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Abstract

Summary: “In this paper we consider a variation of the classical Turan-type
extremal problems. Let S be an n-term graphical sequence, and o(S) be the
sum of the terms in S. Let H be a graph. The problem is to determine the
smallest even [ such that any n-term graphical sequence S having o(S) > [ has
a realization containing H as a subgraph. Denote this value [ by o(H,n). We
show 0(Cy,,11,n) = m(2n —m — 1) + 2, for m > 3, n > 3m; 0(Cy,,40,1) =
m(2n—m—1)+4, form >3, n>5m—2""
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Abstract

In this paper we consider a variation of the classical Turdn-type extremal prob-
lems. Let S be an n-term graphical sequence, and o(S) be the sum of the terms
in S. Let H be a graph. The problem is to determine the smallest even [ such
that any n-term graphical sequence S having o(S) > [ has a realization contain-
ing H as a subgraph. Denote this value | by o(H,n). We show o(C,,,.,,n) =
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m(2n —m —1) + 2, for m > 3,n > 3m; 0(Csy,,,19,n) = m(2n —m — 1) + 4, for
m>3,n>5m—2.
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Introduction

If S = (dy,d,,...,d,) is a sequence of non-negative integers, then it is called
graphical if there is a simple graph G of order n, whose degree sequence
(d(vq),d(vy), ...,d(v,,)) is precisely S. If G is such a graph then G is said
to realize S or be a realization of S. A graphical sequence S is potentially
H-graphical if there is a realization of S containing H as a subgraph, while S is

forcibly H-graphical if every realization of S contains H as a subgraph.

Let 0(S) = d(vy) +d(vy) + ... + d(v,,), and let [z] denote the largest integer less
than or equal to z. If G and GG; are graphs, then G U G, is the disjoint union
of G and G;. If G = G, we abbreviate G U G, as 2G. Let K, and C}, denote
a complete graph on k vertices and a cycle on k vertices, respectively.

Given a graph H, what is the maximum number of edges of a graph with n
vertices not containing H as a subgraph? This number is denoted ex(n, H),
and is known as the Turdn number. This problem was proposed for H = C, by
Erdés [2] in 1938 and in general by Turdn [11]. In terms of graphic sequences,
the number 2 ex(n, H)+2 is the minimum even integer { such that every n-term
graphical sequence S with ¢(S) > [ is forcibly H-graphical. Here we consider
the following variant: determine the minimum even integer [ such that every n-
term graphical sequence S with o(S) > [ is potentially H-graphical. We denote
this minimum ! by o(H,n).

Erdés, Jacobson and Lehel [3] showed that o(K,,n) > (k—2)(2n —k+ 1) + 2
and conjectured that equality holds. They proved that if S does not contain
zero terms, this conjecture is true for k = 3,n > 6. The conjecture is confirmed
in [4], [7], [8], [9] and [10].

Gould, Jacobson and Lehel [4] also proved that o(pK,,n) = (p—1)(2n—2)+2 for
p > 2;and 0(Cy,n) = 2 [32-1] for n > 4. Lai [5, 6] proved that o(Cy,n) = 4n—4
forn > 5, and 0(Cg,n) = 4n—2 for n > 7, along with the general lower bounds
0(Copms1,n) = m2n—m—1)+2for n > 2m+ 1,m > 2, and 0(Cy,,,,9,n) >
m(2n—m—1)+4 forn >2m+2,m > 2, and o(K,—e,n) = 2 [%] forn > 7.
In this paper we prove that o(Cy,,,1,n) = m(2n—m—1)+2 for n > 3m,m > 3;
and 0(Cy,,i0,n) =m(2n—m —1)+4 for n > 5m —2,m > 3.

2 Main Results
Theorem 1

Let k > 4. Let S be a potentially C-graphical n-term sequence. If there exists
x ¢ Cp, w € Cy such that d(z) > [5] + 1, d(w) > 3, then S has a realization
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containing a C,;.
Assume C}, is wywy - wy,, 1. Let wy,; = w;. We first establish three lemmas.

