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Abstract

The mass spectra of hidden-heavy tetraquark systems ~ and ~ containing
strange quarks have been calculated using the hadron-quarkonium model and
the color-magnetic interaction bag model, respectively. Results from the hadron-
quarkonium model indicate that when the heavy quarkonium is in an excited
state, the binding energy between the strange meson and is relatively large,
potentially forming a compact structure; consequently, these states may be iden-
tified experimentally via the decay of from the excited state to the ground state.
For ground-state strange hidden-heavy tetraquark states, the color-magnetic in-
teraction bag model calculations support a compact tetraquark configuration,
particularly for the experimentally observed (4000) and (4220), where the
theoretical masses differ from experimental values by only about 20 MeV. The
calculated masses for = also show close agreement with partial experimental
results. Based on these findings, we support the possibility that strange-quark-
containing tetraquark states may possess more compact structures.
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Abstract

We calculate the mass spectra of strange hidden-heavy-flavor tetraquark sys-
tems, specifically ¢5QQ and s5QQ, using the hadro-quarkonium (H-Q) model
and the chromomagnetic interaction (CMI) bag model, respectively. The H-Q
model calculations reveal that when the heavy quarkonium QQ resides in an
excited state, the binding energy between the strange meson and QQ becomes
substantial, potentially forming compact structures that could be identified ex-
perimentally through decay processes from excited to ground states of QQ. For
ground-state strange hidden-heavy-flavor tetraquarks, the CMI bag model re-
sults support a compact tetraquark interpretation. In particular, for the experi-
mentally observed Z, (4000) and Z_,(4220) states, our calculated masses differ
from experimental values by only about 20 MeV. The mass predictions for ssQ@
systems also show good agreement with some experimental results. Based on
these findings, we argue that tetraquark states containing strange quarks may
exhibit more compact structures.

Keywords: hadro-quarkonium; chromomagnetic interaction

1. Introduction

The mass of a hadron M (R) is obtained through variational methods applied to
the hadron radius, yielding optimal solutions for hadron mass and expectation
values for the radius. The H-Q bound state description of multiquark states
strongly depends on the chosen color-electric interaction radius parameter R;
of the light hadron. Since experimental information on the interaction radius of
light hadrons is scarce, we adopt the hadron radii obtained from the bag model
as input parameters for calculating the mass spectra of strange tetraquark states
within the H-Q framework.

This paper is organized as follows: Section 1 introduces the H-Q theoretical
model and presents the H-Q bound state mass spectra under the heavy-quark
limit where the heavy quarkonium radius Rg5 = 0. Section 2 calculates the
mass spectra and radii of hidden-flavor tetraquark states using the CMI bag
model. Section 3 examines the influence of non-pointlike heavy quarkonium
structures on H-Q bound states.

2.1 H-Q Bound States Based on Light Hadron Bag Radii

Over the past two decades, numerous exotic hadron states known as XYZ
particles have been observed. These states cannot be explained by conven-
tional baryons or mesons, with popular theoretical interpretations including
hadronic molecular states, hadro-quarkonium (H-Q) bound states, and compact
tetraquarks [1-6]. Hadronic molecular states are described as bound systems
formed through interactions between a meson Qq (where @ = ¢,b and g = u,d)
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and its antiparticle Q¢ [7-9]. In 2021, BESIII discovered the first strange hidden-
charm tetraquark candidate Z,,(3985)", followed by LHCb’ s observation of
strange-quark-containing tetraquark states Z,.,(4000)" and Z_,(4220)" in the
Bt — J/y¢KT process [10]. Theoretical explanations for Z,. (4000)" and
Z,,(4220)" primarily include hadronic molecular states [5,11-12], H-Q bound
states [13-14], and compact tetraquark states [15-17].

Considering the threshold effects and flavor characteristics of Z,,(4000)" and
Z,,(4220)", this work employs both the H-Q bound state model and the chromo-
magnetic interaction bag model to calculate the mass spectra of these particles.

