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Abstract
The distribution of the nuclear ground-state spin in a two-body random en-
semble (TBRE) was studied using a general classification neural network (NN)
model with two-body interaction matrix elements as input features and the
corresponding ground-state spins as labels or output predictions. The quan-
tum many-body system problem exceeds the capability of our optimized NNs
in terms of accurately predicting the ground-state spin of each sample within
the TBRE. However, our NN model effectively captured the statistical proper-
ties of the ground-state spin because it learned the empirical regularity of the
ground-state spin distribution in TBRE, as discovered by physicists.
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The distribution of nuclear ground-state spin in a two-body random ensemble
(TBRE) was studied using a general classification neural network (NN) model
with two-body interaction matrix elements as input features and the correspond-
ing ground-state spins as labels or output predictions. While the quantum
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many-body problem exceeds the capability of our optimized NNs in terms of ac-
curately predicting the ground-state spin of each sample within the TBRE, our
NN model effectively captured the statistical properties of the ground-state spin
because it learned the empirical regularity of the ground-state spin distribution
in TBRE, as discovered by physicists.

Keywords: neural network; two-body random ensemble; spin distribution of
nuclear ground state

Introduction
The atomic nucleus is a complex many-body quantum system. Conventionally,
a many-body Hamiltonian or Lagrangian must be constructed based on reliable
interactions to investigate this complex system. However, such a task is usually
challenging, as the interactions in many-body problems are strongly entangled
with the structures. Thus, the self-consistency requirement under a certain
ansatz leads to a vague or inaccurate many-body Hamiltonian. Fortunately, if
only the regularity and robust properties of many-body systems that are inde-
pendent of the interaction details are required, the vagueness of the Hamiltonian
provides an alternative perspective, with random numbers as parameters of nu-
clear interactions—that is, by using random interactions to statistically probe
the robust regularity of nuclei.

The study of random interactions can be traced back to the investigation of
Wigner’s random matrix theory (RMT) [1], where random numbers were used
as the matrix elements of the many-body Hamiltonian. The diagonalization
of these random matrices yields spectral statistical properties that agree with
experimental data. The spectral properties of RMT were further linked to
quantum chaos [2]. In the 1970s, Wong, Bohigas, et al. [3–5] introduced the
idea of randomizing the two-body interaction matrix elements in shell-model
calculations [6, 7] to quantitatively demonstrate the phenomenon of quantum
chaos in nuclei [5, 8–11]. The shell-model calculations with random interactions
generate an ensemble of virtual nuclei, which is known as the two-body random
ensemble (TBRE). A study based on TBRE revealed that certain robust features
of nuclei may be independent of the specific details of the interaction.

Following this philosophy, Johnson, Bertsch, et al. [12, 13] reported a series of ro-
bust and interaction-independent statistical properties of low-lying states in nu-
clei. A significant finding was the“predominance of the spin-zero ground state”in
even-even nuclei. Even-even nuclei exhibited a considerably higher probability
of having spin-zero ground states compared to the fraction of zero-spin config-
urations in the entire shell model space. Subsequently, this phenomenon was
observed in the interacting boson model (IBM) [14–16]. The spin-zero ground
states of even-even nuclei are conventionally attributed to the short-range na-
ture of the nuclear force. However, in the TBRE, the interactions are entirely
random and no specific force was predominant. The predominance of the spin-
zero ground state in the TBRE contradicts the conventional understanding of
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how spin-zero ground states emerge from even-even systems. Therefore, consid-
erable effort has been devoted to understanding this robust property of TBRE,
which has proven to be significantly challenging and reflects the complexity of
the quantum many-body problem.

