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Abstract
In recent years, the selection and study of strong gravitational lens samples
have expanded from being primarily confined to optical-infrared bands to the
millimeter/submillimeter bands. Currently, approximately 200 strong lensing
systems have been discovered in wide-field extragalactic surveys at millime-
ter/submillimeter wavelengths. High-sensitivity, high-resolution observations
from radio interferometer arrays such as ALMA, NOEMA, and SMA, combined
with the magnification effect of strong gravitational lensing, have ushered in
a new era for studying high-redshift galaxies. This paper reviews the current
research status of galaxy-galaxy strong lensing at (sub)millimeter wavelengths
from three perspectives: observational samples, modeling methods, and scien-
tific applications.

Keywords: strong gravitational lensing; high-redshift galaxies; dark matter;
interferometer arrays
Classification Code: P157.7
Document Code: A

1 Introduction
Light from a background source is deflected by an intervening mass structure
during its propagation toward the observer, creating a magnification effect anal-
ogous to an optical lens. This phenomenon is known as gravitational lensing.
The mass structures causing the deflection are generally referred to as “lenses,”
which can be galaxies, galaxy clusters, or even large-scale cosmic structures.
When the deflection effect of the foreground lens is sufficiently strong to pro-
duce multiple images of the background luminous source, it forms a “strong
gravitational lensing” phenomenon.

Current astronomical instruments only allow us to study structures on sub-kpc
scales in the nearby universe (z � 0.1). To investigate the high-redshift universe,
we must rely on the magnification effect of gravitational lensing to observe
fainter objects and resolve smaller structural details. For instance, Meštrić et
al. [1] utilized the strong lensing effect of galaxy cluster MACS J0416 to study
166 clump structures in source galaxies at redshifts 2–6, finding typical effective
radii of 2–500 pc and stellar mass ranges of 105–109 M�. Shu et al. [2] and
Ritondale et al. [3] discovered star-forming clumps of about 100 pc in Lyman-
alpha emitting galaxies at redshifts 2–3 through the magnification of early-type
galaxies at z � 0.5. In contrast, Förster Schreiber et al. [4] studied 35 unlensed
star-forming galaxies at z � 2 using the Very Large Telescope (VLT) in 2018.
Limited by instrumental resolution, the clump structures they could study had
effective radii of only 0.8–9.5 kpc and stellar masses of approximately 2 × 109–
3 × 1011 M�, making smaller clumps difficult to resolve. Strong lensing also
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enables kinematic studies of high-redshift galaxies; for example, Dye et al. [5],
Cheng et al. [6], and Rizzo et al. [7] reconstructed the intrinsic velocity fields of
galaxies at z � 4 using integral field spectroscopy data from the Atacama Large
Millimeter/submillimeter Array (ALMA).

Because high-redshift galaxies are extremely distant, there is a higher probabil-
ity that foreground lensing galaxies or clusters will intersect the line of sight,
creating strong lensing systems. The millimeter/submillimeter band is particu-
larly suitable for studying high-redshift galaxies for two main reasons. First,
this radio band lies in atmospheric transmission windows, enabling ground-
based observations. More importantly, the intense UV photons from young
stars in high-redshift galaxies are absorbed by interstellar dust and re-radiated
at far-infrared to millimeter wavelengths. Due to negative K-correction, the flux
density of high-redshift galaxies in the millimeter/submillimeter band remains
nearly constant across redshifts 1–10. As shown in [Figure 1: see original pa-
per], some bands even exhibit the counter-intuitive feature that more distant
galaxies appear brighter, contrary to the inverse square law typically observed
in visible light.

Observations using strong gravitational lensing in this special band allow us
to detect fainter galaxies at the same redshift, facilitating studies of galaxy
formation and evolution. With continuously improving sensitivity and resolu-
tion of instruments like ALMA, researchers can now conduct in-depth studies
of galaxy-galaxy strong lensing systems with high-redshift background sources
using millimeter/submillimeter interferometer observations.

The following sections briefly introduce the principles of gravitational lensing
and interferometer arrays, lens modeling methods, and recent research progress
in radio strong lensing observations.

2.1 Introduction to Gravitational Lensing
For a general gravitational lens, assuming light from a background source passes
through a weak gravitational field at position x = (x1, x2) on the lens plane (not
applicable near black holes), the two-dimensional deflection angle 𝛼̂ = (𝛼1, 𝛼2)
can be expressed as:

𝛼̂(x) = � (� dz �(x�, z) x − x� | x − x� |2

where �(x�, z) is the density at position (x�, z), z is the coordinate along the line
of sight, G is the gravitational constant, and c is the speed of light.

In real astronomical lensing systems, the physical size of the lens along the line of
sight is much smaller than the angular diameter distances from observer to lens
(D_L) and from lens to source (D_{LS}). Therefore, we can approximate the
lens mass distribution as confined to a thin plane (the “lens plane”). Similarly,
the background source is assumed to lie in a thin plane (the “source plane”).
Under this “thin lens” approximation (shown in [Figure 2: see original paper]),
Equation (1) becomes:
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𝛼̂(x) = Σ(x�) x − x� | x − x� |2 d2x�

where the surface mass density Σ(x) is defined as:

Σ(x) � � �(x, z) dz

From Figure 2, when the deflection angle 𝛼̂ is small, the position x on the lens
plane relates to the position 𝛽 on the source plane as:

𝛽 = x − (D_{LS} / D_S) 𝛼̂(x)

where D_L, D_S, and D_{LS} represent the angular diameter distances from
observer to lens plane, observer to source plane, and lens plane to source plane,
respectively. Substituting 𝛽 = D_S � and x = D_L �̂ into Equation (4) yields
the mapping between source plane position � and image plane position �̂:

� = �̂ − (D_{LS} / D_S) 𝛼̂(D_L �̂) � �̂ − 𝛼(�̂)

where the reduced deflection angle 𝛼 = (D_{LS} / D_S) 𝛼̂(D_L �̂). Equation
(2) can be rewritten in dimensionless form:

𝛼(�̂) = (1/𝜋) � �(�̂�) (�̂ − �̂�) / | �̂ − �̂� |2 d2�̂�

where the normalized surface density � (convergence) is:

�(�̂) � Σ(D_L �̂) / Σ_{crit}

with Σ_{crit} being the “critical surface mass density” of the lens:

Σ_{crit} � c2 D_S / (4𝜋G D_L D_{LS})

The lensing potential �(�̂) is defined as:

