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Abstract
Since the discovery of the halo nucleus 11Li in 1985, halo phenomena in exotic
nuclei have always been an important frontier in nuclear physics research. The
relativistic density functional theory has achieved great success in the study of
halo nuclei, e.g., the self-consistent description of the halo nucleus 11Li and the
microscopic prediction of deformed halo nuclei. This paper introduces some
recent progress, including the investigation of the halo nucleus 37Mg and the
prediction of the N = 28 shell collapse and a deformed halo in the new isotope
39Na based on the deformed relativistic Hartree-Bogoliubov theory in the con-
tinuum (DRHBc), as well as the exploration of triaxially deformed halo nuclei
by the newly developed triaxial relativistic Hartree-Bogoliubov theory in the
continuum (TRHBc).
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Abstract: Since the discovery of the halo nucleus 11Li in 1985, halo phenomena
in exotic nuclei have remained an important frontier in nuclear physics research.
Relativistic density functional theory has achieved great success in the study
of halo nuclei, including the self-consistent description of the halo nucleus 11Li
and the microscopic prediction of deformed halo nuclei. This paper introduces
some recent progress, including the investigation of the halo nucleus 37Mg and
the prediction of 𝑁 = 28 shell collapse and a deformed halo in the new isotope
39Na based on the deformed relativistic Hartree-Bogoliubov theory in continuum
(DRHBc), as well as the exploration of triaxially deformed halo nuclei using the
newly developed triaxial relativistic Hartree-Bogoliubov theory in continuum
(TRHBc).
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Introduction
The discovery of the first halo nucleus [?] in 1985 has attracted great interest.
The radius of a halo nucleus significantly deviates from the empirical formula
𝑟1/3

0𝐴 (where 𝑟0 ≈ 1.2 fm and 𝐴 is the mass number), shaking the simple as-
sumption that the nucleus is incompressible. Therefore, the description of halo
phenomena has challenged traditional models for nuclear structure. The exper-
imental exploration of halo nuclei has also stimulated the development of new
generations of radioactive ion beam facilities worldwide.

During the past decades, about 20 halo nuclei or candidates have been identified
or suggested in experiments, as shown in Fig. 1 [Figure 1: see original paper].
On the theoretical side, nuclear models studying halo phenomena include the
few-body model [?, ?], shell model [?, ?], antisymmetrized molecular dynamics
[?, ?], halo effective field theory [?, ?], nonrelativistic [?, ?] and relativistic
density functional theories [?, ?], among others.

Relativistic density functional theory is designed for nuclear many-body prob-
lems based on quantum field theory and density functional theory [?]. Due
to many appealing advantages [?, ?], such as the automatic inclusion of spin-
orbit coupling [?, ?] and reasonable description of its isospin dependence [?],
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the competition between scalar and vector densities giving rise to a new sat-
uration mechanism [?], natural explanation of pseudospin symmetry in the
nucleon spectrum [?, ?, ?] and spin symmetry in the antinucleon spectrum
[?, ?], and self-consistent treatment of nuclear magnetism [?, ?], relativistic
density functional theory has become one of the most popular nuclear theories
[?, ?, ?, ?, ?, ?, ?, ?, ?, ?].

In the study of halo nuclei, great progress has been achieved based on relativis-
tic density functional theory. The relativistic continuum Hartree-Bogoliubov
(RCHB) theory [?, ?], which solves the relativistic Hartree-Bogoliubov (RHB)
equation in coordinate space by assuming spherical symmetry, is suitable for
describing spherical exotic nuclei. Based on the RCHB theory, the halo phe-
nomenon in 11Li was described in a microscopic and self-consistent way [?], the
giant halo formed by more than two neutrons was predicted [?], and the neutron
halo in hypernuclei was explored [?].

The deformed relativistic Hartree-Bogoliubov theory in continuum (DRHBc)
[?, ?, ?, ?], which considers axial deformation and solves the RHB equation in
a Dirac Woods-Saxon (DWS) basis [?], can provide an adequate description for
axially deformed exotic nuclei. The DRHBc theory has predicted the deformed
halo nuclei 42,44Mg and the shape decoupling between the core and the halo
[?, ?], which is considered one of the interesting new phenomena near the drip
line [?]. While the heaviest magnesium isotope synthesized in the laboratory
so far is 40Mg [?] and the DRHBc prediction for 42,44Mg remains to be verified,
many known halo nuclei have been successfully described using the DRHBc
theory, including 17,19B [?, ?], 15,19,22C [?, ?], 31Ne [?], and 37Mg [?, ?]. A
deformed two-neutron halo in 39Na has also been predicted by the DRHBc
theory [?].

