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Abstract

Classical initial orbit determination methods include the Laplace method and
the Gauss method, as well as their various variations. In addition to these clas-
sical methods, based on the characteristics of contemporary optical observation
data, scholars have also proposed some other initial orbit determination meth-
ods, including the double r (distance of the target from the observer) method
and the feasible region method. One implementation of the double r method is
to guess the distance of the target from the observer at two moments (usually
the beginning and end moments of the orbit determination arc), combine it with
the observer’s position vector in space, and then solve the corresponding Lam-
bert arc as an initial guess for the target’s orbit. Furthermore, using the RMS
(Root Mean Square) at other observation moments as an optimization variable
can improve the initial guess to determine the initial orbit. The feasible region
method, on the other hand, is aimed at a set of initial observation parameters
(including right ascension, declination, and their rates), constrains the target’s
(distance from observer) distance and its rate within a feasible region based
on some initial assumptions, and finds a guessed solution that minimizes the
observation RMS through a stepwise approximation approach using triangular
partitioning. For a series of simulated observation data and actual measurement
data, intelligent optimization algorithms (particle swarm algorithm) are applied
to these two initial orbit methods, and the results are compared with those of an
improved Laplace algorithm. Since the double r method can be used not only
for short-arc orbit determination but also for long-arc correlation, correlation
results for long-arc data are further presented.
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Abstract

Classical methods for initial orbit determination (IOD) include the Laplace
method, Gauss method, and their various derivatives. In addition to these clas-
sical approaches, scholars have proposed other IOD methods based on the char-
acteristics of modern optical observation data, including the double-r method
(where r represents the target-observer distance) and the admissible region
method. One implementation of the double-r method involves guessing the
target’s distance from the observer at two epochs (typically the first and last
of the orbit determination arc), which, combined with the observer’s position
vector in space, allows solving the corresponding Lambert arc as an initial orbit
guess. Subsequently, using the RMS (Root Mean Square) of other observation
epochs as an optimization variable can improve this initial guess to determine
the preliminary orbit. The admissible region method, on the other hand, starts
from a set of initial observational parameters (including right ascension, dec-
lination, and their rates). Based on certain initial assumptions, it constrains
the target’s distance from the observer and its rate of change within a feasible
region, and gradually approximates the solution that minimizes the observed
RMS through triangular partitioning.

For a series of simulated and real observation data, we apply an intelligent
optimization algorithm (particle swarm optimization) to these two IOD methods
and compare the results with those from an improved Laplace algorithm. Since
the double-r method can be used for both short-arc orbit determination and
long-arc correlation, we further present correlation results for long-arc data.

Keywords: celestial mechanics, minor planets, methods: numerical
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1. Introduction

The orbit determination of near-Earth objects typically involves two steps: ini-
tial orbit determination and precise orbit determination. Initial orbit determi-
nation utilizes limited optical or radar observational data to provide an initial
orbital value for precise orbit determination. Better initial orbit determination
results make the precise orbit determination process more likely to converge.
Generally, optical observational data includes the target’s right ascension and
declination. With advances in observation technology, photon-counting detec-
tors have emerged. The raw data obtained from such devices, in addition to
angular information, can also provide angular rate information. In many cases,
even short arcs can yield second-order angular rate information [?]. Some near-
Earth objects also have radar observational data (time delay and Doppler shift),
but in this work, we only consider the initial orbit determination problem based
on optical observational data of near-Earth objects.

Since Laplace’s method was proposed in 1780, classical initial orbit calcula-
tion methods have mainly included the Laplace, Gauss, and Escobal (double-r
method, where r is the target-observer distance) methods and their derivatives.
Both Laplace and Gauss methods derive formulas from three sets of optical ob-
servational data, ultimately reducing to solving an eighth-order equation. Char-
lier [?] noted that the Laplace method sometimes yields non-unique solutions,
and Gronchi pointed out that the same problem exists for the Gauss method
[?]. An improved Laplace method [?] avoids solving the eighth-order equation
and instead uses a numerical iteration approach to solve a system of nonlinear
equations expressed in “linear” form. In 1965, Escobal [?] proposed the double-r
method, which was later improved by Gooding [?] and Briggs et al. [?]. The
essence of the double-r method is that knowing the radial information (target-
observer distance) for at least two observation points allows orbit determination.
The method proposed by Briggs et al. [?] utilizes orbital integration equations,
while Gooding [?] employs the solution of Lambert arcs. In addition, there are
various improvement methods for different situations, such as Zeinalov [?], who
proposed a solution without time information under the assumption of circular
orbits.

In modern times, due to improved observation technology, numerous unclassi-
fied extremely short arcs have emerged. Direct application of classical initial
orbit determination methods to a single extremely short arc is often ineffec-
tive and cannot yield valid orbital information. Based on the characteristics of
current optical observation data (with relatively accurate angular rate informa-
tion), Milani et al. [?] proposed the admissible region method for minor planets.
Tommei et al. later applied this method to initial orbit determination for near-
Earth space objects and extended it to radar-type observational data [?]. For
optical data, this method uses a basic observation set (TSA—Too Short Arc)
that includes not only the two angles but also their rates. For a TSA, the admis-
sible region can be determined based on certain constraints. By correlating the
admissible regions of two TSAs, an initial orbit can be further determined [?].
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Scholars have proposed different constraints for various application scenarios;
for example, Maruskin et al. [?] constrained the perigee and apogee, while De-
Mars et al. [?] provided constraints on semi-major axis and eccentricity based
on specific conditions. It is worth mentioning that another initial orbit determi-
nation scheme based on two TSAs directly uses energy and angular momentum
integrals for solving [?, ?].