�(�̂) = (1/𝜋) � �(�̂�) ln | �̂ − �̂� | d2�̂�

Using the identity � ln | � | = � / | � |2, the reduced deflection angle relates to
the lensing potential as:

𝛼(�̂) = ��(�̂)

Thus Equation (5) becomes:

� = �̂ − ��(�̂)

This shows that image positions depend directly on the first derivative of the
lensing potential �. Furthermore, the normalized surface density relates to the
potential through:

�(�̂) = (1/2) �2�(�̂)

Gravitational lensing magnifies background sources without changing their sur-
face brightness (or intensity). The magnification effect comes from angular size
amplification. The distortion of an infinitesimal area element in the source plane
under lensing can be described by the Jacobian matrix:

A(�̂) = �� / ��̂ = 𝛿_{ij} − �2�(�̂) / ��_i ��_j = [ 1 − � − 𝛾1 −𝛾2 ] [ −𝛾2 1 − � +
𝛾1 ]
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where 𝛾1 and 𝛾2 represent the two components of shear 𝛾 = 𝛾1 + i𝛾2, defined
as:

𝛾1 = (1/2)(�2�/��12 − �2�/��22), 𝛾2 = �2�/��1��2
Here � is the “normalized surface density” defined in Equation (7). The effects of
� and 𝛾 on images are: � causes isotropic scaling of image size without changing
shape, while 𝛾 distorts image shape without changing size (as shown in [Figure
3: see original paper]).

The magnification tensor is defined as the inverse of the Jacobian matrix, M(�̂)
= A−1. Its determinant (det M) represents the differential magnification �(�̂)
at position �̂. The closed curve formed by points on the lens plane with infi-
nite magnification (det A = 0) is called the critical curve. Critical curves are
typically divided into radial and tangential types; for tangential critical curves,
the average normalized surface density inside is unity (�̄ = 1). Projecting criti-
cal curves back to the source plane via the lens equation yields caustic curves,
also divided into radial and tangential caustics. Caustics help qualitatively
understand lensing image characteristics—when a background source crosses a
caustic, the number of images increases or decreases in pairs (depending on
crossing direction). [Figure 4: see original paper] shows imaging features for
source positions at different locations relative to caustics.

For extended sources, the total magnification can be considered as a weighted
integral of �(�) over the source with surface brightness I_s(�):

�_{tot} = � I_s(�) d2� / � I_s(�) �(�) d2�

Although the local magnification �(�) is wavelength-independent, the total mag-
nification �_{tot} depends on wavelength. Since the calculation involves weight-
ing by source plane surface brightness I_s(�), the total magnification is identical
at two wavelengths only if their surface brightness distributions I_s(𝜆1) and
I_s(𝜆2) are exactly the same. For example, in B1938+666, the radio jet of the
source galaxy happens to cross a caustic, producing extremely high magnifica-
tion with �_{radio} � 173 [12], while in the optical band its magnification is
�_{opt} � 13 [13]. Since millimeter/submillimeter studies of strong lensing sys-
tems utilize multiple spectral lines (e.g., dust continuum, various CO transitions,
H2O, HCN, HCO+, etc.), and different lines correspond to different interstellar
medium components, observations at different wavelengths likely have different
magnifications [14].

For an ideal axisymmetric lens, when the background source, foreground lens,
and observer are perfectly aligned, the source’s image forms a ring. The radius
of this ring is called the Einstein radius, and the mass enclosed within it is
the Einstein mass. For more complex mass distributions, one can define an
“effective Einstein radius” using critical curves (see Section 4.1 of Meneghetti
et al. [15]). If the area enclosed by the critical curve is S_{crit}, the effective
Einstein radius is defined as:

�_E = √(S_{crit} / 𝜋)
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2.2.1 Visibility Function
A radio interferometer array is a network of interconnected antennas (dishes
or dipoles). The relative distance between a pair of antennas is called a base-
line. Interferometer arrays do not measure sky surface brightness distribution
directly; instead, they measure the so-called visibility function V(u, v, w), which
is essentially a discretely sampled two-dimensional Fourier transform of the sky
brightness distribution I(l, m):

V(u, v, w) = �� A(l, m) I(l, m) e−2𝜋i[ul + vm + w(√(1−m2−l2)−1)] /
√(1−m2−l2) dl dm

where l and m are coordinates on the celestial tangent plane (using standard
radio astronomy notation, l points west and m points north), A(l, m) is the
primary beam pattern, and u, v, w are baseline coordinates in the Fourier plane
[16]. The w-term, representing array depth, becomes important only at large
angular distances from the phase center (wide-field observations). For typical
galaxy-galaxy strong lensing observations, the pointing is accurate within a few
arcseconds, so the w-term can be safely neglected. Equation (18) then simplifies
to:

V(u, v) = �� A(l, m) I(l, m) e−2𝜋i(ul + vm) dl dm

However, sampling of the uv-plane is incomplete; we only obtain visibility func-
tions V(u, v) at specific positions sampled by the interferometer baselines. Di-
rect Fourier transformation of the observed data does not yield the true sky
image I(l, m) but rather a “dirty image” with brightness distribution:

I_D(l, m) = A(l, m)−1 �� S(u, v) V(u, v) e+2𝜋i(ul + vm) du dv

where S(u, v) is the uv-plane sampling function (equal to 1 at sampled (u, v)
positions and 0 elsewhere). The dirty image can be viewed as the convolution
of the true sky brightness distribution I(l, m) with the dirty beam B, which is
the inverse Fourier transform of the sampling function:

B(l�, m�) = �� S(u, v) e+2𝜋i(ul� + vm�) du dv

Incomplete sampling in the uv-plane produces sidelobe structures in the im-
age plane that depend heavily on the interferometer baseline configuration and
visibility weighting scheme (e.g., natural, uniform, or Briggs weighting [16]).
Consequently, noise in the image plane becomes highly correlated, and signals
contain sidelobe structures that must be removed through deconvolution to re-
cover the true image. [Figure 5: see original paper] illustrates different stages
of aperture synthesis imaging.

2.2.2 Aperture Synthesis Imaging
The most direct method to reconstruct sky brightness distribution assumes the
dirty image is formed by convolution of the dirty beam with a collection of
point sources. This concept underlies the CLEAN algorithm [17, 18], the most
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widely used deconvolution algorithm in radio astronomy. CLEAN iteratively
decomposes the sky into a series of point source components and subtracts their
corresponding responses from the observed visibility function until reaching a
specified threshold. This algorithm works well for point source data but becomes
problematic for high-resolution extended source observations, as it decomposes
all extended emission into point source collections, yielding suboptimal imaging
results. This issue is particularly severe when studying strong lensing systems.

