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Abstract

In this article, the main aim is to introduce the grand variable Herz space
over the p-adic fields and demonstrate the boundedness for fractional integral
operator, fractional maximal operator in the context of the grand p-adic version
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and sharp maximal function on the grand p-adic version of Herz-Morrey spaces
with variable exponent.
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Introduction and Main Results

Over the past decades, p-adic analysis has experienced rapid and substantial de-
velopment, driven by its powerful applications across various fields. In physics, p-
adic analysis finds application in the theory of p-adic strings, complex disordered
systems such as spin glasses, and quantum mechanics [?, ?, ?]. Beyond physics,
it holds significant importance in biology and geology; specifically, mathemati-
cal methods from p-adic analysis can reveal certain biological phenomena [?, 7],
and the theory can address fractal problems in geology [?, ?].

We begin by introducing some fundamental concepts concerning p-adic fields.
Let Z denote the ring of integers. For a fixed prime number p, the p-adic field
Q,, originally introduced by K. Hensel in 1897, is the completion of the rational
number field Q with respect to the non-Archimedean p-adic absolute value. For
a rational number x = p7 ¢, where z € Q, v € Z, and a, b are non-zero integers
not divisible by p, the p-adic absolute value is defined as |z, = p™7.

The non-Archimedean p-adic absolute value shares many properties with the
Archimedean absolute value, including positive definiteness, multiplicativity,
and the non-Archimedean inequality. Specifically, these properties are:

L. |z[, > 0, and |z[, = 0 if and only if x = 0;

2. |zyl, = [2],lylp;
3. |z +yl, < max{|z|, [yl,}. If |z|, # |y|,, then equality holds, and the
converse is also true.

Combining properties (1) and (3), we obtain the triangle inequality analogous
to the Archimedean case: |z +yl, < |z|, + [y,

From standard p-adic analysis, any non-zero p-adic number z can be expressed
as:

00
x:p"/(a0+alp+a%p+"'):pwzajp% aj:()a"wp*]-a
=0

where |x|p = p 7 when a., # 0. This representation converges naturally.

Next, we consider the n-dimensional p-adic linear space Q. For any vector
r = (¥9,Zq,...,7,) With x; € Q, (i = 1,...,n), the p-adic absolute value is
defined as:

|x|p = 11’2%}% |Ij|p'
The p-adic ball is denoted by:
B’y(a‘) = {ZE € QZ : |£C - a|p < p"/}’

where a € Q; is the center and p” with v € Z is the radius. The corresponding
p-adic sphere is:

S.(a) ={zr€Qy:|r—al|,=p"} =B, (a)\ B,_4(a).
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In particular, when a = 0 and v = 0, By(0) and S,(0) are called the p-adic unit
ball and p-adic unit sphere, respectively. Moreover, when a = 0, we typically
omit the center in the notation for balls and spheres. From these definitions, we
observe the following relationships: for any a, € Q) and v € Z,

B, (ag) = | Sulag), @ \{0} =[S,

k<~y vez

and ag + B, = B, (ay), ag + 5, = 5, (ag) = B, (ag) \ B,_;(ay).
For simplicity, we define the characteristic function x;, = xg, = xp,\B,_, -

Since Q;; is a locally compact commutative group under addition, there exists
a unique Haar measure dz on Q) (up to a positive constant multiple) that is
translation invariant (i.e., d(x 4+ a) = dz). Normalizing the measure so that:

dr = ‘BO|h = 17
By

where |By|;, denotes the Haar measure of the p-adic unit ball. More generally,
for any a € Q) and v € Z,

/ dz = |B,(a)], = p"7, / dr =15, (a)l, =p""(1=p™") = |B,(a)[,=|B,_1(a)])-
B, (a) S,(a)

For further details on p-adic analysis, we refer readers to [?, ?] and the references
therein.

Operator theory has attracted considerable attention due to its numerous ap-
plications in partial differential equations and harmonic analysis, where the
primary concern is boundedness across different function spaces. In this article,
we focus on the following p-adic fractional integral operator.

For 0 < a < n, we define the p-adic fractional integral operator as:

now= [ pLna

As a major branch of harmonic analysis, function spaces with variable exponents
generalize classical function spaces. For instance, variable exponent Lebesgue
spaces extend classical Lebesgue spaces, and Herz-Morrey spaces generalize Herz
spaces. On one hand, Cortés and Rafeiro [?] introduced p-adic variable expo-
nent Lebesgue spaces and established many properties and applications. The
boundedness of fractional integral and maximal operators was obtained in [?].
On the other hand, Sarfraz, Aslam, Zaman, and Jarad [?] derived estimates
for fractional integral operators on p-adic Herz-Morrey spaces. Recently, grand
function spaces with variable exponents have shown positive development trends.
In Euclidean spaces, the boundedness of fractional integral operators on grand

chinarxiv.org/items/chinaxiv-202403.00097 Machine Translation


https://chinarxiv.org/items/chinaxiv-202403.00097

ChinaRxiv [$X]

Herz-Morrey spaces was given in [?]. Sultan et al. [?] defined grand p-adic Herz-
Morrey spaces with variable exponent and obtained boundedness for an intrinsic
square function. Consequently, studies of p-adic grand Herz-Morrey spaces with
variable exponents remain relatively scarce and warrant further investigation.

