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Abstract

The long-term dynamical evolution of exoplanets necessitates reliable numerical
computational methods. Symplectic algorithms, characterized by their energy-
preserving and structure-preserving properties, constitute the optimal integra-
tion tool for investigating the long-term evolution of Hamiltonian systems. In
the post-Newtonian Hamiltonian system of doubly rotating exoplanets, where
coordinates and momenta are inseparable, explicit symplectic algorithms cannot
be directly applied. The construction of explicit symplectic-like algorithms via
phase space extension avoids introducing artificial dissipation while retaining the
advantage of energy preservation. This study primarily examines the numerical
performance of the fourth-order midpoint-permutation phase-space-extended ex-
plicit symplectic-like algorithm in post-Newtonian orbits of doubly rotating exo-
planets. The results demonstrate that for prograde non-nearly-coplanar orbits,
the algorithmic accuracy of the midpoint-permutation phase-space-extended ex-
plicit symplectic-like algorithm differs by an order of magnitude from that of
the RKF8(9) algorithm; for retrograde and near-circular orbits, its accuracy is
comparable to that of RKF8(9); and for orbits with eccentricity less than 0.9, it
exhibits superior accuracy relative to same-order comparison algorithms. Fur-
thermore, the algorithm demonstrates favorable stability, with computational
efficiency approximately three times that of RKF8(9).
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Abstract: Long-term dynamical evolution of exoplanets requires reliable nu-
merical computational methods. Symplectic algorithms possess energy- and
structure-preserving properties, making them the optimal integration tool for
studying the long-term evolution of Hamiltonian systems. In post-Newtonian
Hamiltonian systems of double-rotating exoplanets, coordinates and momenta
are inseparable, preventing direct application of explicit symplectic integrators.
Constructing explicit symplectic-like algorithms through phase space extension
avoids introducing artificial dissipation while maintaining energy conservation
advantages. This work primarily investigates the numerical performance of
fourth-order explicit symplectic-like algorithms with midpoint permutations in
extended phase space for post-Newtonian orbits of double-rotating exoplanet
systems. Results demonstrate that for prograde non-near-coplanar orbits, the
algorithm’s accuracy is one order of magnitude lower than that of RKF8(9);
for retrograde and near-circular orbits, its accuracy is comparable to RKF8(9);
and for orbits with eccentricity less than 0.9, it exhibits higher accuracy than
same-order comparison algorithms. Additionally, the algorithm demonstrates
excellent stability with computational efficiency approximately three times that
of RKF8(9).
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Introduction

The study of exoplanets achieved a breakthrough in 1995 when Mayor and
Queloz [?] announced the discovery of the first exoplanet orbiting a Sun-like
star (51 Peg b), representing the first observed hot Jupiter. Hot Jupiters are
gas giants with masses in the range 0.3M ; < m(msini) < 13M; (where M ; de-
notes Jupiter mass and ¢ represents the angle between the orbital plane normal
and the observer’s line of sight) and orbital periods P < 10 days. As of Decem-
ber 8, 2021, 4,576 confirmed exoplanets have been discovered, including 492 hot
Jupiters. Observational data reveal that exoplanets exhibit distinctly different
orbital characteristics compared to planets within our solar system. The discov-
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eries of hot Jupiters, hot Earths, and high-eccentricity exoplanets all challenge
traditional planet formation theories. Through the Rossiter-McLaughlin effect
[?, 7, 7], some hot Jupiters have been found to have large angles between their
orbital plane normals and their host stars’ rotation axes [?, ?, 7, 7, 7, 7, 7, 7],
with some even exhibiting retrograde motion [?, 7, 7, 7, 7, 27 7].

Current mechanisms for explaining the formation of high-inclination hot
Jupiters operate within the Newtonian mechanics framework. However, under
the influence of inclined orbits from neighboring planets or companions,
post-Newtonian spin-orbit coupling terms can induce precession of the host
star’s rotation. Higher-order post-Newtonian approximations primarily include
post-Newtonian Lagrangian approximation equations, self-consistent equations,
and post-Newtonian Hamiltonians in ADM coordinates [?, 7, 2, 7, ?, 7, 7, ?].
The physical equivalence between post-Newtonian Hamiltonians in ADM
coordinates and post-Newtonian Lagrangian forms at the same order has
been verified [?, ?, ?]. Nevertheless, these two post-Newtonian forms are not
completely equivalent in orbital dynamical behavior [?, 7, ?, 7, ?]. When trans-
forming one form into another through Legendre transformation, higher-order
post-Newtonian terms are truncated. For weak gravitational fields like the
solar system, this difference is negligible, but for strong gravitational fields such
as compact objects, it may significantly impact the dynamics of both forms.
Two types of equations of motion can solve conservative Lagrangian dynamical
systems: truncated approximate equations of motion and non-truncated
self-consistent equations of motion, which also exhibit differences [?, 7, ?, ?].
These differences may lead to different integrability and non-integrability,
or order and chaos, between the two post-Newtonian approximations. Wu
and Xie [?] proposed canonical conjugate spin variables that play a crucial
role in determining the integrability or non-integrability of post-Newtonian
Hamiltonian systems for spinning compact binaries, thereby demonstrating
that post-Newtonian single-spin compact binary systems are integrable.