To improve imaging of extended sources, several enhanced CLEAN algorithms
have been developed, including W-CLEAN [19] and MS-CLEAN [20]. For in-
stance, MS-CLEAN decomposes the true sky brightness into both point-like and
extended structures of various sizes, modeling sources accordingly. By selecting
components at different scales, this algorithm provides more accurate fitting of
extended structures compared to the original CLEAN algorithm.

3 Current Status of Observational Samples
Most current radio strong lens samples come from wide-field extragalactic sur-
veys at millimeter/submillimeter wavelengths [21–26]. The South Pole Telescope
(SPT) [27], Herschel Space Observatory (HSO) [28], and Planck satellite [29]
have provided substantial data. Major associated survey projects—including
the Herschel Astrophysical Terahertz Large Area Survey (H-ATLAS) [30], Her-
schel Multi-Tiered Extragalactic Survey (HerMES) [31], SPT survey [27], and
Planck All-Sky Survey to Analyze Gravitationally-lensed Extreme Starburst
(PASSAGES) [32, 33]—have been dedicated to detecting lensing candidates at
submillimeter wavelengths.

3.1 Survey Project Introductions

The Herschel Space Observatory is a 3.5-meter space telescope operated by
the European Space Agency (ESA) that observed in the far-infrared to submil-
limeter range (55–672 �m). Launched in 2009 to the Sun-Earth L2 point, it
ceased operations in April 2013 after exhausting its liquid helium coolant. The
H-ATLAS and HerMES surveys covered 500 and 100 square degrees at three
bands (approximately 250, 350, and 500 �m), respectively.

The SPT is a 10-meter single-dish telescope operating at approximately 1.4
mm, 1.0 mm, and 3.0 mm. The SPT survey covers 2,500 square degrees with
resolutions of 0.7� and 1.6� at 1.4 mm and 2 mm, respectively. Due to different
operating wavelengths (far-infrared for Herschel versus millimeter for SPT),
these telescopes observe sources with different selection effects. Generally, SPT
detects sources at higher redshifts with greater far-infrared luminosities than
Herschel sources [8].
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3.2 Selection Methods for Lensing Candidates

Searching for strong lensing systems in optical bands is extremely time-
consuming [34–36]. In contrast, submillimeter surveys can relatively easily
detect strong lensing systems, with background sources typically at high
redshifts.

First, due to negative K-correction, we can detect very distant dusty star-
forming galaxies (DSFGs) [37, 38]. Negative K-correction means that at a fixed
observed wavelength, the brightness of the dust continuum increases with red-
shift. Consequently, DSFGs can be detected relatively uniformly across a wide
redshift range [8, 39]. For a galaxy with intrinsic spectral energy distribution
f_� and luminosity L, the observed flux density S_� at frequency � is:

S_� = L_� / (4𝜋 D_L2)

where D_L is the luminosity distance and L_� is the source luminosity at
the given frequency. Under the Rayleigh-Jeans approximation, L_� � �^(2+𝛽)
T_{dust}, with � = �0/(1+z). The luminosity distance evolves as D_L � (1+z)2.
Thus Equation (22) can be rewritten as:

S_�(z) � (1+z)^(𝛽+2) / (1+z)4 = (1+z)^(𝛽−2)

For typical dust spectral energy distributions, the spectral index 𝛽 = 1.5–2.0
[8], making S_�(z) nearly constant across a large redshift range. Particularly
at lower frequencies, the observed surface brightness of high-redshift DSFGs
shows little decline with redshift, enabling relatively uniform detection of these
galaxies at high redshifts.

At high redshifts, the number density of unlensed bright submillimeter sources
drops sharply, while numerous galaxies serve as background sources for strong
lensing systems. Therefore, in submillimeter/far-infrared observations, one can
identify strong lensing systems by simply applying a flux threshold to observed
targets. Above this threshold, the number of unlensed sources becomes negligi-
ble, as shown in [Figure 6: see original paper].

This selection method yields samples affected by nearby galaxies and bright ac-
tive galactic nuclei (AGNs). Researchers remove these contaminants through
cross-comparison with relevant catalogs [23, 40]. For example, Negrello et al. [22]
used similar criteria in 2017 to identify 80 lens candidates from H-ATLAS after
selecting sources with flux densities >100 mJy at 500 �m and removing contam-
inants.

After obtaining lens candidates, researchers use higher-resolution imaging and
spectroscopic observations from ALMA, NOEMA, and SMA to confirm these
systems. For strong lensing systems, high-resolution observations reveal multi-
ple images or Einstein rings, and spectroscopic observations can determine the
redshifts of both lens and source galaxies [41].
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4.1 Background
Two decades ago, researchers began attempting to reconstruct the surface bright-
ness distribution of source galaxies on pixelated grids using optical data—i.e.,
gravitational lens modeling [42–44]. These methods later evolved to include
adaptive source-plane grids [45], Bayesian evidence for model comparison [46],
and pixelated perturbations to the lensing potential [47, 48]. For high-resolution
interferometer data, existing image modeling codes must be adapted to perform
lens modeling directly on visibility data in the uv-plane.

In 1992, Kochanek and Narayan [49] introduced LensClean, a lens modeling
method for interferometer data based on the CLEAN algorithm, later improved
by Ellithorpe et al. [43] and Wucknitz et al. [50]. Bussmann et al. [51, 52]
and Hezaveh et al. [53] developed alternative lens modeling approaches fitting
uv data directly. The former used Markov Chain Monte Carlo (MCMC) to
generate numerous paired parametric lens and source models, mapping them
to uv-space and determining optimal solutions based on �2 calculations. The
latter [53] proposed a visibility fitting technique with parametric lens and source
models including internal self-calibration, applying it to several lensed systems
from the SPT sample with ALMA data. Although these methods significantly
improved upon direct modeling of radio CLEANed images, their source models
remained parametric (e.g., Sérsic or Gaussian profiles). In 2016, Hezaveh et
al. [54] extended their 2013 work [53] by incorporating pixelated source models.