Lemma (a). For any = ¢ C}, if there exist w,,w, ; such that w, , w, .z €

E(QG), then G contains a Cj 1: wwy - w Wiy 1.

TTW,. w

Lemma (b). For any z,y ¢ C), vy € E(G), if there exists w, such that
w,, € E(Q), w,, ¢ E(G), then S has a realization containing a Cy ;. (We note
that the edge w, .,z is not in G, otherwise a C),,; would already exist. However,
the edge interchange that removes edges (A and zy and inserts edges w,. @
and w,., produces a realization containing a Cj q: WiWs =+ Wygy, | Wiy 1)

Lemma (c). For any z,y ¢ C}, vy € E(G), if there exist w,,w,,, such that
Wy, W,y 0% € E(G), then S has a realization containing a Cp_ ;. (If w, oy ¢
E(G), then by Lemma (b), S has a realization containing a C} ;. Otherwise,

W,y € E(G) and so G contains a Cy 11 W Wy Wypyy,  Wyyg Wiy l.)

Proof of Theorem 1. Assume every realization of S does not contain a C}, ;.

Since d(z) > [£] + 1, there exists z; ¢ C}, such that zz, € E(G). Thus, by

Lemma (a), z is adjacent to at most [4] —1 vertices of Cy.. Since d(z) > [&] +1,
k

Lemma (c) implies that = is adjacent to at most [5] — 2 vertices of €}, when

k > 4. Hence there exists xy ¢ C,, x5 # x,, such that zz, € E(G).

Case 1. Suppose there exists w; € C}, such that w;, € E(G). By Lemma (b),
w;, 1, w;,2 € E(G). By Lemma (), w; &, w; &, w;, %5 ¢ F(G). By Lemma
(€), Wi o, Wi 9%y, Wi 0%y ¢ E(G). Then the edge interchange that removes
edges w;  ;w,, -, and xx, and inserts edges w; ,,x and w,,, produces a realiza-

tion containing a Cj_ i wywy - w;, law, oW, 5 - wy,, 1. This is a contradiction.

Case 2. Suppose for any w; € C,, w;, ¢ E(G). Since d(z) > [§]+1 > 2+1 =3,
there exists x5 ¢ C), 5 # ¥, T3 # T4 such that zz5 € F(G). By Lemma (b),
W1, w2, w3 ¢ E(G) for all w; € C. Since there exists w € C}, such that
d(w) > 3, there is x, such that wz, ¢ E(C}) but wx, € E(G). By Lemma (b),
x4 is not one of x;,z,,x5. If x5z, € E(G), then by Lemma (b), wxy € E(G)
and thus, by Lemma (b) as well, wx € E(G). This is a contradiction. Thus
x324 ¢ E(G). Then the edge interchange that removes edges wz, and zx; and
inserts edges wx and xsx, produces a realization containing the edge wz. By
Case 1, S has a realization containing a C}_ ;. This is a contradiction.

Theorem 2

Let m > 3. Let S be an n-term graphical sequence. Suppose S satisfies the
following two conditions: (i) there is a realization G of S containing a Cs,,,
such that for all z,y ¢ C,,, ., d(z) = d(y) = m and zy ¢ E(G); (ii) there is no
realization of S containing a Cy,,, 5. Then o(S) < m(2n—m —1) + 2.

Proof. Let C,,, ; be wyw, - w,,, ;w;, and let w,,,.;,; = w;. Since every
realization of S does not contain a Cl,,.,, Lemma (a) implies that for any
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v & Cy,,.1, there are no w,,w, ., such that w,,,w, v € E(G). Since for
any =,y ¢ Cy,,11, vy ¢ E(G) and d(z) = d(y) = m, each such vertex is
adjacent to exactly m vertices of C,,, . Assume without loss of generality that
WY T, Wy, Wy -+, Wo,, & € E(G).

