?],
Janson proved that the necessary and sufficient condition for the boundedness of
commutators from L*(R") to L9(R") (1 < s < % and 1 = %7% with0 < 8 < 1)
is b € Ag(R™), thus providing characterlzatlonb of the Lipschitz space Ag(R").

Let 0 < a < n. We define the p-adic fractional maximal operator as
1
(@) = s e [l
VB @ e

where the supremum is taken over all p-adic balls Bv(x) C Qp. Then the
maximal commutator of MP with b is given by

MEAD@ = g0 e [ ) -l wlas

where the supremum is taken over all p-adic balls B (x) C Q. Furthermore,
assuming b : Q) — R and f: Q) — R are measurable functions, the nonlinear
commutators of the fractional maximal operator can be defined as follows:

[b, ME1f () = b(x) ME(f)(x) — ME(DS)(x).

It is easy to see that M , is positive and sublinear, while [b, MZ] is neither
positive nor sublinear. The fractional maximal operator and its commutators
generated by functions of different forms have been studied by many authors and
applied to various contexts; see, for example, [?, 7, 7, ?]. Specifically, for the case
where the symbol b € BMO(R™), Bastero et al. [?] obtained the boundedness
of [b,M] on LY(R™) for 1 < ¢ < oo. Zhang and Wu further considered the
same problem for commutators of fractional maximal functions in [?], obtaining
results on variable Lebesgue spaces, as well as for the commutator [b, M*]. When
the symbol b € Ag(R™), Guliyev, Deringoz, and Hasanov [?] established the
boundedness of fractional maximal commutators and nonlinear commutators of
fractional maximal functions on Orlicz spaces. In [?], Zhang et al. extended some
results of [?] to nonnegative Lipschitz functions and obtained characterizations
for the boundedness of the maximal commutator M,

The commutators of fractional maximal operators [b, ME] have been studied by
many authors in the p-adic setting; see, for instance, [?, 7, 7, 7, ?]. Recently,
He and Li [?] gave necessary and sufficient conditions for the boundedness of
some commutators of maximal functions on p-adic linear spaces. Moreover, Wu
and Chang [?, 7] not only extended these results to commutators of fractional
maximal functions but also to p-adic variable Lebesgue spaces, as well as to the
commutator [b, M¥]. However, the study of Orlicz spaces in the p-adic setting
remains quite limited, which appears worthy of further investigation.

Motivated by the aforementioned literature, the purpose of this article is to
obtain boundedness results for commutators of fractional maximal functions
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and sharp maximal functions in the context of p-adic Orlicz spaces, where the
symbols of the commutators belong to p-adic Lipschitz spaces, thereby providing
new characterizations for Ag(Qj) spaces. Our results are stated as follows.

For a fixed p-adic ball B* and a > 0, the fractional maximal function with
respect to B* of a locally integrable function f is given by

1
MP . - S dy,
L= s e | s

where the supremum is taken over all p-adic balls B, (z) C B*. When a = 0,
My = MP.

Naturally, we need to consider the following boundedness result for the nonlinear
commutators [b, MP] and M? ,.

Theorem 1.1. Assume that b € Llloc(@g) and b > 0. Suppose that & and ¥

are Young functions satisfying ® € Y NV, and ¥~ (p~1") ~ p¥@+B -1 (p~m).
Then the following statements are equivalent:

2. [b, M2] is bounded from L*(Q}) to LY (Qp);
3. There exists a constant C' > 0 such that

B, (@) (B, (@) [ DIb() = ME oy 0)O)lpwp @) <C5 (1)

4. There exists a constant C' > 0 such that

! P
m /me [b(y) — MB,Y(m) (0)(y)| dy < C. (2)

Remark 1. Theorem 1.1 obtains new characterizations of non-negative Lips-
chitz functions. Similar conclusions were shown in Lebesgue spaces and variable
exponent Lebesgue spaces in [?, ?]. Letting U'(|B,(z)[,") = X5, () 1% @)
P
(see Lemma 2.3 below), then (1.1) is equivalent to the following inequality:

1 I(b— M,gW(z)(b))XBw(x) HL‘I’(Q;)
1B, ()], IXB, )| L¥ @)

<,

which can be compared with known results. For instance, let ¢(-) be a variable
exponent satisfying the condition that the Hardy-Littlewood maximal operator
is bounded on L‘I(‘)(QZ). Then b € Az(Qy) and b > 0 if and only if
1 I(b— Mg’y(m) (b))XBW(z) HLqM(Q;)
1B, ()|, X5, ()l ot @)

<C.