4.2 Traditional Modeling Methods for Images
We first introduce gravitational lens modeling methods for optical images.
Galaxy-galaxy strong lens modeling typically involves four components: the
lens galaxy’s mass distribution model, the lens galaxy’s brightness distribution
model, the background source’s brightness distribution model, and the point
spread function (PSF). The modeling process can be summarized as: for
any given set of model parameters for the lens galaxy (mass and brightness
distributions) and background source (brightness distribution), one generates
an ideal model image through the lens equation; this ideal image is then
convolved with the telescope PSF and compared with the observed image to
find the optimal model parameters that produce the closest match.

In practice, researchers typically use parametric models to describe the source
galaxy’s brightness distribution (e.g., Sérsic profiles). These simple parametric
macro models can reproduce many lens system features, such as lens galaxy
mass, ellipticity, position angle, and source galaxy effective radius and lumi-
nosity. However, for applications requiring more detailed source brightness
information, non-parametric models are needed, treating the source brightness
distribution on the source plane as discrete pixels where each pixel is a free pa-
rameter [55–57]. Similarly, both parametric and non-parametric mass models
exist for lens galaxies.
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4.3 Modeling Methods for Visibility Functions
Unlike optical images, interferometer arrays directly measure the Fourier-space
signal of the target’s brightness distribution, which must be “inverted” and
“CLEANed” to obtain conventional brightness images. Since CLEANed images
contain irregular correlated structures and the CLEANing process itself intro-
duces unestimable brightness errors, proper assessment of model errors becomes
difficult during lens modeling, potentially leading to biased solutions.

Although modeling in the image plane is more efficient than processing large visi-
bility datasets directly, researchers often use CLEANed images for lens modeling
of ALMA high-resolution data [5]. To fully exploit interferometer observations,
more sophisticated lens modeling requires direct use of visibility data. Several
groups have developed techniques for lens modeling visibility data directly in
the uv-plane [41, 53, 58, 59]. The advantage of direct visibility modeling is that
it incorporates self-calibration (e.g., antenna phase correction) as part of model
optimization, thereby including all measurement uncertainties. Current imple-
mentations differ in source reconstruction: Hezaveh et al. [53] and Bussmann
et al. [41] use parametric source models, while Rybak et al. [58, 59] employ
a pixelated reconstruction technique within a Bayesian framework, extending
the method of Vegetti and Koopmans [48] to interferometer data. Rybak’s ap-
proach enables detailed study of background source galaxies’ complex brightness
distributions using ALMA’s high-resolution data.

The basic procedure for lens modeling using visibility functions is: (1) Guess a
set of model parameters (including lens galaxy mass model and source brightness
distribution) to generate an ideal lensed image; (2) Fourier transform this image
to obtain “visibilities” on a regular uv grid; (3) Perform linear interpolation at
arbitrary uv coordinates to obtain corresponding model “visibility” values; (4)
Compute differences between observed and model visibilities (�2) to iteratively
guess new parameters until the entire parameter space is sampled to obtain the
optimal solution.

4.4 Kinematic Modeling with Interferometer Data
Studying galaxy kinematics and morphology requires high-resolution observa-
tions of the interstellar medium (ISM), typically resolving molecular gas at
scales of tens to ~100 pc. As natural telescopes, strong lensing effects enable
spatially resolved studies of background source galaxies’ velocity fields [5, 60–
64]. For example, Stark et al. [60] in 2008 used strong lensing to study the
kinematics of a galaxy at z = 3.07 with ~120 pc resolution.

Optical studies of background source kinematics typically feature: (1) Lens
galaxy mass models derived from high-resolution imaging data [60–62, 65, 66];
(2) Kinematic modeling of de-lensed three-dimensional integral field unit (IFU)
data [62, 65], obtaining velocity and dispersion information by Gaussian-fitting
emission lines in the source plane or by de-lensing moment maps and mapping
them to the source plane [61, 66], with lens mass models held fixed; (3) Fit-
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ting de-lensed velocity fields with analytic functions (e.g., arctangent) to derive
rotation curves (the “kinemetry” method).

Similar approaches are used for molecular line data from interferometers [5, 59,
67]. First, lens galaxy mass models are obtained by modeling radio continuum
data observed in the same band as the spectral lines. Then this mass model is
used for lens modeling of three-dimensional spectral line data to reconstruct the
source brightness distribution and compute source-plane moment maps. Finally,
kinematic parameters are derived by applying kinemetry methods [68] to first-
and second-moment maps [59] or by applying dynamical models to first-moment
maps [5, 67].

Most strong lensing studies to date analyze two-dimensional surface bright-
ness data. For three-dimensional data cubes, the common approach applies
two-dimensional modeling techniques [60] by treating data cube channels as in-
dependent sources during reconstruction. However, the correlations between
reconstructed channels are unknown beforehand. To increase signal-to-noise
ratios and reduce visibility data sizes, researchers typically preprocess data by
averaging in time and combining channels to achieve sufficient width for high
signal-to-noise while maintaining adequate narrowness for kinematic studies.
As shown in [Figure 7: see original paper], each channel slice has a width of 50
km・s−1. If the background source galaxy has a rotating disk structure, an ana-
lytic disk model can fit each channel’s reconstructed image to derive kinematic
parameters [69].

These methods are suboptimal for two main reasons: First, keeping the lens
galaxy mass model fixed prevents quantifying degeneracies with source galaxy
kinematic properties; second, kinematic fitting is performed on reconstructed
sources rather than directly on the data. Pixels in the source plane are cor-
related, and resolution varies with lensing magnification, introducing difficult-
to-quantify systematic errors when deriving kinematic parameters. In 2018,
Patrício et al. [70] partially addressed these issues using forward modeling that
directly fits data in the image plane by Gaussian-fitting emission lines to ob-
tain velocity field information. However, like previous methods, this approach
is imperfect because it relies on a fixed lens mass model from Hubble Space
Telescope (HST) data and models two-dimensional velocity fields rather than
complete three-dimensional data cubes.

In 2018, Rizzo et al. [71] proposed a new method modeling complete three-
dimensional data by directly fitting simulated emission line IFU observations
(or radio interferometer data) with parametric rotating disk models, enabling
simultaneous determination of lens mass models and source kinematic infor-
mation. Both Patrício et al. [70] and Rizzo et al. [71] solved the problem of
non-uniform source-plane resolution. Rizzo et al.’s method allows simultane-
ous optimization of lens and source parameters, enabling study of parameter
degeneracies.

While parametric kinematic models are effective in many cases, simple para-
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metric models poorly represent disturbed kinematic structures with complex
morphologies or multiple components.