Compact tetraquark states can be described using the chromomagnetic interac-
tion (CMI) bag model [18-19] (MIT bag model), which is not limited by quark
number and effectively describes ground states of multiquark systems. The
fundamental principle involves approximating hadrons as spherical bags and
considering chromomagnetic interactions between quarks to derive expressions
for hadron mass.

As illustrated in [Figure 1: see original paper], the H-Q bound state consists of
a colorless heavy quarkonium Q@ embedded within a light hadron (qqq or ¢q),
forming a bound state through color-electric interactions [20-21]. The interac-
tion between QQ and gqq or ¢ represents a color-electric van der Waals force
[20], which can be described using QCD multipole expansions [22-23]. Expand-
ing the color-electric interaction to leading order yields the effective Hamiltonian
H, g [24-26]:

€
Heff = *Oéw,w/E . E/

where a,,,, is the color-electric polarizability of the heavy quarkonium QQ and
E is the color-electric field [24]. To calculate H-Q bound state masses, we eval-
uate Eq. (1) in the |H, Q) eigenbasis. The matrix element of the color-electric
field can be expressed as an energy-momentum tensor: 6, ~ #EQ. For
the non-relativistically normalized light hadron state |H), the mass expectation
value My is given by [24,26]:

My =~ (H0,,,(q¢ = 0)|H)

The interaction between QQ and gqq or ¢¢ can be approximated by an effective
potential Vi satisfying:

/dgTVHQ ~ —Oéww/MH

where Ry in Eq. (3) represents the radius of the light hadron [26]. The effective
potential Vi (r) can be expressed as [24]:
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27roz¢w/MH
Vio(r) = Ry, r< Ry
HQ
0, r> Ry

The Hamiltonian for the H-Q bound state is [24]:

2
p
Hyg =Moo+ My + Vig(r) + 2

where My, is the mass of QQ and p is the reduced mass. The complete H-Q
bound state wavefunction can be written as:

|q)HQ> = |(LQ7 SQ)JQ§ (L Spr)d s (']HQ7 LHQ)J£t>

which satisfies angular momentum addition and parity multiplication rules.
Here Ly, S, and Jg, represent the orbital, spin, and total angular momentum
of QQ; Ly, Sy, and Jy correspond to those of gqq or qg; Jug = Ju + Jgi
Ly is the relative angular momentum between QQ and qqq or qg; and JE,
denotes the total angular momentum and parity of the H-Q bound state. In
our calculations, we neglect relative orbital excitations between QQ and gqq
or qq, setting Ly = 0, as we find that Vp can only support ground-state
binding.

The integration limit Ry in Eq. (3) represents the expectation value of the
radius of the H-Q bound state after embedding QQ into gqq or ¢g. Due to the
strong dependence of Vi, on Ry, this parameter directly affects the reliability
of our calculations. We consider two scenarios:

I. In the heavy-quark limit where Ry > R, the influence of the embedded
QQ on the light hadron radius is negligible. -

II. If we consider the non-pointlike structure of Q@), the heavy quarkonium
radius R cannot be ignored compared to Ry, necessitating consideration of
QQ s effect on the light hadron radius.

For the ground-state light meson radius Ry, we examine both the root-mean-
square radii from quark potential models and variational results from bag mod-
els. Given the large variation in potential model results [27-29], we select the
bag model calculations.

In the bag model, the hadron radius is obtained by variational minimization of
the hadron mass expression M (R) with respect to the radius Ry;. This radius
encompasses quark interactions and can be approximated as the interaction
boundary for light hadrons described by Eqs. (3-4). Table 1 lists MIT bag
model calculations for light hadron masses and radii [18,30], showing relatively
small variations in hadron radii.
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Table 1. Masses M,,,, (in GeV) and limiting radii Ry (in GeV ') for selected
hadron states calculated in the MIT bag model from Refs. [18] and [30], with

M.y, (in GeV) representing experimental values.