In addition, a DRHBc mass table including both deformation and continuum
effects is under construction [?, ?, ?, ?]. During this construction, many inter-
esting phenomena have been investigated or predicted using the DRHBc theory
[?, ?, ?, ?, ?, ?, ?, ?, ?, ?]. The DRHBc theory has also been extended with an-
gular momentum projection, enabling the exploration of rotational excitations
of deformed halo nuclei [?, ?].

It should also be mentioned that there are many studies on deformed halos using
other models, such as the single-particle model [?], antisymmetrized molecular
dynamics [?], Hartree-Fock theory [?, ?], Hartree-Fock-Bogoliubov theory [?, ?],
relativistic Hartree-Fock-Bogoliubov theory [?, ?], and ab initio theory [?]. Most
of these studies have assumed axial symmetry for nuclear deformation.

The triaxial relativistic Hartree-Bogoliubov theory in continuum (TRHBc) [?],
which considers triaxial deformation and solves the RHB equation in the DWS
basis, has been developed very recently to explore triaxially deformed halo nuclei.
The observed heaviest odd-odd aluminum isotope, 42Al [?], has been predicted
as a triaxial halo nucleus with a novel shape decoupling between the core and
the halo at the triaxial level [?].
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This paper is structured as follows. The frameworks of the DRHBc and TRHBc
theories are briefly presented in Section 1. Several of the above-mentioned
studies on halo nuclei are introduced in Section 2, including 37Mg, 39Na, and
42Al. A summary is given in Section 3.

1 The DRHBc and TRHBc Theories
In the following, we briefly introduce the main formalism for the DRHBc and
TRHBc theories. Starting from a meson-exchange or point-coupling Lagrangian
density, the RHB equation can be derived by treating the nuclear mean field
and pairing correlations on the same footing [?]. In Eq. (1), 𝜆 is the Fermi
energy, and 𝐸𝑘 and (𝑈𝑘, 𝑉𝑘)𝑇 are respectively the quasiparticle energy and the
quasiparticle wave function. ℎ𝐷 denotes the Dirac Hamiltonian,

ℎ𝐷(r) = 𝛼 ⋅ p + 𝑉 (r) + 𝛽[𝑀 + 𝑆(r)],

with the scalar potential 𝑆(r) and the vector potential 𝑉 (r). Δ represents the
pairing potential,

Δ(r1, r2) = 𝑉𝑝𝑝(r1, r2)𝜅(r1, r2),
where 𝑉𝑝𝑝 is the pairing interaction and 𝜅 is the pairing tensor.

The present DRHBc and TRHBc theories adopt a density-dependent zero-range
pairing interaction,

𝑉𝑝𝑝(r1, r2) = 𝑉0(1 − 𝑃𝜎)𝛿(r1 − r2) [1 − 𝜌(r1)
𝜌sat

] ,

in which 𝑉0 is the pairing strength, (1 − 𝑃𝜎) is the projection operator for the
spin-zero component, and 𝜌sat is the saturation density of nuclear matter.

In the DRHBc theory for axially deformed nuclei, the densities and potentials
are expanded as follows,

𝑓(r) = ∑
𝑙

𝑓𝑙(𝑟)𝑃𝑙(cos 𝜃),

where 𝑃𝑙 is the 𝑙-order Legendre polynomial, and the assumed spatial reflection
symmetry limits 𝑙 to even numbers. For light nuclei, it is sufficient to truncate
the Legendre expansion at 𝑙max = 6 [?].

In the TRHBc theory for triaxially deformed nuclei, the densities and potentials
are expanded in terms of spherical harmonics,

𝑓(r) = ∑
𝑙𝑚

𝑓𝑙𝑚(𝑟)𝑌𝑙𝑚(𝜃, 𝜑).