Below we briefly introduce the kinemetry method [68] and the dynamical mod-
eling approach proposed by Rizzo et al. [71] in 2018.

The kinemetry method is based on the idea that reconstructed source veloc-
ity/dispersion fields can be described by a series of concentric ellipses with
increasing major axis lengths. Along each ellipse, the first moment (velocity
field) and second moment (velocity dispersion) can be decomposed into Fourier
series with few harmonic terms. The first moment M1(x, y) and second moment
M2(x, y) are:

M1(x, y) = (� I_�(x, y))−1 � � I_�(x, y) v_�
M2(x, y) = (� I_�(x, y))−1 � � I_�(x, y) (v_� − M1(x, y))2

where (x, y) are source-plane coordinates, � and v_� are frequency and rest-frame
velocity for a given channel, and I_�(x, y) is surface brightness at frequency �
and position (x, y).

In kinemetry, the i-th moment decomposes as:

M_i(a, �) = A0,i(a) + Σ_n [A_n,i(a) sin(n�) + B_n,i(a) cos(n�)]

where a and � are the semi-major axis and position angle of the ellipse. This
can be rewritten as:

M_i(a, �) = A0,i(a) + Σ_n k_n,i(a) cos[n(� − 𝜙_n,i(a))]

with k_n,i and 𝜙_n,i defined as:

k_n,i(a) = √(A_n,i2(a) + B_n,i2(a))
𝜙_n,i(a) = arctan(A_n,i(a) / B_n,i(a))

For an ideal rotating disk, the only non-zero terms are B1,v and A0,𝜎, corre-
sponding to circular velocity and constant velocity dispersion.

In 2018, Rizzo et al. [71] used a modified version of 3DBAROLO’s building-
model module [72] to construct kinematic models. Rotating galaxies are simu-
lated as a series of concentric rings using the tilted-ring model [73]. Gas positions
are randomly selected on each ring such that, on average, gas is uniformly dis-
tributed across the surface. Each ring is described by: (1) central coordinates
x_s, y_s; (2) inclination i (i = 0° for face-on, i = 90° for edge-on); (3) position
angle PA; (4) face-on gas column density Σ; (5) systemic velocity V_{sys}; (6)
rotation velocity V_{rot}; (7) velocity dispersion 𝜎_{gas}.

The line-of-sight projected velocity V_{los} at radius R is:

V_{los}(R) = V_{sys} + V_{rot}(R) cos 𝜙 sin i

where 𝜙 is the azimuthal angle in the galaxy plane. Three empirical functions
describe rotation curves: arctangent, hyperbolic tangent, and multi-parameter
functions:

chinarxiv.org/items/chinaxiv-202306.00410 Machine Translation

https://chinarxiv.org/items/chinaxiv-202306.00410


V_{rot}(R) = V_t arctan(R / R_t)
V_{rot}(R) = V_t tanh(R / R_t)
V_{rot}(R) = V_t [1 + (R / R_t)^𝛼]^(-1/𝛼)

where R_t is the turn-over radius separating inner and outer rotation curve
regions, V_t is the asymptotic velocity for arctangent and hyperbolic tangent
functions, and 𝛼 is a parameter for the multi-parameter function. The arct-
angent function is commonly used for high-redshift galaxy kinematic modeling
[66, 74] but lacks flexibility in inner regions where bulges may exist, making the
more flexible multi-parameter function preferable.

Velocity dispersion profiles can be described by power-law, linear, or exponential
functions:

𝜎{gas}(R) = 𝜎0 (R / R0)^𝛽
𝜎{gas}(R) = 𝜎0 + �R
𝜎_{gas}(R) = 𝜎0 e^(-R/R0) + 𝜎1

5.1 Studies of High-Redshift Galaxies
Millimeter/submillimeter strong lensing systems enable detailed studies of star
formation and interstellar medium in distant galaxies.

5.1.1 High-Redshift Spectral Lines

Thanks to strong lensing magnification and ALMA’s extreme sensitivity, studies
of high-redshift galaxies can utilize not only traditional molecular and atomic
lines (e.g., CO, [C II]) but also weaker emission and absorption lines in the
submillimeter band. In 2014, Spilker et al. [75] first demonstrated ALMA’s ca-
pability to detect rich spectral features in high-redshift sources using stacked
spectra of SPT sources, identifying 16 lines with signal-to-noise >3 and provid-
ing the first constraints on many molecular species at high redshift. These “non-
traditional” lines open new windows for studying distant star-forming galaxies.
Below we discuss several detectable lines in lensed sources:

(1) Dense Gas Tracers
While CO is typically the most easily detected molecule in high-redshift star-
forming galaxies, its relatively low critical density (n_H2 � 102–103 cm−3) makes
it a poor tracer of typical star-forming regions (dense molecular cloud cores).
Molecules with higher critical densities (n > 104 cm−3, such as HCN, HNC,
HCO+, CN) are considered more reliable tracers of star formation. Recently,
astronomers [75, 76] used ALMA observations of strongly lensed star-forming
galaxies to constrain the density, temperature, and excitation conditions of in-
terstellar medium in star-forming regions using line intensity ratios.

(2) H2O
Water is also a dense gas tracer and considered one of the most abundant
molecules in molecular clouds, making it crucial for studying interstellar medium
in dust-obscured galaxies [77]. Highly excited water lines (above 500 K from
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ground state) have brightness comparable to CO in the same frequency range.
Early work by Omont et al. [78, 79] and Yang et al. [80] used PdBI/NOEMA
to observe water lines in the brightest lensed submillimeter galaxies (SMGs).
ALMA now enables high-resolution water observations; for example, in 2014
researchers used ALMA to observe water lines in the strongly lensed source
SDP.81 (z = 3.042) at 0.9� resolution [81]. In 2019, Yang et al. [64] achieved
0.4� resolution when observing water lines in the lensed system G09v1.97 (z =
3.63).

(3) CO Isotopologues
13CO and C18O are typically optically thinner than 12CO, making them trac-
ers of total molecular column density. Additionally, carbon and oxygen isotopes
have different formation pathways, allowing study of high-redshift nucleosynthe-
sis through their ratios with 12CO. In 2014, Spilker et al. [75] detected multiple
13CO transitions in stacked spectra, calculating that ALMA could detect (and
even spatially resolve) these faint lines with only 30 minutes of observation per
line for a galaxy with L_{IR} = 5 × 1013 L�. This opens a new window on cos-
mic isotope enrichment history. In 2018, Zhang et al. [82] found low 13CO/C18O
abundance ratios in four strongly lensed SMGs at z � 2–3. Based on models by
Romano et al. [83, 84], they suggested this low ratio might indicate a top-heavy
initial mass function (IMF) with a higher proportion of massive stars in high-
redshift SMGs.

