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Abstract
Let 𝑛𝐴 be the Nakayama algebra of type 𝐴𝑛 with quadratic Jacobson radical
zero, and let 𝑛𝐴 be the Nakayama algebra of type 𝐴𝑛 with quadratic Jacobson
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radical zero. In this paper, we consider the 𝑘-tensor product 𝑛𝐴 ⊗ 𝑛𝐴 and
the classification of indecomposable modules over this algebra. Moreover, we
provide a counting formula for computing the number of isoclasses of indecom-
posable 𝑛𝐴 ⊗ 𝑛𝐴-modules.

Keywords: Quiver Representations, Dynkin Quiver, Euclid Quiver, Tensors,
Nakayama Algebras

1. Introduction
Throughout this paper, we assume that 𝑘 is an algebraically closed field and that
all 𝑘-algebras under consideration are finite-dimensional connected algebras.
Given three algebras 𝐴, 𝐵, and 𝐶, the tensor product of a right 𝐶-module 𝑀
and a left 𝐶-module 𝑁 is defined as a 𝑘-vector space 𝑀 ⊗𝐶 𝑁 (see, for example,
Chapter 2 of [?]). Tensor products have wide applications in mathematics,
physics, and other fields, and thus occupy a pivotal position in algebra, as
evidenced by their role in homological properties of algebras [?, ?], Hochschild
homology [?, ?, ?], representation theory [?], and other areas.

Nakayama algebras of type 𝐴𝑛 are among the most fundamental finite-
dimensional algebras in representation theory. Linearly oriented hereditary
Nakayama algebras of type 𝐴𝑛 constitute the basic building blocks of gentle
algebras, while linearly oriented non-hereditary Nakayama algebras of type 𝐴𝑛
are a special class of string algebras that are always isomorphic to a quotient
of a triangular matrix algebra. Linearly oriented Nakayama algebras of type
𝐴𝑛 are always non-hereditary and represent a direct generalization of the
univariate polynomial ring. Thus, Nakayama algebras play a crucial role in
algebra.

The problem of determining the representation type of an algebra is central
in representation theory, encompassing the classification and enumeration of
indecomposable representations, the Clebsch-Gordan problem [?, ?, ?, ?, ?], the
determination of representation type for given algebras [?, ?], and the Brauer-
Thrall conjectures (the first conjecture [?, ?, ?, ?, ?, ?, ?, ?] and the second
conjecture [?, ?, ?, ?, ?], see also [?] IV.5). Infinite representation type is
further divided into tame and wild types. Professor Yanhong Bao investigated
the representation type of the 𝑘-tensor product of hereditary algebras of type
𝐴𝑛 (hereinafter referred to as 𝑘-tensor) and provided sufficient conditions for the
resulting tensor algebra to be tame or wild [?]. Subsequently, the authors of [?]
considered multiple 𝑘-tensors of arbitrary algebras of type 𝐴𝑛, gave necessary
and sufficient conditions for certain multiple tensor algebras to be representation-
finite, and from Corollary 4.1 showed that the tensor product of two algebras can
only be representation-finite in very special cases, such as when the enveloping
algebra has quadratic Jacobson radical zero and finite global dimension. This
is a type of 𝐴𝑛 ⊗ 𝐴𝑛 algebra that is representation-finite, with the number of
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isoclasses of indecomposable modules equal to 𝑛2 + 4𝑛 [?]. Since most tensor
algebras are representation-infinite, classifying indecomposable modules over
tensor algebras up to isomorphism is generally difficult.

This paper focuses on a class of 𝐴𝑛⊗𝐴𝑛 type tensor algebras 𝑛𝐴⊗𝑛𝐴 (see Exam-
ple 1 for notation), classifies the indecomposable modules over this algebra up to
isomorphism, provides a counting formula for the isoclasses of indecomposable
modules, and lays groundwork for future research on the representation types
of multiple tensor algebras of types 𝐴𝑛 and 𝐴𝑛. The structure is as follows: Sec-
tion 1 introduces preliminary knowledge, including 𝑘-tensors of algebras and the
characterization of indecomposable modules over special biserial algebras via the
Wald-Waschbusch correspondence theorem. Section 2 introduces the concept
of alternate 𝑉 -sequences and uses them together with the Wald-Waschbusch
correspondence theorem to describe indecomposable 𝑛𝐴 ⊗ 𝑛𝐴-modules. Sec-
tion 3 presents the main results, including the classification of indecomposable
𝑛𝐴 ⊗ 𝑛𝐴-modules up to isomorphism and the counting formula.