Inspired by the aforementioned literature and, in some cases, by standard har-
monic analysis on Euclidean space, our primary focus is the p-adic field Q,. The
purpose of this paper is to investigate the boundedness of fractional integral op-
erators and fractional maximal operators on p-adic Herz-Morrey spaces with
variable exponent, as well as Lipschitz estimates for commutators of fractional
integral operators, fractional maximal operators, and sharp maximal functions
on grand p-adic Herz-Morrey spaces with variable exponent.

We first present the following boundedness result for the fractional integral
operator I? on p-adic vector spaces.

Theorem 1.1. Let 1 <u < 00,0 <A< 00,0 <a<mn,andn(-),q(),¢() €
Clog(QZ) with ¢,(-) € P(Qy), (¢1)4 < n/a, and 1/gy(+) = 1/(11( ) — a/n If
n(-) satisfies the following conditions: 1. A+ a —n/q(-) < n(-) < n/qi(-),

A+ o —n/q(00) <n() <n/qj(c0),
then I? is bounded from MK" 'H(@p) to MK77 (@)
Remark 1. For corresponding results in Euclidean space, see [?].

When 7(+), ¢;(-), and ¢,(+) in Theorem 1.1 are constant exponents, these results
remain novel.

Corollary 1.1. Let 1 <u <00, 0 < A < o0, 0 < a < mn, and ¢q,q, satisfy
1<q <n/aand 1/qy = 1/q; —a/n. If a+ X —n/q <n <n/q, then If is
bounded from MK, (Q}) to MK" 0 (@)

For the case A\ = 0 in Corollary 1.1, we obtain boundedness of the p-adic frac-
tional integral operator on grand Herz spaces.

Corollary 1.2. Let 1 <u < 00,0 < o < n, and ¢, g, satisfy 1 < ¢; < _n/a and
1/qy =1/q, —a/n. If a —n/q, <n <n/qj, then I is bounded from Kg;"(Qy)
to Kq,"(Qp).

For the case A = 0 in Theorem 1.1, we obtain boundedness of the fractional
integral operator on grand p-adic variable Herz spaces, which is also new.
Corollary 1.3. Let 1 <u < 00, 0 < a < n, and (), q,(-), () € C°5(QY)
with ¢, () € P(Qy), (¢1)+ < n/a, and 1/gy() = 1/q,(-) — a/n. If n(-) satisfies:
Loa=n/q() <n() <n/q(), 2. a=n/q(c0) <n(-) <n/g(c0),

then I? is bounded from K"( (Q”) to K" u(Q”)
When 7(+) is a constant exponent, this result is also new in p-adic vector spaces.

Corollary 1.4. Let 1 <u < 00,0 < a <n, and ¢,(-),¢,(-) € C'°8(Qp) with
(1) € P(Qy), (¢1)4 < n/a, and 1/gy() = 1/¢;(-) — a/n. If n satisfies: 1.
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a—n/q () <n<n/q¢(), 2. a—n/q(c0) <n<n/g(0),
then I? is bounded from K"’ /(@) to K”’ Q).

For 0 < o < n, we define the p-adic fractional maximal operator as:
1
Ve = s e [ 11w
B @) S o

where the supremum is taken over all p-adic balls B, (z) C Q.

The maximal commutator of M? with symbol b is given by:
1
VESD@) = s / Ib(x) — b(y)I1£(»)] dy,
VB, @ Jp. o

where the supremum is taken over all p-adic balls Bv(x) CQy.

Furthermore, for measurable functions b : Q; — Rand f : Q) — R, the nonlinear
commutator of the fractional maximal operator is defined as:

[b, ME]f(x) = b(x) ME(f)(x) — ME(DS) ().

When « = 0, we have [b, M?] = [b, M| and M? = M}.

Motivated by Sobolev inequalities, we establish the boundedness of the frac-
tional maximal operator on grand p-adic Herz-Morrey spaces with variable ex-
ponent.

Theorem 1.2. Let 1 <u <00, 0 <A <00, 0<a<n,and n(-),q(),q(:) €
Clos(Q) with ¢, (-) € P(Qp), (1) <n/a, and 1/gy() = 1/gy () —a/n. I n(:)
satisfies: 1. a+ A —n/q,(-) < n() < n/¢1 (), 2. a+A—n/q(0) < n(-) <
n/q;(0),

then M?P is bounded from MK77 '(@Qp) to MK;’ (@)

When 7(+), ¢;(-), and ¢,(-) in Theorem 1.2 are constant exponents, these results
remain new.

Corollary 1.5. Let 1 <u <00, 0 < A < o0, 0 < a < mn, and ¢y, q, satisfy
1<q <n/aand 1/gy =1/q; —a/n. If a + X —n/q <n <n/q;, then ME is

bounded from MK?\;‘l Q) to MK 0 (@)
For A\ = 0 in Corollary 1.5, we obtain boundedness of the p-adic fractional

maximal operator on grand Herz spaces.

Corollary 1.6. Let 1 <u < 00,0 < o < n, and ¢, g, satisfy 1 < ¢; < n/a and
1/qy =1/qy—a/n. If a—n/q, <1 <n/q;, then ME is bounded from Kg;"(Qy)
to Kg* Q).