(4) Atomic Fine-Structure Lines
These include some of the brightest far-infrared emission lines in star-forming
galaxy spectra, many of which have been detected even in non-lensed galaxies.
Particularly [C II] (158 �m) is typically the strongest line in the long-wavelength
spectra of star-forming galaxies. ALMA now routinely detects and resolves [C
II] in both lensed [85] and non-lensed galaxies [86–88]. Strong lensing enables
initial statistical studies of important atomic fine-structure lines. For instance,
Bothwell et al. [89] in 2017 studied [C I] in 13 SPT lensed sources at z � 2–5.
Since [C I] is considered a good tracer of cold molecular gas in the interstellar
medium [90, 91], it can be used to estimate H2 masses. Bothwell et al. de-
rived gas masses from [C I] and found significant deviations from CO-based
estimates, suggesting these sources have denser, more carbon-rich media than
nearby starburst galaxies.

(5) Molecular Absorption Lines
Since absorption line strength does not diminish with distance but depends only
on background source brightness, they are sensitive to small amounts of molec-
ular gas along the line of sight. Molecular absorption lines serve as important
tracers of interstellar molecules and markers of molecular outflows. A decade
ago, only five sources beyond the local universe showed detected absorption
lines [92]. Later, Herschel’s SPIRE instrument detected some OH absorption
signals in the brightest lensed SMGs [93, 94]. ALMA now enables studies of
high-redshift molecular absorption lines [95]. For example, Spilker et al. [96]
in 2018 demonstrated spatially resolved molecular absorption via OH 119 �m
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ground-state doublet transitions in a strongly lensed starburst galaxy at z =
5.3. OH observations indicate that rapid molecular outflows can remove most
gas required for star formation, providing new observational evidence for self-
regulating feedback mechanisms. ALMA observations of lensed sources have
also discovered new molecules at high redshift; Falgarone et al. [97] detected
CH+ ground-state transition absorption and emission in six lensed starburst
galaxies at z � 2.5 ([Figure 8: see original paper]). Recent ALMA observations
of two lensed SMGs at z � 2.3 have also detected OH+ and H2O+ ground-state
absorption lines [98], which can measure cosmic ray ionization rates in extended
gas halos.

5.1.2 High-Redshift Star Formation

Far-infrared continuum and CO emission lines enable studies of star formation
and molecular gas in high-redshift galaxies. An important area is using resolved
(sub-galactic scale) observations to study the relative efficiency of gas conver-
sion into stars within individual galaxies (e.g., the Kennicutt-Schmidt relation).
Many groups have conducted studies on very luminous or strongly lensed galax-
ies using (sub)millimeter data [99–105]. Recent ALMA observations of lensed
galaxies have further advanced this field [106–111]. Using ALMA data from
some samples, researchers can even study star-forming clumps in high-redshift
galaxies. For example, Sharda et al. [109] used high-resolution ALMA data
to study a resolved star-forming region in SDP.81 discovered by Swinbank et
al. [67], testing various star formation models and finding that the multi-freefall
(turbulent) model [112] best matched observations. Subsequent analysis of two
star-forming clumps in the non-lensed SMG AzTEC-1 (z � 4.3) yielded similar
conclusions [110], suggesting that high star formation rates in high-redshift star-
burst galaxies may be sustained by interactions between gravity and turbulence.

5.1.3 [C II]/FIR Deficit

When a galaxy’s total far-infrared luminosity L_{FIR} exceeds 1011 L�, the
L_[C II]/L_{FIR} ratio declines significantly with increasing L_{FIR}, a phe-
nomenon known as the [C II]/FIR deficit [113–115]. ALMA’s high-resolution
observations of both [C II] line and far-infrared continuum in high-redshift galax-
ies have yielded substantial progress in this area. In 2016, Spilker et al. [116]
analyzed strongly lensed SPT sources and found that the L_[C II]/L_{FIR}
ratio characterizes far-infrared surface mass density well, extending the results
of Díaz-Santos et al. [117] from low-redshift galaxies by two orders of magnitude
([Figure 9: see original paper]). Subsequent work extended this to galaxies at z
> 5 [118].

Lamarche et al. [119] and Litke et al. [63] found through sub-galactic scale
observations of lensed galaxies that if this deficit occurs at a physical scale, it
must be at sub-kpc scales, indicating the [C II]/FIR deficit is generated locally,
consistent with Smith et al.’s [120] 2017 results from nearby galaxies.
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5.1.4 Kinematics and Morphology of High-Redshift Galaxies

When a spectral line such as CO (or [C II]) has sufficient signal-to-noise and
spatial resolution, dynamical models can be fitted to study the kinematic prop-
erties of high-redshift galaxies. Most such studies have found rotating disk
characteristics [5–7, 67, 121, 122]. Various dynamical modeling tools have been
used to quantify rotating disk properties, including DYSMAL, GalPak3D, and
3DBAROLO [72, 123, 124]. Analysis of high-resolution data for SDP.81 re-
vealed non-uniform dust distributions with ~200 pc clumps located within a
larger, more extended cold gas disk [5, 58, 59]. While Dye et al. [5] and Swin-
bank et al. [67] argued SDP.81’s disk is rotationally supported, Rybak et al. [58,
59] found significant asymmetric kinematic features at larger radii, indicating
a perturbed disk with multiple velocity components. SDP.81’s Toomre param-
eter Q � 0.3 suggests its disk is unstable [5, 67]. In 2019, Litke et al. [63] used
ALMA to observe [C II] in the lensed galaxy SPT0346-52 at z = 5.7, finding
two components separated spatially (~1 kpc) and kinematically (~500 km・s−1),
connected by a gas “bridge,” indicating SPT0346-52 is a major merger system
[63].