For the case ®(t) = t" and U(t) = t9, we obtain the following result (see also

[7)):
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Corollary 1.1. Assume that b € Li (Qp) and b > 0. If 1 < r < o1p and
1_1

= aTH?’ then the following statements are equivalent:

L be Ay(Qy);
2. [b, M%] is bounded from L"(Qy) to LY(Qy);
3. There exists a positive constant C' such that

1/q
1 ) . |
[B, (@)l </Bv<r> [b(y) = Mp_,)(0)(y)] dy) <G

4. There exists a positive constant C' such that

1

1B, @) /wa) [b(y) = ME_(,)(0)(y)| dy < C.

For the case a = 0 in Theorem 1.1, we have the following result, which extends
Theorem 4 in [?] to Orlicz spaces.

Corollary 1.2. Assume that b € L%OC(Q;‘) and b > 0. Suppose that ® and
U are Young functions satisfying ® € Y NV, and ¥~ (p™™) ~ p?Po—1(p7m).
Then the following statements are equivalent:

2. [b, M?] is bounded from L*(Q2) to LY (Qp);
3. There exists a constant C' > 0 such that

(B, (@) )Ib() = ME (0 (D)) 25, @) < Ci

4. There exists a constant C' > 0 such that

! 14
1B, @ /Bw(x) b(y) = Mp_4)(0)(y)|dy < C.

Theorem 1.2. Assume that b € L .(Q}) and b > 0. Suppose that ® and ¥

are Young functions satisfying ® € Y NV, and ¥~ (p~1") ~ p¥@+B =1 (p=m).
Then the following statements are equivalent:

2. M}, is bounded from L(Qp) to LY (Q);
3. There exists a positive constant C' such that

1B, ()| ¥ (| By (@) [, )I6() = bp_ @)l Lo (5, () < C ®3)
4. There exists a positive constant C' such that

1

Wz[g - b(y) — bp_ () dy < C. @
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Remark 2. Theorem 1.2 obtains new characterizations of Lipschitz functions.
Similar results can be found in p-adic variable exponent Lebesgue spaces in [?].

For the case a = 0 in Theorem 1.2, we have the following result, which extends
Theorem 1 in [?] to Orlicz spaces.

Corollary 1.3. Assume that b € LIOC((QIZ)7 0 < 8 < 1, and suppose that ¢ and
U are Young functions satisfying ® € Y NV, and U1 (p™7") ~ p¥8d~1(p—m).
Then the following statements are equivalent:

2. My is bounded from L*(Q}) to L¥(Qp);
3. There exists a positive constant C' such that

B (@)[n @ (1B, (@) [, )Ib() = b (o)l v (5, ) < C5

4. There exists a positive constant C' such that

1
B, ()

To introduce further results, we also need the p-adic version of the sharp maxi-
mal function. For a locally integrable function f on Qj, define in [?]:

1
Mj’p(f)( )= sup |B>h/ (')\f(y)*wa(zﬂd%

where the supremum is taken over all p-adic balls B, (z) C Qp and fB @) =
B S T ) dy-

The following theorem introduces the commutator of the sharp maximal function
with a Lipschitz function b in Orlicz spaces.

Theorem 1.3. Assume that b € L{,.(Q)) and b > 0. Suppose that ® and ¥ are
Young functions satisfying ® € Y NV, and U~1(p™") ~ p?#®~1(p~™). Then
the following statements are equivalent:

1.be Aﬁ(QZ)5
2. [b, M*?] is bounded from L®(Q}) to L¥(Q});
3. There exists a positive constant C' such that

B, ()], @ (| B, ()|, 6(-) =2(p—1)M*P(bX p_(2)) ()12 (8, (1) < C; (5)

4. There exists a positive constant C' such that

1
1B, (@), /B [P0 = 2p = DM bxp )Wl dy < O (6)

chinarxiv.org/items/chinaxiv-202403.00098 Machine Translation


https://chinarxiv.org/items/chinaxiv-202403.00098

ChinaRxiv [$X]

Remark 3. Theorem 1.3 obtains new characterizations of non-negative Lips-
chitz functions that differ from Theorem 1.2. Similar conclusions were shown
in Lebesgue spaces in [?, ?].