For A = 0 in Theorem 1.2, we obtain boundedness of the fractional maximal
operator on grand p-adic variable Herz spaces, which is also new.
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Corollary 1.7. Let 1 < u < 00, 0 < o < n, and (), q,(-), () € C°5(Q)
with ¢, () € P(Qp), (¢1)+ < n/a, and 1/gy(+) = 1/q,(-) — a/n. If n(-) satisfies:
L a—n/q(-) <n() <n/q(), 2. @ =n/q(c0) <n() <n/g (o),

: on()u on(),u
then M? is bounded from K;(') (Qp) to ng(-) Q).
When 7(+) is a constant exponent, this result is also new in p-adic vector spaces.

Corollary 1.8. Let 1 < u < 00, 0 < a < n, and ¢,(-),¢,(-) € C'°8(Qp) with
a() € P, (@)s < nfa and 1/gy() = 1/gy() — afn. T 5 satisfies: 1.
a—n/q() <n<n/q(), 2. a=n/gq(o0) <n<n/g(co),

then M2 is bounded from K" (Qy) to K (Qp).

For measurable functions b : Q; — R and f: Q) — R, the commutator of the
fractional integral operator is defined as:

w&wmﬁw@&mwwmmm=/<w*”@m”@

- (1.1)
S PR

We now present Lipschitz estimates for the (nonlinear) commutators of frac-

tional integral and maximal operators on grand p-adic Herz-Morrey spaces with
variable exponent.

Theorem 1.3. Let 1 <u<00,0<A<00,0<a<a+f<n,andbe Ag(Qy).
For 1(-),q,(-), ¢2(-) € C'°8(Qp) with ¢,(-) € P(Q}), (¢1); < n/(a+ fB), and
1/a5(-) = 1/q,(-) = (e + B)/m, if () satisfies: 1. A+ a+ B —n/q () <n() <
n/qi(-), 2. A+ a+f—n/q(c0) <n() <n/g(c0),

then [b, I?] is bounded from MKZ(%’EL_)(QZ) to MK;\](;;Z)(Q;).

When (), ¢, (), and ¢,(-) in Theorem 1.3 are constant exponents, these results
remain new.

Corollary 1.9. Let 1 < u <00, 0 <A< 00, 0< a<a+f < n, and
b e Ag(Qp). For g;,q5 with 1 < ¢ <n/(a+ f) and 1/g5 = 1/¢;, — (a + f)/n,
if \+a+pB—mn/q <n<n/q, then [b,I] is bounded from MK} (Qp) to
MK, (Qp).

A.q2

For A = 0 in Corollary 1.9, we obtain boundedness of the commutator of the
p-adic fractional integral operator on grand Herz spaces.

Corollary 1.10. Let 1 <u < o00,0 < a < a+f <n,and b € Ag(Qy) with
0 < B <1 Forqy,q, with 1 < ¢, <n/(a+ ) and 1/q, = 1/q; — (o + B)/n, if
a+f—n/q <n<n/qj, then [b, I%] is bounded from Kg;*(Qy) to Kg;"(Qy).

For A = 0 in Theorem 1.3, we obtain boundedness of the commutator of the
fractional integral operator on grand p-adic variable Herz spaces, which is also
new.
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Corollary 1.11. Let 1 <u <o0,0 <a<a+f<n,and b € Ag(Qy) with 0 <
B < 1. For n(-),q1(-),a2(-) € C'8(Qp) with ¢;(-) € P(R}), (a1)4 < n/(a+ B),
and 1/g,(-) = 1/¢,(-) — (o +5)/n if n(-) satisfies: 1. a+ B8 —n/q (") <n(-) <
n/qi(-), 2. a+ B —n/q(c0) <n(-) <n/g(e0),

then [b, IZ] is bounded from K"( (Q”) to K"( (Q”)
When 7(+) is a constant exponent, this result is also new in p-adic vector spaces.

Corollary 1.12. Let 1 <u < o0, 0 <a < a+f <n, and b € Ag(Qy) with
0< B <1. For q;(-),q5() € C’log(Qg) with ¢;(-) € P(Qy), (¢1)4 < n/(a+B),
and 1/g5() = 1/¢,(-) — (a+B)/n, if n satisfies: 1. a+B—n/q,(-) <n <n/qi(-),
2. a+f—n/q(0) <n<n/q(0),

then [b, I?] is bounded from K"’ /(Q}) to K" (@)
Naturally, we present the following result, which is also new.

Theorem 1.4. Let 1 <u <00,0<A<o00,0<a<a+f<n,andbe Ag(Qy).

For 1(-),¢,(-), ¢2(-) € C'°8(Q)) with ¢,(-) € P(Q}), (¢1); < n/(a+ ), and
1/g:(1) = 1/q1 () — (a+ B)/n, if n(-) satisfies: 1. A+a+B8—n/q () <n() <
n/qi(-), 2. A+ a+ B —n/q(o00) <n(-) <n/qg(c0),

then M , is bounded from MK"( (&) to MK;’(;;%)(QZ).

When 7(+), ¢, (-), and ¢5(-) in Theorem 1.4 are constant exponents, these results
remain new.