2. Preliminary Knowledge
This section reviews preliminary material, including tensor products of algebras
and their quiver representations, as well as work by Wald and Waschbusch on
special biserial algebras [?]. For convenience, we establish the following conven-
tions. For a given algebra 𝐴, we denote its quiver by 𝑄𝐴 (or simply 𝑄 when no
confusion arises), where a quiver 𝑄 is a quadruple (𝑄0, 𝑄1, 𝑠, 𝑡) consisting of a
vertex set 𝑄0, an arrow set 𝑄1, and two functions 𝑠, 𝑡 mapping each arrow in 𝑄1
to its source and target, respectively. Unless otherwise specified, 𝐴-modules are
right 𝐴-modules. For any two arrows 𝑎, 𝑏 in 𝑄, their product is defined as the
composition 𝑎𝑏 when 𝑡(𝑎) = 𝑠(𝑏), and 0 otherwise. The composition 𝑎𝑏 is also
called a path of length 2. Naturally, we can define paths of arbitrary length and
their composition. Consequently, 𝑄0 and 𝑄1 can be viewed as sets of paths of
length 0 and 1, respectively. The set of all paths of length 𝑙 is denoted by 𝑄𝑙. In
particular, for the algebras 𝐴 considered in this paper, the quiver 𝑄𝐴 is always
connected, 𝐼𝐴 is always a 𝑘-vector space generated by 𝑘-linear combinations of
paths in 𝑄𝐴, and 𝐼𝐴 is always an admissible ideal. The pair (𝑄𝐴, 𝐼𝐴) is called
the bound quiver of 𝐴. These conventions follow [?].

2.1. Tensor Products of Algebras

Let 𝐴 and 𝐵 be 𝑘-algebras. Their tensor product 𝐴 ⊗𝑘 𝐵 over the field 𝑘 is
also a 𝑘-algebra whose dimension satisfies dim𝑘(𝐴 ⊗𝑘 𝐵) = dim𝑘(𝐴) ⋅ dim𝑘(𝐵).
Clearly, when 𝐴 and 𝐵 are finite-dimensional 𝑘-algebras, so is 𝐴 ⊗𝑘 𝐵. In
particular, if 𝐴 and 𝐵 are basic algebras—that is, for a complete set of primitive
orthogonal idempotents {𝑒𝑖 ∣ 1 ≤ 𝑖 ≤ 𝑛} of 𝐴 (respectively, {𝑓𝑗} of 𝐵), we have
𝑒𝑖𝐴 ≇ 𝑒𝑗𝐴 (respectively, 𝑓𝑖𝐵 ≇ 𝑓𝑗𝐵) whenever 𝑖 ≠ 𝑗—then 𝐴 ⊗𝑘 𝐵 is also
basic. For any basic algebra Λ, it is always isomorphic to a quotient 𝑘𝑄Λ/𝐼Λ
of the path algebra 𝑘𝑄Λ of some quiver 𝑄Λ, and when 𝐼Λ is admissible, 𝑄Λ is
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uniquely determined. Thus, we may assume that a complete set of primitive
orthogonal idempotents of 𝐴 ⊗𝑘 𝐵 is given by the Cartesian product {𝑒𝑖 ⊗ 𝑓𝑗}.
The quiver 𝑄𝐴⊗𝐵 is completely determined by the idempotents {𝑒𝑖 ⊗ 𝑓𝑗} and
the dimensions dim𝑘(𝑒𝑖 ⊗ 𝑓𝑗) rad(𝐴 ⊗𝑘 𝐵)(𝑒𝑖′ ⊗ 𝑓𝑗′), which describe the number
of arrows from (𝑖, 𝑗) to (𝑖′, 𝑗′), where the notation “≅ 𝑘” denotes isomorphism of
𝑘-vector spaces. The ideal 𝐼 ⊗𝐽 is naturally induced by 𝐼 , 𝐽 , and the properties
of the tensor product.

Alternatively, one can define the tensor product of bound quivers as follows.

Definition 1. For two bound quivers (𝑄′, 𝐼 ′) and (𝑄″, 𝐼″), their quiver tensor
product (𝑄′, 𝐼 ′) ⊗ (𝑄″, 𝐼″) is the quadruple (𝑄𝑇 , 𝐼𝑇 ) defined by:

1. 𝑄𝑇 0 = 𝑄′
0 × 𝑄″

0 ;
2. 𝑄𝑇 1 = (𝑄′

0 × 𝑄″
1) ∪ (𝑄′

1 × 𝑄″
0), where 𝑄′

0 × 𝑄″
1 and 𝑄′

1 × 𝑄″
0 are regarded

as disjoint sets;
3. For any 𝛼 = (𝑣′, 𝛽″) ∈ 𝑄′

0 × 𝑄″
1 , define 𝑠(𝛼) = (𝑣′, 𝑠(𝛽″)) and 𝑡(𝛼) =

(𝑣′, 𝑡(𝛽″)); for any 𝛼 = (𝛽′, 𝑣″) ∈ 𝑄′
1 × 𝑄″

0 , define 𝑠(𝛼) = (𝑠(𝛽′), 𝑣″) and
𝑡(𝛼) = (𝑡(𝛽′), 𝑣″);

4. 𝐼𝑇 is the 𝑘-vector space generated by the following three types of 𝑘-linear
combinations:

a) (𝑣′, 𝑟″) where 𝑟″ is a generator of 𝐼″;
b) (𝑟′, 𝑣″) where 𝑟′ is a generator of 𝐼′;
c) (𝑣′, 𝛽″)(𝛼′, 𝑣″) − (𝛼′, 𝑣″)(𝑣′, 𝛽″) where 𝛼′ ∶ 𝑢 → 𝑣 and 𝛽″ ∶ 𝑟 → 𝑠 are

arrows, as shown in the diagram.

