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Abstract

Cognitive modeling has gained widespread application in scientific psychology in
recent years, and model comparison constitutes a critical component of cognitive
modeling: researchers must select an optimal model through model comparison
before proceeding with subsequent hypothesis testing or latent variable infer-
ence. Model comparison must consider not only the model’s fit to the data
(balancing overfitting and underfitting), but also the complexity of parameters
and mathematical form. However, model comparison indices are numerous and
complex. We divide the commonly used model comparison indices in cognitive
modeling into three major categories, introducing their calculation methods, ad-
vantages, and disadvantages, including goodness-of-fit indices (including mean
squared error, coefficient of determination, ROC curve, etc.), cross-validation-
based indices (including AIC, DIC, etc.), and marginal likelihood-based indices.
Combining simulated and real data from the orthogonal Go/No-Go paradigm,
we demonstrate how each index can be implemented in R. On this basis, we
discuss the applicable contexts of each index and introduce new approaches to
model comparison such as model averaging.
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nent of this process: researchers must select an optimal model through model
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comparison before proceeding with subsequent hypothesis testing or latent vari-
able inference. Model comparison requires consideration not only of model fit to
data (balancing overfitting and underfitting) but also of complexity arising from
parameter data and mathematical form. However, numerous model comparison
indices exist, creating considerable complexity. This article categorizes com-
monly used model comparison indices in cognitive modeling into three major
classes, introducing their calculation methods, advantages, and disadvantages:
goodness-of-fit metrics (including mean squared error, coefficient of determina-
tion, ROC curves, etc.), cross-validation-based metrics (including AIC, DIC,
etc.), and marginal likelihood-based metrics. Using simulated and real data
from the orthogonal Go/No-Go paradigm, we demonstrate how to implement
each metric in R. Building on this foundation, we discuss the appropriate con-
texts for each metric and introduce novel approaches such as model averaging.

Keywords: Cognitive modeling; Computational models; Model comparison;
Model selection

Over the past two decades, research employing computational models for
cognitive modeling of behavioral data has attracted increasing attention
from researchers. For example, in the domain of perceptual decision-making,
Bayesian perception models (Kording & Wolpert, 2006) and drift diffusion
models (Forstmann et al., 2016; Ratcliff et al., 2016) have been widely applied
in cognitive neuroscience.  Similarly, reinforcement learning models have
become increasingly mainstream in value-based decision-making research,
with model-estimated latent variables such as “prediction error” effectively
predicting dopaminergic neuron activity during learning (Schultz et al., 1997;
Steinberg et al., 2013). Computational models also form the foundation of the
emerging interdisciplinary field of computational psychiatry (Geng et al., 2022;
Huys et al., 2016; Montague et al., 2012; Kf##, 2020), enhancing understanding
of cognitive processing deficits in psychiatric populations to improve diagnostic
accuracy and classification, and enabling precision treatment (Pedersen et al.,
2021).

The cognitive modeling process typically includes steps such as simulation, pa-
rameter estimation, model comparison, and latent variable inference (Wilson
& Collins, 2019). Specifically, researchers propose computational models based
on different theories, conduct simulations, design experiments to collect data,
fit data with various computational models, select the optimal model through
model comparison, and finally analyze the data based on the optimal model,
combining the model’s latent variables with neural data for inference.

Model comparison is a crucial step in cognitive modeling, essential not only
within cognitive modeling but also in any scenario involving computational
models. However, researchers in psychology and cognitive science are often un-
familiar with the model comparison process and frequently feel confused when
faced with the wide variety of model comparison indices. Furthermore, current
literature lacks systematic organization of the many methods for model compar-
ison. In light of this, this article reviews the principles and methods of model
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comparison to help readers understand the underlying rationale and appropriate
contexts for current model comparison practices, thereby promoting better ap-
plication of cognitive modeling. While this article focuses on cognitive modeling
in experimental psychology, the introduced metrics can also be applied to other
common statistical models in psychology, such as hierarchical linear regression
and structural equation modeling.

We will first introduce the basic principles of model comparison, then system-
atically review the rationale, advantages, and disadvantages of common model
comparison indices using case examples, and finally summarize the strengths,
weaknesses, and usage considerations of each index from a practical application
perspective.

1 Basic Principles of Model Comparison

For researchers, a good model must possess two key characteristics. First, it
must adequately explain or fit the current sample data. Second, it must have
generalization capability—that is, it must provide good explanations for data
beyond the current sample (i.e., predictive ability). If a model cannot accurately
explain the current sample data, it is considered underfitting. If a model explains
the current sample data very well but fails to explain out-of-sample data, it is
considered overfitting (Friedman et al., 2001).

Researchers typically use generalization error, which measures the difference
between model predictions and real data, to assess a model’s generalization
capability. Generalization error can be decomposed into variance, bias, and
irreducible error. Bias measures the deviation between the expected value of
model predictions and the true data. A model with high bias typically means
the model is too simple to capture complex relationships in the data, leading
to underfitting. Variance measures the variability of prediction results across
different training datasets. A model with high variance typically means the
model is too complex and has learned random noise in the training data, leading
to overfitting. Irreducible error refers to the unavoidable noise and uncertainty
inherent in the data itself. This error arises from the complexity of the data
itself or measurement errors, and no model can predict or eliminate this portion
of error. Therefore, as shown in Figure 1 [Figure 1: see original paper], as model
complexity increases, model bias gradually decreases while variance increases,
a phenomenon known as the bias-variance trade-off. Models with high bias
underfit, while models with high variance overfit (Friedman et al., 2001). Model
selection is a process of trading off bias and variance to minimize generalization
error.

Figure 1. Schematic diagram of the bias-variance trade-off. As model complex-
ity increases, bias gradually decreases while variance gradually increases. Total
error has a minimum value.

Although model complexity plays an important role in generalization capabil-
ity, it is influenced by several factors. Myung and Pitt (1997) summarized
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three factors affecting model complexity. The first is the number of model
parameters—generally, more parameters mean higher complexity. The second
is mathematical form—for example, nonlinear models are more complex than
linear models. The third is the range of the parameter space—a larger parameter
space range indicates more degrees of freedom and thus greater complexity.

Based on differences in focus and rationale, model comparison indices can be
divided into three categories. The first category is goodness-of-fit, which does
not consider model complexity but simply measures how well the model fits
the current sample data. The second category includes cross-validation and ap-
proximate cross-validation indices, which focus on generalization ability—that
is, out-of-sample prediction accuracy based on models fitted to current sample
data. The third category is based on marginal likelihood, (| ), where repre-
sents observed data and represents the model. Marginal likelihood focuses on
selecting the “true model” that may exist among candidate models. The latter
two categories both balance complexity and goodness-of-fit. Different model
comparison indices have their own advantages and disadvantages, and no single
index is universally superior. Therefore, researchers need to select appropriate
indices based on actual circumstances. The following sections will use a dataset
as an example to introduce these three major categories of indices.

Notably, the method used to fit cognitive models also influences the choice of
model indices, as some indices are only applicable with specific fitting methods.
Figure 2 [Figure 2: see original paper] shows the model comparison indices cor-
responding to different fitting methods. Methods for fitting cognitive models in-
clude point estimation methods such as Maximum Likelihood Estimation (MLE)
and Maximum A Posteriori (MAP) estimation, as well as Bayesian parameter
estimation, which estimates the entire posterior distribution rather than relying
on point estimates. Bayesian parameter estimation offers distinct advantages.
First, Bayesian estimation provides posterior distributions of parameters, which
not only facilitates subsequent analysis but is particularly beneficial for building
hierarchical models. The prior distribution in Bayesian parameter estimation
serves a regularization function, thereby reducing model complexity (Bishop,
2006). Additionally, Bayesian methods demonstrate unique advantages when
handling data from multiple subjects. Bayesian estimation is highly conducive to
building hierarchical Bayesian models, which introduce group-level priors. Dif-
ferent subjects’ parameters are drawn from a distribution formed by group-level
parameters, while the estimation of group-level parameters itself is constrained
by individual subject parameters. Consequently, individual subject parameter
values are indirectly influenced by other subjects’ data through group-level pa-
rameters, shifting toward the group-level parameter mean and thereby reducing
the impact of extreme data from individual subjects (Ahn et al., 2017; Gelman,
Carlin, et al., 2013).

Figure 2. Three common classes of model comparison indices in cognitive
modeling, including goodness-of-fit metrics, cross-validation-based metrics, and
marginal likelihood-based metrics.
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2 Goodness-of-Fit Metrics

Goodness-of-fit primarily measures the degree of prediction or fit of a model
to experimental data. Although goodness-of-fit indices do not account for over-
fitting caused by increasing model complexity, their role in cognitive modeling
should not be overlooked. First, goodness-of-fit indices can be used to explore
a model’s absolute performance. Second, these indices can be used to compare
models when complexity differences are small and when nested models exist.
Commonly used goodness-of-fit indices in cognitive modeling include: Mean
Squared Error (MSE), Coefficient of Determination ( 2/pseudo- 2), Log Likeli-
hood Function, Receiver Operating Characteristic (ROC) curves, and Posterior
Predictive Checks. Table 1 summarizes the advantages and disadvantages of
each index.

