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Abstract

Let An be a Nakayama algebra of type A with Jacobson radical squared zero,
and Xn be a Nakayama algebra of type tilde-A with Jacobson radical squared
zero. This paper considers the classification problem of indecomposable modules
over the k-tensor product An tensor Xn of An and Xn, and provides their
counting formula up to isomorphism.
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Abstract

Let nA be the Nakayama algebra of type A, with quadratic Jacobson radical
zero, and let nA be the Nakayama algebra of type A, with quadratic Jacobson
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radical zero. In this paper, we consider the k-tensor product nA ® nA and
the classification of indecomposable modules over this algebra. Moreover, we
provide a counting formula for computing the number of isoclasses of indecom-
posable nA ® nA-modules.

Keywords: Quiver Representations, Dynkin Quiver, Euclid Quiver, Tensors,
Nakayama Algebras

1. Introduction

Throughout this paper, we assume that & is an algebraically closed field and that
all k-algebras under consideration are finite-dimensional connected algebras.
Given three algebras A, B, and C, the tensor product of a right C-module M
and a left C-module N is defined as a k-vector space M @ N (see, for example,
Chapter 2 of [?]). Tensor products have wide applications in mathematics,
physics, and other fields, and thus occupy a pivotal position in algebra, as
evidenced by their role in homological properties of algebras [?, ?], Hochschild
homology [?, ?, ?], representation theory [?], and other areas.

Nakayama algebras of type A, are among the most fundamental finite-
dimensional algebras in representation theory. Linearly oriented hereditary
Nakayama algebras of type A, constitute the basic building blocks of gentle
algebras, while linearly oriented non-hereditary Nakayama algebras of type A,
are a special class of string algebras that are always isomorphic to a quotient
of a triangular matrix algebra. Linearly oriented Nakayama algebras of type
an are always non-hereditary and represent a direct generalization of the
univariate polynomial ring. Thus, Nakayama algebras play a crucial role in
algebra.

The problem of determining the representation type of an algebra is central
in representation theory, encompassing the classification and enumeration of
indecomposable representations, the Clebsch-Gordan problem [?, ?, ?, 7 ?], the
determination of representation type for given algebras [?, ?], and the Brauer-
Thrall conjectures (the first conjecture [?, 7, 7, 2, 7, 7, 7, ?] and the second
conjecture [?, ?, 7, ? 7], see also [?] IV.5). Infinite representation type is
further divided into tame and wild types. Professor Yanhong Bao investigated
the representation type of the k-tensor product of hereditary algebras of type
A,, (hereinafter referred to as k-tensor) and provided sufficient conditions for the
resulting tensor algebra to be tame or wild [?]. Subsequently, the authors of [?]
considered multiple k-tensors of arbitrary algebras of type A, , gave necessary
and sufficient conditions for certain multiple tensor algebras to be representation-
finite, and from Corollary 4.1 showed that the tensor product of two algebras can
only be representation-finite in very special cases, such as when the enveloping
algebra has quadratic Jacobson radical zero and finite global dimension. This
is a type of Xn ® A,, algebra that is representation-finite, with the number of
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isoclasses of indecomposable modules equal to n? + 4n [?]. Since most tensor
algebras are representation-infinite, classifying indecomposable modules over
tensor algebras up to isomorphism is generally difficult.

This paper focuses on a class of Xn@)An type tensor algebras nA@nA (see Exam-
ple 1 for notation), classifies the indecomposable modules over this algebra up to
isomorphism, provides a counting formula for the isoclasses of indecomposable
modules, and lays groundwork for future research on the representation types
of multiple tensor algebras of types A, and Xn The structure is as follows: Sec-
tion 1 introduces preliminary knowledge, including k-tensors of algebras and the
characterization of indecomposable modules over special biserial algebras via the
Wald-Waschbusch correspondence theorem. Section 2 introduces the concept
of alternate V-sequences and uses them together with the Wald-Waschbusch
correspondence theorem to describe indecomposable nA ® nA-modules. Sec-
tion 3 presents the main results, including the classification of indecomposable
nA® nA-modules up to isomorphism and the counting formula.