Case 1. Suppose there exists y ¢ Cs,,_ 1, y # « such that there is a w; € C,,,,
with w,, € E(G) but w,;, ¢ E(G).

Subcase 1. Suppose wyy € E(G). By Lemma (a), wyy, w;y ¢ E(G) and at most
one vertex of {w,, w5} is adjacent to y. If wgy € E(G), then G contains a Cly,,, ,5:
W Wy -+ Woyy, 41 W1 TWyWsWoYwg. This is a contradiction, thus wgy ¢ E(G). Next,
if wyy € E(G), then by Lemma (a), wgy,wgy ¢ E(G). Since y is adjacent to
m vertices of Cs,,,,, Lemma (a) forces wygy, w1y, -, Ws,, 11y € E(G). Then
G contains a Cy,, 101 Wy, 1 YWolW TW4W5 =+ Wa,, Wy, 1- Lhis is a contradiction,
thus w,y ¢ E(G). Finally, suppose wgy, w;y ¢ E(G). Then, by Lemma (a), y
is adjacent to at most m — 1 vertices of C,,,,;—a contradiction.

Subcase 2. Suppose wsy € E(G). By a similar method as Subcase 1 we obtain
a contradiction.

Subcase 3. Suppose wyy, wsy ¢ E(G). Lemma (a) forces y to be adjacent to
the following m vertices of Cy,, 1: wq,wy, wg, -, W,y,. This contradicts the
supposition of Case 1.

Case 2. Suppose for any y ¢ Cy,,, .1, ¥y # «, and any w; € Cy,,, 1, if w;, € E(G)
then w;, € E(G). Then wyy, wyy, wey, -, wy,,y € E(G).

Subcase 1. Suppose wyws € E(G). Then G contains a Csy,,, o1 W5WoWsW, LW, Wa,y, 41 Wy, =+ W
This is a contradiction.

Subcase 2.  Suppose Wy, wy € E(G). Then G contains a Cy,, ot
WoWayy, 41 W1 TWa,, W, 1 - Wo. This is a contradiction.

Subcase 3. Suppose there exists ¢ (3 < i < m — 1) such that wywy; , € E(G).
Then G contains a Cy,,, o0 W WolWaWy +* Wa; _oTW Wayy, 41 Wayy, ** Way oYW W 1
This is a contradiction.

Subcase 4. Suppose wsws € E(G). Then G contains a Cy,,, o1 W3WsW,TWGWy -+ Wo,, ] W1 WoWs.
This is a contradiction.

Subcase 5.  Suppose wswy,,.; € FE(G). Then G contains a Cjy,, o:
Wy W3WoW TW4Ws -+ Wo,, Wy, 1. This is a contradiction.

Subcase 6. Suppose there exists ¢ (3 < ¢ < m — 1) such that wswy; , € E(G).
Then G contains a Cly,,, 5! Wo;  W3WoW; TW4Ws ** W YW, Wy, _q -+ Wosyq- Lhis
is a contradiction.

Subcase 7. Suppose there exists j (2 < j < m—1) such that wy;,ws,, 1 € E(G).

Then G contains a Cy,, 0! Woj 1 Wy 1 Wy, *** Woj oTW Wy =+ Wo;Wo 1. This is
a contradiction.
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Subcase 8. Suppose there exist j and ¢ (2 < j < ¢ < m — 1) such that
Woj11Waoiy1 € E(G). Then G contains a Cy,,, ;o Woj 11 Wo;y1Wo; + Wojy 9@ Wa; oWo;y g+ Woyy W Wo *+* WojWojyq-
This is a contradiction.