In 2020, Rizzo et al. [7] used high-resolution ALMA data to study the dynamics
of SPT0418-47, a lensed dusty star-forming galaxy at z = 4.2, finding kinematic
characteristics similar to nearby spiral galaxies with a dynamically cold disk
structure. This suggests that the system’s high star formation rate and gas frac-
tion do not induce large turbulent motions, and the galaxy’s stability remains
unaffected. In 2021, Rizzo et al. [122] further studied five lensed dusty star-
forming galaxies at z � 4.5 using [C II], obtaining similar results: these systems
are dynamically cold with V/𝜎 ratios of 7–15 ([Figure 10: see original paper]).
Fraternali et al. [125] reached similar conclusions in 2021 studying two non-
lensed dusty star-forming galaxies. Since these galaxies’ star formation rates
and ISM properties are typical of dusty star-forming galaxies [99, 126, 127],
dynamically cold disk structures may be common in high-redshift star-forming
galaxies. However, reproducing such high-redshift galaxies with rapid rotation,
high star formation rates, and cold gas content remains challenging for most
numerical simulations and semi-analytic models [128–131].

5.2 Supermassive Black Holes in Lens Galaxies
Galaxies with bulges typically host supermassive black holes (SMBHs) at their
centers. Despite bulges extending beyond the SMBH’s dynamical influence,
observed correlations exist between black hole mass and bulge properties (lu-
minosity, velocity dispersion, stellar mass) [138–141], suggesting co-evolution
of SMBHs and their host galaxies [142]. Determining the origin of these cor-
relations is crucial for understanding galaxy formation and evolution. Current
SMBH mass measurements using stellar, gas, or maser dynamics are limited
to galaxies within ~150 Mpc [142]. Reverberation mapping [143] extends this
to ~1 Gpc for AGN, but only works for galaxies with bright AGN emission,
complicating measurements of host bulge properties. Beyond z � 0.4, SMBH

chinarxiv.org/items/chinaxiv-202306.00410 Machine Translation

https://chinarxiv.org/items/chinaxiv-202306.00410


masses must rely on assumed scaling relations with AGN observables like lumi-
nosity. Strong gravitational lensing provides an independent method for mea-
suring SMBH masses at cosmological distances.

Modeling lens galaxies to fit images of background sources allows inference of
foreground lens mass distribution properties. Lens theory predicts that non-
singular mass distributions should produce a very faint central image near the
lens center [144, 145]. This central image’s brightness is extremely sensitive
to the mass distribution on small scales (~100 pc) near the lens center; more
concentrated mass distributions make the central image fainter ([Figure 11: see
original paper]). Current studies use central image brightness to investigate lens
galaxy SMBHs [146–150]. Detecting these faint central images is very difficult
because they are dim and blend with lens galaxy light. Since lens galaxies are
often early-type galaxies with minimal submillimeter emission, detection is most
likely in radio bands. Indeed, the only lens system with a detected central image
comes from radio observations [146].

Recent submillimeter surveys show numerous strongly lensed dusty star-forming
galaxies at z � 2–7 [21, 23, 41, 53]. These are among the brightest objects in
wide-field submillimeter surveys [152], making them ideal targets for searching
for central images. Hezaveh et al. [151] noted in 2015 that ALMA’s excel-
lent sensitivity and resolution would enable detection of these central images
and constrain lens galaxy nuclear sizes, mass profile slopes, and central SMBH
masses.

Even without detecting central images, constraints can be placed on lens
galaxy inner mass distributions [153]. In 2015, Wong et al. [148] analyzed
high-resolution data for SDP.81 and found that while the lens galaxy’s central
AGN (z � 0.3) showed continuum emission, no central image predicted by strong
lens theory was detected in any molecular line observations ([Figure 12: see
original paper]). They constrained the lens galaxy’s central mass distribution,
concluding the central SMBH mass must exceed 108・5 M�. Tamura et al. [147]
reached similar conclusions, finding that an SMBH >3 × 108 M� was needed
to explain the missing central image. SMBH mass can also be estimated using
the M–𝜎 relation [139, 140]; Tamura et al. [147] applied the Kormendy & Ho
[142] relation to estimate ~109 M� for SDP.81’s SMBH, consistent with strong
lensing constraints.

5.3 Studies of Dark Matter Substructure
Up to 85% of matter in the universe consists of dark matter, whose nature
is one of physics’ longest-standing questions [154–156]. In the standard cold
dark matter (CDM) cosmological model, dark matter comprises weakly inter-
acting particles with negligible thermal velocities in the early universe, behaving
collisionlessly on scales �1 kpc [157, 158]. Cosmic microwave background obser-
vations show the early universe was smooth and homogeneous except for small
density perturbations [159, 160]. With negligible thermal velocities, CDM par-
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ticles become trapped in these perturbations, evolving under gravity to form
small-scale structures [161, 162]. The distribution and evolution of these pertur-
bations determine the statistical properties of current dark matter distribution,
with baryonic matter forming observed galaxies and clusters on the dark mat-
ter skeleton [163, 164]. The ΛCDM framework agrees well with observations on
large scales, but high-resolution simulations show significant discrepancies with
observations on small scales (< few kpc) [165–167]. To alleviate these tensions,
alternative dark matter models have been considered, including self-interacting
dark matter, warm dark matter (WDM), and fuzzy dark matter [168–171].

A key difference between WDM and CDM is structure evolution on galactic and
sub-galactic scales. WDM particles’ non-negligible velocities allow them to free-
stream from early small-mass density perturbations, suppressing the number
density of low-mass dark matter halos and subhalos compared to CDM [172,
173]. Since this suppression scale depends on the dark matter particle’s momen-
tum distribution and production mechanism, quantifying the relative abundance
of small-mass halos is crucial for dark matter property studies.

Strong gravitational lensing is a powerful tool for probing small-mass halos in
distant galaxy dark matter halos [54, 174–181] and along the line of sight [182–
184]. It provides an independent method to distinguish dark matter theories
[173, 186–188] such as CDM [189], WDM [168, 190], and fuzzy dark matter
[191, 192], as different models predict different numbers of small-mass halos
[173]. Two mainstream methods currently exist for detecting these small-mass
halos with strong lensing.

The first method studies flux ratio anomalies in lensed quasars. Small-mass dark
halos alter the relative fluxes of multiple quasar images compared to predictions
from smooth lens potentials. By analyzing flux ratios, researchers can probe
the total amount of substructure without inferring individual masses or posi-
tions. Flux ratios depend non-linearly on combinations of the lens potential’s
second derivatives near images, serving as a local probe of small-scale structure
capable of detecting masses as small as 107 M�. Mao & Schneider [193] and
Metcalf & Madau [194] first proposed that flux ratio anomalies might relate to
dark matter substructure in foreground lens galaxy halos, making these systems
useful for constraining substructure properties. Subsequent observational and
simulation studies confirmed this, establishing flux ratio anomalies as a viable
probe [179, 195–197]. In 2020, Hsueh et al. [198] studied flux ratios in seven
lensed quasars, finding results consistent with CDM hydrodynamic simulations
at 1𝜎 when accounting for stellar disks, bright satellite galaxies, and line-of-sight
halos ([Figure 13: see original paper]).