Table 1. Advantages, disadvantages, and applicable parameter estimation
ranges of various goodness-of-fit metrics

Applicable Parameter Estimation

Metric  Methods Advantages Disadvantages
MSE Maximum likelihood, least squares Intuitive Not
and applicable to
simple, classification
easy to problems,
calculate does not
and under- consider
stand model
complexity,
prone to
overfitting
CoefficientMaximum likelihood, least squares Measures Sensitive to
of de- proportion  model
termi- of complexity,
nation variability ~ cannot
(2) explained,  compare
provides models with
inter- different
pretable fit numbers of
measure features
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Applicable Parameter Estimation

Metric  Methods Advantages Disadvantages
Log Maximum likelihood, MAP, Reflects Not
likeli- Bayesian estimation match applicable to
hood between non-
func- model probabilistic,
tion predictions non-
and actual  parametric
data; can models;
be used for sensitive to
model outliers
compari-
son and
parameter
estima-
tion; MSE
and 2 are
special
cases of
log
likelihood
under
normal
residuals
ROC Maximum likelihood, MAP, Used to Not
curve Bayesian estimation evaluate applicable to
model’s multi-option
ability to data; for
predict imbalanced
actual data, results
data are less
accurate
Posterior Bayesian parameter estimation Considers Requires
predic- parameter  domain
tive uncer- expertise to
check tainty and  specify prior
model and posterior
complex- distributions;
ity; can high computa-
check tional
prediction  complexity
ability for
new data
samples
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2.1 Mean Squared Error

Mean Squared Error, abbreviated as MSE (Mean Squared Error), also known
as Mean Squared Deviation (MSD), is a common metric for evaluating general
linear regression. Its calculation formula is:

MSE = (yi — yi)?

where is a data point from the sample and " is the model’s predicted value.
MSE is typically applied to regression prediction problems where the modeled
data are continuous variables. MSE is not suitable for classification problems
like the case study in this article.

Taking the square root of MSE yields Root Mean Square Deviation (RMSD).
Multiplying MSE by the number of data points yields Residual Sum of Squares
(RSS). When models use a Gaussian distribution, RSS can be used for F-tests
of nested models. Nested models refer to models that have fewer parameters or
where certain parameters are constrained (e.g., fixed to specific values) relative
to another model. In nested models, one model (the simpler model) is a subset
of another model (the more complete model), reducing complexity based on the
more complete model.

The F-statistic formula is:

RSSTeduced - RSSfull . dffull

RSSfull Ap

where RSS, . gyceq and RSSy,,;; are the RSS values for the simple and full models,
respectively, Ap is the difference in free parameters between them, and dfy,;
is the degrees of freedom for the full model (Hair et al., 2010). Additionally,
RSS from a Gaussian distribution can substitute for the log likelihood function
when calculating AIC and BIC (Friedman et al., 2001; Lebreton et al., 2019).
More about AIC and BIC can be found in Sections 3.1 and 4.1, respectively.

2.2 Coefficient of Determination

The coefficient of determination 2 is commonly used to measure goodness-of-

fit in linear regression models. The value of 2 ranges from 0 to 1, reflecting
the proportion of variance in the dependent variable explained by independent
variables. The closer 2 is to 1, the better the model fits the data. Its calculation
formula is:

RSS

2 _ 1— ==

" TSS
where TSS (Total Sum of Squares) is the total sum of squares and RSS (Residual
Sum of Squares) is the residual sum of squares. Their calculation formulas are:
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Like MSE, the coefficient of determination 2 is commonly applied to regression
prediction problems where modeled variables are continuous and is not suitable
for classification problems with discrete distributions like the case study in this
article.

To make 2 applicable to discrete distributions, researchers have proposed using
pseudo- 2. There are multiple formulas for pseudo- 2; this article introduces one
proposed by McFadden (1984) as an example because it satisfies eight desirable
properties of coefficients of determination identified by Kvalseth (1985) (Menard,
2000).

The formula is:

Z Lqull model

2 —
pseudo "McFadden = 1— ZLL
null model

where D LL 11 moder 15 the sum of log likelihood functions for the model, and
> LL,ii moder 18 the sum for the null model (Daw, 2011; McFadden, 1984).
The null model assumes that experimental stimuli have no effect on observed
data and that observed data are uniformly distributed. Here, the null model
refers to a binomial or multinomial distribution model with parameters equal
to (1/number of options). For example, in the case study in this article, there
are two possible options, so the binomial distribution parameter is 0.5, meaning
equal probability of observing both options, and the null model’s likelihood
function is the number of trials multiplied by log(0.5).

2.3 Log Likelihood Function

The likelihood function represents the probability that each model parameter
generates the observed data given the observed data. Taking the logarithm of
the likelihood function yields the log likelihood function, which can be used to
assess the fit between model parameters and actual data and is typically used
in Maximum Likelihood Estimation (MLE). The likelihood function formula is:

log L(0y) = log p(y|0)

Different tasks have different data distributions, so the form of the log likelihood
function also varies. For choice data, the log likelihood function is typically
constructed based on Bernoulli or multinomial distributions; for continuous data
such as reaction times or EMG, it is generally constructed based on Gaussian
distributions (Ballard et al., 2019; Ikink et al., 2019; Li et al., 2011).
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In cognitive modeling model comparison, the log likelihood function typically
serves two purposes. First, the average log likelihood function is used to inves-
tigate a model’s absolute performance. The example in this article is a binary
choice task, where the probability of random selection is 50% with a log value
of -0.693. Therefore, when the average log likelihood function is greater than
-0.693, the model’s performance is better than chance level.

Second, the log likelihood can be used to calculate the Likelihood Ratio Test
(LRT) to infer whether performance differences between nested models are sig-
nificant. The asymptotic distribution of the LRT is chi-square, with degrees of
freedom proportional to the difference in the number of free parameters between
the two models (Casella & Berger, 2002; Wilks, 1938).

The LRT formula is:

LRT = =2 x (log L,cqycea — 108 L 1)

where Ly, is the likelihood function for the full model and L, ,..q is for the
model with certain parameters fixed. In specific calculations, we need to sum
the likelihood functions across all trials for all subjects to compute the LRT and
check the chi-square distribution to determine whether model differences are
significant. In the case study, we used the LRT to compare Model 1 and Model
2. The difference in free parameters between these two models is 2, multiplied
by the number of subjects (61), so a chi-square distribution with 121 degrees of
freedom can be used for the LRT. The p-value for the LRT between Model 1
and Model 2 is 3.35e-2 < 0.001, indicating a significant difference in fit.

2.4 ROC Curve

The ROC curve is a method for evaluating binary classification models with wide
applications in signal detection theory. The ROC curve is plotted based on dif-
ferent classification thresholds, reflecting the relationship between True Positive
Rate (TPR) and False Positive Rate (FPR) at different response thresholds
(Bishop, 2006). In ROC curves, the x-axis represents the false positive rate, and
the y-axis represents the true positive rate.

In ROC curves, TPR refers to the ratio of correctly classified positive cases
to all actual positive cases. FPR refers to the ratio of negative cases incor-
rectly classified as positive to all actual negative cases. Here, positive cases are
correct responses (i.e., signals in signal detection theory), while negative cases
are incorrect responses (i.e., noise). To plot ROC curves, we need to vary re-
sponse thresholds and calculate false positive rates and true positive rates at
each threshold.

ROC curves demonstrate model performance at different response thresholds.
AUC (Area Under Curve) measures the area under the ROC curve. AUC values
range between 0 and 1, indicating the classifier’s ability to distinguish between
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positive and negative cases. An AUC of 0.5 represents random prediction, while
values closer to 1 indicate better classifier performance. Generally, when AUC
exceeds 0.8, we can consider the model’s performance to be relatively good.

ROC curves perform well when positive and negative samples are balanced, but
when sample sizes differ significantly, the Precision-Recall Curve (PRC) is a
more appropriate metric (Davis & Goadrich, 2006).

2.5 Posterior Predictive Check

Posterior predictive check is typically not considered a goodness-of-fit metric,
but because this method can also measure how well a model fits original data,
this article treats it as a type of goodness-of-fit metric.

Posterior predictive check belongs to model validation methods, examining a
model’s ability to reproduce sample data (Palminteri et al., 2017; Steingroever
et al., 2014; Vandekerckhove et al., 2011). The formula is:

PYpeply, M) = /p<yrepl9,M)p(9\y, M)do

where M is the model, y is the sample data, and y,.,, is the sample data repro-
duced by the model (Gelman, Carlin, et al., 2013; Zhang et al., 2020).