Phenomenological attempts include studies of the distribution of the lowest
eigenvalues for each spin [14] and its width [17], geometric chaos of spin cou-
pling [18], maximum and minimum diagonal matrix elements [19], IBM-limit of
spin distribution in the IBM with TBRE [20–22], wave-function properties of dif-
ferent spin ground states [23, 24], energy scale features of different spin ground
states [25], and correlation between the probability of zero-spin ground states
and the central values of the distribution of two-body matrix elements [26]. The
probability distributions of various spin states as ground states must be mathe-
matically calculated to explain this phenomenon. However, nuclear models are
typically nonlinear systems, which are difficult to apply to statistical theories.
Therefore, several empirical rules have been proposed to predict the probability
distribution of ground-state spins. For example, Kusnezov et al. used the ran-
dom polynomial method [24] to a priori determine the probability distribution
for sp bosons and obtained results that were consistent with those obtained
by Bijker et al. using mean-field methods [21, 22]. Chau et al. discussed the
cases of d boson systems and four fermions in the f7/2 shell, demonstrating the
correlation between specific ground states and the geometric shapes determined
by nuclear observables, and predicting the probabilities for the ground-state
spin [27]. Zhao et al. suggested that the spins of ground states in the TBRE
may be associated with specific two-body interaction matrix elements and thus
proposed an empirical approach [28] to predict the distribution of ground-state
spins. The correlation between the ground-state spin and two-body interaction
matrix elements in this empirical approach is also crucial in our work.

Because the nonlinearity of the nuclear model is too complex to overcome, one
can take a bypass to explain the origin of the predominance of zero-spin ground
states. This can be achieved by using a sufficiently simple nonlinearity to simu-
late the behavior of the shell model and studying the spin determination mech-
anism therein, which may provide more insight from a different perspective.
The neural network (NN) model is a potential candidate for such simulations
owing to its powerful learning, prediction, and adaptation capabilities, which
have been successfully applied in diverse fields such as language translation,
speech recognition, computer vision, and even complex physical systems [29–
32]. Specifically, NN models have been extensively used in nuclear structure
studies to predict unknown nuclear properties using existing experimental data.
These properties include the mass [33–35], charge radii [36, 37], low-lying ex-
citation spectra [38, 39], and 𝛽 decay lifetimes [40]. However, most of these
studies only utilized the fitting capacity of the NN without fully exploring its
classification capability for nuclear structure research.

In this study, we attempted to distinguish between samples with different
ground-state spins in the TBRE by adopting the classification capability of
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an NN with supervised learning. The adopted NN was trained using the
interaction matrix elements from the TBRE samples as features and the
ground-state spin as the label. In this process, the NN learned the behavior
of the ground-state spin in the TBRE, as well as the specific correlations
between the interaction elements and ground-state spin, as described in the
empirical approach [28]. A significant advantage of using the NN in the TBRE
study lies in the ability of the TBRE to provide nearly infinite independent
samples for NN training, thereby avoiding overfitting. This enhanced the
generalization ability of the NN and facilitated the simulation of the shell
model production of the ground-state spin. We present the performance of the
NN in predicting the ground-state spins and reproducing their distribution in
the TBRE. The proposed NN architecture may serve as a valuable benchmark
for other classification-based applications.

II. Model Framework
A. Two-Body Random Ensemble (TBRE)

In the TBRE, the nuclear Hamiltonian includes only two-body interactions and
is expressed as follows:

𝐻 = ∑
𝑗1𝑗2;𝑗3𝑗4

∑
𝐽

𝐺𝐽
𝑗1𝑗2;𝑗3𝑗4𝐴†

𝐽(𝑗1𝑗2)𝐴𝐽(𝑗3𝑗4).

In Eq. (1), 𝐺𝐽
𝑗1𝑗2;𝑗3𝑗4 represents the matrix elements of the two-body interaction;

𝐴†
𝐽(𝑗1𝑗2) denotes the creation operator of the nucleon pair with two nucleons

on the 𝑗1 and 𝑗2 orbits coupled to total angular momentum 𝐽 ; and 𝐴𝐽(𝑗3𝑗4)
represents the annihilation operator of the nucleon pair.

In TBRE, the matrix elements 𝐺𝐽
𝑗1𝑗2;𝑗3𝑗4 are independent random numbers that

follow a Gaussian distribution with a probability function:

𝑓(𝐺𝐽
𝑗1𝑗2;𝑗3𝑗4) = 1√

2𝜋𝜎 exp (−
(𝐺𝐽

𝑗1𝑗2;𝑗3𝑗4)2

2𝜎2 ) .

Here, 𝜎 = 1
√1+𝛿𝑗1𝑗3𝛿𝑗2𝑗4

, to maintain the invariance of the statistical distribution

of interaction matrix elements during an arbitrary single-particle transforma-
tion.