Corollary 1.13. Let 1 < u < 00,0 < A< o00,0< a<a+f <n, and
b e Ag(Qp) with 0 < 8 < 1. For qy,qy with 1 < ¢; < n/(a+ ) and 1/g, =
/gy —(a+B)/n, if A\ +a+ B—n/q <n<mn/q, then M}, is bounded from
M}'(;ijgl Q1) to MK" 0 Q).

For A =0 in Corollary 1.13, we obtain boundedness of the commutator of the
p-adic fractional maximal operator on grand Herz spaces.

Corollary 1.14. Let 1 <u < o0, 0 < a < a+ f <n, and b € Ag(Qy) with
0 < B <1. For qy,q, with 1 < ¢q; <n/(a+ ) and 1/q, = 1/¢; — (a+ B)/n, if
a+B—n/q <n<n/qy, then M}, is bounded from K3 (Qp) to K3 Q).

For A = 0 in Theorem 1.4, we obtain boundedness of the commutator of the
fractional maximal operator on grand p-adic variable Herz spaces, which is also
new.

Corollary 1.15. Let 1 <u < o0, 0 <a<a+f<n,and be Ag(Qy) with 0 <
B < 1. For n(),q1(-), g2() € C'8(Qp) with ¢;(-) € P(Qp), (a1); < n/(a+ p),
and 1/q5(-) = 1/q,(-) — (a+ B)/m, if n(-) satisfies: 1. a+ B8 —n/q,(-) <n(-) <
n/qi(-), 2. a+ B —n/q(00) <nl-) <n/qi(c0),

then M , is bounded from K77 (Q") to K77 (Q”)
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When 7(-) is a constant exponent, this result is also new in p-adic vector spaces.

Corollary 1.16. Let 1 <u < o00,0<a < a+f <n,and b € Ag(Qy) with
0 < B <1 For q(-),qo(-) € C'8(Qp) with ¢,(-) € P(Qp), (¢1); < n/(a+ ),
and 1/¢,(-) = 1/¢;(-) = (a+B)/n, if n satisfies: 1. a+B—n/q(-) <n<n/q (),
2. o+ B —n/q(0) <n<n/gi(0),

then M , is bounded from K"’ /(@) to K"’ (@)
For a = 0, the following results follow from Theorem 1.4 and are also new.

Corollary 1.17. Let 1 < u < o0, 0 < A < o0, and b € Ag(Qy) with 0 <
B < 1. For n(-),q,(),q2(-) € C°8(Qp) with ¢;(-) € P(Qp), (¢1), < n/B, and
1/qy(-) = 1/q1 () = B/n, if n() satisfies: 1. A+ B8 —n/q,(-) <n(-) <n/qi(-), 2.
A+ B—mn/q(o00) <n(-) <n/qi(0),

then [b, M?] is bounded from MK77 (Q”) to MKZq (&)

Theorem 1.5. Let1§u<oo,0<)\<oo,0<a<a+5<n,b€AB(Q )
with 0 < f < 1, and b > 0. For n(-),q,(-),q(-) € C8(Qp) with ¢,() €
PQp)s (a1)y <nf(a+B), and 1/qy(-) = 1/q, () = (e + B)/m, if () satisfies: 1
Ata+B—n/q()<n()<n/¢(), 2. A+a+B—n/q(0) <n(-) <n/¢i(co0)

then [b, MP] is bounded from MK;](LI)I’?_)(QZ) to MK77 >u (Q”)

)

When 7(+), ¢, (-), and ¢5(-) in Theorem 1.5 are constant exponents, these results
remain new.

Corollary 1.18. Let 1 <u <00, 0 <A< o0,0<a<a+f<n,be Asg(Qy)
with 0 < 8 < 1, and b > 0. For ¢y,¢, with 1 < ¢; < n/(a+ () and 1/¢, =
/¢y — (a+B)/n, if \+a+B—n/q <n<n/q, then [b, ML] is bounded from
MED (Q) to MK, (Qp).

For A = 0 in Corollary 1.18, we obtain boundedness of the nonlinear commutator
of the p-adic fractional maximal operator on grand Herz spaces.

Corollary 1.19. Let 1 <u < oo, 0 <a<a+f<n,be Ag(Qy) with 0 < 8 <
1,and b > 0. For ¢y, g, with 1 < ¢; <n/(a+ ) and 1/g, = 1/q; — (a+ B)/n, if
a+f—n/q <n<n/qj, then [b, M¥] is bounded from K;“(Q}) to Kq;"(Qy).

For A = 0 in Theorem 1.5, we obtain boundedness of the nonlinear commutator
of the fractional maximal operator on grand p-adic variable Herz spaces, which
is also new.