In practical application, the posterior predictive check process is as follows: after
fitting the model and obtaining fitted parameters, substitute these parameters
into the model to generate simulated data. Then, through plotting or calculating
statistical indices (such as MSE), compare differences between model-simulated
data and real data to assess model fit and predictive ability (van de Schoot et
al., 2021).

Posterior predictive checks can avoid problems that may arise from using only
model comparison indices. For example, Palminteri et al. (2017) demonstrated
through a simulation study that assuming two models A and B, even when model
selection indices favor model A in most cases, model A might fail to simulate the
overall trend of data variation while model B can. Therefore, beyond traditional
goodness-of-fit metrics, simulating data is crucial for model evaluation.

Although posterior predictive check is a concept in Bayesian statistics, this does
not mean it is only applicable to Bayesian parameter estimation. For non-
Bayesian parameter estimation models, we can only obtain point estimates of
parameters, but we can still use these point estimates to simulate data and
compare them with real data. While posterior predictive checks have not been
widely used in past computational modeling research, an increasing number of
recent studies have adopted this method for model evaluation. It is foreseeable
that in future research, posterior predictive checks may become an essential step
(Zhang et al., 2020).
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3 Cross-Validation-Based Metrics

Cross-validation is a fundamental method in machine learning for testing
model generalization ability to out-of-sample data. However, in psychology,
this method has only recently gained attention (Daniel et al., 2020; Verstynen
& Kording, 2023). The cross-validation process involves first dividing the
dataset into training and validation sets, then fitting different models on the
training set, and finally comparing prediction accuracy of different models on
the validation set to select the optimal model (Friedman et al., 2001; Geisser
& Eddy, 1979). Notably, the goodness-of-fit indices introduced earlier are all
used to validate model performance on the validation set.

Cross-validation has three main advantages. First, compared to many indices
built on assumptions and derivations, cross-validation uses computational power
to replace complex derivations, making it extremely simple and intuitive. Sec-
ond, cross-validation naturally incorporates the three factors of model complex-
ity (number of parameters, parameter space range, and mathematical form)
when balancing model fit and complexity, a feature many indices lack. Third,
cross-validation can serve not only as a relative metric for model selection but
can also be combined with statistical indices such as MSE and AUC mentioned
earlier to assess model fit to data distributions.

Common cross-validation methods include K-fold cross-validation and Leave-
One-Out cross-validation (LOO-CV). K-fold cross-validation divides data into
K folds, using K-1 folds as training data and the remaining fold as validation
data. Leave-one-out cross-validation is a special case of K-fold cross-validation,
where each sample is taken out as a test set while the remaining samples serve
as the training set. For example, in a dataset with N samples, N-1 data sam-
ples serve as the training set while the remaining one sample is the validation
set, meaning K = N. Leave-one-out cross-validation requires N evaluations to
complete predictions for all data samples, making it computationally expensive.
When sample data noise is minimal, leave-one-out can achieve performance at
least as good as any K-value K-fold cross-validation; when sample data noise is
substantial, leave-one-out has larger generalization error (Zhang & Yang, 2015).

Although cross-validation is the most commonly used method for validating
model generalization ability in machine learning, its use is not widespread in cog-
nitive modeling, primarily because leave-one-out cross-validation is often com-
putationally expensive, while K-fold cross-validation faces the question of how
many folds to use. Considering limitations in sample size and computational
complexity, cognitive modeling researchers often use information criterion ap-
proximations instead of cross-validation indices. This article introduces four
common such indices: AIC, DIC, WAIC, and PSIS-Loo-CV.

3.1 AIC

AIC (Akaike Information Criterion) is one of the earliest model comparison
indices (Akaike, 1974) with solid theoretical foundations. First, AIC approxi-
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mates the KLi divergence between the data distribution predicted by the model
and the true data distribution. Second, AIC has been shown to asymptotically
approximate out-of-sample predictive accuracy and LOO-CV (Stone, 1977).

The AIC calculation formula is:

AIC = =2 xlog L(Aly) +2 x K

where log L(é\y) is the log likelihood value at the optimal parameters 0 obtained
through maximum likelihood estimation or maximum a posteriori estimation
(see Section 0), and K is the number of parameters, serving as a penalty for
model complexity. Smaller AIC values indicate better model fit.

AIC may perform poorly with small sample sizes (Sugiura, 1978), leading re-
searchers to propose AICc¢ (Hurvich & Tsai, 1989) with small-sample bias cor-
rection. The AICc calculation formula is:

B - n B 2K(K +1)

where n represents the number of trials. AICc converges to AIC with large
sample sizes. With small sample sizes, AICc penalizes complex models more
heavily than AIC. In cognitive modeling, due to the limited number of trials

subjects complete in behavioral experiments, AICc is often a more appropriate
index than AIC (Li et al., 2020; Li & Ma, 2021; Suzuki et al., 2012).

Regarding how large an AIC difference must be to demonstrate that one model
is superior to another, Burnham and Anderson (2004) suggest that when the
absolute difference in AIC between two models is less than 2, the two models
are virtually indistinguishable; when the difference is between 4 and 7, there is
modest evidence supporting the model with the smaller AIC; when the differ-
ence exceeds 10, there is strong evidence that the model with the smaller AIC
is optimal. Additionally, since AIC asymptotically follows a chi-square distri-
bution (Anderson & Burnham, 2004), researchers can use chi-square tests to
compare whether AIC values differ significantly between models.

AIC can also be used to calculate Akaike weights (Wagenmakers & Farrell,
2004). Assuming there are M models, the Akaike weight for the jth model is
calculated as:

AAIC; = AIC; — min AIC

exp(—0.5 x AAIC))
w. =
M exp(—0.5 x AAIC,)
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The first formula represents the difference between each model and the best
model, and these differences are mapped to the 0-1 interval through the second
formula, representing the weights of different models. The second formula is
called the softmax formula, where AAIC multiplied by -0.5 ensures that models
with smaller AIC receive higher weights. Anderson and Burnham (2004) con-
sider Akaike weights an approximation of posterior model probability (PMP)
p(M]y), representing the probability that a model is the best among candidate
models given the sample data.

AIC is widely used in cognitive modeling but has several drawbacks. First, as
an approximation of out-of-sample predictive ability, AIC is less accurate than
indices such as WAIC and PSIS-Loo-CV that will be introduced later. Sec-
ond, AIC uses plug-in predictive probability p(yrep\Q) in its derivation to assess
in-sample predictive accuracy rather than evaluating the complete predictive
distribution, leading to some bias in out-of-sample predictions. Finally, when
measuring model complexity, AIC only considers the number of parameters, ig-
noring the other two factors affecting model complexity summarized by Myung
and Pitt (1997).

3.2 DIC

DIC (Deviance Information Criterion) is one of the most common model selec-
tion indices in Bayesian statistics, with its theory based on expected log point-
wise predictive density for a new dataset (elpd). DIC approximates elpd and is
therefore only applicable to Bayesian parameter estimation models. Bayesian
parameter approximation typically has two implementation approaches: sam-
pling approximation methods based primarily on Markov Chain Monte Carlo
(MCMC), and approximation methods such as Variational Inference (VI) that
solve through approximating the posterior distribution. Sampling approxima-
tion methods are more computationally intensive and slower but typically yield
more accurate results. DIC calculation requires posterior samples obtained from
MCMC.

DIC is often considered the Bayesian parameter estimation version of AIC, but
unlike AIC, DIC is only applicable to models estimated via MCMC sampling
(Spiegelhalter et al., 2002).

The DIC calculation formula is DIC' = —2D(#) +2 x pp,. Here, 6 is the mean of
the parameter posterior distribution, and D(6) is the deviance between real data
and model-predicted distribution, measuring model performance. The deviance
formula is:

D(es) =-2x IOgL(y|es)

where s represents MCMC samples, so 6, are parameter values from MCMC
samples. The first term of the DIC formula is -2 times the deviance at the mean
of the parameter posterior distribution, representing model fit. The second
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term, pp, is called the effective number of parameters, serving as a penalty
term for model complexity, calculated as:

D(6) = —2 x (Zlggyl@))

Additionally, Gelman, Carlin, et al. (2013) proposed using the variance of de-
viance as the effective number of parameters:

pp = 0.5 x Var(log L(y|6))

Like AIC, smaller DIC values indicate better model fit. When we divide DIC
by -2, we obtain DIC’s approximation of elpd. Unlike AIC, pp, in DIC considers
not only the number of model parameters but is also sensitive to other factors
affecting model complexity summarized by Myung and Pitt (1997). Because of
this characteristic, DIC often provides researchers with more insights. For exam-
ple, the LBA (Linear Ballistic Accumulator) model and DDM (Drift-Diffusion
Model) both belong to the class of sequential sampling models for reaction times
(Brown & Heathcote, 2008). LBA is generally considered a simplified version of
DDM. To verify which of these is more complex, Donkin et al. compared them
using DIC (Donkin et al., 2009). The results showed that despite LBA having
fewer parameters than the drift-diffusion model, LBA had a larger pp in DIC,
suggesting that LBA may not actually simplify DDM.