State Ry [30] M, [30] Ry (18] My, [18] M,

exp

Reference [24] provides relevant values for heavy quarkonium polarizability
Qyy, through studies of hadron-J /1 scattering lengths. In the large-N,
limit, the color-electric polarizability exhibits quantum number dependence:
Q(18) /vy, (28) = 7/50, consistent with values from Ref. [32]. Table 2
presents the color-electric polarizability values used in our calculations, based
on Ref. [24].

Table 2. Color-electric polarizabilities (in GeV~?) for charmonium «,,, and
bottomonium c-y from Ref. [24].

Polarizabilities Value Polarizabilities Value
GeV3

vy, (1P) 11 GeV=3  ayy(29) 23 GeV 3

oy (25) 18 GeV™3  ayvy(2S) 33 GeV 3

For the hadron radius parameters, we adopt the limiting radii of mesons from
the bag model in Table 1 [7], setting R,,, = Ry. Specifically: R, = 4.7
GeV! ~ 0.927 fm, Ry = 4.34 GeV ! ~ 0.856 fm, and Ry. = 4.63 GeV ! ~
0.913 fm. Solving the eigenvalue equation from Eq. (5) yields the bound state
masses [33].

Table 3 presents the calculated mass spectra for c¢ bound states with ¢, K,
and K* mesons in the H-Q model. The fourth column shows masses without
considering light hadron radius expansion, while the fifth column gives the cor-
responding binding energies AE = My + Mg — My, where My is the meson
mass and M, is the charmonium mass. Results indicate that for the cc angu-
lar momentum excitation 1P, with color-electric polarizability a,,(1P).; = 11
GeV 3, the binding energy AF ranges from 18 MeV to 83 MeV. For the radial
excitation 28 with a,,,(25).; = 18 GeV 3, the binding energy AE is approxi-
mately 200 MeV.

The cc ® ¢ masses range from 4351 MeV to 4501 MeV. Due to model limitations,
we cannot incorporate spin interactions between cc and light hadrons, but the
calculated results lie above both the m(4(1020))+m(J/¢) = 4117 MeV and two-
meson 2m(D,) = 3936 MeV thresholds. Experimentally observed strange-quark-
containing tetraquark states Z,,(4000) and Z,,(4220) have J¥ = 17 quantum
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numbers [10] and likely correspond to the calculated values ¥(25) ® K (4165)
and 7,.(25) ® K*(4069), which are close to experimental results. However, ex-
perimental data on decays from (25) or 1,.(2S5) excited states to ground states
are currently lacking.

Tables 4 and 5 present results for bb systems. Since Ref. [24] provides different
values for bottomonium color-electric polarizability, we perform calculations us-
ing both minimum and maximum values a,,;, and a,,,,. The results show that
bb ® H systems exhibit larger binding energies than c¢¢ ® H systems.

In summary, while H-Q model calculations approximate the experimental
masses of Z_,(4000) and Z_,(4220), the model predicts bound states composed
of excited cc¢ and mesons. The absence of observed decay processes from cc
radial excitations to ground states in experiments suggests that detecting
such decay channels could serve as a criterion for bound state existence. Fur-
thermore, s5 ® QQ systems show larger binding energies, potentially forming
compact tetraquark states. In our H-Q model calculations using MIT bag
radii, quark flavor affects hadron radii—heavier quarks yield smaller radii [19].
Consequently, the potential well width decreases with increasing strange quark
number, while the well depth, proportional to light hadron mass, increases.
Both effects contribute to enhanced binding energies.

2.2 Tetraquark Radius and Mass Spectra in the CMI Bag
Model

The MIT bag model provides the mass expression:

M(R) = Wi AMpap P am
(R) izgqu+3 7 (AH)
The first term represents the sum of relativistic kinetic energies, where w; is the
valence quark kinetic energy. The second term is the bag volume energy with
parameter B representing the vacuum energy density difference between the bag
interior and exterior (similar to the H-Q model’ s description of light hadron
masses), and R is the spherical bag radius. The third term is the zero-point
energy in vacuum, with Z; as the zero-point energy parameter from Ref. [18].
(AH) denotes the interaction energy between quarks.