Theorem 1 (Herschend [?], Proposition 3). Let 𝐴 = 𝑘𝑄/𝐼 and 𝐵 = 𝑘𝑄′/𝐼′

be finite-dimensional algebras. Then the 𝑘-tensor product 𝐴 ⊗𝑘 𝐵 has bound
quiver (𝑄𝑇 , 𝐼𝑇 ) that coincides with the quiver tensor product of (𝑄, 𝐼) and
(𝑄′, 𝐼 ′).
Example 1. Let 𝑛 ⃗𝐴 and 𝑛𝐴 denote the linearly oriented Dynkin quiver
• → • → ⋯ → • (with 𝑛 vertices) and the Euclidean quiver 𝐴𝑛−1 (a cy-
cle with 𝑛 vertices), respectively. Let 𝑛𝐴 = 𝑘(𝑛 ⃗𝐴)/ rad2(𝑘(𝑛 ⃗𝐴)) and 𝑛𝐴 =
𝑘(𝑛𝐴)/ rad2(𝑘(𝑛𝐴)), where rad(−) denotes the Jacobson radical (the intersec-
tion of all maximal ideals). We call 𝑛𝐴 and 𝑛𝐴 Nakayama algebras with
quadratic Jacobson radical zero. These algebras have many nice properties;
for instance, the dimension of any indecomposable module as a linear space is
always at most 2. The algebra 𝑛𝐴⊗𝑛𝐴 is a finite-dimensional 𝑘-algebra of type
𝐴𝑛 ⊗ 𝐴𝑛 whose quiver is shown in [Figure 1: see original paper].

[Figure 1: see original paper] shows the quiver of 𝑛𝐴 ⊗ 𝑛𝐴. We will prove that
𝑛𝐴⊗𝑛𝐴 is representation-finite and give a complete classification of its indecom-
posable modules up to isomorphism. Notably, for a linearly oriented Nakayama
algebra 𝐴′ of type 𝐴𝑛 and a linearly oriented Nakayama algebra 𝐵′ of type 𝐴𝑛,
if at least one is not a Nakayama algebra with quadratic Jacobson radical zero,
then 𝑘𝐴′ ⊗ 𝐵′ is likely representation-infinite. For example, when 𝑛 ≥ 7, taking
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𝐴′ ≅ 𝑘 ⃗𝐴𝑛, there exists an infinite family of indecomposable modules (infinitely
many up to isomorphism) over the linearly oriented Euclidean algebra of type
𝐸6 (see [?], VII.2, page 252) that can naturally be viewed as indecomposable
modules over 𝑘𝐴′ ⊗ 𝐵′, showing that 𝑘𝐴′ ⊗ 𝐵′ is representation-infinite.

2.2. Special Biserial Algebras

Special biserial algebras are an important class of algebras closely related to gen-
tle algebras [?]. Wald and Waschbusch studied the module categories of special
biserial algebras and completely characterized their indecomposable modules
and irreducible morphisms [?]. For the reader’s convenience, this subsection
is divided into three parts: the definition of special biserial algebras; the def-
inition of 𝑉 -sequences and their description of indecomposable modules over
special biserial algebras; and the Wald-Waschbusch correspondence theorem.

2.2.1. Special Biserial Algebras Definition 2. A bound quiver (𝑄, 𝐼) is
called a special biserial pair if it satisfies:

1. 𝐼 is an admissible ideal;
2. For any vertex 𝑣 ∈ 𝑄0, there are at most two arrows starting at 𝑣 and at

most two arrows ending at 𝑣;
3. For any arrow 𝛼 ∈ 𝑄1, if there exist 𝛽1, 𝛽2 ∈ 𝑄1 with 𝛽1 ≠ 𝛽2 such that

𝑡(𝛼) = 𝑠(𝛽1) = 𝑠(𝛽2), then at least one of 𝛼𝛽1, 𝛼𝛽2 belongs to 𝐼 ;
4. For any arrow 𝛽 ∈ 𝑄1, if there exist 𝛼1, 𝛼2 ∈ 𝑄1 with 𝛼1 ≠ 𝛼2 such that

𝑡(𝛼1) = 𝑡(𝛼2) = 𝑠(𝛽), then at least one of 𝛼1𝛽, 𝛼2𝛽 belongs to 𝐼 .

When a finite-dimensional algebra 𝐴 ≅ 𝑘𝑄/𝐼 has a bound quiver (𝑄, 𝐼) that is
a special biserial pair, we call 𝐴 a special biserial algebra. The algebra 𝑛𝐴⊗𝑛𝐴
is a special biserial algebra.

2.2.2. V-Sequences Let 𝐴 = 𝑘𝑄/𝐼 be a special biserial algebra with bound
quiver (𝑄, 𝐼). For each arrow 𝛼 ∶ 𝑖 → 𝑗 in 𝑄, we formally define its inverse
𝛼− ∶ 𝑗 → 𝑖. The formal inverse bound quiver of (𝑄, 𝐼) is (𝑄−, 𝐼), where 𝑄−

1 =
{𝛼− ∣ 𝛼 ∈ 𝑄1}. Naturally, for any path ℘ on 𝑄, we define ℘− ∈ 𝑄− by reversing
all arrows. For any path ℘ of length 0, define ℘− = ℘.

Definition 3 ([?], Definitions 2.1, 2.2). Let (𝑄, 𝐼) be a special biserial pair.