For the case ®(t) = t", we obtain the following result (see also [?]):

Corollary 1.4. Assume that b € Lj(Qp) and b > 0. If 1 < r < % and
1_1

= %, then the following statements are equivalent:

L be Ag(Qy);
2. [b, M*P] is bounded from L"(Qy) to LU(Qy);
3. There exists a positive constant C' such that

=Y

1

1/q
m (/}37(2) |b<y) N 2(p - 1)Mﬁ’p(bXB,y(1:))(y>|q dy) < C;

4. There exists a positive constant C' such that

1

B / o) =20 = 1M o))y < €

Throughout this paper, the letter C' always denotes a constant independent of
the main parameters involved and whose value may differ from line to line. In
addition, we introduce some notation. Here and hereafter, |E|, will always
denote the Haar measure of a measurable set E C Q;f, and X denotes the
characteristic function of a measurable set E' C Q.

Preliminaries
2.1 p-adic Function Spaces

Assume that 1 < g < co. We denote by L9(Q}) the p-adic Lebesgue space,
defined as the space of all functions f with finite norm

1/q
ey = ( L |f<x>|qu) .

For ¢ = oo, we denote by L>°(Qy) the set of all measurable real-valued functions
J on Q satisfying

Hf||Lao(QE,) =esssup |f(z)| = inf{A > 0: [{z € Q) : [f(x)] > A}|;, = 0} < c0.
Here, if the limit exists, the integral in the above equation is defined as follows:

/ |f(z)|?dx = lim |f(z)|?dx = lim Z / |f(2)|? d.
Qp™ S1(0)

— —
7720 JB.(0) VT ook
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In particular, since Q) = U:i_oo S, and d(tr) = [t[ydz for t € Q, \ {0}, if
f e LY(Q}), then

Fa)dz = f:m /S (@) da, /Q Sty do = /Q f(w)d.

Qp'n,

A function @ : [0,00) — [0, 00] that is left-continuous, convex, and increasing,
and satisfies lim, ,o: ®(¢) = 0 and lim, ,  ®(t) = oo, is called a Young function.

Definition 2.1. Let ® be a Young function. 1. Denote by Y the set of all
functions @ : [0, 00) — [0, 00] such that 0 < ®(¢) < oo for 0 < t < co. 2. Denote
by V, the set of all functions @ : [0, 00) — [0, c0] such that for some K > 1,

B(Kt)
2

o) < . >0

If ® € Y, it is easy to show that ® is absolutely continuous on every closed
interval in [0,00) and bijective from [0,00) to [0,00). Thus there exists an
inverse function

O L(s)=inf{t >0:®(t) > s}, s€l0,00].

Definition 2.2. Given a Young function ®, the Young complement ® is defined
by

B() = {Supo<y<oo<wy— ®) € 0.09),
& if y = oo0.

We now define the p-adic Orlicz space. The Orlicz space L‘I)(QZ) is defined as
the set of all measurable functions g : Q) — R such that for some 3 > 0,

/Qn@(“/(;)') dz < oo,

When & is a Young function (a convex Orlicz function), the quantity

o=itfazo. [ o(L)wr e

is well known as the Luxemburg norm (see [?]).

If ®(t) = t9 with 1 < ¢ < oo, then L*(Q}) = LU(Qp). If ®(t) =0 for 0 <t <1
and ®(t) = oo for t > 1, then L*(Qp) = L>(Qy).
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2.2 Auxiliary Propositions and Lemmas

In this section we state some auxiliary propositions and lemmas needed for
proving our main theorems, describing only the partial results we require.

The following lemma provides the basic definition of p-adic Lipschitz spaces; the
third part can be found in [?].

Lemma 2.1. Assume 0 < 3 < 1 and let Q) be an n-dimensional p-adic linear
space. 1. The p-adic version of homogeneous Lipschitz spaces Ag(Q)) is defined
by

Ag(Qp) = {f € L},.(Q}) : 1A A, qn) < o0},

where . f
Moy = sp O =I0

zyeQpraty  |x— y\g

2. If 1 < g < o0, the p-adic version of Lipschitz spaces Lipqﬁ(Q;}) is defined by

Llpqﬁ(Q;L) = {f € Llloc(Q;)L) : ”f”Lipﬁq(Qg) < 00}7

where

1/q
1
[l o = Sup ———— / W) — fowltdy |
ps (QR) B (2) \Bw(x) 1/q A (@)

h (=)

~

3. The homogeneous Lipschitz space A4(Qy) is equivalent to the above Lipqﬁ(Qg)
spaces; that is,

118 5c0m) 2 1 lLip, 2 cap)-

The following result in Euclidean space can be found in [?]; by a similar argument
we obtain the p-adic version of Holder’ s inequality on Orlicz spaces.