The momentum squared term z? in Eq. (8) is obtained from the transcendental
equation satisfied by quark wavefunctions at the bag boundary:

tanz, =

1
1+mR—/m?R? + a2

In the MIT bag model, the interaction energy AH between valence quarks
takes two forms: chromomagnetic interactions between quarks and short-range
interactions Hpp between heavy quarks [18,34]:
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Heyr=— Z()‘z : Aj)(ai : Uj)cij

i<j

AH = Heyp + Hpg

o (R 8T 1
Hpp = Z(Ai ")) () <353(Tij) + ﬁSij>
ij

i<j 4mimj

In Egs. (8)-(10), indices i and j label quarks within the hadron, A represents
Gell-Mann matrices, and o denotes Pauli matrices. These operators encode
color and spin factors:

— T T
(Ni A = Tr(ej, Agcim) Tr(cj, Aye

intaim n"a jm)

<Ui : Jj>:rzy = Tr(XIanXim>Tr(X}xO—anz)

where subscripts n, m, x, y denote basis vectors for color and spin wavefunctions,
while ¢ and x represent quark color and spin basis states. These calculations
depend on color-spin wavefunctions provided in Ref. [18]. The chromomagnetic
interaction parameter C;; in the MIT bag model is expressed as:

3a,(R) _ _
Ci; = AR3 Pkl

where a,(R) is the running coupling constant from Ref. [18], and p; is the
magnetic moment of the i-th quark:

47 . 2wR+2)\ -3
[l + (0.281R) ] "'~ 2w, R(w,R—1) + A,

a,(R) =

The complete mass expression is obtained by combining these terms. We deter-
mine stable hadron masses and radii by variational minimization of the hadron
mass with respect to radius R.

The bag model input parameters follow Refs. [18-19]: Z, = 1.83, m,, = 0
GeV, BY* = 0.145 GeV, m, = 0.279 GeV, m, = 1.641 GeV, m;, = 5.093 GeV.
The short-range binding energies B, ;, By;, By, and By; are obtained by fitting
vector mesons.

cs)
The function I;; in Eq. (18) is a rational function of parameters x; and x:

Ly =1+ F(z;,x;)

(20
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where F'(xz;, ;) involves solutions z; to the transcendental equation (9), with:

Flo,z) = [2; sin” z; — Y;y; — 2w,x;8in(22;) sin(2x;) + x;2,[2,5i(22;) (v sin” Ty — ) + 22,51(27;) — (v, +
g
Here y; = x; — cos(z;) sin(x;) and Si(z) = fow st gt

Chromomagnetic interactions between quarks are constructed using Eqgs. (10)
and (11) with the hadron’ s color-spin wavefunctions, yielding contributions to
AH after diagonalization to account for color-magnetic mixing.

Table 6 presents bag model calculations for ground-state double-heavy-flavor
meson masses and limiting radii from Ref. [19].

Hidden-flavor tetraquark states g, ¢;q3q, possess two color configurations in color
space: 6 ® 6 and 3 ® 3, with wavefunctions:

¢1T = [(¢192)6(q3d4)8) ¢§F = [(¢192)3(q3d4)3)

Based on SU(3) color symmetry, specific forms of these wavefunctions are given
in Appendix A. In spin space, six tetraquark spin states exist (subscripts denote
spin quantum numbers):

X1T = [(q142)1(q3d4)1) 2> X2T = (9192)1(234)1)15 XST = [(¢192)1(234)1)0

XZ = [(4192)1(234)0)1> X5T = [(4192)0(q3d4)1)1 Xg = |(4192)0(2394)0)0

Using color-spin basis vectors ¢,y; (given in Appendix A) leads to color-
magnetic mixing.  Diagonalization yields the energy contributions from
tetraquark chromomagnetic interactions to AH.

Table 7 lists experimentally discovered tetraquark states gscc and sscc.