2. Preliminary Knowledge

This section reviews preliminary material, including tensor products of algebras
and their quiver representations, as well as work by Wald and Waschbusch on
special biserial algebras [?]. For convenience, we establish the following conven-
tions. For a given algebra A, we denote its quiver by @Q 4 (or simply @ when no
confusion arises), where a quiver @ is a quadruple (Qg, @4, s,t) consisting of a
vertex set (J, an arrow set (), and two functions s, ¢ mapping each arrow in @),
to its source and target, respectively. Unless otherwise specified, A-modules are
right A-modules. For any two arrows a,b in @, their product is defined as the
composition ab when t(a) = s(b), and 0 otherwise. The composition ab is also
called a path of length 2. Naturally, we can define paths of arbitrary length and
their composition. Consequently, ), and ¢); can be viewed as sets of paths of
length 0 and 1, respectively. The set of all paths of length [ is denoted by @;. In
particular, for the algebras A considered in this paper, the quiver @ 4 is always
connected, I, is always a k-vector space generated by k-linear combinations of
paths in @4, and I is always an admissible ideal. The pair (Q 4,I4) is called
the bound quiver of A. These conventions follow [?].

2.1. Tensor Products of Algebras

Let A and B be k-algebras. Their tensor product A ®, B over the field £ is
also a k-algebra whose dimension satisfies dim, (A ®, B) = dim(A) - dim,(B).
Clearly, when A and B are finite-dimensional k-algebras, so is A ®, B. In
particular, if A and B are basic algebras—that is, for a complete set of primitive
orthogonal idempotents {e; | 1 <i <n} of A (respectively, {f;} of B), we have
e;A % e;A (respectively, f;B % f;B) whenever i # j—then A ®; B is also
basic. For any basic algebra A, it is always isomorphic to a quotient kQ, /I,
of the path algebra k@, of some quiver @},, and when I, is admissible, @), is
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uniquely determined. Thus, we may assume that a complete set of primitive
orthogonal idempotents of A ®, B is given by the Cartesian product {e; ® fj}.
The quiver Q 445 is completely determined by the idempotents {e; ® f;} and
the dimensions dimy(e; ® f;) rad(A®; B)(e; ® f;), which describe the number
of arrows from (i, j) to (i, j'), where the notation “= k” denotes isomorphism of
k-vector spaces. The ideal I ® J is naturally induced by I, J, and the properties
of the tensor product.

Alternatively, one can define the tensor product of bound quivers as follows.

Definition 1. For two bound quivers (Q’,I”) and (Q”,I”), their quiver tensor
product (Q',I") ® (Q”,I”) is the quadruple (Qp, I1) defined by:

1. Qp¢ = Q6 X Q()’;

2. Qp = (Q) x QYU (Q] x QF), where Q) x Q7 and Q] x Qf are regarded
as disjoint sets;

3. For any a = (v', ") € Q) x QFf, define s(a) = (v, s(8”)) and t(a) =
(v',t(B”)); for any o = (B',v") € Q] x Qg define s(a) = (s(8),v”) and
t(a) = (¢(8"),v");

4. I; is the k-vector space generated by the following three types of k-linear
combinations:

a) (v',r”) where r” is a generator of I”;

b) (r',v”) where r’" is a generator of I’;

c) (v,8")(a/,v")— (o, v") (v, ") where @’ : u — v and 7 : r — s are
arrows, as shown in the diagram.

Theorem 1 (Herschend [?], Proposition 3). Let A = kQ/I and B = kQ' /I’
be finite-dimensional algebras. Then the k-tensor product A ®; B has bound
quiver (Qp,Ip) that coincides with the quiver tensor product of (@,I) and
@ 1).

Example 1. Let nA and nA denote the linearly oriented Dynkin quiver
e > o — -« — e (with n vertices) and the Euclidean quiver 21271 (a cy-
cle with n vertices), respectively. Let nA = k(nA)/rad’(k(nA)) and nA =
k(;LZ) / rad%k(ﬂ)), where rad(—) denotes the Jacobson radical (the intersec-
tion of all maximal ideals). We call nA and nA Nakayama algebras with
quadratic Jacobson radical zero. These algebras have many nice properties;
for instance, the dimension of any indecomposable module as a linear space is
always at most 2. The algebra nA ®ﬂ is a finite-dimensional k-algebra of type
En ® A,, whose quiver is shown in [Figure 1: see original paper].