1. A 𝑉 -sequence of length 𝑛 on (𝑄, 𝐼) is a sequence 𝜔 = 𝜔1𝜔2 ⋯ 𝜔𝑛 satisfying:
• Each 𝜔𝑖 ∈ 𝑄1 ∪ 𝑄−

1 ;
• No subsequence of the form 𝛼𝛼− appears in 𝜔;
• For any subsequence of the form 𝛼𝛽 in 𝜔 (with 𝛼, 𝛽 ∈ 𝑄1), we have

𝛼𝛽 ∉ 𝐼 ;
• For any subsequence of the form 𝛼−𝛽− in 𝜔 (with 𝛼, 𝛽 ∈ 𝑄1), we

have 𝛼𝛽 ∉ 𝐼 .

Two 𝑉 -sequences 𝜔 and 𝜔′ are equivalent, denoted 𝜔 ∼ 𝜔′, if 𝜔 = 𝜔′ or 𝜔′ =
𝜔−. The trivial 𝑉 -sequence of length 0 is denoted by 0. We write [𝜔] for the
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equivalence class of all 𝑉 -sequences equivalent to 𝜔, and denote by 𝑉 (𝐴) the
set of all equivalence classes of 𝑉 -sequences.

A 𝑉 -sequence 𝜔 is called relation-free if for any path ℘ on 𝜔 and any generator
𝑟 = ∑𝑖 𝑐𝑖℘𝑖 of 𝐼 (where each 𝑐𝑖 ≠ 0), ℘ is not a path component of any ℘𝑖 (i.e.,
℘ is not a summand of 𝑟 after removing coefficients). The set of equivalence
classes of relation-free 𝑉 -sequences is denoted by 𝑉𝑠𝑓(𝐴).

2. A primitive 𝑉 -sequence of length 𝑛 on (𝑄, 𝐼) is a sequence 𝜔 = 𝜔1𝜔2 ⋯ 𝜔𝑛
satisfying:

• Each 𝜔𝑖 is a 𝑉 -sequence;
• For any 𝑡 ≥ 1, 𝜔𝑡 is a 𝑉 -sequence;
• For any 𝑉 -sequence 𝛽′, 𝛽𝛽′ ≠ 0.

Two primitive 𝑉 -sequences 𝜔 and 𝜔′ are equivalent, denoted 𝜔 ∼ 𝜔′, if there
exists an integer 𝑡 such that [𝜔] = [𝜔′] + 𝑡 (where addition is componentwise
modulo 𝑛). We write [𝜔]𝑝 for the equivalence class of all primitive 𝑉 -sequences
equivalent to 𝜔, and denote by 𝑝𝑉 (𝐴) the set of all equivalence classes of prim-
itive 𝑉 -sequences.

2.2.3. Wald-Waschbusch Correspondence Theorem The following
theorem by Wald and Waschbusch shows that 𝑉 -sequences and primitive
𝑉 -sequences can be used to characterize indecomposable modules over special
biserial algebras.

Theorem 2 (Wald-Waschbusch Correspondence Theorem). Let 𝐴 be
a special biserial algebra and ind mod 𝐴 the set of isoclasses of indecomposable
𝐴-modules. Then there exists a surjection 𝑀𝐴 ∶ 𝑉 (𝐴) × 𝑘∗ → ind mod 𝐴.
Moreover, if all indecomposable projective-injective 𝐴-modules are uniserial,
then 𝑀𝐴 is a bijection.

Example 3. Consider 𝐴 = 𝑛𝐴 ⊗ 𝑛𝐴 with bound quiver (𝑄𝐴, 𝐼𝐴), where 𝑄𝐴
is as shown in [Figure 1: see original paper] and 𝐼𝐴 is naturally induced by
rad2(𝑘 ⃗𝐴𝑛), rad2(𝑘𝐴𝑛), and the properties of tensor products. The 𝑉 -sequences
(up to equivalence) on 𝐴 can be classified as follows:

1. 𝑉 -sequences of length 0: 4 classes, given by the four vertices of the quiver;
2. 𝑉 -sequences of length 1: 6 classes, given by the arrow set of the quiver;
3. Relation-free 𝑉 -sequences of length 2: (𝑛 − 1) × 2 classes, totaling 4;
4. Relation-free 𝑉 -sequences of length 3: 2 classes;
5. Primitive 𝑉 -sequences of length 4: 𝑛 classes;
6. Other 𝑉 -sequences that are not relation-free.

For any 𝑉 -sequence 𝜔 ∈ 𝑉 (𝐴), 𝑀𝐴([𝜔], 𝜆) is an indecomposable 𝐴-module.
Moreover, |𝑉 (𝐴)| = 18 when 𝑛 = 2. For 𝛽 ∈ 𝑝𝑉 (𝐴), 𝑀𝐴([𝛽], 𝜆) gives the
indecomposable projective-injective modules. Thus, the map 𝑀𝐴 yields all in-
decomposable modules of 𝐴, totaling 18 when 𝑛 = 2.
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3. V-Sequences
Henceforth, we denote 𝑛𝐴 ⊗ 𝑛𝐴 by 𝑛Λ and its bound quiver by (𝑄Λ, 𝐼Λ). This
chapter introduces the concept of alternate 𝑉 -sequences and uses it to classify
indecomposable 𝑛Λ-modules up to isomorphism.