As shown in Table 8 and Figure 2 [Figure 2: see original paper], CMI bag model
calculations for gscc or gscc systems yield masses above the J /¢ K1 (3593) and
D°(3832) thresholds. The average tetraquark radius is 5.22 GeV~' (1.03 fm),
with J¥ = 1% states calculated between 3986 MeV and 4325 MeV. Notably,
the calculated values 3986 MeV and 4208 MeV differ from the experimental
Z,,(4000) and Z,,(4220) masses by less than 20 MeV, supporting these states
as compact tetraquark candidates.

As shown in Table 11 and Figure 2, calculations for the ccss system with J©¢ =
017" yield masses 180 MeV or more above the 2D,(3936) meson threshold. Most
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07" and other quantum number states appear above the J/19¢(4117) threshold,
except the minimum 07" value of 4099 MeV, which lies slightly below with
a binding energy of only ~20 MeV. The 17~ and 17+ states distribute around
the D, D%, (4748) threshold, with sub-threshold results showing binding energies
near 100 MeV, potentially approaching molecular state limits. All 2** states
lie below the 2D%, (5560) threshold with substantial binding.

The experimental state X(4630) would require a binding energy exceeding -
118 MeV for a D, D%, (4748) molecular interpretation, with even larger binding
energies needed for X (4500) and X(4350). This supports X(4350), X(4500),
and X (4630) as likely compact tetraquark states.

Comparing radii from Tables 8 and 11 reveals that ccss systems have smaller
limiting radii than gscc¢ due to kinetic suppression. This leads to the conclusion
that if Z,,(4000) and Z,,(4220) are compact tetraquarks, then ccss, ¢sbb, and
s5bb systems have even greater probabilities of forming compact tetraquark
structures beyond molecular and other bound states.

Tables 10 , 13 , and Figure 2 present CMI bag model calculations for ¢sbb, gsbb,
and s5bb systems. The s5bb results lie above the B* threshold with smaller radii
than ssce, suggesting that ¢sbb, gsbb, and s5bb systems may harbor additional
compact tetraquark states.

Tables 9 and 12 present decay branching ratio calculations for gscc¢ and sscc
systems after transforming hadron eigenstates to 8®8 and 1® 1 representations.
Before studying tetraquark decays, scattering states must be removed. This
requires basis transformations coupling color-singlet mesons to color-singlets
and color-octet mesons to color-octets. Only color-singlet coupled structures
decay by dissociating into mesons with spins s; and sy, while octet states do
not. States with color-singlet eigenvector coefficients |¢;| > 0.8 are identified as
scattering states and excluded. Octet components in tetraquark states can also
decay when quark exchange converts them to color-singlets, requiring further
consideration.

After removing scattering states, we study two-body decays A — B 4+ C. The
partial decay width formula for each decay channel is [36]:

k2L+1

I, =« el

m;
where I'; is the partial width, v, the decay coefficient, a the coupling constant,
m, the parent particle mass, and ¢, the eigenvector coefficient for color-singlet
coupling. For ground states, we set orbital angular momentum L = 0. The
decay product momentum k is determined in the zero-momentum frame where
both final-state particles share equal momentum:

ma:\/mi—FkQ—l- m2 + k2
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with m;, and m, being the final-state meson masses. Calculating each channel’
s width and branching ratio relative to the dominant decay mode reveals the
primary decay mechanisms.

2.3 H-Q Bound States Based on Multiquark Hadron Radii

Embedding non-pointlike QQ mesons within hadrons may alter the light hadron’
s limiting radius, affecting H-Q model binding energies. In Eq. (4), the binding
potential scales as 1/R3, making it strongly dependent on radius, while the
potential well width relates to the light hadron radius Ry. Table 6 shows that
heavy quarkonium radii are non-negligible compared to light hadron radii Ry,
particularly for charmonium where the bag model yields J /4 and 7, radii of 3.5
GeV~! and 3.03 GeV L, respectively, compared to Ry ~ 4.5 GeV~! from Table
1. Therefore, the expansion of the binding boundary R upon QQ embedding
cannot be ignored.