Intelligent computing, also called “soft computing,” is inspired by natural (bi-
ological) laws and mimics problem-solving algorithms according to their prin-
ciples. Intelligent optimization algorithms effectively solve optimization prob-
lems under multivariable and multi-constraint conditions, with commonly used
methods including simulated annealing, genetic algorithms, and particle swarm
optimization. Some scholars have integrated intelligent optimization algorithms
into initial orbit calculations. Wang Xueying et al. combined particle swarm op-
timization with the admissible region method, eliminating triangulation of the
admissible region and directly using the particle swarm algorithm for global op-
timization of space-based short-arc observation data, improving computational
efficiency [?]. Ansalone et al. combined genetic algorithms with the double-r
method to estimate orbital parameters of space targets from extremely short-
arc space-based observation data, using the line-of-sight distances at the first
and last moments of the observation arc as optimization parameters and de-
termining initial orbital parameters by solving the Lambert problem [?]. Hi-
nagawa et al. used genetic algorithms for orbit determination of Geostationary
Orbit (GEO) targets from short-arc ground-based optical data, dividing orbital
elements into two groups as optimization variables for separate solving [?]. Li
Xinran et al. also used genetic algorithms to optimize the extremely short-arc
orbit determination problem for space targets, similarly choosing orbital ele-
ments rather than line-of-sight distance as optimization parameters [?, 7, ?, ?].
Additionally, Li Xinran et al. used evolutionary algorithms for initial orbit calcu-
lation of near-Earth asteroids, also selecting initial orbital elements as optimiza-
tion parameters and proposing that for objects with large eccentricity, optimal
solutions need to be sought regionally to some extent [?].

This paper examines the initial orbit determination of near-Earth minor plan-
ets, focusing on the near-Earth asteroid Toutatis (number 4179) with relatively
large eccentricity (approximately 0.6). We employ two methods—the admissi-
ble region method and the double-r method—using particle swarm optimization
for global optimization of the variables, and simultaneously provide a method
for estimating the covariance matrix. Considering different arc scenarios, we
calculate arcs of different durations and observation numbers, compare the ad-
vantages and disadvantages of the improved Laplace method, admissible region
method, and double-r method, and analyze how different arc lengths and obser-
vation numbers affect the accuracy of different methods. Experimental results
show that arc duration has a greater impact on the improved Laplace method
and double-r method, while observation number has a greater impact on the
admissible region method. Based on this, we finally provide recommendations
on which method to use for initial orbit calculation for arcs of different lengths.

chinarxiv.org/items/chinaxiv-202308.00104 Machine Translation


https://chinarxiv.org/items/chinaxiv-202308.00104

ChinaRxiv [$X]

Section 2 briefly describes initial orbit calculation methods from classical to
modern—Gauss method, improved Laplace method, double-r method, and ad-
missible region method. Section 3 describes the double-r method and admissible
region method combined with intelligent optimization algorithms and presents
covariance matrix calculations for all three methods, including the improved
Laplace method. Section 4 shows the data processing methods used in this pa-
per and the results of initial orbit calculations for different arcs using the three
methods. Finally, we discuss and summarize the experimental results.

2.1.1 Gauss Method

[Figure 1: see original paper| shows the relative geometric configuration of the
central body Sun (S), Earth (E), and minor body (A), where r represents the
position vector of the minor body relative to the Sun; represents the position
vector of the minor body relative to the observation station; R = (X,Y, Z)T
represents the position vector of the observation station relative to the Sun; ¢
represents the angle between vectors r and R; and 6 represents the angle between
vectors R and . In the International Celestial Reference System (ICRS), the
measurement geometry satisfies:

r= +R.

Considering three sets of observational data {(ay,d;), (as,ds), (ag,04)} corre-
sponding to observation times t; (i = 1,2,3), where «; and §; represent the
right ascension and declination of the i-th set of observational data, and with
the corresponding station position vectors R; (i = 1,2,3) in the solar system
heliocentric coordinate system, denoting their magnitudes as R, (i = 1,2,3),
and the position vectors of the minor body in the heliocentric coordinate sys-
temasr; (¢ = 1,2,3). Gronchi et al. provide the specific derivation of the Gauss
method [?], which will not be repeated here. We directly present the resulting
eighth-order equation:

5 +245( 5 Ry)/py + RS — [ASBo[Ay + (5 - Ry)/po]ri — By

where A, and B, are coefficients combined from known conditions; 7, represents
the magnitude of the minor body’s position vector r, at the second observation
time; and , represents the relative position vector from the observation station
to the target at the second observation time. The solution can be obtained using
Newton’s iteration method.

Since the Laplace method also ultimately yields an eighth-order equation of the
form shown above, the equation is usually written in the following more general
form:
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P(ry) = C1§ — g2(C2 4 207 cos b, +72)r§ — 24%(C cos b, + 7)r — ¢,

where P(r,y) represents a function of ry, C' and v are constants from the deriva-
tion process, ¢ = R,, and 0, is the angle between , and R,.

Assuming v = 1, we have:
P(ry) = (ry — @) Py (r3),
Py(ry) = C?r§ — (ry + q)[¢° — (2C cos by + 1)¢*r3 + qry + ¢°],

P0)=—¢® <0, ry— +00= P(ry) = +oc.

