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Abstract
With the continuous advancement of low Earth orbit (LEO) constellation deploy-
ment, the calculation of Signal In Space Range Error (SISRE) is no longer tar-
geted exclusively at ground users of Global Navigation Satellite System (GNSS),
but also extends to LEO spaceborne users of GNSS and ground users of LEO
navigation systems. To better support SISRE calculations for LEO constella-
tions, this study investigates the characteristics of SISRE error projection co-
efficients for LEO spaceborne users and LEO satellite ground users based on
the principles of SISRE computation. The results demonstrate that the error
projection coefficients of GNSS satellites for ground users are not applicable to
LEO spaceborne users or ground users of LEO navigation constellations. When
LEO satellite altitude decreases from 2,000 km to 300 km, the orbit radial error
projection coefficient of GNSS satellites for LEO spaceborne receivers increases
from 0.96 to 0.98, while the orbit tangential/normal plane error projection co-
efficient decreases from 0.20 to 0.15. For LEO satellites, the orbit radial error
projection coefficient for ground users decreases from 0.72 to 0.37, while the
orbit tangential/normal plane error projection coefficient increases from 0.49
to 0.66. These findings provide important references for future LEO satellite-
related space signal ranging error analysis and LEO integrity research.
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Abstract

With the continuous advancement of Low Earth Orbit (LEO) constellation con-
struction, the calculation of Signal-In-Space Range Error (SISRE) is no longer
limited to ground users of Global Navigation Satellite Systems (GNSS), but now
also includes LEO spaceborne users of GNSS and ground users of LEO naviga-
tion systems. To better support SISRE calculations for LEO constellations, this
study investigates the characteristics of SISRE error projection coefficients for
both LEO spaceborne users and LEO satellite ground users based on the fun-
damental principles of SISRE computation. The results demonstrate that the
error projection coefficients derived for GNSS ground users are not applicable
to LEO spaceborne users or LEO navigation constellation ground users. As the
orbital altitude of LEO satellites decreases from 2,000 km to 300 km, the radial
orbit error projection coefficient for GNSS satellites relative to LEO spaceborne
receivers increases from 0.96 to 0.98, while the tangential/normal plane error
projection coefficient decreases from 0.20 to 0.15. For LEO satellites relative
to ground users, the radial orbit error projection coefficient decreases from 0.72
to 0.37, while the tangential/normal plane error projection coefficient increases
from 0.49 to 0.66. These findings provide important references for future SISRE
analysis related to LEO satellites and LEO integrity research.

Keywords: GNSS; LEO constellation; Signal-In-Space Range Error; error pro-
jection coefficient

1 Introduction
GNSS service accuracy is a critical metric for evaluating satellite navigation
system performance and represents a core competency of GNSS systems. Service
accuracy can be calculated through User Equivalent Range Error (UERE) and
Dilution of Precision (DOP), where DOP is determined by satellite constellation
geometry. UERE comprises satellite navigation message errors, atmospheric
delay model correction errors, and receiver measurement errors projected onto
the ranging direction. Receiver measurement errors primarily include ranging
noise and multipath errors, reflecting GNSS receiver equipment performance.
Atmospheric delay model correction errors consist mainly of ionospheric and
tropospheric delay model correction errors. Satellite navigation message errors
include broadcast ephemeris errors and broadcast clock parameter errors, which
are reflected through SISRE.
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SISRE has been a focal point in GNSS research, describing the average projec-
tion of satellite broadcast ephemeris errors and clock parameter errors onto the
line-of-sight direction for users within the service area. SISRE can be calcu-
lated by determining satellite broadcast ephemeris errors and clock parameter
errors using broadcast navigation messages and precise products, then applying
projection coefficients. Current SISRE values for major systems are 0.14 m for
Galileo, 2.59 m for GLONASS, and 0.35 m for BDS-3. For GPS, SISRE values
are 0.35 m and 1.27 m depending on the onboard atomic clock type. Compre-
hensive assessments of radial and tangential/normal plane broadcast ephemeris
errors, clock parameter errors, and integrated SISRE for various GNSS systems
are presented in Table 1 .