The second method is gravitational imaging. Small-mass dark halos in lens
galaxies perturb the surface brightness distribution of extended lensed arcs, al-
lowing researchers to analyze these perturbations to constrain individual subhalo
masses and projected positions [47, 48]. To date, this technique has detected
halos in the mass range 108–109 M� using optical and infrared images [176–
178]. For example, Vegetti et al. [199, 201] and Ritondale et al. [202] used
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11–17 lens samples from the Sloan Lens ACS Survey [34] (SLACS) and BOSS
Emission-Line Lens Survey [203] (BELLS) to constrain halo mass functions in
the 108–1010 M� range, finding results consistent with CDM predictions [200,
204]. In the millimeter/submillimeter band, studies of lens galaxy substructure
have begun using a new class of lensed sources—dusty star-forming galaxies [54,
206].

ALMA observations of lensed dusty star-forming galaxies may revolutionize
studies of dark matter halo substructure. These sources are advantageous due
to their large numbers (compared to lensed quasars) and high redshifts, allowing
study of lens galaxies across a wide redshift range to constrain redshift evolu-
tion of dark matter substructure. In 2013, Hezaveh et al. [206] constructed
lens models for four dusty star-forming galaxies observed during ALMA Cycle
0. The sources’ extreme brightness and ALMA’s high sensitivity allowed strict
constraints on foreground lens mass distributions even with very short total
exposure times (~20 s) and only ~15 antennas, demonstrating that future full
ALMA observations could enable detailed studies of lens galaxy mass distribu-
tions.

In 2016, Hezaveh et al. [54] used ALMA high-resolution data with pixelated
source models to directly model visibility data and study substructure in
SDP.81. They first tested the method on simulated data. As shown in
[Figure 14: see original paper], Δ� characterizes the difference in log-posterior
probability between two models:

Δ�(p_{sub}) � �_m(p_{sub}) − �_m0

where �_m0 corresponds to models without subhalos. For simulated data with-
out substructure ([Figure 14a: see original paper]), the method correctly ex-
cludes subhalo presence. When a subhalo of mass 4 × 108 M� is added at the
blue marker position, it is detectable in simulations without antenna phase er-
rors without false signals ([Figure 14b: see original paper]). With antenna phase
errors present and uncorrected ([Figure 14c: see original paper]), numerous false
signals appear. When phase errors are included in the model ([Figure 14d: see
original paper]), these false substructure signals disappear. This test demon-
strates that using visibility data rather than CLEANed images is crucial when
searching for dark matter substructure with interferometer data, as CLEANed
images fix antenna phases and prevent their optimization during model com-
parison, leading to spurious signals. In [FIGURE:14b,d], only one region shows
significant signal, while more massive subhalos produce signals in multiple re-
gions ([Figure 15: see original paper]), with the true subhalo corresponding to
the position of minimum Δ�. When fixing the first subhalo’s parameters to
search for a second ([Figure 15b: see original paper]), other substructure signals
from [Figure 15a: see original paper] disappear.

Detected substructure signals may be affected by unknown errors in interfer-
ometer data (e.g., rapidly varying antenna phase errors). Since these errors
are time-variable, analyzing multiple observations from different times can re-
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veal whether results are affected. Hezaveh et al. [54] applied this method to
search for dark matter substructure in SDP.81, analyzing Band 6 and Band 7
data separately (observed on different dates). During initial subhalo searches,
subhalo mass was fixed (M = 108・6 M�) while considering Δ� at different posi-
tions. Results from Band 6 and Band 7 were consistent ([Figure 16: see original
paper]).

Based on these results, Hezaveh et al. [54] further added subhalo parameters
(M_{sub} and position coordinates x_{sub}, y_{sub}) to fit the combined
Band 6 and Band 7 data, re-optimizing all lens model parameters. The re-
sults revealed a subhalo with M = 108・96±0・12 M� at 6.9𝜎 significance. In-
oue et al. [207] independently analyzed SDP.81’s substructure, imaging Band 7
continuum and Band 6 CO (8–7) line data, then searching for subhalos using
CLEANed images. They detected substructure signals at similar positions to
Hezaveh et al. [54] but found a compact low-density region near one arc. This
discrepancy may arise because Inoue et al. [207] analyzed CLEANed images
where antenna phase errors generate false substructure signals ([Figure 14: see
original paper]). Thus, direct analysis of visibility data is necessary for dark
matter substructure studies with interferometer observations.

Simulations show that Hezaveh et al.’s method can successfully detect lensing
effects from subhalos with masses >107 M� [54]. Li et al. [173] note that the-
oretical predictions for CDM and WDM models differ completely in this mass
range. With numerous galaxy-galaxy strong lensing systems already known
from millimeter/submillimeter observations, future high-quality data will help
distinguish between different dark matter models.

6 Summary and Outlook
This paper reviewed current research on galaxy-galaxy strong lensing systems
observed by (sub)millimeter interferometer arrays, covering observational sam-
ples, lens modeling methods for interferometer data, and research status. With
the advent of wide-field extragalactic surveys at submillimeter wavelengths by
facilities like Herschel [28], numerous galaxy-galaxy strong lensing systems have
been discovered. ALMA’s excellent sensitivity and spatial resolution enable de-
tailed studies of star formation, interstellar medium properties, and kinematic
characteristics of high-redshift galaxies at kpc and even sub-kpc scales. These
observations constrain central supermassive black hole masses in lens galaxies
like SDP.81 and advance our understanding of dark matter substructure in lens
galaxies using extremely bright, high-redshift lensed dusty star-forming galaxies
at (sub)millimeter wavelengths.

The current sample of radio galaxy-galaxy strong lenses contains ~200 systems,
with the Square Kilometre Array expected to increase this to ~105 [208]. McK-
ean et al. [208] predicted in 2015 that future larger-baseline radio interferometers
(such as SKA) could potentially detect dark halos with masses <107 M�. High-
resolution observations of these strong lensing systems by ALMA and future
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SKA will provide deeper insights into galaxy formation and evolution theories
and dark matter models.
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