3.1. Alternate V-Sequences

Definition 4. An alternate 𝑉 -sequence 𝜔 = 𝜔1𝜔2 ⋯ 𝜔𝑙 on (𝑄Λ, 𝐼Λ) is a 𝑉 -
sequence satisfying:

1. For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑙, if 𝜔𝑖, 𝜔𝑗 ∈ 𝑄1, then 𝜔𝑖 ≠ 𝜔𝑗;
2. For any 1 ≤ 𝑖 < 𝑗 ≤ 𝑙, if 𝜔𝑖, 𝜔𝑗 ∈ 𝑄−

1 , then 𝜔𝑖 ≠ 𝜔𝑗.

Clearly, every alternate 𝑉 -sequence is a relation-free 𝑉 -sequence. Since all 𝑉 -
sequences can be divided into alternate and non-alternate 𝑉 -sequences, the fol-
lowing lemma shows that all relation-free 𝑉 -sequences on (𝑄Λ, 𝐼Λ) are alternate
𝑉 -sequences (Corollary 1).

Lemma 1. Any 𝑉 -sequence 𝜔 on (𝑄Λ, 𝐼Λ) that is not alternate must contain a
subpath of length 2 belonging to 𝐼Λ.

Proof. By Example 3, any non-alternate 𝑉 -sequence 𝜔 must contain a subpath
of the form 𝛼𝛽 or 𝛼−𝛽− where 𝛼, 𝛽 ∈ 𝑄1 with 𝛼 = 𝛽. Without loss of gener-
ality, assume the former case holds. Then either 𝛼𝛽 ∈ 𝐼Λ directly, or 𝛼𝛽 is a
component of some generator of 𝐼Λ. In either case, 𝜔 is not relation-free. The
case for 𝛼−𝛽− is similar. □
Corollary 1. A 𝑉 -sequence on (𝑄Λ, 𝐼Λ) is relation-free if and only if it is
alternate.

Lemma 2. Let 𝑀Λ ∶ 𝑉 (𝑛Λ) × 𝑘∗ → ind mod 𝑛Λ be the map from Theorem 2.
Then:

1. For any 𝜔 ∈ 𝑉 (𝑛Λ) � 𝑉𝑠𝑓(𝑛Λ), we have 𝑀Λ([𝜔], 𝜆) = 0;
2. For any 𝜔 ∈ 𝑉𝑠𝑓(𝑛Λ) � 𝑝𝑉 (𝑛Λ), 𝑀Λ([𝜔], 𝜆) is an indecomposable module

that is not projective-injective;
3. For any 𝜔 ∈ 𝑝𝑉 (𝑛Λ), 𝑀Λ([𝜔], 𝜆) is an indecomposable projective-injective

module;
4. 𝑀Λ is injective on 𝑉𝑠𝑓(𝑛Λ) × 𝑘∗.

Proof. First, note that for any indecomposable projective 𝑘𝑄𝐽Λ
-module 𝑃 , rad 𝑃

is either uniserial or a direct sum of two indecomposable uniserial modules,
where 𝐽Λ is generated by the zero relations in 𝐼Λ (i.e., all paths of length 2).
When rad 𝑃 is a direct sum of two indecomposable uniserial modules, 𝑃 is not
projective-injective. When 𝑃 is projective-injective, rad 𝑃 is uniserial. Since the
top of any indecomposable module over a finite-dimensional 𝑘-algebra is simple,
when rad 𝑃 is uniserial, 𝑃 must also be uniserial. Therefore, indecomposable
projective-injective 𝑛Λ-modules are uniserial. By Theorem 2, the map 𝑀𝑘𝑄𝐽Λ

∶
𝑉 (𝑘𝑄𝐽Λ

) × 𝑘∗ → ind mod 𝑘𝑄𝐽Λ
is bijective.
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Let 𝜋 ∶ 𝑘𝑄𝐽Λ
→ 𝑛Λ be the natural projection. This induces a commutative

diagram as shown in [Figure 2: see original paper].

[Figure 2: see original paper] shows the commutative diagram. Note that 𝐹𝜋
and 𝐺𝜋 are maps (not functors). The diagram can be constructed as follows:
- For a (primitive) 𝑉 -sequence 𝜔 on (𝑄𝐽Λ

, 𝐽Λ) that is also a (primitive) 𝑉 -
sequence on (𝑄Λ, 𝐼Λ), define 𝐺𝜋([𝜔]) = [𝜔]; otherwise, 𝐺𝜋([𝜔]) = 0. - Since 𝜋
is surjective, any 𝑛Λ-module can be naturally viewed as a 𝑘𝑄𝐽Λ

-module. This
yields an injection 𝐹𝜋 ∶ ind mod 𝑛Λ → ind mod 𝑘𝑄𝐽Λ

, defined by 𝐹𝜋(𝑀) = 𝑀
for any indecomposable 𝑛Λ-module 𝑀 .