Space signal ranging error projection coefficients, including radial orbit error
projection coefficients and tangential/normal plane error projection coefficients,
are essential parameters for calculating SISRE. Montenbruck et al. provided
SISRE projection coefficients for GPS, GLONASS, Galileo, and BDS systems.
These coefficient calculations relate to satellite orbital altitude, the beam angle
of the satellite’s downlink L-band antenna, and the average altitude of users.
GNSS system interface control documents provide projection coefficients for
calculating GNSS SISRE, assuming users on the geoid surface.

With advancing LEO satellite technologies, LEO navigation augmentation sys-
tems have become a crucial direction for next-generation satellite navigation
development. Europe’s Kepler program demonstrates that next-generation navi-
gation constellations will consist of mixed medium and low Earth orbit satellites.
China also plans to enhance GNSS service capabilities using LEO satellites, de-
veloping constellations such as “Hongyan” and “Weili-1.” SpaceX’s Starlink
program aims to launch tens of thousands of LEO satellites to provide commu-
nication and navigation services.

Traditional SISRE projection coefficients for ground users cannot meet the re-
quirements of LEO-related applications. Therefore, there is an urgent need to de-
velop a set of space signal ranging error projection coefficients adapted for LEO
satellite navigation users and for LEO spaceborne receivers calculating GNSS
SISRE. Currently, most LEO navigation constellations remain in the demon-
stration phase, and research on SISRE error projection coefficient calculation
for LEO satellites themselves has not been fully conducted. This paper inves-
tigates SISRE error projection coefficients for GNSS satellites relative to LEO
spaceborne users and for LEO satellites of different orbital altitudes relative to
ground users, providing important support for LEO satellite development.

This paper first derives the calculation method for space signal ranging error and
error projection coefficients and validates the algorithm’s effectiveness. Based
on this calculation method, we investigate GNSS satellite SISRE projection
coefficients for LEO users and LEO satellite SISRE projection coefficients for
ground users.
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2 Ground Users’ GNSS Satellite Space Signal Error Pro-
jection Coefficients
The concept of Signal-In-Space Range Error dates back to early GPS programs,
based on the geographic averaging of satellite-side errors. Assuming users are
uniformly distributed over a surface area S, the instantaneous average projection
of satellite-side errors onto the user line-of-sight direction within that region can
be expressed as:

SISRE (cid:0) � Errds

where Err represents the projection of broadcast ephemeris error and clock pa-
rameter error in the satellite-to-user direction. Correspondingly, the root mean
square error of SISRE, RM S(SISRE), can be expressed as:

RM S(SISRE) (cid:0) (cid:217) (cid:219)(cid:219)(cid:219)(cid:219)(cid:219)� �
Err2ds

Satellite-side errors consist of satellite clock parameter errors and satellite orbit
errors. Defining the satellite orbit error vector as E, clock parameter error
as T, and the unit vector from satellite to user as l, and assuming Earth is
approximately spherical with users uniformly distributed on Earth’s surface S,
the projection relationship of satellite-side errors in the orbital reference frame
is shown in Figure 1 [Figure 1: see original paper]. RM S(SISRE) can then be
further expressed as:

RM S(SISRE) (cid:0) (cid:0) (cid:217) (cid:219)(cid:219)(cid:219)(cid:219)(cid:219)(cid:219)(cid:219)�
(cid:219)(cid:219)(cid:219)(cid:219)(cid:219)� (cid:217) � 2(cid:25) (cid:25)
(cid:14)(cid:18)max E sin (cid:11)d(cid:11)d(cid:12) (l (cid:0) E (cid:14) cT )2r2
(cid:14)(cid:18)max (cid:25) � 2(cid:25) (cid:14)(cid:18)max (l (cid:0) E (cid:14)
cT )2 sin (cid:11)d(cid:11)d(cid:12) E sin (cid:11)d(cid:11)d(cid:12) � 2(cid:25)
(cid:25) 2(cid:25)(1 (cid:14) sin (cid:18)max)

In Figure 1, O represents Earth’s center, axis X points opposite to the satellite’s
along-track direction, axis Y points to the satellite’s normal direction, and axis
Z points opposite to the satellite’s radial direction. The angle (cid:11) is the
Earth-centered angle between satellite and user, (cid:12) is the angle between
the user’s projection onto the XOY plane and the X axis, RS is the satellite’s
geocentric distance, (cid:18) is the angle with the satellite as vertex between
user and Earth’s center, and (cid:18)max is determined when the satellite line-
of-sight is tangent to Earth.