According to Descartes’ rule of signs, this equation must have three positive
roots. Due to physical properties, the root 7, = ¢ should be removed. The
other two roots divide the plane into several regions based on the zero circle
and limiting curve. [Figure 2: see original paper| shows how the zero circle and
limiting curve divide the plane into different solution regions: regions outside
the zero circle indicate two roots, regions between the zero circle and limiting
curve indicate one root, and regions inside the limiting curve indicate two roots.
Gronchi et al. [?] provide the specific derivation for this part; here we simply
use this diagram to illustrate that multiple solutions can occur when solving
initial orbit problems.

2.1.2 Improved Laplace Method

Without considering perturbations, the motion equation of a minor body satis-
fies:

r= —7%1'7 to 1o = r(ty), ¥y = £(t),
where 1 = GM represents the gravitational constant of the central body, G
is the universal gravitational constant, M is the mass of the central body,
ry = (Tg, Yo, 29)" is the position vector of the target body at the initial time,
t represents the second derivative of the position vector r (i.e., the target’s
acceleration), and r(t) represents the velocity of the target body at time t.

Under the premise of a short arc, the solution satisfying the initial conditions
can be expanded as a power series in the time interval At =t —¢:
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r(t) =ry+ r%l]At + I‘E)Q]At2 +-+ rgc]Atk +

where r([)k Vis the k-th order derivative of r(t) evaluated at t,, i.e.:

i (dr
0 dtk ity '

At this point, all higher-order derivatives rgk] (k > 2) in equation (5) can be

given by the motion equation in (4), i.e.:

k k .
rEJ] = I‘% ](t07r0’ rO)'

Simultaneously, r%l] = 1y, which can be expanded as:

r(t) = F*(rg, 1, At)rg + G*(rg, T, At)T,

where F* and G* can be calculated by equating (6) with (5). The specific forms
are:

1

F*=1— gugr® + Jugdo — g5 (ugpg — 15ug)7* + -+,
G* =T — EUOT?) + inquél + Tty

where ug = 1/r3, r, represents the magnitude of ry, p, = (ry - ty)/r3, and
go = v, with all parameters with subscript 0 representing values at the initial
time 2.

Combining the measurement geometry relation (1) with (6) and simultaneously
crossing with the unit vector ~ of yields:

“x F*(ry, by, At)ry + G*(ry, o, At)Ey = x R.

For three sets of observational data («;,d,), the geometric relationship is:

1771
cos a; cos 6
, =p; | sinaycosé, | = p,
sin d;

From the station information corresponding to each set of observational data
R, = (X,,Y;, Z,)T, we obtain:
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(F y)yo + (G )y — (Ffy,
(Ffpg)zo + (Gipi)to — (FFA )y — (GiN) o = tixt — Nyt

where F} and G} represent F* and G* corresponding to the i-th observation.
It can be seen that only two of the above equations are independent. To solve
for ry and 1, at least three sets of observational data are required. The result
calculated from equation (8) is denoted as (r{,1j)). Using (8), we iteratively
apply the following formulas:

% m—1 ™ . (m—1
) men T rY)  men |, B —Y)
S i

where ri™ and " represent the values from the m-th iteration, and normal-

ization is performed with:

(m) _ plm=D)jz | 5m) _ ym=1)j2.

e=|r o

The iteration continues until € meets a certain precision requirement. In practi-
cal work, this method demonstrates good convergence.

2.2 Double-r Method

The fundamental difficulty in determining initial orbits from angular measure-
ments is the lack of radial information (distance and velocity). The basic idea of
the double-r method is that knowing the radial information for at least two ob-
servation points allows orbit determination. This approach can be used for both
extremely short arcs (Too Short Arc) and arcs with long time intervals (even
multiple revolutions). Typically, at least three angular measurement points are
required, generally assuming the radial distances for the first and last angular
measurement points to derive and correct the radial distances for intermediate
observation times. Overall, the double-r method has two forms: one combined
with the Lambert problem and one combined with orbital motion integration.
We briefly describe both methods below.

2.2.1 Double-r Method Combined with Orbit Integration We briefly
describe the method proposed by Briggs et al. [?], which solves the so-called
Gibbs problem and is also known as the BSE (Binary-Single Evolution) method.
Assuming three sets of observational data, based on the coplanarity property
of the minor body’s heliocentric position vectors r; (¢ = 1,2,3) and the orbital
equation, expressions for the six orbital elements can be derived (not detailed
here). The mean anomalies M, (i = 1,2, 3) satisfy:
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M, =nt; + w,

where n represents the mean motion and w represents the argument of periapsis.
Letting w = nT;, we have t;, = —T, + M, /n, which allows calculating ¢,5 and t,5.
Defining At,; =t, —t; (i,j = 1,2,3), the difference with observed times can be
taken. Thus, the problem reduces to finding p; and p, such that the objective
function satisfies:

Ap(pr,p2) =0; k=1,2.

This can be solved iteratively using the Newton-Raphson formula. A;(pq,ps)
and A, (pq, py) describe two curves in the p; — p, plane, and their intersection
point is the solution to the problem. Briggs et al. [?] described the initial value
selection and iteration termination conditions in their article, and also proposed
corrections for perturbed cases, which will not be discussed further here.

2.2.2 Double-r Method Combined with the Lambert Problem We
briefly describe the method based on Gooding [?]. Simply put, the Gibbs prob-
lem solves for p; and p, iteratively to satisfy constraints. In Gooding’s algo-
rithm, the radial distances p; and p; at two points are still solved iteratively to
satisfy two constraints, but their definitions differ.