[Figure 1: see original paper| shows the quiver of nA ® nA. We will prove that
nA@nA is representation-finite and give a complete classification of its indecom-
posable modules up to isomorphism. Notably, for a linearly oriented Nakayama
algebra A’ of type A,, and a linearly oriented Nakayama algebra B’ of type En,
if at least one is not a Nakayama algebra with quadratic Jacobson radical zero,
then kA’ ® B’ is likely representation-infinite. For example, when n > 7, taking
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A = k:/in, there exists an infinite family of indecomposable modules (infinitely
many up to isomorphism) over the linearly oriented Euclidean algebra of type
EG (see [?], VIL.2, page 252) that can naturally be viewed as indecomposable
modules over kA’ ® B’, showing that kA’ ® B’ is representation-infinite.

2.2. Special Biserial Algebras

Special biserial algebras are an important class of algebras closely related to gen-
tle algebras [?]. Wald and Waschbusch studied the module categories of special
biserial algebras and completely characterized their indecomposable modules
and irreducible morphisms [?]. For the reader’s convenience, this subsection
is divided into three parts: the definition of special biserial algebras; the def-
inition of V-sequences and their description of indecomposable modules over
special biserial algebras; and the Wald-Waschbusch correspondence theorem.

2.2.1. Special Biserial Algebras Definition 2. A bound quiver (Q,I) is
called a special biserial pair if it satisfies:

1. I is an admissible ideal;

2. For any vertex v € @, there are at most two arrows starting at v and at
most two arrows ending at v;

3. For any arrow « € @y, if there exist 8,8, € @, with 8, # 5, such that
t(a) = s(B;) = s(By), then at least one of af;, afy belongs to I;

4. For any arrow ( € @, if there exist o, ay € Q; with a; # a4 such that
t(ay) = tlag) = s(B), then at least one of a3, oy belongs to I.

When a finite-dimensional algebra A = kQ/I has a bound quiver (@, I) that is

a special biserial pair, we call A a special biserial algebra. The algebra nA®nA
is a special biserial algebra.

2.2.2. V-Sequences Let A = kQ/I be a special biserial algebra with bound
quiver (@,I). For each arrow « : i — j in @, we formally define its inverse
o~ : j — i. The formal inverse bound quiver of (Q,I) is (Q—,I), where Q7 =
{a” | @ € Q,}. Naturally, for any path p on @, we define p~ € Q~ by reversing
all arrows. For any path @ of length 0, define = = p.

Definition 3 ([?], Definitions 2.1, 2.2). Let (Q, I) be a special biserial pair.

1. A V-sequence of length n on (@, I) is a sequence w = w;ws -+ w,, satisfying:
o Each w; € Q, UQT;
e No subsequence of the form aa™ appears in w;
o For any subsequence of the form «f in w (with a, 8 € @), we have
af ¢ 1,
o For any subsequence of the form o~ 8~ in w (with o, 8 € Q,), we
have aff ¢ I.

Two V-sequences w and w’ are equivalent, denoted w ~ w’, if w = W’ or W =

w™. The trivial V-sequence of length 0 is denoted by 0. We write [w] for the
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equivalence class of all V-sequences equivalent to w, and denote by V(A) the
set of all equivalence classes of V-sequences.

A V-sequence w is called relation-free if for any path o on w and any generator
r =) ¢;p; of I (where each ¢; # 0), p is not a path component of any g, (i.e.,
p is not a summand of r after removing coefficients). The set of equivalence
classes of relation-free V-sequences is denoted by V, ;(A).

2. A primitive V-sequence of length n on (@, ) is a sequence w = wywy -+ w,,
satisfying:
e Each w; is a V-sequence;
e For any t > 1, w, is a V-sequence;
e For any V-sequence 8, 83" + 0.

Two primitive V-sequences w and w’ are equivalent, denoted w ~ w’, if there
exists an integer ¢ such that [w] = [w'] + ¢t (where addition is componentwise
modulo n). We write [w],, for the equivalence class of all primitive V-sequences
equivalent to w, and denote by pV'(A) the set of all equivalence classes of prim-
itive V-sequences.

2.2.3. Wald-Waschbusch Correspondence Theorem The following
theorem by Wald and Waschbusch shows that V-sequences and primitive
V-sequences can be used to characterize indecomposable modules over special
biserial algebras.

Theorem 2 (Wald-Waschbusch Correspondence Theorem). Let A be
a special biserial algebra and ind mod A the set of isoclasses of indecomposable
A-modules. Then there exists a surjection M, : V(A) x k* — ind mod A.
Moreover, if all indecomposable projective-injective A-modules are uniserial,
then M4 is a bijection.