B. Classification Neural Network

The classification model presented in this paper utilizes an NN, which consists of
an input layer, one or more hidden layers, and an output layer. The structure
is illustrated in Fig. 1 [Figure 1: see original paper] (with one hidden layer
shown as an example). The input layer receives the matrix elements of the
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two-body interactions in the shell model, specifically the 𝐺𝐽
𝑗1𝑗2;𝑗3𝑗4 values in

Eq. (1), where the number of inputs is equal to the number of independent
two-body interaction matrix elements in a specific shell-model space. Based on
the corresponding input interactions, the output layer provides the probabilities
of different spin states being the ground state. The number of outputs should
equal the number of possible ground-state spins.

The activation function used in this model was the rectified linear unit (ReLU)
function [41], which is explained in Table 2 .

Assuming that the vector ⃗𝑥 = {𝑥𝑖} represents the network input, that is, the 𝐺
two-body interaction matrix elements in Eq. (1), and ⃗𝑦 is the network output,
whose elements correspond to the probability of each spin being the ground-state
spin, the relationship (with one hidden layer) can be expressed analytically as
follows:

𝑦𝑘( ⃗𝑥; 𝜔⃗) = 𝑎𝑘 + ∑
𝑗

𝑏𝑘𝑗ReLU (∑
𝑖

𝑑𝑗𝑖𝑥𝑖 + 𝑐𝑗) .

Here, 𝜔⃗ = {𝑎𝑘, 𝑏𝑘𝑗, 𝑐𝑗, 𝑑𝑗𝑖} denotes the NN parameter vector.

The output layer introduces the softmax function [42], which transforms the
unnormalized output values into non-negative probability values whose sum is
one:

𝑃𝑘 = Softmax( ⃗𝑦)|𝑘 = 𝑒𝑦𝑘

∑𝑚 𝑒𝑦𝑚
.

This operation preserves the differentiability property of the model and the rel-
ative order of unnormalized output values. It also allows the model output to
be interpreted as a probability for each class, facilitating the direct interpreta-
tion and utilization of these probabilities for classification decisions. Therefore,
softmax is frequently employed in NN models to solve classification problems.
Here, 𝑃𝑘 is the probability that the 𝑘th spin is the ground-state spin. Thus, the
maximum of 𝑃𝑘 determines the ground-state spin according to the ⃗𝑥 feature,
that is, the inputted two-body matrix elements. All the elements 𝑃𝑘 construct
the predicted probability vector ⃗𝑃 from the NN model.

To train the NN model, we first prepared a training set {( ⃗𝑥1, 𝑆1), ( ⃗𝑥2, 𝑆2), … , ( ⃗𝑥𝑁 , 𝑆𝑁)}
of approximately 100,000 shell-model calculations. Here, ⃗𝑥𝑖 includes two-body
interaction matrix elements in a single shell-model calculation, while 𝑆𝑖 is the
corresponding ground-state spin obtained from such a shell-model calculation.
Secondly, for each 𝑆𝑖 spin, we created the label vector ̂ ⃗𝑃 𝑖, which is a one-hot
vector containing only one non-zero element of value “1,”corresponding to a
100% probability of 𝑆𝑖 ground-state spin, and 0% probabilities for all other
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spins. Third, we defined the loss function to evaluate the similarity between
the label vector and the NN predicted ⃗𝑃𝑖 vector from Eq. (3):

loss( ⃗𝑃𝑖, ̂⃗𝑃 𝑖) = − ∑
𝑚

̂𝑃𝑖,𝑚 log 𝑃𝑖,𝑚,

which is a common loss function for training an NN model for classification prob-
lems. Using the training samples and corresponding loss function, we trained
our network by adjusting the network parameter vector 𝜔⃗ with the adaptive
moment estimation (Adam) optimization algorithm [43] to minimize the sum
of the loss functions for all training samples. Consequently, an NN model with
predictive capabilities was developed.