Compared to AIC, DIC provides a more accurate approximation of out-of-
sample predictive ability. However, DIC has several problems. First, DIC’s
performance is heavily influenced by the shape of the parameter posterior dis-
tribution and the stability of parameter point estimates. Second, when point
estimates of the parameter posterior distribution cannot be well-represented by
the mean, or when model parameters are not from exponential family distribu-
tions, DIC estimates may be biased. For example, when the parameter posterior
distribution is multimodal, DIC is prone to being less than 0 (Evans et al., 2020;
Spiegelhalter et al., 2014).

3.3 WAIC and PSIS-Loo-CV

WAIC (Widely Applicable Information Criterion) (Watanabe, 2010) and
PSIS-Loo-CV (Pareto Smoothed Importance Sampling-Leave-One-Out Cross-
Validation) (Vehtari et al., 2017) are similar to DIC in that they approximate
elpd and are also only applicable to Bayesian models based on MCMC sampling.

Unlike DIC, WAIC uses lpd (Log Pointwise Predictive Density, also abbreviated
as Ipd in some articles):
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Ipd =" log (% Zp(yi|95))

where i is the ith sample data point and S is the number of samples from the
MCMC posterior distribution. Approximating elpd with Ipd often overestimates
elpd—that is, it overestimates model predictive ability. Therefore, WAIC intro-
duces a correction term p,,,;. when calculating elpd. This term is similar to the
number of parameters in AIC and pp, in DIC, serving to penalize model complex-
ity. Dyaic Tepresents the estimated effective number of parameters, calculated
as:

ﬁwaic = Z Varf:l <logp(y1 ‘05))

6lpdwaic = lpd - i)waic

To make WAIC asymptotically follow a chi-square distribution, we can multi-
ply it by -2. Notably, larger elpd, .. indicates better out-of-sample predictive
ability, while smaller WAIC indicates better model fit.

Compared to DIC, although WAIC also uses plug-in prediction to evaluate out-
of-sample generalization ability, WAIC has several additional advantages. First,
WAIC uses the entire posterior distribution to calculate the complexity penalty
term, yielding more stable results. Second, WAIC performs better than DIC for
models with non-Gaussian parameter posterior distributions (Myung & Pitt,
2018).

Bayesian leave-one-out cross-validation can also be used to approximate elpd.
Its calculation formula is:

elpd,,, =Y logp(y,ly ;)

p(aly o) = / p(y:16) % p(6ly_;)d6

where 7 represents the ith data sample point. The information criterion based
on elpd,, is LOOIC (Leave-One-Out Cross-Validation Information Criterion),
which is elpd,  multiplied by -2. For leave-one-out cross-validation, the penalty

term for model complexity is the difference between e/l];iloo and lﬁd.

Bayesian leave-one-out cross-validation is extremely computationally expensive.
To simplify calculation, Vehtari et al. (2017) proposed PSIS-Loo-CV to approx-
imate full LOO-CV. PSIS-Loo-CV uses MCMC samples, significantly reducing
computational load. Because the R package loo incorporates this algorithm,
it has been widely applied in practical research. Additionally, PSIS-Loo-CV
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provides a model diagnostic metric: the k value of the Pareto distribution. If
the k values for the vast majority of data points exceed 0.7, it suggests potential
problems with model specification.

Beyond using WAIC and PSIS-Loo-CV for model comparison, Vehtari et
al. (2019) also recommend combining PSIS-Loo-CV with stacking methods
from ensemble learning (Friedman et al., 2001) to calculate weights for each
model, with details available in Yao et al. (2018). Like Akaike weights, model
weights from stacking methods can be used for model averaging. Notably,
when stacking weights are used for model comparison, models with similar
performance will “share” weights, resulting in lower and similar weights for
both (Sivula et al., 2020).

Compared to WAIC, PSIS-Loo-CV has been shown to be a better approximation
of elpd (Vehtari et al., 2016), enabling PSIS-Loo-CV to more comprehensively
consider the three factors affecting model complexity proposed by Myung and
Pitt (1997). Moreover, the R package loo developed by Vehtari et al. (2017)
lowers the barrier to use—researchers only need to input the likelihood function
from MCMC sampling to calculate WAIC and PSIS-Loo-CV. Specific recom-
mendations for using WAIC and PSIS-Loo-CV can be found in Vehtari (2022).

3.4 Summary of Different Cross-Validation Approximation Indices

Table 2. Advantages, disadvantages, and applicable parameter estimation
ranges of various cross-validation approximation indices

Applicable Parameter Estimation

Metric  Methods Advantages Disadvantages
AlC Maximum likelihood, MAP, Simple to Approximation
Bayesian estimation compute, accuracy for
usable Cross-
with any validation is

parameter  not as good
estimation  as the latter

method three
DIC Bayesian parameter estimation Simple to Does not

compute, utilize the

provided entire

by most parameter

Bayesian posterior

statistical distribution

software obtained from
Bayesian
estimation
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Applicable Parameter Estimation

Metric  Methods Advantages Disadvantages
WAIC  Bayesian parameter estimation More Can be
accurate affected by
approxima- MCMC
tion of sampling
Cross- extreme
validation  values
PSIS- Bayesian parameter estimation More Can be
Loo- accurate affected by
Cv approxima- MCMC
tion of sampling
Cross- extreme
validation  values

Cross-validation-based metrics are widely used in cognitive modeling. With the
recent popularity of black-box MCMC software enabling researchers to easily
use Bayesian parameter estimation, this has greatly promoted the use of DIC,

WAIC, and LOO-CV.

Although these indices are built on different assumptions and approximation
methods—AIC is more applied to models fitted with maximum likelihood or
MAP estimation, while DIC, WAIC, and PSIS-Loo-CV are used for Bayesian
parameter estimation models with MCMC—in some cognitive modeling appli-
cations, their differences are not pronounced. For example, Evans (2019) com-
pared AIC, DIC, and WAIC on LBA models and found similar performance,
though DIC and WAIC performed slightly better than AIC. Similarly, West-
brook et al. (2020) used AIC and DIC to compare different attentional drift-
diffusion models (aDDM), and the results were nearly identical.

4 Marginal Likelihood

Marginal likelihood, also called model evidence, is another major class of model
evaluation metrics and the core of Bayesian Model Selection (BMS). The
Bayesian parameter estimation formula is:

(o) x pl0)
PUO) = T y16)  pl6)ad

The left side p(@]y) is the parameter posterior distribution, the first term on the
right p(0) is the parameter prior distribution, and the second term p(y|6) is the
likelihood function. The problem with this formula is that it ignores the model
M term. If we modify this formula to include M:
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_ _ p(ylo, M) x p(6, M)
[ p(yl6, M) x p(6, M)do

p(Oly, M)

The denominator in this Bayesian formula is then the model’s marginal like-
lihood or model evidence. The larger the marginal likelihood, the better the
model explains the sample data.

Marginal likelihood can balance model complexity and fit. For example, simpler
models may have lower goodness-of-fit but higher marginal likelihood because
they have less parameter space uncertainty. Conversely, complex models may
have higher goodness-of-fit but lower marginal likelihood because they have
greater parameter space uncertainty (MacKay, 2003).

Marginal likelihood simultaneously considers the three factors affecting model
complexity summarized by Myung and Pitt (1997), as shown in the figure.
Models that are too simple often assign low probability p(M|y) to observed
data, resulting in small marginal likelihood; models that are too complex have
broader data distributions but also assign low probability p(M|y) to current
observed data, resulting in small marginal likelihood; only when complexity is
moderate will the marginal likelihood corresponding to observed data be large.

Figure 3. Marginal likelihood penalty for different types of models. The x-axis
represents data values; the y-axis represents likelihood values corresponding to
data values.

Marginal likelihood is also particularly sensitive to prior information in Bayesian
parameter fitting. For example, when using weakly informative prior distribu-
tions, complex models have smaller marginal likelihood than simple models;
when using narrower, more informative prior distributions, complex models may
have larger marginal likelihood than simple models (Farrell & Lewandowsky,
2018).

Marginal likelihood has two main practical problems. First, prior distributions
significantly impact marginal likelihood calculation results. Inappropriate prior
distributions, especially with many data points, can substantially affect parame-
ter estimation results and consequently marginal likelihood calculations (Boehm
et al., 2018). Regarding prior selection, subjective Bayesian approaches argue
that prior distributions should be chosen based on existing knowledge and be-
liefs, while objective Bayesian approaches attempt to eliminate personal factors
in prior selection and use non-informative prior distributions such as Jeffreys
default prior distribution (Jeffreys, 1998; Vandekerckhove et al., 2015). To se-
lect more appropriate prior distributions, researchers can use prior sensitivity
analysis to examine the impact of different prior distributions on marginal like-
lihood.