Example 3. Consider A = nA ® nA with bound quiver (Q4,14), where Q4
is as shown in [Figure 1: see original paper] and I, is naturally induced by
rad’(kA,), radQ(k;fn), and the properties of tensor products. The V-sequences
(up to equivalence) on A can be classified as follows:

V-sequences of length 0: 4 classes, given by the four vertices of the quiver;
V-sequences of length 1: 6 classes, given by the arrow set of the quiver;
Relation-free V-sequences of length 2: (n — 1) x 2 classes, totaling 4;
Relation-free V-sequences of length 3: 2 classes;

Primitive V-sequences of length 4: n classes;

6. Other V-sequences that are not relation-free.

G o =

For any V-sequence w € V(A), M4([w],A) is an indecomposable A-module.
Moreover, |[V(A)] = 18 when n = 2. For 8 € pV(A), M4([0],\) gives the
indecomposable projective-injective modules. Thus, the map M, yields all in-
decomposable modules of A, totaling 18 when n = 2.
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3. V-Sequences

Henceforth, we denote nA ® nA by nA and its bound quiver by (Q,, ). This
chapter introduces the concept of alternate V-sequences and uses it to classify
indecomposable nA-modules up to isomorphism.

3.1. Alternate V-Sequences

Definition 4. An alternate V-sequence w = wjwy--w; on (Qy, 1) is a V-
sequence satisfying:

L. Forany 1 <i < j </, if w;,w; € Qy, then w; # w;;
2. Forany 1 <i < j <l if w;,w; € Q7, then w,; # w,.

Clearly, every alternate V-sequence is a relation-free V-sequence. Since all V-
sequences can be divided into alternate and non-alternate V-sequences, the fol-
lowing lemma shows that all relation-free V-sequences on (Q,, I) are alternate
V-sequences (Corollary 1).

Lemma 1. Any V-sequence w on (Q,,I,) that is not alternate must contain a
subpath of length 2 belonging to I,.

Proof. By Example 3, any non-alternate V-sequence w must contain a subpath
of the form af or o~ B~ where o, f € @ with o = 5. Without loss of gener-
ality, assume the former case holds. Then either af € I, directly, or af is a
component of some generator of I,. In either case, w is not relation-free. The
case for o~ 7 is similar. [

Corollary 1. A V-sequence on (Q,,I,) is relation-free if and only if it is
alternate.

Lemma 2. Let M, : V(nA) x k* — ind mod nA be the map from Theorem 2.
Then:

L. For any w € V(nA) V;(nA), we have M, ([w],A) = 0;

2. For any w € Vi(nA) pV(nA), My([w],A) is an indecomposable module
that is not projective-injective;

3. For any w € pV(nA), M, ([w], ) is an indecomposable projective-injective
module;

4. M, is injective on V, ;(nA) x k*.

Proof. First, note that for any indecomposable projective k@ ; -module P, rad P
is either uniserial or a direct sum of two indecomposable uniserial modules,
where J, is generated by the zero relations in I, (i.e., all paths of length 2).
When rad P is a direct sum of two indecomposable uniserial modules, P is not
projective-injective. When P is projective-injective, rad P is uniserial. Since the
top of any indecomposable module over a finite-dimensional k-algebra is simple,
when rad P is uniserial, P must also be uniserial. Therefore, indecomposable
projective-injective nA-modules are uniserial. By Theorem 2, the map M kQ,,

V(kQ,,) x k* — indmod kQ;, is bijective.
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Let m : kQ JL nA be the natural projection. This induces a commutative
diagram as shown in [Figure 2: see original paper].

[Figure 2: see original paper| shows the commutative diagram. Note that F'w
and G7 are maps (not functors). The diagram can be constructed as follows:
- For a (primitive) V-sequence w on (Q; ,J,) that is also a (primitive) V-
sequence on (Q,, 1), define Gr([w]) = [w]; otherwise, Gr([w]) = 0. - Since 7
is surjective, any nA-module can be naturally viewed as a k@ ; -module. This
yields an injection F'r : indmod nA — indmod k@ ;, , defined by Fr(M)=M
for any indecomposable nA-module M.

By Corollary 1, for any w € V(nA), there are four cases: a) w is not a (primitive)
V-sequence on (Qy,I,), but is a (primitive) V-sequence on (Q;, ,Jx); b) w is
a (primitive) V-sequence on (Q,,1,) but not relation-free; c¢) w € V,;(nA)
pV(nA); d) w € pV(nA).