Corollary 1.20. Let 1 < u < o0, 0 < a < a+f < n, b € Ayg(Qy) with
0 < B <1,and b > 0. For n(-),q(-),go() € C'8(Qy) with ¢;(-) € P(Qp),
(@1)s < n/(e+ B), and 1/g,() = 1/g,() — (@ + B)/n, i n(-) satisfies: 1. o+
B—=n/q () <n(-) <n/q(), 2. a+ B —n/q(0) <n(-) <n/qi(0),

then [b, MP] is bounded from K" Q) to K" 0 (@)

When 7(-) is a constant exponent, this result is also new in p-adic vector spaces.
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Corollary 1.21. Let 1 Su<oo,0<a<a+f<n,be Ag(Qy) with0 <3<
1, and b > 0. For ¢y(-), go() € C'°¥(Qp) with ¢, (-) € P(Q}), (a1); <n/(a+B),
and 1/¢y(-) = 1/q,(-) = (a+ B) /m, if n satisfies: 1. a+B—n/q,(-) <n <n/q ("),
2. a4 f—n/g(00) <1 <n/g(oo),

then [b, M?] is bounded from K"’ /(@) to Kn’ Q)
For o = 0, the following results follow from Theorem 1.5 and are also new.

Corollary 1.22. Let 1 <u < 00,0 <A< o0, be Ag(Qy) with 0 < 3 < 1, and
b > 0. For n(),q(-),q(-) € C'°¥(Qp) with ¢;(-) € P(Rp), (¢1)+ < n/B, and
1/g(-) = 1/ () —5/n if 7(-) satisfies: 1. A+ 58 —n/q,(-) <n() <n/q (), 2
A+ B —=n/q(00) <n(-) <n/qi(c0),

then [b, M?] is bounded from MK’7 (Q") to MK"< (@)

To introduce the next theorem, we ﬁrst define the p—adlc version of the sharp
maximal function. For a locally integrable function f on Q, following [?], we
define:

1
VEDN@) = g0 e [ 190 = s ol

where the supremum is taken over all p-adic balls B, (z) C Q; and fo(z) =

B mo s B, () f(y) dy.

The commutator generated by Mf, and b € L,.(Qy) is
(b, MEI(£) () = bl M3 () () — M(b)().

Theorem 1.6. Let 1 <u <00, 0 <A <o0,be Ag(Qy) with 0 < 8 < 1, and
b > 0. For n(-),q(-),¢2(-) € C°8(Qy) with ¢;(-) € P(Q}), (¢1); < n/B, and
1/a5(-) = 1/q,(-) = B/n, if n(-) satisfies: 1. A+ 8 —n/q,(-) <n(-) <n/q(-), 2
A+ B—=n/q(o0) <n(-) <n/qi(c0),

then [b, Mj] is bounded from MK\ (Qp) to MK (@),

When (), ¢, (), and ¢,(-) in Theorem 1.6 are constant exponents, these results
remain new.

Corollary 1.23. Let 1 <u <00, 0 <\ <00, b€ Ag(Qy) with 0 < 3 <1, and
b>0. For ¢;,q, with 1 < ¢; <n/fand 1/q, =1/q; — B/n, if X+ 8 —n/¢ <

n < n/q,, then [b, M}] is bounded from MK;ZZ;(Q;‘) to MK 0 (Qp)-

For A = 0 in Corollary 1.23, we obtain boundedness of the nonlinear commutator
of the p-adic sharp maximal function on grand Herz spaces.

Corollary 1.24. Let 1 <u < o0, b € Ag(Qy) with 0 < 3 < 1, and b > 0. For

@,qp With 1 < gy <n/f and 1/q, = 1/q, — B/n, if B—n/q; <n <n/qj, then
[b, M) is bounded from Kg;"(Q2) to Ki"(QM).
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For A = 0 in Theorem 1.5, we obtain boundedness of the commutator of the
sharp maximal function on grand p-adic variable Herz spaces, which is also new.

Corollary 1.25. Let 1 < u < 00, b € Ag(Qy) with 0 < 8 < 1, and b > 0.

For (), q1(-), ¢2(-) € C'8(Qp) with ¢;(-) € P(Q}), (q1); < n/B, and 1/g,(-) =
1/q, (1) = B/n, if n(-) satisfies: 1. f—n/q,(-) <n(-) <n/¢1(-), 2. f—n/q(c0) <
n(-) < n/qi(c0),

then [b, M}] is bounded from K“(Q2) to K" (@Qu).
When 7(+) is a constant exponent, this result is also new in p-adic vector spaces.

Corollary 1.26. Let 1 <u < o0, b € Ag(Qy) with 0 < 3 < 1, and b > 0. For

01(-), g2(-) € C8(Q)) with ¢, (-) € P(Qp), (q1)4 <n/B,and 1/gy(-) = 1/q,(-) —
B/n, if n satisfies: 1. B—n/q (1) <n <n/q (), 2. B—n/q(c0) < n < n/q(c0),

then [b, M}] is bounded from K;’I’%(Qg) to K;’Z?)(Qg)

Throughout this paper, the letter C' denotes a constant independent of the
main parameters, whose value may vary from line to line. Additionally, we
establish some notation: |E|; always denotes the Haar measure of a measurable
set £/ C Qp, and xp denotes its characteristic function.