In the orbital reference frame, E can be decomposed into radial orbit error,
along-track orbit error, and normal orbit error:

E (cid:0) ((cid:14)eC; eA; (cid:14)eR)

where eR, eA, eC are the three basis vectors in radial, along-track, and normal
directions in the orbital reference frame. Based on the geometric relationship
in Figure 1, l in the orbital reference frame can be calculated as:
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l (cid:0) ��SD�� (cid:0) (rE sin (cid:11) cos (cid:12); rE sin (cid:11) sin (cid:12);
rE cos (cid:11) (cid:14) RS) (cid:17) R2 (cid:14) 2rERS cos (cid:11)

Substituting equations (4) and (5) into equation (3) yields:

RM S(SISRE) (cid:0) (cid:14) 2!Rc2T eR (cid:17) c2T 2 (cid:17) !2

where !R and !AC are the radial orbit error projection coefficient and tangen-
tial/normal plane error projection coefficient, respectively, calculated as:

!R (cid:0) (cid:14)(cid:18)max rE cos (cid:11)(cid:14)RS (cid:17)R2 1 (cid:14)
sin (cid:18)max (cid:14)2rERS cos (cid:11) sin (cid:11)d(cid:11)

!AC (cid:0) rE sin (cid:11) (cid:14)2rERS cos (cid:11) 2(1 (cid:14) sin
(cid:18)max)

In traditional GNSS space signal ranging error projection coefficient calcula-
tions, users are typically assumed to be at rE (cid:0) 6 371 km. Knowing the
GNSS satellite altitude, the space signal ranging error projection coefficients
for different altitudes can be calculated using the above formulas, with results
shown in Table 2 . Here, !R1 and !AC1 are the radial and tangential/normal
plane error projection coefficients obtained using equations (7) and (8), while
!R2 and !AC2 are the coefficients proposed by Montenbruck et al.

The GNSS space signal ranging error projection parameters calculated through
this method are essentially consistent with those of Montenbruck et al., thereby
validating the algorithm’s feasibility. Table 2 shows that GNSS satellite radial
orbit error projection coefficients are close to 1, while tangential/normal plane
direction error projection coefficients are less than 0.2, indicating that GNSS
radial orbit errors have a significantly greater impact on ground user space
signal ranging errors than tangential/normal plane errors.

3 Ground Users’ LEO Satellite Space Signal Error Projec-
tion Coefficients
To facilitate ground user analysis of space signal ranging error characteristics
for different LEO navigation constellations, it is necessary to calculate the space
signal ranging error projection coefficients for LEO satellites of different orbital
altitudes relative to ground users. Substituting different LEO satellite orbital de-
sign altitudes into equations (7) and (8) yields the radial and tangential/normal
plane ranging error projection coefficients for LEO satellites relative to ground
users.

Using LEO satellite orbital altitude as a variable, the corresponding SISRE pro-
jection coefficients for different orbital altitudes are shown in Figure 2 [Figure
2: see original paper]. The blue and orange lines represent the radial and tan-
gential/normal plane error projection coefficients for LEO satellites of different
altitudes relative to ground users. The figure clearly shows that SISRE error
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projection coefficients vary significantly with LEO satellite orbital altitude. As
LEO satellite orbital altitude increases gradually from 300 km to 2,000 km,
the radial error projection coefficient for ground users increases from 0.374 to
0.7164, while the tangential/normal plane error projection coefficient decreases
from 0.656 to 0.493. This indicates that as LEO satellite orbital altitude in-
creases, radial orbit errors have an increasingly greater impact on SISRE, while
tangential/normal plane errors have a decreasing impact.

Comparison with the SISRE error projection coefficients for GNSS satellites
relative to ground users in Section 2 reveals that GNSS satellite coefficients
are not applicable to LEO navigation satellites relative to ground users, as this
would introduce risks in ground user navigation performance assessment. For
ground users, tangential/normal direction errors of LEO satellites have a greater
impact on positioning errors compared to traditional GNSS satellites.

We selected four common LEO constellation orbital altitudes to calculate SISRE
error projection coefficients for LEO satellites relative to ground users, including
maximum satellite zenith angle (cid:18)max, radial orbit error projection coeffi-
cient !R, and tangential/normal plane error projection coefficient !AC. Table 3
presents these space signal ranging error projection coefficients for ground users
relative to LEO satellites at specific altitudes.