After guessing values for p; and p4, the Lambert problem can be solved to obtain
the orbit, and the position at the intermediate time ¢, can be obtained as P..
In [Figure 3: see original paper|, the dashed curve represents the true orbit, P’
represents the target’s true position, and the dashed line represents the true
direction at time t,. P;, P,, and P; represent guessed positions. A plane is
defined that passes through P, and is perpendicular to the true direction of the
target position at t,, with the intersection point of this plane and the direction
serving as the origin of a coordinate system. Let the projection of P, on this
coordinate system be f and g, with the coordinate system established such that
f > 0and g = 0. According to this coordinate system setup, when P, is the

target’s true position, f = 0. Gooding [?] uses the Newton-Raphson formula
for iterative correction. Using = and y to replace p; and ps:

<f> _ (Bf/ax 8f/8y) (A:v)

g) \9g/9z 0g/0y) \Ay)’

where the partial derivatives of f and g with respect to x and y are given by nu-
merical difference methods. Gooding’s method has two advantages over Briggs’
method: first, Gooding’s method has a wider convergence domain, as solving
the Lambert problem yields an appropriate solution regardless of the initial
value provided; second, if the solution itself is uncertain, classical methods and

the BSE method cannot converge. This paper will make simple improvements
to this method to adapt it to intelligent optimization algorithms.
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2.3 Admissible Region Method

Thanks to improved observation equipment and large-scale sky survey programs,
the current optical observation mode has changed. Most of the time, telescopes
point to fixed regions of the sky for short exposures of a few images, then point
to different sky regions for observation. The discovery of near-Earth objects typ-
ically uses the method of comparing several images of the same sky region, but
generally, new large-scale survey equipment cannot conduct follow-up tracking
observations of targets and can only obtain data from one night. Such a short
duration is insufficient for initial orbit determination using classical methods.
This short observation arc is also called an extremely short arc. For several
short-exposure images, interpolation from the images typically yields («, d, &, 0)
at a reference epoch, i.e., the right ascension and declination of the moving tar-
get in the station-centered celestial coordinate system and their rates. The data
corresponding to a TSA is also called an attributable. Milani et al. [?] proposed
this term to indicate whether this TSA can be correlated with known arcs, and
based on this, analyzed the information contained in a TSA (or attributable)
and proposed the concept of the admissible region [?], which we briefly introduce
here.

For the information contained in a TSA, the following relationships exist in the
heliocentric coordinate system:

t="+R,

= pAJf_ p(Aad +Aﬁﬁ.)7

where:

—sinacosd —cosasind
o= | cosacosé [, 5= | —sinasing |.

0 cos 0

To obtain the orbital information of the observed target, radial information is
also needed, i.e., the range p and range rate p. The admissible region method
uses physical information about the target for region partitioning. Based on
the properties of near-Earth minor planets, we define the admissible region and
assume that near-Earth minor planets will not be captured by Earth:

1. Negative heliocentric energy (bound orbit)

-2
. T
RA = {(I‘,I‘) | ESun = E - 7 < 0}7
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2. Not captured by Earth

. 7"?5 HE
Rp ={(r,?) | Egaren = 5 0};
B

3. Distance from Earth exceeds Earth’s Hill sphere

Ro ={(r,t) | rg > ap(pg/3)/*};

4. Distance from Earth greater than Earth’s radius

Rp ={(r,t) |75 > Rg},

where r and r represent the position and velocity vectors of the minor body
in the solar system heliocentric coordinate system, Eg,, represents the energy
of the minor body in this coordinate system, ry and Iy represent the position
and velocity vectors of the minor body in the geocentric celestial coordinate
system, and r and 7, represent the magnitudes of these two physical quantities,
respectively. Eg, ., represents the energy of the minor body in this coordinate
system. Rpy represents Earth’s radius, pp = GMg and pg = GMg, where
My and Mg represent the masses of Earth and the Sun, respectively, and ap
represents the semi-major axis of Earth’s orbit.

Therefore, the admissible region is:

Finally, the admissible region is triangulated. Each vertex of the triangular
region can provide information («, d, &, 0, p, p). If the near-Earth minor body is
at this vertex, this information can provide the state vector and orbital elements
of the near-Earth minor body. If another TSA of this minor body is available,
correlation can be performed to generate an initial orbit estimate [?].

3.1 Improvement of Double-r Method Used in This Paper

Assume there are N (N > 3) sets of observational data (a9,,02,), m =
1,2,-+, N, where the superscript o indicates observed values. Assuming the
station-centered distances p; and py_ for the first and Np-th observational
data are known, the heliocentric position vectors of the minor body can be ob-
tained (see [Figure 1: see original paper]), allowing the Lambert problem to be
solved and theoretical observational values at intermediate observation times to
be calculated as (af,,dS,), m = 1,2,---, Ny, where the superscript ¢ indicates
calculated values. The observation residual vector at each epoch is recorded as:
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Ym = [cos o7, (a5, —ag,), (05, — 07)]"

All residual vectors are recorded as:

Y = (y1,¥2¥n,) "

The variable system is denoted as X, which in this problem is:
X = (p1,pn,)"

The initial orbit determination problem using the double-r algorithm is to find
appropriate X that minimizes:

min J(X) = min{YTY}.

This is equivalent to solving:

aJ
Let:
Jy.
B = T = =
(blabQ’ 7bNR) ) bm X

Equation (13) can be simplified as:

Zy%B =0.