Preliminaries
2.1 p-adic Function Spaces

For 1 < g < oo, we denote by L(Qy) the p-adic Lebesgue space of all locally
g-integrable functions with finite norm:

1/q
1flza(qpm) = (/Q ) |f(x)]2 dx) )

For q = oo, L>°(Q}) denotes the space of all measurable real-valued functions f
on Qp satisfying:

1 e @p) = esssup [ f(z)] = nf{A > 0: {z € Qp : [f(z)] > A}, = 0}
When the limit exists, the integral above is defined as:

/ f@lde = tim [ |f@)7de=lm 3 / ()[4 da.
Qp™ S5 (0)

— —
e JB (o) YT so<k<y

In particular, since Q) = U:‘;7
f e LY(Qp), then:

/an(m dxkezz/sk f(z)dz, /an(m) dx/Qpn f(z) da.
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A measurable function ¢(-) is called a variable exponent if ¢(-) : Q) — (0, 00).
The following definitions introduce notation for p-adic variable exponent
Lebesgue spaces, following [?].

Definition 2.1. Given a measurable function ¢(-) on Qp, we denote:
q_ :=essinfq(z), ¢, :=esssupgq(x).

1. ¢’(-) denotes the conjugate exponent satisfying 1/q(z) + 1/¢’(z) = 1 almost
everywhere. 2. Let P(Q) denote the set of all measurable functions q(-) : Q) —
(1,00) such that 1 < g < q(x) < g, < oo forall z € Q.

Definition 2.2 (p-adic variable exponent Lebesgue spaces). Let ¢(-) €
P(Qp). The p-adic variable exponent Lebesgue space Lq(')(Qg) is defined as:

L1O(QR) = {f measurable : p,(f/n) < oo for some n > 0},

where p,(f) 1= . 1/()|1 da.

The space LQ(')(QZ) is a Banach function space equipped with the Luxemburg

norm:
q(x)
1oy = inf{n > 00 p,(5/m = | (W) dr < 1} .
Qpm n

Cortés and Rafeiro [?] introduced the following class of exponents.

Definition 2.3 (log-Holder continuity). Let ¢(-) € P(Q)) be a measurable
function. 1. Denote by C’(l)og(Qg) the set of all ¢(-) satisfying:

V(¢ (B,(2)) = q.(B,(2))) <C, VyeZ,zeQy,

where C' is a universal constant. 2. The set CAo% (Qp) consists of all g(-) satisfy-
ing:

C
< ; )
log, (p + min{[z],. [y],})

where C' is a universal constant. 3. Let C'°8(Qp) = Cye Q)N C’é%g(QZ) denote
the set of all globally log-Holder continuous functions ¢(-).

Finally, we introduce p-adic Herz-Morrey spaces with variable exponent and
grand p-adic Herz-Morrey spaces with variable exponent [?, ?].

Definition 2.4. Let n(-) € L>®(Qy), 1 < u < o0, s(-) € P(Qy), and 0 <

A < 0o. The homogeneous p-adic Herz-Morrey space with variable exponent
M KZ(JU)‘(Q;‘) is defined as:

MES (@) = {9 € L (@ N A0D) + gl gy ) < o)
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where the norm is given by:

1/u

ko
) —_ — n(0)ku
I aricrn o) sup pk {kz PO gxal o ) }

Definition 2.5. Let n(-) € L>®(Qy), 1 < u < o0, s(-) € P(Q}), and 6 >

0. The homogeneous grand p-adic Herz-Morrey space with variable exponent
MK"( ’u (Q”) is defined as:

ME]! q(u (@) ={g € L@\ {0}) : Il 51 g0 < 00},

where the norm is:

1/u(1+e€)

kO
1
9150 = sup ef/ul1te) { Z POk gy ol “n }
jA—

When \ = 0, the grand Herz- Morrey space M Kj\’:(u (Qp) reduces to the grand

p-adic variable Herz space K n (Q”) whose definition in the Euclidean con-
text can be found in [?].

Definition 2.6. Let n(-) € L*(Qy), 1 <u < oo, s(-) € P(Qy), and 9 > 0. The

homogeneous grand p-adic Herz space with variable exponent K (Q”) is
defined as:

>n(-),u),0 .
K;’((,;’ @) ={ge 0@ : Hg”K:‘(..)),u),e < o0},

1/u(1+e€)
u(1+e)
Lo0(qg) :

Definition 2.7. Let 0 < g < 1. The p-adic version of the homogeneous
Lipschitz space Ag(Qy) is defined by:

Ag(Q)) = {F € Lhe(Q)) : Iflla, g5 < o0}

where the norm is:

ngwwm{zw

k=—00

where:
[fla,@p = sup 1f(z) = Fy)l

zyeQpraty  |T— y\?
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2.2 Auxiliary Propositions and Lemmas

This section presents auxiliary results needed for proving our main theorems,
describing only the partial results we require.

First, the p-adic version of Holder’ s inequality can be found in [?].

Lemma 2.1 (Generalized Holder’ s inequality on Qp). Let Q) be an
n-dimensional p-adic vector space. Suppose q;(:),qx(-),7(-) € P(Qy) satisfy
1/r() = 1/q;(-) + 1/g5(-) almost everywhere. Then there exists a positive
constant C such that for all f € L‘11<'>(Q;) and g € Lq2<'>(Qg):

|\f9||m‘>(@g) = C||f||Lqﬂ~>(Qg)||9||qut*><@g)~

For proving the main theorems, the following estimates for norms of character-
istic functions are derived from [?], with the second part being crucial.