Subcase 9. Suppose for any i (2 < i < m), WoWy;, 1, WsWe; 1 ¢ E(G), and for
any 4,7 (2 < j <i <m), wy; Wy 1y & E(G). Then d(wy),d(wz) < m + 1 and
d(ws),d(wy), -, d(Way,,,1) < m. Since for any y ¢ Cy,,.1, d(y) = m, we have:

a(8) < m(n=2m—1)+d(w,)+d(ws)+d(ws)+d(wr)+Fd (W, 1) +d(wy)+d(wy)+d(we) +-+d(w,,,)

< m(n—2m—1)4+2(m+1)+m(m—1)+(n—1)m = (n—2m—14+24+m—1+n—1)m+2 = m(2n—m—1)+2.

Theorem 3

Let m > 2. If k =2m + 1 and n > 3m, then o(C},,n) = m(2n —m — 1) + 2; if
k=2m+ 2 and n > 3m, then o(C},,n) < m(2n—m —1) +2m + 2.

Proof. By [5] Theorems 2 and 3, 0(Cy,n) = 4n — 4 for n > 5, and o(Cy,n) =
4dn — 2 for n > 7. Clearly o(Cy,6) = 24. Hence for m = 2, if k = 2m + 1 and
n > 3m, then o(C),n) < m2n—m —1)+2; if k = 2m + 2 and n > 3m, then
o(Cyyn) <m@2n—m—1)+2m + 2.

Suppose for some t with 2 <t < m, if k =2t + 1 and n > 3¢, then o(C),n) <
t(2n—t—1)+2, and if k = 2t+2 and n > 3t, then o(C},,n) < t(2n—t—1)+2t+2.

Case 1. Let S be an n-term graphical sequence with & = 2m + 1, n > 3m,
and o(S) > m(2n —m — 1) + 2. For n = 3m, o(S) > m(6m —m — 1) +
2=5m?>—-—m+2 =2 [(kgl) + 1], which by [1] (Chapter III, Theorem 5.9)
implies that all realizations of S contain a C}. Now assume that S, is a p-
term graphical sequence with 3m < p < n, o(S;) > m(2p —m —1) + 2, and
that there is a realization of S; containing a C}. We will show that if § =
(dy,dy;..yd, 1) is a (p + 1)-term graphical sequence with realization G and
o(S) >m(2(p+1) —m —1) + 2, then S has a realization containing a Cy,,, ;.
Assume dy > dy > - > d,, > 0. Let S” be the degree sequence of G — Upi1 and
suppose d,, 1 < m. Then o(S") > m(2(p+1)—m—1)+2—2m = m(2p—m—1)+2.
Therefore, by our assumption, S” has a realization containing a C},. Hence S has
a realization containing a C). Thus, we may assume that d,.; > m + 1. Since
o(S) = m(2(p+1) —m—1)+2 > (m—1)(2(p+1)— (m—1) - 1)+ 2(m—1)+2,
by our assumption there is a realization of S containing a C,,,. Theorem 1 then
implies that S has a realization containing a C,, ;-

Case 2. If k =2m + 2, n > 3m, and S is an n-term graphical sequence with
o(S) > m(2n —m — 1) 4+ 2m + 2, then we can prove via a similar method as
Case 1 that S has a realization containing a C,,,, .

Hence o(Cs,,,,1,1n) < m(2n—m—1)+2and 0(Cy,, 10, n) < m(2n—m—1)+2m+2.

By [5], Theorem 1 (Theorem A below), for m > 2, k =2m+1, and n > 2m+1,
we have o(Cy,n) > m(2n—m — 1) + 2. Therefore, for m > 2, if k = 2m +1 and
n > 3m, then o(Cj,n) =m2n—m —1) + 2.
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Lemma 4

Ifm>3andn=3m+t (t=0,1,2,---,2m — 2), then

t
0(0277L+27n) < m(2n —m — 1) +2m+2—-2 [5] .

Proof. By Theorem 3, Lemma 4 holds for ¢ = 0,1. Now assume that Lemma
4 holds for all t — 1 where 1 <t < 2m — 2. We prove that it holds for .

Let S = (dy,d,,...,d,,) be an n-term graphical sequence with n = 3m + ¢, and

let G be a realization of S with o(S) > m(2n—m—1)+2m+2—2[%]. Assume
dy >dy >+ 2>d, >0.