The covariance matrix of the estimated parameters is:

P, = (B'B)"'B"P,B(B'B) 7.
Considering that Np may be large, in actual calculations we can avoid direct
computation of large matrices. When calculating Py-, in addition to considering

the variance of observations, we must also consider the contribution of angular
errors from the first and Np-th observation epochs, i.e.:

PY = Pg) + P(}?)v

where:
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1 :
P(Y) = diag(c? cos? 89,02 ),

with aim and J§ representing the variances of right ascension and declination
for the m-th group, respectively. Meanwhile:

oY YT

Py = P s -
0(041,51,QNR,5NR) DO N R ONp 8(al,§l,aNR,5NR)

Let the solution of equation (15) be X*, and introduce AX = X — X*. Then:

0% . )
%z = BB YT .

A reasonable assumption is that when equation (15) is satisfied, the observation
residuals Y — 0, so:

0?J
0X2

~ BTB.
Considering this approximation, the iteration formula from (15) becomes:

-1

2
0 J) 0) _ _(BTB)BTY.

AX——(ax2 aX ~

To obtain the covariance matrix of the position and velocity at the initial time,
we need further calculation. Let:

~

— o S0 o0 o T _ o §O0 0 o T
X_(X?alv 17aNR? NR) _(plvaR?alv(slaaNR7 NR) .

Then:

The covariance matrix of position and velocity at the initial time is:

P, =P;7

where the last three rows of matrix can be obtained through dynamic mapping.
Obviously, the condition for equation (16) to hold is Y — 0, which requires a
good initial guess for X, but this cannot be simply obtained in general cases.
In this work, we use the particle swarm algorithm with global optimization
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properties to solve this problem. The entire double-r algorithm for initial orbit
determination consists of two steps: first, using the particle swarm algorithm to
solve equation (12) to find the global optimal solution, and then using equation
(16) for gradual iteration to obtain the local optimal solution.

3.2 Improvement of Admissible Region Method Used in This Paper

Assume there are Ny (N > 2) sets of TSA data. The cost function to be
optimized can still be expressed in the form of equation (12), but the observation
residual at each epoch becomes:

Ya = [cos 650§ — ag — a9), (65 — 05— 09)]7, d > 2.

The entire solution process is similar to the double-r method described above:
first, use the intelligent optimization algorithm for global optimization within
the admissible region to find appropriate X that minimizes the residuals in equa-
tion (12), and then use equation (16) for further iterative solution in the local
region. The difference from the double-r method lies only in the different form
of matrix B. To calculate the covariance matrix of the estimated parameters,
we introduce the covariance matrix Py = E[YY”], and the covariance matrix
of the estimated parameters can still be calculated using equation (17). Simi-
larly, for the covariance matrix P, at each epoch, in addition to considering
the variance of the observation itself, we must also consider the error contribu-
tion from the observations of the first TSA, i.e., the form is still as shown in
equation (18), where:

(1) _ g 2 250 +2 2 2 50 2
Py’ = diag(oy, cos™ 0y, 05 05, cos” 0g, 0% )

represents the variance information of the observation itself, while:

Y oYyT
Py = — P oo

005, 67,65,87) “TT M 0(ag, 67, 69, 6)
represents the variance contribution mapped from the first TSA’s variance in-
formation to subsequent observation epochs. The matrix in the above equation
can be simply solved through dynamic mapping at the initial epoch.

Similar to the double-r method, equation (17) only provides the covariance
information of the estimated parameters. To obtain the covariance information
of the position and velocity at the initial time, further solution is required. The
calculation formula is still as shown in equation (19), but:

X = (X,a{,87,d%,00)" = (py, p1, 9,09, 69,69)7.
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The matrix P g is:

P 0
Pe=(a° ) :
X ( 0 P soaied

Thus, the Jacobian matrix in equation (19) can be obtained through the geo-
metric relationship in equation (11).

3.3 Covariance Matrix Calculation for Improved Laplace Algorithm

The subsequent iteration formula is similar to those for the admissible region
method and double-r method, but with corresponding changes to matrices B
and . Define:

__a(Amvumvym)
T T 0, 0,)

m’ - m

All residual vectors are:

Y = (717721 a’YNR)T'

In this method, the estimated parameters should be modified to:

_ . . . T
X = (79, Y0, 205 Tos Yo» Z0) -

Substituting into equation (17) allows calculation of the covariance matrix of
the estimated parameters.

3.4 Particle Swarm Algorithm

In the work presented here, for finding the parameters required by each method—
such as p; and py, in the double-r method, and p; and p; in the admissible
region method—we use the particle swarm algorithm for direct search to mini-
mize the objective function. We briefly introduce the particle swarm algorithm
and its computational steps. The particle swarm algorithm originates from stud-
ies of collective bird behavior: individual birds are attracted to their habitat
and remember their own position closest to the habitat while sharing this infor-
mation with neighbors. Each particle moves according to its own position and
velocity, and corrects its velocity based on information about optimal values.
The velocity correction considers weight and acceleration factor modifications.
The specific computational process for particle swarm optimization is as follows

[7]:
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Step 1: Assume there are h-dimensional variables to be optimized, with each
dimension’s range being [a,,b,,]. Set the initial population size sizepop, i.e., the
number of particles. Ensure each dimension is within the set numerical range,
generate sizepop initial particles, each of which can calculate an initial fitness
value (in this problem, the observation residuals). Additionally, according to
the maximum flight velocity limit, generate the corresponding initial velocity
for each particle.

Step 2: For the [-th iteration process, i.e., the I-th generation population,
update the weight, acceleration factor, velocity, and particles sequentially ac-
cording to formulas. It should be noted that after velocity update, if it exceeds
the velocity limit range, the maximum velocity is taken if too large, and the
minimum velocity if too small. Once a particle is updated beyond the initial
set range, a random number is found within the particle constraint range as
its value, and the velocity of this particle is updated to 0. The fitness is recal-
culated, and then individual and group extrema are updated, completing this
iteration.