Lemma 2.2 (Norms of characteristic functions). If ¢(-) € C'°¢(Qy), then:

IX5. (@)l Lar @) < CPI,

o) = {q(z) if v <0,

where:
q(o0), if~vy>0.
The following lemma provides the boundedness of fractional integral operators
on p-adic variable exponent Lebesgue spaces; see [?] for details.
Lemma 2.3. Assume 0 < o < n. Forallr(:),q(-) € C'8(Q}) with r(-) € P(Q})),
r, <n/a,and 1/¢q(-) = 1/7(-) — a/n, we have:

I+ L70(Q) = LI9(@p).
The following result from [?] shows that the fractional maximal operator can be
controlled by the fractional integral operator.

Lemma 2.4. Let 0 < a < n. For all z € Q, there exists a positive constant C
such that:

[ME()(@)] < CHE(f)(@)]-
Lemmas 2.5 and 2.6 were obtained in [?].

Lemma 2.5. Let 0 < f<land 0 <a<a+f<n. Ifbe Ag(Qy), then for
any r € Qy:
Mi’,b < C”bHAﬁ(Q;‘)M(]:Jrﬂ(f)(m)'

Lemma 2.6. Let 0 < o < n. If b € Ag(Qy) and b > 0, then for any z € Q)
such that |[b, M?](f)(x)| < oo, we have:

|[b, MEJ(f) ()] < Mg, (f)().
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Finally, the following result follows from Definition 2.5 and the proof of Theorem
3.4 in [?].

Lemma 2.7. Let n(-) € L>(Qy), 1 <u < oo, and ¢(-) € P(Qy). Then for all
1 € Z, there exists a constant C' > 0 such that if f € MK;](;I)("?)’G(Q;I):

1 X1 pav gy < Opl(k"(‘»||f||MKZ<-(>1,(7T>,e.

Using Lemma 2.2, we deduce the following conclusion, which simplifies the proof
of the main theorem.

Lemma 2.8. Let 0 < a < n. For all ¢,(-),q,(-) € C'°8(Q)) with ¢,(-) € P(Q}),
(¢1)y <n/a,and 1/¢y(-) =1/¢;(-) — a/n, and for any k,[ € Z:

plkinfai()-la if k <0,1<0,
|Bk(‘r>|h”Xk”LQ2(')(Qg)HXl ||L‘/1<‘71(Qg) pln/qi(<><>)*ln/qz(<><>)fla7 ifk>0,1<0,
|Bz($)\h||Xk||qu<-)(Qg)||Xz||ng<r><Qg> B plknfat)-la, if k<0,0>0,

pln/di(o0)=In/ay(00)—le if k>0 ] > 0.

Proof. We divide the proof into four cases based on the ranges of k and I.

Case 1: If k,1 < 0, for any fixed p-adic sphere Sy, S, C Q}, using Lemma 2.2
and 1/g,(-) = 1/q,(-) — a/n:

CpFnptlpn() = Cpl—Fmn/al),

1Bl o Dl i g <

Case 2: If k < 0,1 > 0, similarly using Lemma 2.2:

|Bl('T)‘h”XkHL‘ZzU(Qg)”Xl”Lq/l(»‘l(Q;,> < Cpinptallpni(o) < Cpln/ar(ee)=in/ay(o0)—lar

Case 3: If k > 0,1 <0, for any fixed p-adic ball By (z) C Q}:
|Bk<x)‘h“XkHLqQ(')(Q;})”Xl”Lqi(')(Qg) < Cp*knpq2(00>pfﬁ(<) — Op(lfk)n/qi(ﬂ'
Case 4: If k > 0,1 > 0, for any fixed p-adic ball B)(z) C Qp:

1By ()1 lIXkl| Loz @) X ||Lq1(-)(Qn) < Opinpta(®)pai(00) < Optn/a(ee)-in/az(o0)—lar
P

Combining Cases 1-4 completes the proof of Lemma 2.8.
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Proofs of the Principal Results

Proof of Theorem 1.1. For f € MK/\ . (Q”), we write f(z) =

szoo f(z1)x;(21). Assume k, is positive (the case k, < 0 is similar). Using
Minkowski’ s inequality:

1/u(1+e€)

e>0 ke — 00

kO
0/u(1+e) —koAu(l+e Yku(l4e€ (1+e)
L8 A1yt o0 gy = Sup /0 {Z pRoAuE Okt 7 o [T >}

We decompose the sum into three parts:

1/u(l+e)

u(1l+e
ngf||MK;7<-;v;})€( < Csupp™* { Z prIkultte) (Z 25 (fx) Xkl pazo Qn) } +C sup p~ koA
’ l

e>0 ke — o0 oo e>0

Estimation of E,. On one hand, if k > 0,1 > 0, since 1(-) € C'°#(Q2), Definition
2.3 gives for z; € S}
C

In(21) —n(o0)| < w,

implying p*121) ~ p*1(>°) Thus 7(c0) can be replaced by 7(z;). On the other
hand, if £ < 0,1 <0, for z; € 5:

() (0] < oo =

< log,, p*

)

implying p7(=1) & p*7(9) Thus 7(0) can be replaced by 1(z,). By Lemma 2.3:

1/u(l+e)