Lemma 2.2. Let Q; be an n-dimensional p-adic linear space. For a Young
function ® with its complementary function ¥, assume that f € L‘I’(Q;‘) and
g€ L‘I’(QZ). Then there exists a positive constant C' such that

| 15@g(@)do < Clflus ol e
Q n

By elementary calculations we obtain the following results for the characteristic
function x B (z)-

Lemma 2.3. Assume that ® is a Young function and B, (z) is a set in Q) with

finite Haar measure. Then

1
||X z || Q) T T 1/ D o1
Bl o-1(|B, (2)[, 1)
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The following results follow from Lemmas 2.2 and 2.3; we omit the proofs.

Lemma 2.4. For a p-adic ball B,(r) and a Young function ®, the following
inequality holds:

/ . [f ()l dy < C|B,(2)], 27 (1B, (@) [, ) fl e (5, (2
B, (z

The following results can be found in [?] for Euclidean spaces; by a similar
argument we obtain the p-adic version and omit the proof.

Lemma 2.5. Assume that 0 < o < n, and let ®, ¥ be Young functions with
® € Y NV,. Then for all v € Z, there exists a positive constant C' independent
of v such that the fractional maximal operator M? is bounded from L‘b(Q;L) to
L‘I'(QZ) if and only if

pree(pTrm) < CUTH(pTm).

The following lemma (see [?], Lemma 2.11) can be obtained.
Lemma 2.6. Let b € Lj .(Qy). For any fixed p-adic ball B (z) C Qp:

loc

L. If 0 < a < m, then for all y € B, (),
ME(Xp, @) (Y) = Mg g () (0)(y) and  ME(xp ())(y) = Mg o) (Xp, @) (¥) = | B, (2) s
2. For any y € B, (),

bp | < B, @), ME 5 () ().

~

3. Let E={y € B,(v): by) < b37<m)} and F' = B, (z)\ £ ={y € B,(z) :
b(y) > bBw(z)}. Then the following equality holds trivially:

[ 1) = b ol dy = [ 10ta) ~ b
E F

Finally, the following results play a key role in proving our main theorems. For
details, see Lemma 2.7 in [?].

Lemma 2.7. Assume 0 < # < 1 and let b be a locally integrable function on
Q. Then the following assertions are equivalent:

L. be Ag(Qy) and b > 0;
2. For all 1 < s < 00, there exists a positive constant C' such that

1

1/s
YR ( / | )b(y)—M;(w)(b)(y)de) <c;
YTk y\®
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3. (2.1) holds for some 1 < s < oo.

Lemma 2.8. Let 0<a<n, 0<8<1,0< a4+ <n,and let f be a locally
integrable function on Q. If b € Ag(Qy) and b > 0, then for any z € Q) with
MP(f)(x) < oo, we have

|[b, MEI(f) ()] < Iblla,@m) Mars(f) ().

To obtain our theorems, we need to prove the following result.

Lemma 2.9. Assume that b € L} (Qy) and b > 0. Suppose that ® and ¥

loc
are Young functions satisfying ® € Y NV, and ¥~ (p~1") ~ p¥@+B -1 (p~m).
Then b € Az(Q)) is necessary for the boundedness of [b, M2] from L®(Q}) to
LY(Qp).

Proof. For any fixed p-adic ball B, (z) and any y € B, (z), by applying Lemma
2.6 we have

M2(bXp o) (y) = M2 5 (0)(y) and  ME(xp )(y) =B, (@)™

Since [b, M?] is bounded from L*(Q2) to LY (Q}), by Lemma 2.3 we obtain
1B, (), U7 (1By @) IbC) = B @) " ME 5y (0) () Lo (5,0

= B, @), " P (B @) )b ME (X ()25 (5, o)
< CIB, (@) " P (1B, (@) Ixs, @)oo

In view of the proof of Lemma 3.1 in [?], we have

[ b =bs wldy< [ )= 1B @R M o 0)0)] d.
B (x) B,Y(z)

Thus, by applying Lemma 2.2 we get

/B " b(Y)—bp_ ()| dy < C|B,(2)|, ¥~ (|B, (@)1 [b()—|B, (z) }:a/nMg,Bw(w)(b)(.>”L\P(Bw(f”))'

It follows from Lemma 2.1 that b € Agz(Qy).