Step 3: Record the optimal value and particle position for each generation.
Repeat Steps 2 and 3 until [ reaches the set maximum iteration number.

Step 4: Based on the recorded optimal values for each generation, find the
optimal value and corresponding particle, and the solution ends.

For the calculation of this problem, the optimization variables are the values
to be guessed, such as p; and p,,, p; and p;. The fitness calculation is the
calculation of the objective function, while the range of optimization variables,
population size, and iteration number need to be selected based on experience
and actual conditions.

4.1 Data Preparation

The data used in this paper refer to real observation data and station data
from the Minor Planet Center (MPC) of the International Astronomical Union
(IAU). Using the orbital information of minor planet Toutatis (4179) provided
by NEODyS (Near Earth Objects Dynamic Site) maintained by ESA (European
Space Agency) as the initial value for integration, short arcs are predicted to give
the corresponding right ascension, declination, and their rates at observation
times, with random errors added. The errors in right ascension and declination
do not exceed 1”7, and the errors in their rates do not exceed 1”7 - h=1.

4.1.1 Basic Information of Toutatis (04179) provides basic information
about Toutatis (04179), including semi-major axis, eccentricity, corresponding
Modified Julian Date, and period.
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4.1.2 Angular Rate Error Estimation Taking right ascension as an exam-
ple, assuming a linear method is used to give the observed angle:

At = 227 GAy
2_t1

Using first-order term approximation, the error is:

Sév — day —day . (042_041)5

~ N (At) + GAL.

Therefore, the covariance is:

S dag — oy (g — )
Eldadd] = E A7 (A1) )

(At) + aAt

Assuming each observation epoch is very accurate (i.e., §(At) in the above equa-
tion is a small quantity, which is an acceptable assumption under the current
time unit system), and assuming E(da,) = E(day) = 0, then:

Eldada) ~ [E(daydas) + E(6aday)] + @2 (At)2.

1
(At)?

In actual calculations, the residuals in right ascension and declination are 1”. To
ensure the accuracy of right ascension and declination rates, the time difference
At between two observations is assumed to be about 1.4 hours. The accelera-
tions in right ascension and declination are both small quantities, approximately
4” . B2 for right ascension, which is negligible compared to the magnitude of
the first term. Therefore, the residuals in right ascension and declination rates
can be estimated to be about 1”7 - A~!. In this work, this value is used as the
random residual added.

4.1.3 Station Velocity Calculation Since the coordinate system used for
observations is the geocentric celestial coordinate system, while station posi-
tions are in the Earth-fixed coordinate system, we consider the transformation
between the geocentric celestial coordinate system and the Earth-fixed coordi-
nate system. This paper uses programs provided by SOFA! for coordinate con-
version. Additionally, when calculating right ascension and declination rates,
station velocity information is needed. The station position expression is:

R, = (HG)Tt,,

where f{t represents the station position vector in the geocentric mean equinox
of epoch, T, represents the station position vector in the Earth-fixed system,
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and (HG)T represents the transformation matrix between these two coordinate
systems, including Earth rotation, polar motion, precession, and nutation. To
obtain station velocity, the above equation needs to be differentiated. How-
ever, deriving the derivative of the (HG) matrix from theoretical formulas is
complex. Therefore, we adopt a numerical method—the fourth-order Lagrange
interpolation formula—to directly interpolate the calculated angular measure-
ment data and differentiate the interpolation formula to give the rate of angular
measurement data. The fourth-order Lagrange interpolation formula is:

f(z) = (z —zy)(z — zy) (2 — x3) (z —zp)(z — zy)(x — 3) (z —zp)(z — ) (2 — x3) (z —zp)(2
(xg — @) (T — 2)(Tg —3) (21 —T0)(Ty — @) (21 —23)  (Ty —3p) (T2 — 1) (T —x3)  (¥3 —2¢)(;

4.1.4 Light Aberration Calculation When performing orbit integration,
we use the RKF78 integrator. Due to the short time length, only the Sun’s
gravitational force is considered in the force model. For artificial satellites, due
to the short distance from the station, light aberration can be ignored in initial
orbit determination. However, for near-Earth minor bodies, the distance from
the station can be large, even reaching 1 AU. Based on observational data at
time ¢;, when the minor body-station distance is p;, the time correction is:

ot; = p;i/c.

Assuming p; is 1 AU, dt; ~ 500 s. If the minor body’s motion velocity is 20
km - s~!, the resulting observation angle error is about 10~ rad, equivalent to
2”. Therefore, light aberration correction is needed. The actual time correction
formula should be:

St _ r;(; — 0trne) — Ry (2| .

t =
rue c

The above equation should be solved iteratively, but:

5t ~ Hri(ti B 5ttrue) _ ri(ti)” ~ vi(ti)dttrue ~ 0(10—2).

t ~
rue c c

ot: —

?

The angle error caused by this time difference is about 0.0001”, which is negli-
gible.

4.1.5 Other Notes When generating populations in the particle swarm al-
gorithm, constraints on optimization variables are needed, along with setting
iteration numbers and population sizes. For the admissible region method, we
set the population size to 1000, iteration number to 300, range of line-of-sight
distance to (ag, 2 AU), and range of line-of-sight distance rate to (—0.00593 AU-
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s71,0.00593 AU - s71). For the double-r method, we set the population size to
1000, iteration number to 300, and range of line-of-sight distance to (ay,2 AU).