E+1 (1+¢)
E, < CsuppFo> Z Pl ku(i+e) ( Z Hsz||L<11 @) ) } < C||f||MK¢, 0.0 qn)-

>0

Estimation of . For any k € Z,l < k—2, and a.e. z; € S}, 25 € S}, we have
|z, — 25, ~ p*. By Lemma 2.1:

| f(22)] k(a—
D _ A2l (a—n) . ,
B (fx)(z1)] < ‘/Sz 2 — ZZ‘;PQ dzy <Cp Hle||Lq1<‘J(QE')||Xz||Lq1<->(Qg)-

(3.1)
Applying Minkowski’ s inequality:

1/u(1+e€)

u(1l+e€)
E, < CsuppFo { Z pOku(lte) (Z 12 (fx)xgll paze Qn> } < CsuppHo { Z P kul

>0 [——. >0 k=—o00
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Using Lemma 2.8 and (3.1), for k,1 < 0 and the condition o —n/q;(-) < n(-) <
n/¢;(-), let w=mn/qi(-) —n(-). Then:

1/u(l+e€)

ko k—2 u(l+e
By < Couppt? { ) ( > Pl"(')llfxlILq1<-><®;>p“”"“>> }
€>

k=—o00 l=—00

By Fubini’ s theorem, Lemma 2.1, and the estimate p~ (1€ < p=u:

ko —2 1/u(1+€)
_ € u 1 € €
Ell < Csupp { Z p u(lte) ”le”L +> ( Z p wi=kpu(lte) )} < C”fHMKnHu (Qn)'
e>0 =00 k=1+2
For E,,, applying Minkowski’ s inequality yields:
u(l+e 1/u(l+e) ko
E,, < Csupp*o { Z P ku(l+e) (Z T2 (Fx) Xl pasto Qn) } JrCSUppkn)\{ Z pr(eu(l:
>0 k=—00 l=—0c0 >0 k=—0oc0
The estimate for N, is similar to Fy;, substituting ¢](co) and using n(-) <
n/q(00). For Ny, since n(-) < n/qj(c0), Lemma 2.8 and (3.1) give:
by . u(l+e) 1/u(1+e€)
N, < C’sugpk")‘{ Z ( Z pln(-)“fxl”qu(_)(Qg)p(n(')n/Qi(OO))k) } < CHfHMK"( 210 gz
€> k=—o0 l=—00
Estimation of E5. For k € Z, 1 > k+ 2, and a.e. z; € S}, 2z, € 5, we have
|z — 25|, ~ p'. By Lemma 2.1:
15 (Pa) (201 < CP 1 xall oo Il ot g (3.2)
Splitting F5 using Minkowski’ s inequality:
w(ide)y Vullte)
Ey < CsuppFot Z prkulite) ( Z & X)Xkl Loz ) ) =: B3 +FEs,.
>0 I=k+2
For Es,, let d =n/qy(o0) +n(-) > 0. By Lemma 2.8 and (3.2):
K . w(l4e 1/u(l+e€)
By, < Csupp*kok Z Z pl(a+77(-))fol”qu(')(Qn)pd(kfl) < C\|f||MK,,,(,),u),g<Qn),
>0 k=—oo \Il=k+2 P Asqp() VEP

where the last step uses A + a < d/2.
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For E5,, applying Minkowski’ s inequality yields:

1/u(l+e€)

u(l+e ko
Es; < Csup pFo? Z prCku(l+e) (Z 12 (X)Xl o Q") +C sup p~FoA Z p( k(L
>0 1=k+2 >0 k=—00
The estimate for W, is similar to g, substituting ¢, () and using n/q;(:) +
n(-) > 0. For Wy, using A + o —n/¢;(-) < n(-) < n/qi(), Definition 2.5, and
Lemmas 2.7-2.8:
w(lte 1/u(l+e€)
—koA a=n(-)=n/q1(00)+A) . ~ . |
Wa < Cogpp™ {Zm (Zp ) } Whasrymian < OVl e

where the last step uses A + a —n/q;(00) < n(-).
Combining the estimates for £, F,, and E; yields:

”I f”MK" 1” 9(Q7L> = C”f”MK"( (Qn)?

which completes the proof of Theorem 1.1.

Proof of Theorem 1.2. For all z € Q, Lemma 2.4 gives [ME(f)(x)| <
C|IE(]f])(z)|- The result follows directly from Theorem 1.1.

Proof of Theorem 1.3. If b € A4(Qy), then from (1.1) we have:

B LGS P

(N |z =yl

1L, s f (@)

The result follows from Theorem 1.1.

Proof of Theorem 1.4. For any fixed z € Qy, if b € Ag(Q)), Lemma 2.5 gives
ML, < Clblla ) M, 5(f)(z). The result follows from Theorem 1.2.

Proof of Theorem 1.5. For any fixed z € Q}, if b € Az(Q}) and b > 0, Lemma
2.6 yields |[b, ME](f)(x)] < M ,(f)(x). The result follows from Theorem 1.4.

Proof of Theorem 1.6. For any p-adic ball B, (z) C Qp, the triangle inequality
gives:
18], MEf ()] < 27 £ ().
Since Mg(f) <2MP(f), for x € Qy:
|16, ME)(F)(@)] < 4 (b () MP(f) () + MP(b™ f)(x)) + 2M}, f ().

Given b > 0 and b € A4(Qy), we apply Corollary 1.17 to complete the proof.
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