To prove (1), take any w € V(nA) V¢(nA). Viewed as a V-sequence on
(Qy,,Ja), we have:

Myq, ([W:A) = Fr(My([w],A). (+)

If w falls under case (b), there exists a length-2 path a8 in w that is a component
of some generator of I, (denoted a8 — o’f"). Correspondingly, when viewed
as a V-sequence on (Q IRE) A), w has no non-zero preimage under F'r™ because
if there existed N € indmodnA with Fr(N) = Myq ([w], A), then the quiver
A

representation of N would have both af and o’ non-zero, forcing the V-
sequence of N to contain a subsequence of the form af or o’f3’, contradicting
Theorem 2. Hence M, ([w],A) = 0. Cases (c) and (d) are proved similarly,
establishing (2) and (3).

For (4), suppose M, ([w], \) = M, ([w'], \) withw,w” € Vf(nA) y (1) and (2),
we have Mo ([w],\) = Mg, ([ ', \"). Since MkQ is bljectlve [w] = [w]

A
and A = \. Thus M, is mJectlve on Vi (nA) x k*. O

4. Main Results

This section provides a complete classification of indecomposable mod-
ules over nA. By Lemma 2(3), indecomposable nA-modules fall into two
parts: those corresponding to alternate V-sequences and the indecomposable
projective-injective modules. More precisely:

Theorem 3. There exists a bijection:

ind mod nA <+ (V

L#(nA) x k*)U{indecomposable projective-injective nA-modules}.
Proof. By Lemma 2(4), M, is injective on V(nA) x k*. For each indecom-
posable projective-injective module P, Lemma 2(3) shows that P = M, (Jw], A)
for some w € pV(nA). Since Mg, is bijective, the commutative diagram in

A
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[Figure 2: see original paper]| yields a bijection between pV(nA) and the set of
indecomposable projective-injective nA-modules. Finally, for any w ¢ V, f(nA),
Lemma 2(1) gives M, (Jw], A) = 0. By Theorem 2, the union on the right side
is disjoint, establishing the desired bijection. [J

Corollary 2. The indecomposable nA-modules are precisely the indecom-
posable projective-injective modules and those corresponding to alternate V-
sequences. Moreover, the number of isoclasses of indecomposable nA-modules
is 2" +n? +n.

Proof. Theorem 3 gives the complete classification. To count isoclasses, we com-
pute |V, ;(nA)| plus the number of indecomposable projective-injective modules.
First, V;;(nA) forms a poset under the subsequence relation w C w’. The max-
imal elements are precisely the alternate V-sequences of length 2n of the form:

i) _

W = 0y QO O

for i =1, 2,...,n, where indices are taken modulo n. There are n such maximal
elements, each of length 2n.

Since any alternate V-sequence is uniquely a subsequence of some maximal
alternate V-sequence, the total number of alternate V-sequences of length > 1 is
n- (22" —1). However, a more careful count shows that the number of non-empty
alternate V-sequences is 2™ — 1 (each maximal sequence has 2" subsequences
including the empty one, and there are n maximal sequences, but they share
only the empty sequence). Adding the 2n vertices (length-0 V-sequences) gives
|Vip(nA)| = 2" + 2n — 1. The number of indecomposable projective-injective
modules is n(n — 1). Therefore, the total number of isoclasses is:

(2" +2n—1)+n(n—1)=2"+n2+n.

5. Conclusion

Building upon [?, ?, ?], this paper considers the tensor product of linearly ori-
ented Nakayama algebras of types A,, and an with quadratic Jacobson radical
zero. This tensor algebra is a special biserial algebra. The indecomposable mod-
ules over special biserial algebras can be described via V-sequences and primitive
V-sequences through the Wald-Waschbusch correspondence theorem (Theorem
2). Generally, this description yields a surjection rather than a bijection. Wald
and Waschbusch noted that when all indecomposable projective-injective mod-
ules over a special biserial algebra are uniserial, their correspondence is bijective;
the case with non-uniserial indecomposable projective-injective modules is more
complex. The tensor algebra considered in this paper belongs to the latter case.
Through a detailed classification of V-sequences and primitive V-sequences, we
obtained a complete classification of indecomposable modules and a counting
formula for this tensor algebra. We believe this work is significant for studying
general special biserial algebras and biserial algebras.
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