The arc data used in this paper are shown in the appendix. To compare with
true orbital values, we retain the actual observation times and station informa-
tion from the real observation data, while the observation information (right
ascension, declination, and their rates) is given by integrating the established
orbit plus random errors.

4.2 Test Results

Considering the observation time as t and time difference as At, taking
Xg, 1, T, Ty as t — 2At,t — At,t + At,t + 2At respectively, differentiating
equation (25) yields:

8ys — 8Ys — Y1 + Yo
12A¢t '

fx) =

In this section, we present the calculation results of three methods—improved
Laplace method, double-r method, and admissible region method—for different
arc scenarios. In this paper, arcs with observation duration less than one day
and fewer than 5 observations are defined as extremely short arcs, arcs longer
than 150 days as long arcs, and the remaining arcs as normal arcs. In this work,
to prevent random errors from accidentally affecting the judgment of results, we
add new random errors to each set of original arc data multiple times to generate
different arc data for calculation and comparison of final results. Additionally, to
prevent differences caused by mechanical models from affecting the comparison
with the double-r method and improved Laplace method, the admissible region
method integrates under the two-body problem.

4.2.1 Discussion on the Second Iteration Step In this work, when us-
ing the admissible region method or double-r method, the theoretical solution
process should be completed in two steps. The first step uses the intelligent
optimization algorithm to find the global optimal solution as much as possi-
ble, and the second step further optimizes the global optimal solution using
an iterative method (see equation (16)) to expect further optimization (i.e., to
make observation residuals smaller). However, our actual numerical verification
shows that in many cases, using the second step of local iteration actually in-
creases residuals. The reason for this phenomenon is that in the derivation of
the second step iteration formula, the assumption Y — 0 is made, removing the
second derivative term Y79B/0X, which is common in precise orbit determi-
nation. However, in extremely short-arc orbit determination, due to insufficient
information to constrain the orbit, the assumption Y — 0 may no longer hold,
i.e., the assumption in the process from equation (15) to equation (16) that
YToB/0X <« BTB no longer holds. Based on this phenomenon, in the case
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of extremely short-arc orbit determination, we actually only performed the first
step and used its result as the final orbit determination output.

4.2.2 Extremely Short Arc Test Results [Figure 4: see original paper]
and [Figure 5: see original paper| show the calculation results for an extremely
short arc with a duration of about 2 hours and 4 observation data points. Here,
20 sets of test data are generated (each set contains 4 observation values, but
with different random errors applied). The horizontal axis represents the test
data group number, and the vertical axis represents the difference between the
calculated semi-major axis and the true semi-major axis or the residual RMS
for each test data group. Cases where the double-r method calculation yields
no result are not shown in the figures. In the 20 tests, the improved Laplace
method fails in all cases. Numerical verification shows that the iterative solu-
tion jumps between two points, and using the Gauss method to directly solve
the eighth-order equation can confirm that this phenomenon is caused by the
aforementioned multiple solution problem.

Under the combination of extremely short arcs and the admissible region
method, the geometric condition of the arc itself may lead to orbits with
extremely large semi-major axes or eccentricities approaching 1 after optimiza-
tion. Such orbits are still within the admissible region described in Section
2.3 but obviously do not match reality. In this work, we artificially added the
constraint ¢ < 5.2 AU. Even so, in many test cases of the admissible region
method, the calculated semi-major axis a approaches 5.2 AU, but its residuals
(see [Figure 5: see original paper]) remain within 1”. For extremely short arcs,
the calculation results of initial orbit determination largely depend on orbital
geometric constraints, and more constraints need to be added to obtain more
reasonable results. Overall, for extremely short arcs, the improved Laplace
method is basically not applicable, while the admissible region method and
double-r method can mostly provide orbit determination results, but as shown
in [Figure 4: see original paper], these results have low credibility. If more
accurate orbits need to be calculated, more constraints must be added.

4.2.3 Normal Length Arc Test Results In [Figure 6: see original paper]
and [Figure 7: see original paper], we consider Arc 2 with a duration of about
5 days and 4 observations. Compared with Arc 1, only the arc duration is
increased. Multiple sets of data are generated to compare the calculated semi-
major axis and residuals.

[Figure 7: see original paper] shows that the residuals of the admissible region
method are significantly higher than the other two methods, but most are still
less than 1”7. [Figure 6: see original paper| shows that the calculation results
from the improved Laplace method and double-r method are very consistent
with the true semi-major axis, and the results from these two methods are very
similar. Comparing these results with Arc 1, when the observation arc dura-
tion increases, the improved Laplace method and double-r method can provide
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good results, indicating that when using these two methods for initial orbit cal-
culation, the arc cannot be too short. However, the results of the admissible
region method are similar to Arc 1, and its calculation results have no obvi-
ous relationship with arc length. For the admissible region method, when the
observation number is the same but the arc length increases, the results are
not satisfactory. We hypothesize two possible reasons: first, the errors in right
ascension and declination rates (&, B‘) themselves are large; second, the con-
straints are insufficient, and the admissible region method is more affected by
observation number than by observation arc length. To verify these hypotheses,
we conducted two tests: first, during the global search of the particle swarm
optimization algorithm, we did not constrain the right ascension and declina-
tion rates, using only the first set of right ascension and declination rates as
input. The test found no obvious change in results, thus excluding the first
hypothesis. Second, we increased the observation number while maintaining an
arc length of about 5 days, changing the observation number to 15 (Arc 3) for
calculation. [Figure 8: see original paper| and [Figure 9: see original paper]
show the calculation results for Arc 3. Comparing with the results in [Figure 6:
see original paper] and [Figure 7: see original paper], it is not difficult to find
that the results of the admissible region method are significantly improved at
this time. On the other hand, the double-r method shows a phenomenon where
the semi-major axis is close to the true value but residuals are large, while the
improved Laplace method still performs the best among the three.