Proof of the Main Results

Proof of Theorem 1.1. Since the equivalences (1) <= (4) follow directly
from Lemma 2.7, we only need to prove (1) = (2), (2) = (3), and
(B) = (1)
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(1) = (2): Since b € Ag(Qy) and b > 0, by Lemma 2.8 we have for almost
every z € Q) and all f € LIOC(QZ),

|[b, MEJ(f)(@)] < Ibllap) M s(f) ().

It follows from Lemma 2.5 that [b, M2] is bounded from L®(Q}) to LY (Q}).
(2) = (3): We divide the proof into two cases according to the range of a.

Case 1. If a = 0, then for any fixed p-adic ball B,(z) and any y € B, (z), we
claim that (see also [?])

MP(Xp, )W) = Xp, @) (¥):  MP(bXp,2)(y) = Mp_,(0)(y)-

Consequently,

b(y) =My () (0)(y) = by)MP (X g () (Y)=MP(bXp_ (2)) (W) = [b, MPI(Xp () (¥)-

Using the condition ¥ 1(p~") ~ p¥@+tBe-1(p=m) = pf7d~(p~") and
Lemma 2.3, we obtain

B (@) (B, () DIb() = ME_ (o) 0)O)Lv (5 2
=B (@), ¥ (1B, (@) [, )b, MPI(X B 2)) (v (5, (2
< C1B (@), ¥ (1B, (@) [, )X B, @) 2 (5, (2))-
Thus we obtain (1.1).
Case 2. If 0 < a < n, then for any fixed p-adic ball B, (z) C Qy,
1B, (@)1, (@) )166) = M, (0) Ol o)
< B, (2)], U (1B, (x)[;HIb() — | B, (2)],*" M @O Oy 5, @)
1B, (@) [, (1B @IS, ) (0)6) — By @), ME o 0) e,
=1, + I,.

We first consider I;. For any y € B, (v), Lemma 2.6 gives

MEbX g o)(y) = Mg 5 ) (0)(y) and ME(xp (2) (W) = M{ p /(X () (Y) =

Y od ad

Thus, for any y € B, (),

B, (x)

b(y) — 1B, ()], "MLy 0 0)(y) = 1B, @), ()| B, @)5" = ME o (0)(w)

= |B, ()], (b(y) M2 (x5 ) (W) — ME(bX (o

= |B,(@)[, " [b, ME) (x5 (2)) (9)-
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Since [b, M2] is bounded from L*(Q}) to LY(Q}), by Lemma 2.3 and the hy-
pothesis U1 (p~71") & p" @A B (p~1"), we have

1 = |B, (@), 0B, (@) [ IDC) = By @) M2 5 0O (s, 0
= 1B, (@)} " (B, @) )b MEN o) 50
< CIB, @)y U (1B, @) ) s o)l o5 o)

Next, we estimate I,. For any y € B, (z), using (3.1) we have

MY, (0)y) = 1B, (@), "M, (0) ()]

= IMP(xXp () W) MP (b)) (y > 1B, ()], ME 5 (0)(9)]

< IMP(Xp, () (W) MP (X B (2))(y) — ME(bX B () (Y)]
+ME(bX . (0) () — by >|MP<XB D))
+11bW)IME(X . (2) () — [6(@) [ MP (x50 ()]
+ 1) [ MP (x g 2)) () — MP (b () ()]
= 1B, (@), |b| M2 ()] + |[1b], MP)x 50 ()]

Since [b, M2] is bounded from L*(Q}) to L¥(Q}}), Lemma 2.9 implies that |b| €
A5(Qp). By Lemma 2.6 and Lemma 2.8, for any y € B, (),

001, ME1 00| < 10l 05 M0, ) () < CBl 051 B ()
161, MP1x 5y )] < 1] 00 ME (X ) () < Clbly 00| By () f/”.