By Corollary 1, for any 𝜔 ∈ 𝑉 (𝑛Λ), there are four cases: a) 𝜔 is not a (primitive)
𝑉 -sequence on (𝑄Λ, 𝐼Λ), but is a (primitive) 𝑉 -sequence on (𝑄𝐽Λ

, 𝐽Λ); b) 𝜔 is
a (primitive) 𝑉 -sequence on (𝑄Λ, 𝐼Λ) but not relation-free; c) 𝜔 ∈ 𝑉𝑠𝑓(𝑛Λ) �
𝑝𝑉 (𝑛Λ); d) 𝜔 ∈ 𝑝𝑉 (𝑛Λ).
To prove (1), take any 𝜔 ∈ 𝑉 (𝑛Λ) � 𝑉𝑠𝑓(𝑛Λ). Viewed as a 𝑉 -sequence on
(𝑄𝐽Λ

, 𝐽Λ), we have:

𝑀𝑘𝑄𝐽Λ
([𝜔], 𝜆) = 𝐹𝜋(𝑀Λ([𝜔], 𝜆)). (∗)

If 𝜔 falls under case (b), there exists a length-2 path 𝛼𝛽 in 𝜔 that is a component
of some generator of 𝐼Λ (denoted 𝛼𝛽 − 𝛼′𝛽′). Correspondingly, when viewed
as a 𝑉 -sequence on (𝑄𝐽Λ

, 𝐽Λ), 𝜔 has no non-zero preimage under 𝐹𝜋∼ because
if there existed 𝑁 ∈ ind mod 𝑛Λ with 𝐹𝜋(𝑁) = 𝑀𝑘𝑄𝐽Λ

([𝜔], 𝜆), then the quiver
representation of 𝑁 would have both 𝛼𝛽 and 𝛼′𝛽′ non-zero, forcing the 𝑉 -
sequence of 𝑁 to contain a subsequence of the form 𝛼𝛽 or 𝛼′𝛽′, contradicting
Theorem 2. Hence 𝑀Λ([𝜔], 𝜆) = 0. Cases (c) and (d) are proved similarly,
establishing (2) and (3).

For (4), suppose 𝑀Λ([𝜔], 𝜆) = 𝑀Λ([𝜔′], 𝜆′) with 𝜔, 𝜔′ ∈ 𝑉𝑠𝑓(𝑛Λ). By (1) and (2),
we have 𝑀𝑘𝑄𝐽Λ

([𝜔], 𝜆) = 𝑀𝑘𝑄𝐽Λ
([𝜔′], 𝜆′). Since 𝑀𝑘𝑄𝐽Λ

is bijective, [𝜔] = [𝜔′]
and 𝜆 = 𝜆′. Thus 𝑀Λ is injective on 𝑉𝑠𝑓(𝑛Λ) × 𝑘∗. □

4. Main Results
This section provides a complete classification of indecomposable mod-
ules over 𝑛Λ. By Lemma 2(3), indecomposable 𝑛Λ-modules fall into two
parts: those corresponding to alternate 𝑉 -sequences and the indecomposable
projective-injective modules. More precisely:

Theorem 3. There exists a bijection:

ind mod 𝑛Λ ⟷ (𝑉𝑠𝑓(𝑛Λ) × 𝑘∗)⊔{indecomposable projective-injective 𝑛Λ-modules}.

Proof. By Lemma 2(4), 𝑀Λ is injective on 𝑉𝑠𝑓(𝑛Λ) × 𝑘∗. For each indecom-
posable projective-injective module 𝑃 , Lemma 2(3) shows that 𝑃 = 𝑀Λ([𝜔], 𝜆)
for some 𝜔 ∈ 𝑝𝑉 (𝑛Λ). Since 𝑀𝑘𝑄𝐽Λ

is bijective, the commutative diagram in
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[Figure 2: see original paper] yields a bijection between 𝑝𝑉 (𝑛Λ) and the set of
indecomposable projective-injective 𝑛Λ-modules. Finally, for any 𝜔 ∉ 𝑉𝑠𝑓(𝑛Λ),
Lemma 2(1) gives 𝑀Λ([𝜔], 𝜆) = 0. By Theorem 2, the union on the right side
is disjoint, establishing the desired bijection. □
Corollary 2. The indecomposable 𝑛Λ-modules are precisely the indecom-
posable projective-injective modules and those corresponding to alternate 𝑉 -
sequences. Moreover, the number of isoclasses of indecomposable 𝑛Λ-modules
is 2𝑛 + 𝑛2 + 𝑛.

Proof. Theorem 3 gives the complete classification. To count isoclasses, we com-
pute |𝑉𝑠𝑓(𝑛Λ)| plus the number of indecomposable projective-injective modules.
First, 𝑉𝑠𝑓(𝑛Λ) forms a poset under the subsequence relation 𝜔 ⊆ 𝜔′. The max-
imal elements are precisely the alternate 𝑉 -sequences of length 2𝑛 of the form:

𝜔(𝑖) = 𝛼𝑖𝛼𝑖+1 ⋯ 𝛼𝑖+𝑛−1𝛼−
𝑖+𝑛−1 ⋯ 𝛼−

𝑖

for 𝑖 = 1, 2, … , 𝑛, where indices are taken modulo 𝑛. There are 𝑛 such maximal
elements, each of length 2𝑛.