The spatial reflection symmetry and the mirror symmetries with respect to 𝑥𝑦,
𝑥𝑧, and 𝑦𝑧 planes lead to the limitations that 𝑙 and 𝑚 are even numbers and
𝑓𝑙𝑚(𝑟) = 𝑓𝑙−𝑚(𝑟) [?].
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The RHB equations are solved in the DWS basis [?, ?], whose wave function has
more appropriate asymptotic behavior compared with the harmonic oscillator
basis and is thus suitable for expanding the wave functions of weakly bound
nuclei. In practical calculations, an energy cutoff of 𝐸cut = 300 MeV and an
angular momentum cutoff of 𝐽max = 23/2 ℏ for the DWS basis can guarantee the
convergence of numerical results [?]. In such a basis space, the pairing strength
𝑉0 = −325 MeV⋅fm3, the saturation density 𝜌sat = 0.152 fm−3, and a pairing
window of 100 MeV can reproduce the odd-even mass differences of calcium and
lead isotopes [?]. The blocking effects in odd-mass and odd-odd nuclei are taken
into account via the equal filling approximation [?, ?, ?].

2 Recent Progress
2.1 The Halo Nucleus 37Mg

The deformed 𝑝-wave neutron halo nucleus 37Mg, confirmed experimentally in
2014 [?, ?], is the heaviest nuclear halo system to date. Although 37Mg had been
synthesized and identified in 1996 [?], theoretical studies over the subsequent
two decades, including phenomenological calculations based on a Woods-Saxon
potential [?] and microscopic ones based on nonrelativistic and relativistic den-
sity functional theories [?, ?, ?], did not predict its neutron halo. Even after
2014, a fully microscopic description of the neutron halo in 37Mg remained a
challenge. For instance, a large quadrupole deformation (𝛽2 ≳ 0.5) must be
introduced in calculations based on Woods-Saxon potentials to reproduce the
𝑝-wave occupation of the valence neutron in 37Mg [?, ?, ?, ?]. Calculations
based on antisymmetrized molecular dynamics reproduced the matter radii of
24−36Mg but significantly underestimated the matter radius of 37Mg [?, ?]. Re-
sults from nonrelativistic Hartree-Fock-Bogoliubov calculations were found to
be density-functional dependent [?, ?, ?], with only the M3Y-P6 functional ca-
pable of providing the 𝑝-wave components of the valence neutron in 37Mg [?].

The deformed 𝑝-wave neutron halo in 37Mg has been described in a micro-
scopic and self-consistent way using the DRHBc theory [?]. Figure 2 [Figure 2:
see original paper] illustrates the two-dimensional neutron density distributions
for 35−37Mg in the DRHBc calculations with the density functional PC-F1 [?].
The neutron density distribution of 37Mg is remarkably more diffuse, consis-
tent with the picture of nuclear halos. The root-mean-square (rms) radii for
35−37Mg calculated from nuclear densities are respectively 3.44, 3.49, and 3.57
fm, in satisfactory agreement with the empirical radii of 3.44(03), 3.49(01), and
3.62(03) fm deduced from reaction cross sections [?]. Furthermore, the densi-
ties and wave function of the valence neutron from the DRHBc theory can be
fed as microscopic inputs into the Glauber model to study reaction observables,
which proved successful in describing the halo nucleus 31Ne [?]. Such work for
magnesium isotopes has also been performed recently, and the reaction cross
section of 37Mg bombarding a carbon target and the longitudinal momentum
distribution of 36Mg fragments after its breakup are reproduced very well [?].
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To further understand the halo phenomenon in 37Mg, Fig. 3 [Figure 3: see
original paper] presents the single-neutron orbitals around the Fermi energy and
their rms radii. The rms radius of the weakly bound orbital 5 is approximately
5.6 fm, significantly larger than others. Orbital 5 is occupied by the valence
neutron in 37Mg, with 38% 2𝑝1/2 and 19% 2𝑝3/2 components, comparable to
the ≈ 40% 𝑝-wave halo components suggested in experiments [?]. The low
centrifugal barrier for 𝑝 waves allows considerable tunneling of the wave function
into the classically forbidden region, which, together with the weak binding
of orbital 5, results in its largest rms radius. While certain 𝑠- and 𝑝-wave
components are found for orbitals 1 and 2, respectively, the diffuseness of their
wave functions is suppressed by relatively deep binding. For orbitals 3 and 4
dominated respectively by 𝑑 and 𝑓 waves and orbitals 6 and 7 with occupation
probabilities ≲ 0.1, their contribution to the neutron halo in 37Mg is marginal.
Therefore, it is natural to decouple the neutron density of 37Mg into a core
and a halo, with the Fermi energy as a threshold. As seen in Fig. 2, the core
density closely resembles that of 36Mg, while the halo density predominantly
contributes to the total neutron density far from the center.