The second problem is that calculating marginal likelihood requires integrating
the product of the prior distribution and model likelihood function over the
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entire parameter space. However, only a few simple models have marginal likeli-
hoods that can be solved directly; for most models, marginal likelihood cannot
be easily calculated. Therefore, many approximation and sampling integration
methods have been proposed for calculating marginal likelihood. Several com-
mon methods are introduced below.

4.1 BIC

BIC (Bayesian Information Criterion) (Schwarz, 1978), similar to AIC, is one
of the most classical and widely used model selection indices. BIC is a special
case of marginal likelihood with Laplace approximation (Bishop, 2006). When
calculating Laplace approximation, assuming a non-informative prior and when
the number of data points is extremely large, according to the law of large num-
bers, the Laplace approximation result can be simplified to BIC. Although BIC
is based on Bayesian model comparison, because of its computational simplic-
ity, it is also commonly used for maximum likelihood estimation that does not
consider prior effects.

The BIC calculation formula is:

BIC = —2 x log L(6]y) + K x In(n)

where K In(n) is the complexity penalty term in BIC, K is the number of param-
eters, and n is the number of trials. Thus, BIC considers not only the impact of
parameter count on complexity penalty but also uses data size as a key factor
in penalizing model complexity. Like AIC, smaller BIC values indicate better
model fit. Additionally, there is sample-adjusted BIC (SABIC) (Sclove, 1987),
though it lacks theoretical justification and is rarely used (Dziak et al., 2020).

Although BIC is the most common model selection index (Wilson & Collins,
2019), it still has drawbacks. First, BIC’s penalty for model complexity only
considers parameter count and sample size, ignoring the other two factors af-
fecting model complexity summarized by Myung and Pitt (1997): parameter
space range and mathematical form. Second, although BIC is derived within
the Bayesian theoretical framework, it does not consider the impact of different
prior information on results.

4.2 Approximation Methods for Marginal Likelihood

Approximation methods for marginal likelihood introduced in this article include
Savage-Dickey Ratio (SDR), Laplace approximation, Kernel Density Estimation
(KDE), and Variational Inference. Compared to BIC, these methods consider
prior distribution effects without significantly increasing computational load;
compared to sampling methods introduced later, approximation methods have
larger errors but are far less computationally demanding, making them applica-
ble in many studies.
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Savage-Dickey Ratio is suitable for calculating Bayes factors between nested
models in model comparison (Dickey, 1973; Dickey, 1976; Wagenmakers et al.,
2010). Assuming the parameter missing from the simple model is 6, Savage-
Dickey Ratio simplifies the Bayes factor calculation for nested models to the
ratio of posterior probability to prior probability when 6 equals 0 in the full
model:

(0 ly, M)
BFy = ————=
o (6o M)

The Savage-Dickey problem is that it is only suitable when parameters have
low collinearity, whereas parameters in many cognitive models often have some
degree of collinearity (Heck, 2019).

Laplace approximation is mainly applied when fitting models using maximum
a posteriori estimation. Its main idea is to use a multivariate Gaussian distri-
bution to approximate the parameter distribution and use Taylor expansion to
avoid integration problems. Compared to BIC, Laplace approximation marginal
likelihood considers prior distribution effects and has smaller computational er-
ror. The Laplace approximation formula for marginal likelihood is:

log p(y| M) ~ log L(0|y) + log p(6| M) + g x log2m — %log |H|
where |H| is the determinant of the Hessian matrix of the negative log posterior.
Laplace approximation is one of the most common methods for approximately
calculating marginal likelihood in psychology (Gershman, 2016; Huys et al.,
2011; Myung & Pitt, 1997). The key step is calculating the determinant of the
Hessian matrix, but when the Hessian matrix is not positive definite, the log |H|
term may be NaN.

Kernel density estimation methods can calculate marginal likelihood using pa-
rameter posterior distributions obtained from MCMC sampling. Kernel density
estimation uses non-parametric statistical methods to calculate the posterior
probability of parameters p(f|y) = k(0]6, ¢). Here, k is the density kernel func-
tion, typically Gaussian (Wasserman, 2006), and ¢ is the bandwidth of the
density kernel. 6 represents parameter samples obtained from MCMC sampling,
while 6 is the point estimate representative of the MCMC sampling distribution,
generally the point with highest probability density.

After obtaining the parameter posterior probability p(§|y), according to Bayes’
formula, we can directly obtain marginal likelihood:

L(0ly) x p(|M)

M) = ~
p(y|M) o ln)
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Kernel density estimation methods are simple to compute and not constrained
by the Hessian matrix. Some simulation studies have found that its performance
is better than Laplace approximation and other methods (Bos, 2002).

Variational Inference is another common Bayesian parameter estimation method
besides sampling methods. Unlike sampling methods, Variational Inference at-
tempts to approximate the parameter posterior distribution p(6|D) with a varia-
tional distribution ¢(z), thereby transforming the integration problem in Bayes’
formula into an optimization problem (Bishop, 2006). Variational Inference has
many applications not only in Bayesian parameter estimation but can also serve
as a theory for understanding cognitive processes (Friston et al., 2006). The op-
timization function in Variational Inference is called ELBO (Evidence Lower
Bound) or Negative Free Energy (Bishop, 2006; Friston et al., 2007), which
is a lower bound of the log marginal likelihood. Maximizing ELBO yields an
estimate of marginal likelihood. The ELBO formula is:

ELBO = E,,)[log p(0,y|M)] = Ey.)[log p(y|6, M)] + Dy, (q(2)[[p(6] M)

The ELBO formula shows that marginal likelihood can be divided into two
parts: the first part is the expected value of the likelihood function under the
variational distribution, representing model fit; the second part is the KL diver-
gence between the variational distribution and prior distribution, representing
the difference between posterior and prior. When model fit is worse or the dif-
ference between prior and posterior distributions is larger, marginal likelihood
is smaller (Stephan et al., 2009).

In practical applications, the Variational Inference toolbox VBA based on Mat-
lab can return optimized ELBO after model fitting (Daunizeau et al., 2014).
Additionally, models fitted with Stan also return unstandardized posterior dis-
tribution probabilities and variational distribution probabilities that can be used
to calculate ELBO. The problem with Variational Inference methods is that they
provide a lower bound of marginal likelihood, and few theoretical studies have
focused on the approximation error of ELBO to marginal likelihood (Blei et al.,
2017).

4.3 Sampling Methods for Marginal Likelihood

Monte Carlo sampling methods are common statistical simulation methods.
When an integral formula is difficult to solve directly, we can continuously sam-
ple numerically, substitute into the formula for calculation, and gradually ap-
proach the integral result. Because the marginal likelihood integral for complex
models cannot be solved analytically, many Monte Carlo sampling algorithms
have been applied to calculate marginal likelihood.

Sampling methods are numerous, including Thermodynamic Integration, Se-
quential Monte Carlo sampler (SMC), and particle MCMC methods. However,
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due to the lack of user-friendly software, these methods have limited application
(Doucet & Johansen, 2009; Murphy, 2023). In contrast, Importance Sampling
(Gamerman & Lopes, 2006; Hammersley, 2013) and Bridge Sampling (Gronau
et al., 2017; Meng & Wong, 1996) have user-friendly software or are computa-
tionally simple, making them widely used in psychological research. Notably,
these two sampling methods are not identical to MCMC for model fitting. They
are more applied to numerical integration, while MCMC is mainly used for pa-
rameter fitting.

Importance Sampling belongs to Monte Carlo methods, with its key being the
introduction of an importance sampling distribution. When sampling from a
distribution is difficult or yields low-quality samples, we can settle for sampling
from the importance distribution (Bishop, 2006). When calculating marginal
likelihood, we first introduce the importance sampling distribution g;¢(6), ob-
taining:

p(yl0, M) x p(6]M)
915<9)

p(y|M) = / p(y]0, M) xp(0]M)d0 = / %g:15(0)d0 = E,,

Therefore, marginal likelihood can be obtained by:

palan) = 32 P SL R GRD g st0

By continuously sampling from the importance distribution, substituting into
Bayes’ formula for calculation, and summing results from different samples,
we can obtain marginal likelihood. In importance sampling, the choice of im-
portance distribution greatly affects results. To ensure estimates have small
variance, g;g(0) is typically a distribution with thick tails. Additionally, when
using importance sampling to calculate the reciprocal of marginal likelihood
1/p(y|M), this importance sampling is also called RIS (Reverse Importance
Sampling) (Gelfand & Dey, 1994). Conversely, RIS sampling distributions re-
quire distributions with thinner tails.