Since any alternate 𝑉 -sequence is uniquely a subsequence of some maximal
alternate 𝑉 -sequence, the total number of alternate 𝑉 -sequences of length ≥ 1 is
𝑛⋅(22𝑛 −1). However, a more careful count shows that the number of non-empty
alternate 𝑉 -sequences is 2𝑛 − 1 (each maximal sequence has 2𝑛 subsequences
including the empty one, and there are 𝑛 maximal sequences, but they share
only the empty sequence). Adding the 2𝑛 vertices (length-0 𝑉 -sequences) gives
|𝑉𝑠𝑓(𝑛Λ)| = 2𝑛 + 2𝑛 − 1. The number of indecomposable projective-injective
modules is 𝑛(𝑛 − 1). Therefore, the total number of isoclasses is:

(2𝑛 + 2𝑛 − 1) + 𝑛(𝑛 − 1) = 2𝑛 + 𝑛2 + 𝑛.

5. Conclusion
Building upon [?, ?, ?], this paper considers the tensor product of linearly ori-
ented Nakayama algebras of types 𝐴𝑛 and 𝐴𝑛 with quadratic Jacobson radical
zero. This tensor algebra is a special biserial algebra. The indecomposable mod-
ules over special biserial algebras can be described via 𝑉 -sequences and primitive
𝑉 -sequences through the Wald-Waschbusch correspondence theorem (Theorem
2). Generally, this description yields a surjection rather than a bijection. Wald
and Waschbusch noted that when all indecomposable projective-injective mod-
ules over a special biserial algebra are uniserial, their correspondence is bijective;
the case with non-uniserial indecomposable projective-injective modules is more
complex. The tensor algebra considered in this paper belongs to the latter case.
Through a detailed classification of 𝑉 -sequences and primitive 𝑉 -sequences, we
obtained a complete classification of indecomposable modules and a counting
formula for this tensor algebra. We believe this work is significant for studying
general special biserial algebras and biserial algebras.

chinarxiv.org/items/chinaxiv-202312.00111 Machine Translation

https://chinarxiv.org/items/chinaxiv-202312.00111


This work was supported by the National Natural Science Foundation of China
(12061001; 12171207), the 2023 Central Government Guided Local Science and
Technology Development Project of Sichuan Provincial Department of Science
and Technology (Application No. 2023ZYD0005), the Guizhou University Talent
Research Startup Fund Projects (Gui Da Ren Ji He Zi (2022)53, (2022)65), and
the Guizhou Provincial Science and Technology Program Project (Qian Ke He
Ji Chu-ZK[2024] Yi Ban 066).

References
[1] Rotman, J.J. (2009) An Introduction to Homological Algebra. 2nd Edition,
Springer, New York. https://doi.org/10.1007/b98977

[2] Mahdou, N. and Tamekkante, M. (2015) On Gorenstein Global Dimension
of Tensor Product of Algebras over a Field. Gulf Journal of Mathematics, 3,
30-37. https://doi.org/10.56947/gjom.v3i2.159

[3] Hu, W., Luo, X.H., Xiong, B.L. and Zhou, G.D. (2019) Goren-
stein Projective Bimodules via Monomorphism Categories and Filtra-
tion Categories. Journal of Pure and Applied Algebra, 233, 1014-1039.
https://doi.org/10.1016/j.jpaa.2018.05.012

[4] Hochschild, G. (1945) On the Cohomology Groups of an Associative Algebra.
Annals of Mathematics, 46, 58-67. https://doi.org/10.2307/1969145

[5] Buchweitz, R.O., Green, E.L., Madsen, D. and Solberg, O. (2005) Finite
Hochschild Cohomology without Finite Global Dimension. Mathematical Re-
search Letters, 12, 805-816. https://doi.org/10.4310/MRL.2005.v12.n6.a2

[6] Happel, D. (2006) Hochschild Cohomology of Finite-Dimensional Algebras.
In: Malliavin, M.P., Ed., Séminaire d’Algèbre Paul Dubreil et Marie-Paul Malli-
avin, Springer, Berlin, 108-126. https://doi.org/10.1007/BFb0084073

[7] Herschend, M. (2008) Tensor Products on Quiver Representations. Journal
of Pure and Applied Algebra, 1, 452-469. https://doi.org/10.1016/j.jpaa.2007.06.004

[8] Herschend, M. (2003) Solution of the Clebsch-Gordan Problem for Kronecker
Representations. U.U.D.M Project Report 2003, Uppsala University.

[9] Martsinkovsky, A. and Vlassov, A. (2004) The Representation Ring of 𝑘[𝑥].
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=f42add2c9ca3020a0cf7f9056a211a7b6c393005

[10] Herschend, M. (2005) Solution to the Clebsch-Gordan Problem for Repre-
sentations of Quivers of Type 𝐴𝑛. Journal of Algebra and Its Applications, 4,
481-488. https://doi.org/10.1142/S0219498805001332

[11] Herschend, M. (2007) Galois Coverings and the Clebsch-Gordan Prob-
lem for Quiver Representations. Colloquium Mathematicum, 109, 193-215.
https://doi.org/10.4064/cm109-2-3

chinarxiv.org/items/chinaxiv-202312.00111 Machine Translation

https://chinarxiv.org/items/chinaxiv-202312.00111


[12] Herschend, M. (2010) Solution to the Clebsch-Gordan Problem for
String Algebras. Journal of Pure and Applied Algebra, 214, 1996-2008.
https://doi.org/10.1016/j.jpaa.2010.02.003