Results from DRHBc calculations based on other density functionals, such as
PC-PK1 [?], NL3* [?], and PK1 [?], are quantitatively consistent with the above
results. Therefore, the microscopic self-consistent description of the DRHBc
theory for the halo nucleus 37Mg is essentially density-functional independent.
It is worth noting that the DRHBc theory was only applied to even-even nuclei
in magnesium isotopes before 2014, missing the prediction of the neutron halo
in 37Mg.

2.2 The New Isotope 39Na

The exploration of boundaries in the nuclear chart, i.e., drip-line locations, has
always been a major goal of nuclear physics [?]. Although the proton drip line
has been experimentally delineated up to neptunium with 𝑍 = 93 [?], the neu-
tron drip line is only known up to neon with 𝑍 = 10 [?]. In 2022, further
experimental exploration discovered the currently most neutron-rich isotope of
sodium with 𝑍 = 11, 39Na, but the neutron drip line has not yet been deter-
mined [?]. The neutron number of 39Na is 𝑁 = 28, a traditional magic number.
The disappearance of traditional magic numbers and emergence of new ones
are novel phenomena in exotic nuclei near drip lines, e.g., the disappearance
of 𝑁 = 28 magicity in the isotones of 39Na, 40Mg, and 42Si [?, ?]. On the
other hand, as shown in Fig. 1, clues to halo nuclei or candidates are found
in every isotopic chain from He to P, except for Na and Si. Therefore, it is
necessary to study the shell structure of 39Na and explore possible halo phe-
nomena in neutron-rich Na isotopes, which could provide references for future
experiments.

Figure 4 [Figure 4: see original paper] shows the evolution of single-neutron
levels around the Fermi energy with quadrupole deformation obtained from
DRHBc calculations with PC-PK1. In the spherical limit, the orbitals 2𝑝3/2 and
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1𝑓7/2 are nearly degenerate and close to 2𝑝1/2. In the traditional shell model,
there is a sizable energy gap between 1𝑓7/2 and 2𝑝3/2, forming the 𝑁 = 28
shell closure and making the spherical shape energetically favored. In 39Na,
the lowering of 2𝑝 orbitals results in the collapse of the 𝑁 = 28 shell closure,
and down-sloping levels split from the 1𝑓7/2 orbital lead to a large ground-state
deformation of 𝛽2 > 0.4. In addition, as shown in Fig. 4, pairing correlations
lead to partial occupation of the weakly bound or continuum 1/2− and 3/2−

orbitals by valence neutrons in 39Na. Due to deformation effects, 𝑝𝑓 components
are mixed in the wave functions of these orbitals, and 𝑝-wave components in
valence neutrons favor the formation of a neutron halo. Therefore, the halo
phenomenon may exist in 39Na.

Figure 5 [Figure 5: see original paper] shows neutron density distributions
along and perpendicular to the symmetry axis for odd-mass Na isotopes with
𝑁 ≥ 20. The ground-state deformation of 31Na is spherical due to the 𝑁 = 20
shell closure, while other more neutron-rich Na isotopes are well deformed with
quadrupole deformation 𝛽2 > 0.35. Therefore, the significant increase in density
distribution along the symmetry axis from 31Na to 33Na in Fig. 5(a) can be
understood from deformation effects. From 33Na to 41Na, the neutron density
distribution along the symmetry axis gradually becomes more diffuse with in-
creasing neutron number. In Fig. 5(b), similar gradual growth is seen in the
neutron density distribution perpendicular to the symmetry axis from 31Na to
37Na. However, far from the center, the density distributions of 39Na and 41Na
are very diffuse, even though they are prolate deformed. This suggests oblate
neutron halos in 39Na and 41Na, with prolate-oblate shape decoupling between
the core and halo.

Further analysis reveals that the 1/2− and 3/2− orbitals embedded in the contin-
uum contribute predominantly to the halos in 39,41Na. These two orbitals have
considerable 𝑝-wave components. According to angular momentum coupling,
both spherical harmonic functions |𝑌10(𝜃, 𝜑)|2 and |𝑌1±1(𝜃, 𝜑)|2 contribute to the
1/2− orbital, with the latter dominating. For the 3/2− orbital, only |𝑌1±1(𝜃, 𝜑)|2
contributes. The angular distribution is prolate for |𝑌10(𝜃, 𝜑)|2 ∝ cos2 𝜃 and
oblate for |𝑌1±1(𝜃, 𝜑)|2 ∝ sin2 𝜃. The shape of the halo is thus oblate.