Let S be the degree sequence of G —v,,. If d, <m — 1, then

a(S") > m(2n—m—1)+2m+2—2 [%} —2(m—1) > m(2(n—1)—m—1)4+2m+2—2 [

By the induction hypothesis, S has a realization containing a Cj,, ,. Hence S
has a realization containing a Cj,,,,. Thus, we may assume that d, > m.

Since t < 2m — 2, we have o(S) > m(2n —m —1) +2m + 2 — 2[£] > m(2n —
m — 1) + 2. This implies, by Theorem 3, that S has a realization containing a
C'2'rn+l‘

Let w € Cy,,,; and z,y & Cy,,,1, and assume that every realization of S does
not contain a C,,, ,. If d(z) > m + 1, then since d(w) > d,, > 3, Theorem
1 implies that S has a realization containing a C,,, ,—a contradiction. Hence
for any = ¢ C,,, .1, d(z) = m.

If for any z,y ¢ Cy,,,1, 2y ¢ E(G), then by Theorem 2, o(S5) < m(2n —m —
1) +2 < o(S). This is a contradiction. Thus, we may assume that there exist
z,y ¢ Cy,,q such that zy € E(G). Let S’ be the degree sequence of G—{z, y}.
Since d(x) = d(y) = m, we have:

t—1

2

]

a(S") > m(2n—m—1)+2m+2—2 E} —Am+2 = m(2(n—2)—m—1)+2m+2-2 {¥] '

By the induction hypothesis, S’ has a realization containing a Cl,,,,,. Hence S
has a realization containing a C,,,, ,,—a contradiction.

Therefore, 0(Cy,, 9,n) < m(2n—m —1) +2m+2—2[L].

Theorem 5
0(Coppsa,n) =m(2n —m —1) +4, for m > 3 and n > 5m — 2.
Proof. By Lemma 4, for m > 3 and n = 5m — 2, we have 0(C,,, 5,n) <

m2n—m—1)+2m+2—-2[222] =m(2n—m —1) + 4.

Suppose for some p with 5m —2 < p < n that 0(Cy,,,,9,.p) < m2p—m—1)+4.
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Let S = (dy,d,,...,d,) be an n-term graphical sequence with realization G and

cey Uy

o(S)>m(2n—m—1)+4. Assume d; > dy > - >d, > 0.

If d,, < m, then consider the degree sequence S’ formed by G — v,. We have
oSy >m@2n—m—1)+4—2m =m(2(n—1) —m —1) + 4. By the induction
hypothesis, S’ has a realization containing a Cl,,,,. Hence S has a realization
containing a Cl,, ,,. Thus, we may assume that d, > m + 1.

Since o(S) > m(2n—m — 1) +4 > m(2n — m — 1) + 2, Theorem 3 implies
that S has a realization containing a C,,, ;. Therefore, by Theorem 1, S has a
realization containing a C,,, 5.

Thus 0(Cy,,49,n) < m(2n—m—1)+4. By [5] Theorem 1 (Theorem A below),
for m > 2 and n > 2m + 2, we have 0(Cy,,5,n) > m(2n —m — 1) + 4. Hence
0(Coppigsn) =m(2n—m —1) +4 for m >3 and n > 5m — 2.

For completeness, we give short proofs of the lower bounds for o(C,,,;,n) and

U(C2m+2» n):

Theorem A

0(Coppirsn) =m(2n —m —1)+2, for n > 2m+1, m > 2; and o(Cy,, 9,n) >
m(2n—m—1) 44, for n > 2m + 2, m > 2.

Proof. This result follows easily by noting that G = K,, + K,,_,,, gives a
uniquely realizable degree sequence that clearly does not contain C,,,,;, and
H =K, + (K,_,,_»UK,) gives a uniquely realizable degree sequence that
clearly does not contain C,,, .
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