Figure 2 and Table 3 show that when LEO satellite orbital altitude is 970 km,
!R and !AC are essentially equal. When satellite altitude exceeds 970 km, !R is
greater than !AC, meaning radial orbit errors contribute more to space signal
ranging errors. When satellite altitude is below 970 km, !R is less than !AC,
indicating that tangential/normal plane orbit errors contribute more to space
signal ranging errors.

4 LEO Spaceborne Receiver’s GNSS Satellite Space Signal
Error Projection Coefficients
In addition to serving ground users, GNSS satellites provide navigation services
to numerous LEO satellites. Therefore, to assess GNSS navigation and position-
ing performance for LEO satellites, it is necessary to calculate GNSS satellite
space signal error projection coefficients for LEO spaceborne receivers.

Assuming LEO spaceborne receiver users are distributed in near-circular orbits
of 300–2,000 km altitude, the calculations of various physical quantities are no
longer based on rE (cid:0) 6 371 km, but on the average LEO satellite altitude
rref. In equations (7) and (8), rE is replaced by the LEO satellite orbital altitude
rref, and (cid:18)max also varies with LEO satellite altitude. Figure 3 [Figure 3:
see original paper] shows the GNSS satellite space signal ranging error projection
coefficients for LEO spaceborne receiver users at different orbital altitudes, with
Figure 3a presenting radial error projection coefficients and Figure 3b showing
tangential/normal plane error projection coefficients. The blue, red, and yellow
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lines represent error projection coefficients for GPS, Galileo, and GLONASS
satellites relative to LEO spaceborne receivers at different altitudes, the purple
line represents coefficients for BDS MEO satellites, and the green line represents
coefficients for BDS GEO/IGSO satellites.

Figure 3 indicates that as LEO satellite orbital altitude increases, the satellite
orbit radial projection error coefficient decreases while the tangential/normal
plane error projection coefficient increases. When LEO satellite orbital altitude
increases from 300 km to 2,000 km, the tangential/normal plane error projection
coefficient !AC for GNSS MEO satellites can increase from 0.15 to 0.20. Com-
pared to ground users, tangential/normal plane direction errors of GNSS MEO
satellites have a more significant impact on LEO spaceborne receiver users.

Using “Weili-1” and “Hongyan” LEO spaceborne receivers as examples, we cal-
culated GNSS satellite space signal ranging error projection coefficients for LEO
spaceborne receivers at orbital altitudes of 970 km and 1,100 km, as shown in
Table 4 and Table 5 .

Tables 4 and 5 reveal that compared to MEO satellites, GEO and IGSO satel-
lites have greater radial orbit error impact and smaller tangential/normal plane
error impact on LEO spaceborne receiver users’ SISRE. For MEO satellites
of the four major GNSS systems, the differences between radial and tangen-
tial/normal plane error projection coefficients are relatively small. Among them,
Galileo satellites have relatively smaller tangential/normal plane error impact
and relatively larger radial orbit error impact on SISRE.

5 Conclusions
Based on the principles of satellite space signal ranging error, this paper cal-
culated GNSS satellite space signal error projection coefficients for ground and
LEO users, as well as LEO satellite space signal error projection coefficients
for ground users at different orbital altitudes. The results are summarized as
follows.

The radial orbit error projection coefficient of LEO satellites for ground users
is smaller than that of traditional GNSS satellites for ground users, while
the tangential/normal plane error projection coefficient of LEO satellites for
ground users is larger than that of traditional GNSS satellites. This indicates
that ground users have higher accuracy requirements for LEO satellite tangen-
tial/normal plane orbit precision.

As LEO satellite orbital altitude increases from 300 km to 2,000 km, the radial
orbit error projection coefficient for GNSS satellites relative to LEO spaceborne
receiver users decreases from 0.98 to 0.96, while the tangential/normal plane
error projection coefficient increases from 0.15 to 0.20. The variation in tangen-
tial/normal plane error projection coefficient is greater than that of the radial
projection coefficient. Combined with Table 1, Galileo satellites have slightly
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larger radial orbit errors than BDS-3 satellites but significantly smaller tangen-
tial/normal plane orbit errors than other GNSS satellites. This suggests that
Galileo may have advantages in future LEO applications and that higher tan-
gential/normal plane orbit accuracy will be required as integrated LEO-GNSS
applications develop.

This research provides support for LEO satellite-related space signal ranging
error analysis and LEO integrity studies.
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