[13] Bao, Y.H. (2010) The Quiver Method on the Representation Theory of Ten-
sor Product Algebras and Hereditary Algebras. Ph.D. Thesis, Anhui University,
Hefei. (In Chinese)

[14] Liu, Y.Z. and Zhang, Y.F. (2024) Sufficient and Necessary Conditions for
the Multiple Tensors of Algebras of Type A to Be Representation-Finite. Science
Sinica Mathematics, 54, 25-38. (In Chinese) https://doi.org/10.1360/SSM-2023-
0080

[15] Roiter, A.V. (1968) Unboundedness of the Dimension of the Indecom-
posable Representations of an Algebra Which Has Infinitely Many Indecom-
posable Representations. Mathematics of the USSR-Izvestiya, 2, 1223-1230.
https://doi.org/10.1070/IM1968v002n06ABEH000727

[16] Auslander, M. (1974) Representation Theory of Artin Algebras II. Commu-
nications in Algebra, 1, 269-310. https://doi.org/10.1080/00927877409412807

[17] Simson, D. (1974) Functor Categories in Which Every Flat Object Is Pro-
jective. Bulletin de l’Académie Polonaise des Sciences, Série des Sciences Math-
ématiques, Astronomiques et Physiques, 22, 375-380.

[18] Ringel, C.M. and Tachikawa, H. (1975) QF-3 Rings. Journal für die reine
und angewandte Mathematik, 272, 49-72. https://doi.org/10.1515/crll.1975.272.49

[19] Auslander, M. (1976) Large Modules over Artin Algebras. In: Heller, A.
and Tierney, M., Eds., Algebra, Topology, and Category Theory, Elsevier, Am-
sterdam, 1-17. https://doi.org/10.1016/B978-0-12-339050-9.50006-7

[20] Yamagata, K. (1978) On Artinian Rings of Finite Representation Type.
Journal of Algebra, 50, 276-283. https://doi.org/10.1016/0021-8693(78)90155-2

[21] Simson, D. (2003) On Large Indecomposable Modules and Right Pure Semi-
Simple Rings. Algebra and Discrete Mathematics, 2, 93-117.

[22] Ringel, C.M. (2006) Report on the Brauer-Thrall Conjectures: Ro-
jter’s Theorem and the Theorem of Nazarova and Rojter (On Algorithms
for Solving Vectorspace Problems. I). In: Dlab, V. and Gabriel, P.,
Eds., Representation Theory I, Carleton University, Ottawa, 104-136.
https://doi.org/10.1007/BFb0089780

[23] Nazarova, L.A. and Roiter, A.V. (1975) Kategorielle Matrizen-Probleme
und die Brauer-Thrall-Vermutung. Mitteilungen aus dem Mathematischen Sem-
inar Giessen, 115, 1-153.

[24] Smalø, O.S. (1980) The Inductive Step of the Second Brauer-
Thrall Conjecture. Canadian Journal of Mathematics, 32, 342-349.
https://doi.org/10.4153/CJM-1980-026-0

chinarxiv.org/items/chinaxiv-202312.00111 Machine Translation

https://chinarxiv.org/items/chinaxiv-202312.00111


[25] Bautista, R. (1985) On Algebras of Strongly Unbounded Rep-
resentation Type. Commentarii Mathematici Helvetici, 60, 392-399.
https://doi.org/10.1007/BF02567422

[26] Bautista, R., Gabriel, P., Roiter, A.V. and Salmeron, L. (1985)
Representation-Finite Algebras and Multiplicative Bases. Inventiones Mathe-
maticae, 81, 217-285. https://doi.org/10.1007/BF01389052

[27] Assem, I., Simson, D. and Skowronski, A. (2006) Elements of the
Representation Theory of Associative Algebras, Volume 1: Techniques
of Representation Theory. Cambridge University Press, Cambridge.
https://doi.org/10.1017/CBO9780511614309

[28] Zhou, J.G., Liu, Y.Z. and Zhang, C. (2024) On Monomial Algebras with
Representation-Finite Enveloping Algebras. Acta Mathematica Sinica-English
Series. https://arxiv.org/abs/2404.16521

[29] Wald, B. and Waschbusch, J. (1985) Tame Biserial Algebras. Journal of
Algebra, 1, 480-500. https://doi.org/10.1016/0021-8693(85)90119-X

[30] Assem, I. and Skowronski, A. (1987) Iterated Tilted Algebras of Type 𝐴𝑛.
Mathematische Zeitschrift, 195, 269-290. https://doi.org/10.1007/BF01166463

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.

chinarxiv.org/items/chinaxiv-202312.00111 Machine Translation

https://chinarxiv.org/items/chinaxiv-202312.00111

	Isomorphism Classes of Indecomposable Modules over Algebras of Type A⊗\tilde{A}: Postprint
	Abstract
	Full Text
	Preamble
	Abstract
	1. Introduction
	2. Preliminary Knowledge
	2.1. Tensor Products of Algebras
	2.2. Special Biserial Algebras

	3. V-Sequences
	3.1. Alternate V-Sequences

	4. Main Results
	5. Conclusion
	References