Using MCMC sampling to obtain parameter posterior samples for calculating
marginal likelihood can significantly reduce computational load. This impor-
tance sampling is called the Harmonic Mean Estimator. The harmonic mean
estimator is easy to compute but has large variance in its results.

Common methods to improve harmonic mean estimator performance include:
First, using Weighted Importance Sampling (Acerbi et al., 2018). This method
requires multiplying RIS by a function f(0) with thin tails, where [ f(0)d0 =1,
so f(#) can be a multivariate Gaussian distribution. The RIS calculation formula
is:
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f(6;)
p(yl0;, M) x p(6;| M)

plylM) =

Second, replacing MCMC samples with a mixture distribution of uniform or
Gaussian distributions and MCMC samples (Steingroever et al., 2016; Vandek-
erckhove et al., 2015). This method is convenient to compute and has many
applications in psychology.

Bridge Sampling is an improvement over Importance Sampling. Like Impor-
tance Sampling, Bridge Sampling also uses MCMC samples. Compared to the
simpler Importance Sampling, Bridge Sampling avoids the step of selecting a
distribution, yields smaller variance in results, and is more suitable for hierar-
chical models. Bridge Sampling’s characteristic is that by introducing a bridge
distribution connecting the target distribution and proposal distribution, it re-
duces the variance of marginal likelihood calculation and improves computa-
tional accuracy (Meng & Wong, 1996). Bridge Sampling’s disadvantage is that
its calculation is relatively complex, requiring iterative computation until re-
sults stabilize, which increases time and resource requirements, as detailed in
Gronau et al. (2017). The R package bridgesampling developed by Gronau
et al. simplifies the calculation process, allowing models fitted with JAGS and
Stan to use this package for marginal likelihood calculation.

4.4 Summary of Different Marginal Likelihood Calculation Methods

Table 3. Advantages, disadvantages, and applicable parameter estimation
ranges of various marginal likelihood approximation indices

Applicable Parameter Estimation

Method Methods Advantages Disadvantages
BIC Maximum likelihood, MAP, Simple to No prior
Bayesian estimation compute, influence,
usable poorer ap-
with any proximation

parameter  of marginal
estimation likelihood

method than the
latter four
methods
Savage- Bayesian parameter estimation Simpler to  Few studies
Dickey compute use it; no tool
Ratio than package,
sampling requires
methods manual imple-
mentation by
researchers
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Applicable Parameter Estimation

Method Methods Advantages Disadvantages
Laplace Maximum likelihood, MAP, Usable Hessian
Ap- Bayesian estimation with any matrix may
proxi- parameter  be NaN; no
mation estimation  tool package,
method requires
manual imple-
mentation
Importanddayesian parameter estimation Simpler to  Easily
Sam- compute affected by
pling than MCMC
Bridge sampling
Sampling extreme
values
Bridge Bayesian parameter estimation More Complex
Sam- accurate computation
pling approxima- steps; only R
tion of package
marginal bridgesampling
likelihood provides
than Im- convenient im-
portance plementation
Sampling

There are many methods for calculating marginal likelihood, and the choice de-
pends on the specific application context. BIC is the simplest method but also
has the largest error. Additionally, because BIC approximates marginal like-
lihood with non-informative priors, theoretically using BIC will tend to select
simpler models. Evans (2019) suggests that using BIC is inappropriate when re-
searchers fit models with informative prior distributions. The prior distribution
for calculating marginal likelihood should be consistent with the prior used for
model fitting.

Table 3 summarizes the advantages and disadvantages of each marginal likeli-
hood index. When using MAP estimation for model fitting, Laplace approxi-
mation is a simpler method. If using MCMC sampling and the model is not
hierarchical, Importance Sampling, Laplace approximation, or KDE methods
are more appropriate because they are less computationally demanding. If the
model is hierarchical, where the Hessian matrix determinant is not easily com-
puted for Laplace approximation and Importance Sampling faces difficulties in
selecting sampling distributions, Bridge Sampling becomes a more reasonable
choice.
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5 Case Study of Model Comparison Calculations

The previous sections introduced commonly used model comparison indices
in cognitive modeling. The following sections use the orthogonal Go/No-Go
paradigm as an example to introduce the specific calculation and usage methods
of some common model indices (Cavanagh et al., 2013; Dorfman & Gershman,
2019; Guitart-Masip et al., 2012). The example data were simulated using cogni-
tive models described below. Simulated data and subsequent model comparison
index calculations were performed using R, with specific code available in the
online materials: https://github.com/zaizibai/model {comparison}.

The orthogonal Go/No-Go paradigm is commonly used to study the relationship
between Pavlovian and instrumental learning. Figure 4 [Figure 4: see original
paper] shows the basic procedure of this paradigm. It is a 2$x$2 within-subject
experimental design where the first variable is stimulus-response action: Go and
No-Go; the second variable is feedback type after behavioral response: reward
gain and punishment avoidance. The combination of stimulus-response action
and feedback type creates four experimental conditions: Go-to-gain-reward, Go-
to-avoid-punishment, No-Go-to-gain-reward, and No-Go-to-avoid-punishment.
Feedback in each condition is not 100% deterministic. In the “Go-to-avoid-
punishment” condition, a correct response (i.e., Go) has an 80% probability of
avoiding punishment but a 20% probability of failing to avoid; an incorrect re-
sponse (i.e., No-Go) has an 80% probability of receiving punishment and a 20%
probability of avoiding it. The image shown on the first screen at trial onset
is called the cue, with four types corresponding one-to-one with experimental
conditions. At the experiment’s start, subjects do not know the correct response
for each condition and must learn it through feedback. According to learning
theory, in this paradigm, people tend to have Go responses when feedback is re-
ward gain, and No-Go responses when feedback is punishment avoidance (Dayan
et al., 2006).

Figure 4. Experimental design of the case study, adapted from Betts et
al. (2020). The procedure for a single trial is as follows: subjects first see a
cue, and after the cue disappears, they must make a Go or No-Go response.
After responding, the screen displays the outcome. In this task, subjects need
to actively learn the correct response for different cues and whether correct
outcomes avoid punishment or gain reward.

Researchers typically use simple reinforcement learning models to model data
from this paradigm. These models posit that human decision-making is in-
fluenced by two learning factors: Pavlovian learning and instrumental learning.
Instrumental learning originates from Skinner’s theory of instrumental learning,
forming stimulus-response-outcome (SRO) associations, while Pavlovian learn-
ing forms stimulus-outcome associations independent of response. Specifically,
the decision weight for choosing Go or No-Go responses is calculated as follows:

w=b+Q+7mTxV
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where b represents an individual’s natural preference for Go or No-Go responses,
called the Go bias parameter; ) is the instrumental learning decision variable;
V' is the Pavlovian effect decision variable; and 7 is its scaling parameter. For
specific details about this model, see Betts et al. (2020) or Swart et al. (2017).

This article uses publicly available data from Raab & Hartley (2020), available
at: https://osf.io/4h6ne/. This dataset includes 61 subjects. Figure 5 [Figure 5:
see original paper] presents the raw data for Go response choices across the four
conditions. For this data, we fitted four models in total: the full model using
Equation 1 (Model 1), a model without Pavlovian effects and Go bias parame-
ters (Model 2), a model without Pavlovian effects but with Go bias parameters
(Model 3), and a model without Go bias parameters but with Pavlovian ef-
fects (Model 4). Notably, we fitted these four models using both point-estimate
MAP estimation and hierarchical Bayesian parameter estimation. Hierarchical
Bayesian parameter estimation was implemented using the probabilistic pro-
gramming software Stan (Carpenter et al., 2017).

Figure 5. Trial-by-trial behavioral data for the case study. The x-axis shows
trial number, and the y-axis shows the proportion of Go responses. Four colors
represent the four cues.

As trial number increases, individual behavior gradually stabilizes, reflecting
the effect of instrumental learning. The asymmetry in the proportion of Go
responses under reward-gain and punishment-avoidance cues reflects Pavlovian
effects. Specifically, individuals are more likely to make Go responses to gain
rewards but more likely to make No-Go responses to avoid punishment.

5.1 Calculation of Goodness-of-Fit Metrics

The case study data in this article are discrete choice variables, so we can calcu-
late likelihood functions, pseudo-r2, and ROC curve indices. In the case study,
we only use pseudo-r? as an example. According to Equation 7, we calculated
pseudo-r2 for the four models. Results show Model 1 pseudo-r? = 0.157, Model 2
pseudo-r? = 0.132, Model 3 pseudo-r? = 0.147, and Model 4 pseudo-r? = 0.139.
This indicates that Model 1 has better absolute fit than the other models.

Although Model 1 has better absolute fit, goodness-of-fit does not consider
model complexity. In the following two sections, we introduce the calculation
and usage methods for cross-validation metrics and marginal likelihood metrics.