In the (𝑓7/2)4 space, the eigenvalues from the shell model are simple linear combi-
nations of the two-body interaction matrix elements, as shown in Eq. (1.81) [44].
The ground state spin corresponds to the lowest eigenvalue associated with a
specific spin. An NN without a hidden layer corresponds to linear combinations
of the input two-body interaction matrix elements, followed by the application
of the softmax operation to identify the smallest linear combinations. Both
models employ similar calculation processes to determine the ground-state spin,
where the weight parameters 𝑑𝑗𝑖 in Eq. (4) in the NN correspond to the cfp co-
efficients [44] in the shell model, and the softmax input to the NN is equivalent
to the energy eigenvalues of the shell model. Because a hidden layer compli-
cates the NN model and violates the correspondence between the NN and shell
models, we excluded the hidden layer in our NN model for the (𝑓7/2)4 space.

For the (ℎ11/2)4 and 18Ne spaces, the complexity increases beyond the (𝑓7/2)4

space. Some eigenvalues remain linear combinations of two-body interaction
matrix elements, whereas others must be obtained through diagonalization. Al-
though some diagonalization processes with fewer than 5 dimensions are ana-
lytical, the weight parameters 𝑑𝑗𝑖 can no longer be related to cfp coefficients.
Therefore, hidden layers can enhance the adaptability of NN models to nonlinear
diagonalization [45].

In the 20Ne, 22Ne, and 46Ca spaces, the relationship between the eigenvalues
and cfp coefficients is completely nonlinear. The transcendental nature of some
of these relationships further necessitates hidden layers. Table 1 presents the
TBRE sample sizes and input-output settings of our NN models for different
spaces.

C. Shell Model Spaces

We performed approximately 100,000 TBRE calculations in six model spaces.
These included four valence nucleons in the 𝑓7/2 orbital virtual nucleus (simply
expressed as (𝑓7/2)4), four valence nucleons in the ℎ11/2 orbital virtual nucleus
((ℎ11/2)4), and two, four, and six valence neutrons in the 𝑠𝑑 shell (corresponding
to 18Ne, 20Ne, and 22Ne nuclei, respectively), and six valence neutrons in the
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𝑝𝑓 shell (46Ca nucleus). These six model spaces represent various levels of
many-body complexity.

D. Optimization of the Network Architecture

For the (𝑓7/2)4 space, the shell model eigenvalues were linear combinations of
two-body interaction matrix elements and the softmax input in the NN model.
Therefore, both models employed similar calculation processes for determining
the ground-state spin. As mentioned in Section II C, hidden layers were not
required. In fact, an NN model without a hidden layer already predicted ground-
state spins in the (𝑓7/2)4 space with up to 98% accuracy.

For the (ℎ11/2)4 space, because certain eigenvalues displayed nonlinear corre-
lations with the two-body interaction matrix elements, incorporating hidden
layers into the model was essential for enhancing the prediction accuracy. We
first added one hidden layer and empirically selected 64 hidden nodes for the
test run. The results demonstrated an accuracy of 97%, which was a satisfactory
outcome.

For the remaining four spaces, arbitrary accuracies were not always optimal.
Therefore, we attempted to improve the prediction accuracy of our NN classi-
fication model by including more hidden layers and increasing the number of
neural nodes in the 18Ne, 20Ne, 22Ne, and 46Ca model spaces.

First, the prediction accuracy improved when the number of neural nodes was
doubled, as indicated by the difference between the prediction accuracies with
𝑁/2 and 𝑁 neural nodes, as shown in Fig. 2 [Figure 2: see original paper].
The absence of negative differences (Fig. 2) suggests that doubling the number
of neural nodes consistently improves results, as expected. Furthermore, the
differences reached a peak when 𝑁 = 32 for all four model spaces. For 𝑁 > 32,
the prediction accuracy improved by only 0 ∼ 2%. Considering that more nodes
entail additional computational overhead, we believe that 32 nodes may be an
optimal and balanced choice for this study.

Furthermore, we investigated the impact of hidden layers on the prediction
accuracy. By employing 32 neural nodes in each layer, as shown in Fig. 2,
we present the difference in prediction accuracy between networks with 𝑛 −
1 and 𝑛 hidden layers against the layer number 𝑛 in Fig. 3 [Figure 3: see
original paper] for the 18Ne, 20Ne, 22Ne, and 46Ca model spaces. The accuracy
improved significantly with a single hidden layer, that is, 𝑛 = 1. However, these
improvements diminished with the introduction of additional layers. Because
additional layers also consume computational resources, a single hidden layer
may be the optimal choice.