We correct the H-Q model results using tetraquark radii from the CMI bag
model (Tables 8 and 10). Assuming the hadronic potential boundary Ry &~ Ry
(where Ry is the tetraquark radius from the bag model, which shows small J¥
dependence as seen in Tables 8, 10, 11, and 13), we use average values RS¢ ~ 5.22
GeV~! and R% ~ 4.85 GeV~! in Eq. (5). The resulting binding energies and
masses are listed in the sixth and seventh columns of Tables 3, 4, and 5.

These results demonstrate that embedding non-pointlike Q@ into light mesons
reduces the H-Q bound state binding energy.

3. Conclusions

In the first part of this work, we calculated binding energies and mass spectra
for ¢5 ® QQ and s5 ® QQ systems within the H-Q model. The results show
that bound states form only when Q@ resides in excited states. Additionally,
$S®QQ systems exhibit larger binding energies than ¢gs®Q Q) systems, with some
hidden-bottom states potentially forming deeply bound systems. Experimental
identification of H-Q bound state candidates could be achieved by searching for
decay products containing excited QQ states.

In the second part, we calculated radius expectation values and mass spectra
for ¢gsQQ and ssQQ systems using the CMI bag model. For strange-quark-
containing tetraquarks, which may involve more complex color interactions at
the quark level, the CMI bag model interprets these as color-magnetically mixed
states. The model’ s predictions for gscc support Z,.,(4000) and Z_,(4220) as
compact tetraquark candidates, with calculated masses differing from experi-
mental values by only 20 MeV and radii around 5.22 GeV~! (1.03 fm). Cal-
culations for sscc suggest that some experimentally observed double-strange X
states like X (4350), X (4500), and X (4630) may have compact structures, with
mass differences within 40 MeV and radii near 5.16 GeV~! (1.02 fm). Predic-
tions for ¢5bb and s5bb systems yield even smaller radii around 4.85 GeV~! (0.96
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fm). Tables 8, 10, 11, and 13 include mass calculations from Ref. [35] using
an improved CMI framework with light-quark color-electric interactions (ICMI),
which produce slightly lower masses than our CMI bag model.

Comparing H-Q and CMI models reveals the binding energy hierarchy: B ;5. <
Bysgee < Bysgny < Bissgn,- The CMI bag model radius calculations show
Rysce > Rgsee > Ryzpp > Rz, likely due to flavor-dependent kinetic sup-
pression driving systems toward more compact configurations. We therefore
conclude that if Z,,(4000) and Z_,(4220) are compact tetraquarks, then ccss,
¢5bb, and s5bb systems have even greater probabilities of forming compact struc-
tures beyond molecular and other bound states.

Acknowledgments: We thank Prof. Jia Duojie and Dr. Gao Di from Northwest
Normal University for discussions on this work.

Appendix Al

For hidden-flavor tetraquark states, SU(3) color symmetry yields two color-
singlet representations: 66 and 3®3. The color wavefunctions can be expressed
as:

1 _
¢, = %(rﬁ“? + 9ggg + bbbd)

1 - _ - - _
Py = —=(rbbr+-bror+grgr+rggr+gbbg+bgbg+grrg+rgrg+gbgb-+bggb+rbrb+brrb)

V6

Considering flavor symmetry, if g, ,2 satisfies flavor symmetry with isospin 1, we
denote it with 0% = 1; if isospin is 0, we use 0% = 632 = 1. For quark pairs
without flavor symmetry but with isospin symmetry, we use 5}42 =1.

The six tetraquark spin basis vectors are:

X1 =11, e = (L) + [ T1) — | 1) — | 1411))

1

Xa = (T +H M), xa= %(I NAL + [T + D) + [ 4r)

S

2

1 1
X5 = \ﬁﬂ T = 1T, Xe = (LA = [I117)
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Accounting for the Pauli principle, the color-spin basis vectors for describing
tetraquark states are constructed from these components.
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