Using Lemma 2.3, we obtain
I, < |B, @)U (B, (@) IME, 0 (0)() — 1B, @) 7" M2 o D)oo
< (U LB, @) [ )IBy @) 1B, MEX s, ) |1 (5. )
+ 1B, (@) [, (B, (@) [ DIIBL, MPIx g ) lv (B )
< OBl 0 T (1B, @)1 By @)1 I lle s )

ol ¥ 1B, @) )IB, @l o 5,
< C[bllaap)-

Combining the estimates for I; and I, yields (1.1) since B, (z) is arbitrary.

(3) = (4): To deduce (1.2) from (1.1), assume (1.1) holds. For any fixed
p-adic ball B. (z), by Lemma 2.2 and (1.1) we obtain

1
B, ()],
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This completes the proof of Theorem 1.1.

Proof of Theorem 1.2. Since the implications (1) <= (4) follow readily
from Corollary 1.3 in [?], and (3) <= (4) follows directly from Lemma 2.2, we
only need to prove (1) = (2) and (2) = (3).

(1) = (2): Since b € Ag(Qy), for any p-adic ball B, (x) C Qy,

1
MP = —
apl )= 580 T

/ Ib(z) — b F(v)| dy
B, (@)
1
< |Ib n —_— — P d
< Wl ) SO, 75 /B o= il dy

1
< CHb”AB(Qg);u(I;) W/B ( )\f(y)|dy
v vy +\Z

= Ol qp M2 5(F) ).

Thus, by Lemma 2.5 we conclude that M, , is bounded from L?(Qp) to LY (Q)).
(2) = (3): For any fixed p-adic ball B,(z) and every y € B, (),

1
b(y) — bB~,(I)| < m /B%x) Ib(y) — b(z)| dz
1
1B, @)l /B ., [P) = b(xa, o) (2) d=

Since M, is bounded from L*(Q}) to LY(Qp) and ¥ l'(p") =~
p! @B @=1(p=™), applying Lemma 2.3 yields
1B, @) ¥ (1B @) BC) = bp, o) |5, 0 < By @)In 8 (B @)l IME b (,0) Ol 5,0

< C|By (), ¥ (1B, (@), )X B, @)l L 5, )
S 07

which implies (1.3). This completes the proof of Theorem 1.2.

Proof of Theorem 1.3. Since the implications (1) <= (4) follow readily
from Theorem 1.4 in [?], we only need to prove (1) = (2), (2) = (3), and
3) = ).

(1) = (2): Assume b € A4(Qy) and b > 0. For any p-adic ball B (r) C Qp,
the following estimate was obtained in [?]:

b, M*7]f(2)| < Clbls, 05 ME(f) (@).
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Therefore, by Lemma 2.5 we conclude that [b, M*P] is bounded from L*(Qp) to
LY(Qp).

(2) = (3): Assume that [b, M*?] is bounded from L®(Q}) to L¥(Qy). To
prove (1.5), note that for any fixed p-adic ball B, () (see also [?]),

M*P(xp ))(y) =2(p—1) fory€ B, (z).

Then for all y € B, (z),

b) = 20p = DM, 0)(5) = 20~ 1) (s = M7 b))

=2(p—1) (b(y)Mﬂvp(Xwa)(y) - Mﬂ’p(bXBw(m)(y))
=2(p — 1)[b, M*?)(xp, (0)) (¥)-

Since [b, M*P] is bounded from Lq’(Q;) to L‘I’(Q;‘), applying Lemma 2.3 and
noting that U1 (p~") ~ p??®~1(p~ ™), we have
1B, ()|, U (| B (@) )16() = 2(p — DM*P(bx () (v (5, @)
=2(p — IB, ()], (1B, ()], [0, M**] (x5, )HL‘I’ B.(x))
< C|B'y<‘r)|hq)_1(‘B'y(x)|El)HXB_y(m)HLq’(Q" <C.

Thus we obtain (1.5).

(3) = (4): Assume (1.5) holds. To prove (1.6), for any fixed p-adic ball
B, (z), by Lemma 2.2 and (1.5) we have

T | -2 DM )W) dy < 1B (@), 87 (B, @)l 6O -2~ DM (s ) (Ol
1B, (@)]n Jp (z)

which implies (1.6) since the constant C'is independent of B, (). This completes
the proof of Theorem 1.3.
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