Activation functions [46] play a crucial role in NNs by learning abstract fea-
tures via nonlinear transformations. Common activation functions are the sig-
moid (also called the logistic function), tanh (hyperbolic tangent), and ReLU
functions. Table 2 presents the impact of different activation functions on the
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prediction accuracy of our NN model. The tanh and ReLU functions exhibit sim-
ilar model prediction accuracies for the five model spaces. However, because the
tanh activation function includes an exponential operation, the computational
overhead may be larger; therefore, we used the ReLU function throughout this
study.

In summary, the optimal network configuration for the 18Ne, 20Ne, 22Ne, and
46Ca model spaces considered in our analysis comprised one hidden layer with
32 ReLU neural nodes.

III. Results and Analysis
A. Model Comparison

As shown in Fig. 1, we adopted a fully connected NN model. However, consid-
ering the recent application of Bayesian NNs (BNNs) in nuclear physics [33, 34,
37, 39] and the great success of convolutional NNs [47–50] (CNN) and recurrent
NNs [51–53] (RNN), we compared these four networks in terms of accuracy, as
shown in Fig. 4 [Figure 4: see original paper].

According to Fig. 4, the CNN performs the worst, while the accuracies of both
BNN and RNN are similar to that of the adopted network. However, the adopted
networks had faster training speeds and required fewer computational resources.
Therefore, we believe that the adopted network was the optimal choice for our
study.

B. Feature Selection

Feature selection is crucial in machine learning and data analysis because it
enhances model performance, mitigates the risk of overfitting, boosts compu-
tational efficiency, streamlines model interpretation, and addresses problems
related to noise and redundant information. This involves conducting a correla-
tion analysis to assess the relationship between each feature and target variable.
Subsequently, the features exhibiting a strong correlation with the target vari-
able are selected, whereas the others are excluded from further training. Con-
sidering the nonlinear nature of both our feature and label data, we utilized the
Spearman correlation coefficient 𝜌 [54] for feature selection:

𝜌 = 1 − 6 ∑ 𝑑2
𝑖

𝑛(𝑛2 − 1) ,

where 𝑑𝑖 and 𝑛 represent the difference in the rank values of the 𝑖-th data pair
and total number of observed samples, respectively.

We calculated the 𝜌 coefficients for four high-dimensional model spaces, namely,
18∼22Ne and 46Ca model spaces, and used different threshold sizes to select input
features with strong correlation. Only features with 𝜌 values greater than the
threshold were retained for further training. In Table 3 , we list the number of
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elements of the two-body matrix, that is, the number of input features over a
certain threshold, and the corresponding accuracy.

According to Table 3, the number of inputs after feature selection decreases with
increasing threshold values, as anticipated. However, this reduction in the in-
put number implies declining performance. Consequently, each input two-body
matrix element within the four model spaces significantly affects the output and
thus, the exclusion of any of these from network training is not recommended.

C. Accuracy

Figure 5 [Figure 5: see original paper] presents the evolution of the loss func-
tion during training. As expected, the loss functions of the six model spaces
converge, indicating that the network parameters are optimal. The loss values
of two single-𝑗 model spaces, namely, (𝑓7/2)4 and (ℎ11/2)4, decrease the most
dramatically because the single-𝑗 spaces are simpler than the other four models.
Furthermore, 46Ca, 20Ne, 22Ne, and 18Ne all converge with large loss values,
corresponding to the unsatisfactory accuracy described in Table 4 . Thus, in-
creasing the number of training epochs does not improve the accuracy.