5.2 Calculation and Usage of Cross-Validation Metrics

The typical usage method for cross-validation metrics is to compare the mean or
sum of indices across all subjects. However, Devine et al. (2023) found through
simulation studies that methods considering uncertainty in model comparison
indices significantly improve correct model comparison rates, while simply com-
paring mean index values tends to have high false positive rates. Devine et
al. (2023) recommend using the method adopted by Vehtari et al. (2017), per-

chinarxiv.org/items/chinaxiv-202308.00658 Machine Translation


https://chinarxiv.org/items/chinaxiv-202308.00658

ChinaRxiv [$X]

forming Wald tests to compare different models based on Bayesian model met-
rics such as DIC, WAIC, and PSIS-Loo-CV. The Wald test procedure involves
calculating the mean and standard error of differences in model metrics; if the
mean exceeds 1.96 standard errors, the difference between models is judged sig-
nificant. According to Vehtari et al. (2017), the standard error formula for a
single model comparison index is:

1 _
se(elpd) = \/Nl Z(elpdi — elpd)?

where 7 is a sample data point, N in psychology experiments is all trials across
all subjects, and elpd is the mean of elpd,. Similarly, when calculating the
standard error of the difference between two model comparison indices, first
calculate the difference in model comparison indices at each data point, then
calculate the standard error of the N differences:

1 -
se(elpdy — elpdyy) = \/ w1 O ((elpd.y; — elpdp,) — (elpdy — elpdy))

where (elpd 4 — elpd ) is the mean difference between the two model comparison
indices. The Wald test incorporates uncertainty in model indices and has lower
false positive probability.

Figure 6. Evaluation of four models by different cross-validation approximation
indices. Smaller information criterion values indicate better model fit.

Note: Results from PSIS-Loo-CV are often denoted as LOOIC (Leave-One-Out
Information Criterion).

In the case study, we calculated AIC using MAP estimation results and cal-
culated DIC, WAIC, and PSIS-Loo-CV using hierarchical Bayesian parameter
estimation results, as shown in the figure. The results from different indices are
consistent, with Models 1 and 3 performing better than the other two.

In the case study, we performed Wald tests comparing Model 1 and Model 3.
Results show significant differences in DIC, WAIC, and LOO-CV between the
two models, all favoring Model 1 over Model 3, with similar results across the
three: ADIC = 48.23 > 1.96 X op;o = 22.52, AWAIC = 44.3 > 1.96 x
owarc = 22.15, APSIS—LOO—CV =38.5> 196 X 0pgrs_r.oo_cyv = 21.77.
Here, A represents the difference in cross-validation metrics between Model 2
and Model 1, and o is the standard error of model differences.

5.3 Calculation and Usage of Marginal Likelihood Metrics

As the core of Bayesian model comparison, marginal likelihood has many usage
methods. The most common one is that when researchers compare two models,
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they can calculate the ratio of marginal likelihoods for the two models, resulting
in the Bayes factor (Kass & Raftery, 1995). The Bayes factor’s characteristic is
its ability to provide evidence for the null hypothesis, giving it many applications
in current psychological research. For the use of Bayes factors in data analysis
and interpretation of results, see #f£HS et al. (2018). Additionally, BIC, as
an approximation of marginal likelihood, can also be used to calculate Bayes
factors and posterior model probabilities (Wagenmakers, 2007). The calculation
method involves multiplying the difference in BIC between two models by -0.5,
then transforming it through the exponential function into a Bayes factor:
BF,, = exp (_B[C’1 gBIC’O)

Notably, unlike common data analysis, the two models compared by Bayes fac-
tors in cognitive modeling can be any two models as long as they model the
same data. In contrast, the two models compared in t-tests and ANOVA must
be alternative and null hypotheses.

In the case study, both BIC and Laplace approximation marginal likelihood
are based on MAP estimation results, which we can use to calculate subject-
level Bayes factors. In contrast, Bridge Sampling is suitable for hierarchical
Bayesian estimation and can directly calculate group-level marginal likelihood
values, thereby obtaining group-level Bayes factors (GBF).

Figure 7. Comparison of group-level marginal likelihood results calculated us-
ing BIC, Laplace approximation, and Bridge Sampling. Unlike cross-validation
metrics, marginal likelihood does not always favor the most complex model
(Model 1). When using BIC, the optimal model is the simplest Model 2; Laplace
approximation supports Model 1; Bridge Sampling indicates Model 3 is opti-
mal. This reflects that marginal likelihood has stronger penalization than cross-
validation metrics. Moreover, differences in numerical values across indices are
due not only to different approximation accuracies of marginal likelihood but
also to differences in model fitting methods.

Figure 7. Evaluation of four models by different group marginal likelihood
approximation indices. All indices are converted to log marginal likelihood,
with larger values indicating better model fit.

Traditional model comparison typically selects a single optimal model, but a
single model may both overfit and ignore model uncertainty. Researchers have
proposed Bayesian model averaging, which simultaneously considers the weights
of multiple models’ influences to enhance the robustness of inferences based
on models (Clyde et al., 2011; Hinne et al., 2020; Merlise & Edward, 2004).
Through Bayesian model averaging, researchers can calculate inclusion Bayes

factors (BF}, .jusion) t0 compare different types of models:

BF. usion = p(Mcatl‘y) % p(Mcaﬂ)
inclusion p(Mcaw‘y) p(Mcatl)
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where p(M,,,;) and p(M,

wat2) are the prior probabilities of Type 1 and Type 2
models, and p(M_,;1|y) and p(M,_,,s|y) are the posterior probabilities of Type
1 and Type 2 models. The posterior probability calculation formula for models
is:

_ p(M;ly) x p(M;)
PMily) = > p(Myly) x p(M,,)

p(Mly) is marginal likelihood, and p(M) is the prior probability of models,
typically uniform distribution. BFj,, ;.0 compares different types of models
combined, reducing the impact of model uncertainty.

Model averaging has wide applications in variable selection, meta-analysis, and
other fields. For example, the ANOVA section in JASP uses Bayesian model
averaging (EAZE et al., 2022). However, its application in cognitive model-
ing is still limited. One of the few studies is Boehm et al. (2023), where the
authors used model averaging to investigate the impact of speed-accuracy trade-
offs on DDM parameters and found that Bayesian model averaging can reduce
the impact of model overfitting on DDM parameter estimation, making DDM
parameter analysis results more accurate. Additionally, Bayesian model aver-
aging is limited by marginal likelihood calculation; when marginal likelihood
calculation is difficult, it is hard to calculate posterior model probabilities. A
feasible method is to use Akaike weights or BIC to substitute for posterior model
probabilities. Moreover, model weights combining stacking methods and PSIS-
Loo-CV can also be used to substitute for posterior model probabilities (Yao et
al., 2018).

In the case study, for convenience, we use BIC calculated earlier to compute
BFE,, usion- We first calculated the BF and BF),, ,si0n for models with and
without the Go bias parameter. Models with parameter b include Models 1 and
4, while models without Go bias include Models 2 and 3. Traditional meth-
ods for determining whether Go bias significantly improves model performance
typically compare Model 1 and Model 3, with the difference between these two
models being only the inclusion of Go bias. The BF between Model 1 and Model
31is 4.29, while the BFj,, ;,,sion cOnsidering multiple models is 3.60, both support-
ing that Go bias does not significantly improve model fit. We used the same
method to calculate BF' and BF},, ;,sion f0r models with and without Pavlo-
vian effects, yielding BF' = 2.29 and BF;,, ,cion = 1.86, also indicating that
adding Pavlovian effects does not improve model fit. The results from model
averaging methods are similar to traditional methods because in this case study,
parameters in the simulated data are not correlated; however, when correlations
between parameters are large, differences between BF and BF; results

will be substantial.

nclusion
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6 Summary and Outlook

Computational modeling has become increasingly widespread in experimental
psychology research over the past decade, and model comparison is a critical
component of cognitive modeling. Inappropriate model comparison may lead
researchers to draw incorrect conclusions. Therefore, the rational use of model
comparison indices is crucial for research based on computational models. This
article reviews and summarizes common and emerging model selection indices
in cognitive modeling, compares the two most common classes of indices—cross-
validation-based and marginal likelihood-based—and recommends conditions
for using different indices. Combined with a simple case study, we provide
specific calculation examples.

Notably, many past studies using computational models have employed rela-
tively simple model comparison indices such as AIC and BIC. While these indices
have many advantages, they neglect many important factors affecting model
complexity. In recent years, promoted indices such as WAIC, and marginal
likelihood calculated by approximation/sampling methods, provide more com-
prehensive consideration of model complexity, making model comparison results
based on these indices more stable and reliable. With the development of increas-
ingly mature and easy-to-use tools, these indices will be more widely applied in
research.