Therefore, based on DRHBc calculations with density functional PC-PK1, the
disappearance of the traditional magic number 𝑁 = 28 and the appearance of
a deformed neutron halo in the new isotope 39Na are predicted. For results
from other density functionals for Na isotopes, discussion on the neutron drip-
line location, and further exploration of the microscopic mechanism for halo
formation, see Ref. [?].

2.3 The Triaxial Halo Nucleus 42Al

Non-axial deformation, namely triaxial deformation, is one of the basic defor-
mation degrees of freedom in atomic nuclei. Triaxiality is closely related to rich
nuclear phenomena, e.g., chiral rotation [?], wobbling motion [?], and fission
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[?]. It has recently been found that information on nuclear deformation can be
extracted from relativistic heavy-ion collision experiments [?], and evidence for
triaxial structure in 129Xe has been reported by analyzing data from the CERN
Large Hadron Collider [?], which further stimulates interest in triaxial nuclei.

It would be interesting to explore the possible existence of triaxial halo nuclei.
In 2021, a calculation based on the Woods-Saxon potential suggested that the
region of halo nuclei could be extended by triaxial deformation that allows the
appearance of 𝑠- or 𝑝-wave components in some weakly bound orbitals [?]. How-
ever, the triaxial deformation, depth, and width of the potential are adjustable
parameters, and crucial pairing and continuum effects are not included in such
phenomenological models. In contrast, the TRHBc theory takes into account tri-
axial deformation, pairing correlations, and continuum effects in a microscopic
and self-consistent way, making it capable of properly describing triaxial halo
nuclei. The TRHBc theory predicts 42Al as a triaxial halo nucleus by examining
neutron separation energies, rms radii, density distributions, and single-neutron
orbitals around the Fermi energy for aluminum isotopes [?].

Figure 6 [Figure 6: see original paper] exhibits density distributions in the 𝑥𝑦,
𝑥𝑧, and 𝑦𝑧 planes for the core and halo of 42Al, calculated from the TRHBc
theory with PC-PK1. The halo density is significantly more diffuse than the
core density, especially in the 𝑦𝑧 plane. Quantitatively, the rms radius is 3.85
fm for the core and 5.26 fm for the halo. The deformation parameters (𝛽, 𝛾)
are (0.38, 50∘) and (0.79, −23∘) for the core and halo, respectively. The negative
𝛾 value means that 𝑦 is the intermediate axis while 𝑥 is the short one, which
is just the reverse of the case for the core. With the corresponding rms radius
and deformation parameters, schematic pictures for the core and halo are also
displayed in Fig. 6, where the long, intermediate, and short axes can be distin-
guished clearly. Therefore, 42Al is a triaxial halo nucleus with a novel triaxial
shape decoupling between the core and halo. For detailed results and discussion
on the triaxial halo characteristics of 42Al, see Ref. [?].

3 Summary
Halo phenomena in exotic nuclei have long been an important frontier in nu-
clear physics research. Relativistic density functional theory has made great
progress in the study of halo nuclei. Recently, a microscopic and self-consistent
description of 37Mg, including its small one-neutron separation energy, large
rms radius, diffuse density distribution, and 𝑝-wave components for the halo
neutron, has been obtained using the DRHBc theory [?]. Based on structure
input purely from the DRHBc theory, the reaction cross section of 37Mg on
a carbon target and the momentum distribution of 36Mg fragments after its
breakup are reproduced very well by the Glauber model [?]. Therefore, a uni-
fied description of the halo characteristics of 37Mg from nuclear structure to
reaction dynamics has been achieved.

The recently discovered isotope 39Na has been investigated with the DRHBc
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theory [?]. It is revealed that the lowering of 2𝑝 orbitals in the spherical limit
results in the disappearance of 𝑁 = 28 magicity in 39Na. Pairing correlations
and 𝑝𝑓 component mixing driven by deformation lead to partial occupation of
weakly bound and continuum orbitals with certain 𝑝-wave components, giving
rise to the formation of an oblate neutron halo around the prolate core in 39Na.

To explore triaxial halo nuclei, the TRHBc theory has been developed, which
self-consistently includes triaxiality, pairing correlations, and continuum effects
[?]. The observed heaviest odd-odd aluminum isotope, 42Al, is predicted as a
triaxially deformed halo nucleus, in which a novel triaxial shape decoupling—
i.e., the exchange of intermediate and short axes between the triaxial core and
triaxial halo—is found.
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