Next, we consider Arc 4 with a duration of about 6 days and 22 observations.
[Figure 10: see original paper| and [Figure 11: see original paper] provide multi-
ple calculation results for Arc 4. For Arc 4, both the improved Laplace method
and admissible region method can provide good results. Compared with Arc 2,
the calculation results of the admissible region method have improved. However,
the residual results of the double-r method are not ideal, but its semi-major axis
results are similar to Arc 2. The reason for this result from the double-r method
will be analyzed later.

Finally, we consider Arc 5 with a duration of 21 days and 62 observation data
points. In [Figure 12: see original paper] and [Figure 13: see original paper],
multiple sets of simulated observation data are generated for Arc 5, and the semi-
major axis and residuals from orbit determination are compared with previous
arc results. As shown in [Figure 13: see original paper], the calculation results of
the improved Laplace method are very stable, with the semi-major axis basically
fluctuating within a small range, indicating that when there is more observation
data, more constraints are available, and calculation results can converge to a
fixed region. However, the difference between the semi-major axis and the true
value ([Figure 12: see original paper]) is larger compared with previous arcs.
Upon investigation, this set of data starts on January 3, 1989, and 8 days earlier,
on December 26, 1988, the body had a close encounter with Earth. Selecting 62
observation sample points starting from January 4, 1989, with a total duration
of about 19.6 days (called Arc 6), the initial orbit calculation results are shown
in [Figure 14: see original paper| and [Figure 15: see original paper]. At this
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time, the semi-major axis from the improved Laplace method differs little from
the true value, and residuals remain below 1”.

Additionally, for Arcs 1-5 described above, as arc duration and observation
number increase, the difference between the semi-major axis calculated by the
three methods and the true semi-major axis becomes smaller, showing that
more observation constraints yield more realistic orbital information. However,
residual results do not show this phenomenon, and even increase for some arcs
and methods, indicating that in initial orbit calculation, residual results are only
a reference item and do not play a decisive role.

Regarding the calculation results of the double-r method for Arcs 4, 5, and 6,
although the residuals are not ideal, the semi-major axis is close to the true
value. We provide a schematic diagram of the convergence regions for semi-
major axis and residuals of the double-r method in [Figure 16: see original paper]
and [Figure 17: see original paper|. [Figure 16: see original paper| describes the
function da(p;, py) for the difference between the calculated semi-major axis and
the true semi-major axis (in AU), while [Figure 17: see original paper| describes
the residual function RMS(pq,ps) (in arcseconds). The problem is to find
points that simultaneously satisfy minimum in the above two figures. As shown
in [Figure 17: see original paper], although the region with residuals less than
80” is displayed, its convergence domain only exists on extremely thin straight
lines. In contrast, [Figure 16: see original paper| shows a very wide convergence
region for the semi-major axis. When the objective function is residuals, it is
difficult to find the global minimum point, resulting in large residuals, but the
corresponding semi-major axis at its position is close to the true value.

When the arc is long, the applicability of the improved Laplace method based on
time series expansion is challenged because the series may not converge. How-
ever, the double-r method remains applicable. We conducted several numerical
verification experiments, with results shown in . It can be seen that for Arcs 7
and 8, the calculated orbits are very similar to the true orbital elements, but
the results for Arc 9 are worse than the previous two arcs (possibly because
the time is too long, and orbit integration under the two-body problem differs
significantly from that under the N-body problem).

Generally, orbit correlation can be calculated based on the defined Mahalanobis
distance, which is essentially a “clustering” problem. Milani et al. [?] mentioned
the application of the admissible region method in orbit correlation. Gronchi
et al. [?] also performed orbit correlation work while using orbit integration for
initial orbit determination, also utilizing the admissible region method. In ad-
dition, many scholars have conducted orbit correlation work for Earth-orbiting
targets based on the idea of admissible regions. The idea of the double-r method
proposed by Gooding [?] can also be applied to orbit correlation, i.e., placing
observation data with long time intervals (number greater than 2) together for
initial orbit calculation. If the residuals are greater than the threshold, they do
not belong to the same observation target arc.
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5. Conclusion

This paper examines the initial orbit determination of the large-eccentricity
body Toutatis, selecting extremely short arcs with observation duration less than
one day, normal-length arcs, and long arcs with duration exceeding 150 days.
Three methods (improved Laplace method, double-r method, and admissible
region method) are used for initial orbit calculation. The results show that for
extremely short arcs, especially with few observation data, both the admissible
region method and double-r method can provide results with small residuals,
while the improved Laplace method usually cannot provide calculation results. If
realistic orbits are needed, more constraints must be added to further determine
the orbit. For normal arcs, our research shows that the calculation results of the
double-r method and improved Laplace method are relatively more dependent
on observation arc length rather than observation number, while the results
of the admissible region method, when observation arc length is the same, are
more dependent on observation number. When observation number is large, the
improved Laplace method shows more prominent result accuracy and calculation
speed. For long arcs, the double-r method is feasible and can be applied to orbit
correlation of near-Earth object observation data.

For different arc durations and observation numbers, different methods can be
adopted for initial orbit determination. For extremely short arcs, choose the
double-r method or admissible region method; for normal-length to several-day
arcs, choose the improved Laplace method. If other options are selected, choose
the admissible region method when observation number is large, and the double-
r method when observation number is small; for long arcs, the double-r method
can be chosen.
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