Table 4 shows the correlation between the prediction accuracy (%) of the NN
for the ground-state spin and the dimensions of the six model spaces under
investigation. The shell model eigenvalues of the (𝑓7/2)4 space are linear com-
binations of two-body interaction matrix elements; therefore, the NN model
is equivalent to linear regression and achieves high prediction accuracy of up
to 98%. The accuracy is 97% for the (ℎ11/2)4 space with one hidden layer;
however, some eigenvalues in the (ℎ11/2)4 space exhibit nonlinear relationships
with the two-body interaction matrix elements. For the remaining four spaces,
the accuracy decreased significantly with increasing dimensions. We obtained
a Pearson correlation coefficient [55] of −0.753 between the prediction accuracy
(%) and dimensions on a logarithmic scale, indicating a negative correlation
between the two variables. As the dimensions of the space and the shell com-
plexity increased, the ability of the NN model to predict the ground-state spin
diminished. As shown in Figs. 2 and 3, introducing additional hidden layers or
neural nodes does not significantly improve the performance of general classifi-
cation NNs. Thus, to accurately predict the ground-state spin in the TBRE, the
generalization capability of the NN is strongly challenged by the complexity of
the quantum many-body system, and a more specialized NN architecture and
activation function should be designed according to the cfp coefficient property
and diagonalization process.

To obtain a more detailed picture of the prediction performance of the NN
model for TBRE samples with a specific spin, Fig. 6 [Figure 6: see original
paper] presents the confusion matrix for the NN models of the six model spaces.
In the confusion matrices, the 𝑦- and 𝑥-axes represent the ground-state spin
predicted by the NN (𝐼𝑁𝑁) and that obtained from the shell model calculations
(𝐼𝑆𝑀), respectively. The gray scale indicates the probability of the shell model
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calculation yielding a ground-state spin of 𝐼𝑆𝑀 in the samples for which the NN
predicts a ground-state spin of 𝐼𝑁𝑁 . The main diagonal of the confusion matrix
appears predominantly dark, indicating a reasonably high degree of consistency
between the NN and shell model for a specific ground-state spin. From a statis-
tical perspective, the NN captures some correlations between the ground-state
spin and two-body interaction matrix elements of the TBRE.

The data in Table 4 indicates that the prediction accuracy for the ground-state
spin of the 20Ne nucleus is lower than that for higher-dimensional 22Ne. This
finding is consistent with the observations shown in Fig. 6. Specifically, for
20Ne, the difference in colors between the main diagonal and other regions is
less pronounced than in other nuclei. This suggests that the prediction of the
ground-state spin in 20Ne space poses greater challenges to the NN, which may
be related to some special properties of the cfp coefficients of 20Ne. Further
exploration of specific multibody complexity features in 20Ne space is desirable.

To further evaluate the statistical performance of the NN model, Fig. 7 [Figure
7: see original paper] presents the distribution of ground-state spins 𝐼 (𝑃𝐼)
obtained using both the shell model and the well-trained NN model with random
interactions. The NN model is consistent with the shell model for all model
spaces and partially succeeds in capturing the robust statistical properties of
the TBRE.

D. G-I Correlation

To predict 𝑃𝐼 in TBRE, Zhao et al. proposed a general empirical approach [19].
In their approach, one of the two-body interaction matrix elements was set to
−1, whereas the rest were set to 0. This interaction was then input into the
shell model, and the output ground-state spin 𝐼 was recorded. If 𝑁 independent
two-body interaction matrix elements existed in the model space, the process
was repeated 𝑁 times, setting a different matrix element equal to −1 each time.
Finally, the number of times the spin 𝐼 was observed as the ground state in 𝑁
numerical experiments was represented as 𝑁𝐼 . The probability of spin 𝐼 in the
ground state was then estimated as follows:

𝑃𝐼 = 𝑁𝐼/𝑁.

The empirical approach [19] attributes the “specific spin 𝐼 as the ground-state
spin”to a few two-body interaction matrix elements. If there are more two-body
interaction matrix elements responsible for the spin 𝐼 = 0, the empirical rule
provides a phenomenological explanation for the dominance of the ground state
with zero spin.

Note that the empirical approach hints at the correlation between the two-body
interaction matrix elements and ground-state spin, and this correlation deter-
mines the ground-state spin distribution, as shown in Fig. 7. Thus, the NN
model with a good prediction of the TBRE ground-state spin distribution should
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also produce a similar correlation between the two-body interaction matrix ele-
ments (𝐺𝐽𝑇

𝑗1𝑗2;𝑗3𝑗4) and ground-state spin (𝐼) as the shell model. Therefore, the
element–spin (G–I) correlations in the shell model must be compared with those
in the NN model.