Furthermore, early cognitive modeling research mostly focused on using relative
indices to evaluate model quality, neglecting the absolute goodness of model fit.
This leads to a dilemma: even when we select an optimal model, it may not
necessarily provide a complete description of sample data. Therefore, when
conducting model comparison, we should first select the optimal model through
relative indices, then evaluate the absolute goodness of model fit to current
data through goodness-of-fit indices. Only when a model outperforms other
candidate models on relative indices and has good absolute goodness-of-fit can
it be considered the optimal model. With the popularization of methods such as
posterior predictive checks, future research should increasingly combine relative
and absolute indices for model evaluation and validation.

6.1 Debate Between Marginal Likelihood and Cross-Validation

This article has focused on introducing marginal likelihood and cross-validation,
the two most common model comparison methods. Although they are based on
very different theories, research has shown many connections between them. For
example, Fong and Holmes (2020) proved that marginal likelihood is equivalent
to cross-validation under certain specific conditions. However, which of these
two is more suitable for practical research and how to choose between them
remain controversial.

Modeling typically involves two scenarios: M-Closed and M-Open. The M-
Closed scenario assumes that a “true” model exists among candidate models
that can perfectly describe the data generation process. The M-Open scenario
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assumes that no candidate model can perfectly describe the data generation
process. In M-Open scenarios, the goal of model selection is to find the model
that performs best among all candidate models, not to find the true model
(Burnham & Anderson, 2004; Gelman, Hwang, et al., 2013).

If in an M-Closed scenario with nearly infinite data, marginal likelihood can
select the “true” model. In M-Open scenarios, cross-validation is more suitable
as it can find the model with the smallest KL divergence from the “true” model.
Although cross-validation can also find the model with smallest KL divergence
from data in M-Closed environments, it cannot identify the “true” model. Re-
search shows that the advantages of marginal likelihood and cross-validation
cannot be combined (Vrieze, 2012; Yang, 2005).

Proponents of marginal likelihood mainly counter cross-validation by focusing
on its inability to identify the “true” model. For example, Gronau and Wa-
genmakers (2019) used Beta-Bernoulli models to generate simulated data in ex-
periments, fitted data with models of varying complexity, and evaluated and
compared models using LOO-CV and Pseudo-Bayes factors calculated from
LOO-CV. Results showed that besides LOO-CV’s inherent flaw of selecting
more complex models rather than the true model that generated the data, LOO-
CV’s support for the true model shows an inverted U-shape as data increase.
As data grow, LOO-CV’s support for the true model first decreases then in-
creases. Therefore, Gronau and Wagenmakers argue that researchers should be
extremely cautious when using LOO-CV.

Vehtari et al. (2019) refuted Gronau and Wagenmakers’ (2019) view, arguing
that M-Closed settings only simplify modeling problems and rarely occur in
practical applications. Furthermore, Vehtari et al. (2019) believe Gronau and
Wagenmakers incorrectly used LOO-CV to calculate Pseudo-Bayes factors. Con-
versely, if using stacking methods with LOO-CV from each model as input val-
ues, the calculated model weights can effectively select the optimal model in
M-Closed environments.

On the other hand, proponents of cross-validation argue that although marginal
likelihood has many excellent theoretical properties, its practical application is
often unsatisfactory. The reason is that marginal likelihood is not a measure of
model generalization ability but rather measures the model’s ability to explain
current data given prior distributions and the model. Even if a model uses
appropriate prior distributions and has better marginal likelihood, its general-
ization ability on out-of-sample data may not be stronger than other models
(Lotfi et al., 2022).

Furthermore, selecting appropriate prior distributions in Bayesian inference is
extremely difficult. For example, Gelman, Carlin, et al. (2013) argue that in
practical applications of marginal likelihood, inappropriate informative prior
distributions can have enormous impact on marginal likelihood. The more non-
informative the model’s prior distribution, the more marginal likelihood tends
to favor simpler models. In contrast, LOO-CV is not affected by this issue (Gel-
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man, Carlin, et al., 2013). For example, Kennedy et al. (2019) tested the impact
of different prior distributions on Bayes factors by modeling Balloon Analog
Risk Task (BART) experimental data. They found that as prior distributions
become more non-informative, Bayes factors gradually favor simpler models.
This is also the case in our case study: because BIC assumes non-informative
priors while Laplace approximation and Bridge Sampling use actual priors from
fitted models, BIC’s Bayes factor is much smaller than the other two.

6.2 Recommendations for Using Model Selection Indices

First, when conducting model comparison, we should pay attention to the ap-
plicable conditions for each index. Each model comparison index is only ap-
plicable in scenarios consistent with the modeling data. For example, AIC for
DDM based on reaction time and choice data cannot be compared with AIC for
reinforcement learning models based on choice data (Fontanesi et al., 2019).

Second, when relative indices cannot distinguish between different models, pos-
terior predictive checks can also serve as a method for model selection. For
example, Steingroever et al. (2014) found that in the Iowa Gambling Task, in-
dices such as BIC had difficulty distinguishing between different models, while
posterior predictive checks could effectively select the optimal model.

For instance, AIC and BIC, as the most common indices, are suitable for models
with point estimation methods such as maximum likelihood estimation. How-
ever, the choice between AIC and BIC remains controversial.

BIC’s penalty term is stronger, and as in our case study, it tends to select sim-
pler models. Therefore, researchers can choose indices based on their research
hypotheses about effect size and statistical power. For example, both Type I
and Type II errors for BIC decrease as sample size increases. For AIC, Type 11
error decreases with sample size, but Type I error does not. Moreover, AIC’s
Type II error is smaller than BIC’s (Dziak et al., 2020). That is, under equal
sample conditions, AIC can identify models with better out-of-sample predic-
tive ability as optimal but also risks larger Type I error. While BIC has the
ability to identify true models, it also has higher Type II error—the probability
of selecting a poorly performing model.

Using model recovery methods to decide which index to use is also an option
(Wilson & Collins, 2019). For example, Collins and Frank (2012) used more
complex models to simulate data and fitted the data with both complex and
simple models. They found that when using BIC as the model comparison index,
fitting results supported the simple model—that is, BIC often over-penalized
complex models, failing to recover the true model underlying the simulated
data, while AIC could recover the more complex true model (Collins & Frank,
2018). Finally, many researchers recommend reporting both AIC and BIC. If
results from both are consistent, model comparison results are more reliable.
If they contradict, discussions can be categorized based on different principles
(Farrell & Lewandowsky, 2018).
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Additionally, different parameter estimation methods also limit the use of model
comparison methods. For models using Bayesian parameter estimation, we can
use MCMC samples to calculate more precise approximation indices such as
marginal likelihood or LOO-CV. If using point-estimate MAP, we can also use
Laplace approximation to calculate marginal likelihood. With informative pri-
ors, marginal likelihood performs better than approximations to cross-validation
such as WAIC. Evans (2019) used LBA models to compare the impact of differ-
ent levels of informativeness in prior distributions on model comparison, find-
ing that when prior distributions are non-informative or weakly informative,
marginal likelihood tends to over-penalize complex models, causing results to
deviate from optimal choices; when prior distributions are moderately informa-
tive, marginal likelihood results are closer to optimal and better than WAIC;
when prior distributions are strongly informative, marginal likelihood tends to
select overly complex models. Therefore, when we have sufficient knowledge
about model priors and set informative priors, marginal likelihood may be a
better choice; when using non-informative priors, or setting informative priors
without certainty about their appropriateness, indices insensitive to priors such
as WAIC, DIC, and LOO-CV are more appropriate.

6.3 New Developments in Model Comparison

The common way of using model comparison indices is to compare their sum
or mean across all subjects. However, this approach ignores differences be-
tween subjects and the potential impact of extreme values on model compar-
ison. Random Effects Bayesian Model Selection (RE-BMS), originating from
Dynamic Causal Modelling (DCM) (Stephan et al., 2009), can effectively re-
duce the impact of extreme values and has been widely applied in cognitive
modeling. RE-BMS uses Bayesian hierarchical models to consider subject differ-
ences, employing multinomial and Dirichlet distributions to avoid impacts from
asymmetric data distributions. Additionally, RE-BMS introduces Protected Ex-
ceedance Probability (PXP), representing the probability that a given model’s
marginal likelihood is greater than or equal to other models and can serve as
the “true model” generating current data—that is, PXP = p(r,,_; > r,,,.;[y).
PXP greater than 0.95 can be considered, like traditional hypothesis testing, as
indicating the model is significantly better than others (Iglesias et al., 2013).
Notably, toolboxes such as SPM and VBA in Matlab and the bmsR package in
R can all calculate PXP (Daunizeau et al., 2014), making it widely applicable
in cognitive modeling. Additionally, when using information criterion indices
such as AIC and BIC as inputs for RE-BMS, these indices need to be divided
by -2 to ensure correct results.
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