Tables 5, 6, and 7 list the G–I correlations between the two-body interaction
matrix elements (𝐺𝐽

𝑗1𝑗2;𝑗3𝑗4 defined in Eq. (1)) and the ground-state spin (𝐼),
obtained from the empirical approach applied to both the shell and NN models,
for the (𝑓7/2)4 and (ℎ11/2)4 model spaces, Ne isotopes, and 46Ca, respectively.

According to Table 5, in the (𝑓7/2)4 and (ℎ11/2)4 model spaces, the NN model
produces G–I correlations that are perfectly consistent with those of the shell
model. This explains the agreement between the shell and NN models shown
in Figs. 6(a,b) and 7(a,b). In Table 6, this perfect consistency can also be
observed for 18Ne space in coordination with Figs. 6(c) and 7(c). However, as
the dimensions increase, the consistency of 20Ne and 22Ne in Tables 6 and 46Ca
in Table 7 gradually decreases. In the 20Ne space, there are 12 inconsistent G–
I correlations out of 30 (40%) between the SM and NN; in 22Ne, six out of 30
(20%) are inconsistent; and in 46Ca, 24 out of 94 (�26%) are inconsistent. These
inconsistent rates are also correlated with the prediction accuracy for different
model spaces, as shown in Table 4.

Furthermore, the empirical approach was also applicable to the trained NN
model by setting one of the inputs of the NN to −1 and the rest to 0 and
recording the ground-state spin (𝐼) from the network. This approach also re-
vealed the correlation between the interaction matrix elements and the predicted
ground-state spin, as well as the 𝑃𝐼 distribution, of the well-trained NN model.
Table 5 presents the correlations between the matrix elements and the spin ob-
tained from the shell and NN models. The correlations from both models are
identical, indicating that our NN model successfully learns the G–I correlation,
as suggested by the empirical approach. Thus, it accurately reproduces the
ground-state spin of the shell model for simple model spaces.

With the G–I correlation from such an NN model, we counted the ground-state
spins 𝐼 emerging in the G–I correlation and then normalized them to the 𝑃𝐼
distribution, as guided by the empirical approach. The 𝑃𝐼 distributions based
on the empirical approach using the NN model are shown in Fig. 7. The empir-
ical approach from both the SM and NN models yields reasonably consistent 𝑃𝐼
distributions for all model spaces in this case, suggesting that the NN may effec-
tively capture the correlation between the two-body interaction matrix elements
and the ground-state spin, which further explains its remarkable performance
in reproducing the statistical properties of the ground-state spin in the TBRE.

IV. Conclusion
This study used an NN model to investigate the distribution of the ground-state
spin in the TBRE. Using a softmax classification NN model, we attempted to
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reproduce the correlation between the matrix elements of the interaction and
ground-state spin, as labeled by the shell model, for the TBRE. The reliability
of the NN model was analyzed based on its prediction accuracy and consistency
with the empirical rules of the 𝑃𝐼 distribution.

Previous applications of NN models in nuclear physics primarily focused on their
strong fitting capabilities. However, the analysis of the ground-state spin distri-
bution in TBRE demonstrated the classification ability of the NN, which is rare
in previous nuclear physics research. Furthermore, TBRE provided extensive
samples for training NNs, thereby potentially enhancing the performance of the
NN model.

In our investigation, we adopted various strategies to enhance network perfor-
mance, including the introduction of BNN, CNN, and RNN, feature selection,
and adjusting the number of neural nodes and hidden layers. However, none of
these approaches yielded significant improvements with limited computational
resources. Therefore, we must acknowledge that the quantum many-body prob-
lem remains a formidable challenge for NN models. Addressing this challenge
may necessitate the further development of NN architectures tailored for ana-
lyzing the nuclear ground-state spin in the TBRE.

However, NN models still offer some insights into the specific robust statisti-
cal properties of the ground-state spin. For example, they effectively capture
the distribution of the ground-state spin, as shown in Fig. 7. Moreover, the
resulting confusion matrix exhibits dominant diagonal elements, indicating the
consistency between the ground-state spin from the shell model and that pre-
dicted by the NN model, as shown in Fig. 6. This success can be attributed
to the capacity of the NN to replicate the correlation between the ground-state
spin and two-body interaction matrix element in the shell model, as shown in
Tables 5, 6, and 7.
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