Both in Newtonian gravity and general relativity, long-term evolution of exo-
planets with large eccentricities or inclinations (the angle between the plane-
tary orbital plane normal and the host star’s rotation axis) requires reliable
numerical computational methods. Early methods such as Taylor series [?]
and Runge-Kutta methods [?] proved unreliable for long-term orbital integra-
tion. Ruth [?] and Feng Kang [?] independently proposed symplectic algo-
rithms in 1983 and 1984. Based on fundamental principles of Hamiltonian
mechanics, these algorithms preserve the original symplectic structure of Hamil-
tonian systems in discretized difference equations, ensuring long-term stability.
This breakthrough ushered numerical computational methods into a new era.
Within the solar system, the Wisdom-Holman symplectic algorithm [?] is most
commonly used, decomposing the Hamiltonian system into principal and per-
turbation parts for computation. Laskar and Robutel developed higher-order
symplectic algorithms for creating long-term ephemerides [?]. Ruth’s explicit
symplectic algorithm [?] applies only to Hamiltonian systems with separable
coordinates and momenta, offering high computational efficiency and stability.
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For Hamiltonian systems with inseparable variables, explicit symplectic algo-
rithms cannot be applied directly; instead, implicit symplectic algorithms or
explicit-implicit hybrid symplectic algorithms [?, 7, 7, ?, 7, ?] may be used,
or phase space extension methods can be employed to construct explicit algo-
rithms [?, 2, 7,7, 2, 2,2, 7, ?]. Feng Kang’s implicit symplectic algorithm
based on the implicit midpoint method [?] applies to any Hamiltonian system
but requires multiple iterations to achieve high precision, resulting in signifi-
cantly lower computational efficiency than explicit symplectic algorithms and
making it generally not the first choice.

The explicit extended phase space symplectic-like algorithm was first proposed
by Pihajoki [?], enabling application of explicit symplectic algorithms to Hamil-
tonian systems with inseparable variables through momentum permutations.
However, this approach breaks the symplectic structure of Hamiltonian systems
and therefore does not qualify as a strict symplectic algorithm, hence the term
“symplectic-like algorithm.” Tao [?] improved upon this by dividing the Hamil-
tonian system into three parts, preserving the algorithm’s symplectic structure.
Subsequently, Liu et al. [?, ?] found better permutation methods based on
Pihajoki’s work, combining Yoshida’s [?] high-order algorithm construction to
propose high-order coordinate-momentum permutation extended phase space
explicit symplectic-like algorithms. This algorithm achieves high precision and
stability through two permutations (coordinate permutation and momentum
permutation), but fails to maintain energy stability in some chaotic orbits of
post-Newtonian compact binary systems [?, ?]. To address this issue, Luo et
al. [?, ?] proposed the midpoint permutation extended phase space explicit
symplectic-like algorithm, which achieves high precision and stability with only
a single midpoint permutation. Wu et al. [?] proposed optimized algorithms
based on extended phase space, showing improved precision compared to non-
optimized versions. Li and Wu [?] combined Mikkola and Palmer’s [?] approach
with various permutation methods to propose the extended phase space loga-
rithmic Hamiltonian explicit symmetric algorithm, which demonstrates good
computational precision and efficiency for high-eccentricity and chaotic orbits.
Pan et al. [?] constructed a self-consistent post-Newtonian Lagrangian equation-
based extended phase space semi-implicit symplectic-like algorithm, also show-
ing good energy conservation. Recently, Chinese scholars have decomposed
black hole spacetimes into multiple parts with explicit analytical solutions, then
combined them into explicit symplectic algorithms, solving the international
challenge of constructing explicit symplectic algorithms for relativistic black
hole spacetimes [?, 7, 7,2, 2,72, 7, 7.

This paper investigates the application of midpoint permutation extended phase
space explicit symplectic-like algorithms in post-Newtonian orbits of double-
rotating exoplanet systems. In the first-order post-Newtonian double-rotating
two-body problem Hamiltonian system, variables are inseparable and spin vari-
ables are expressed in non-canonical forms, lacking global symplectic structure
and thus limiting further application of symplectic algorithms. We employ Wu
and Xie’s method [?] to regularize spin variables by introducing quasi-cylindrical
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coordinates, endowing the system’s phase space with complete symplectic struc-
ture. Numerical simulations compare fourth-order implicit midpoint method
(IM4), fourth-order coordinate-momentum permutation extended phase space
explicit symplectic-like algorithm (S4), fourth-order midpoint permutation ex-
tended phase space explicit symplectic-like algorithm (A4), and RKF8(9) algo-
rithm in first-order post-Newtonian double-rotating two-body problems. We
discuss computational precision and efficiency of the four algorithms across
three types of exoplanet orbits (high-inclination, low-eccentricity, and high-
eccentricity orbits), present energy error versus planetary orbital inclination
and eccentricity for each algorithm, discuss relationships between energy errors
and orbital parameters, and finally compare stellar radial velocities obtained
through different numerical algorithms.

2.1 Physical Model

After simplifying the first-order post-Newtonian double-rotating two-body prob-

lem to the center-of-mass reference frame, the Hamiltonian can be written as
[?,2,2,2,7,?]:

GM
H=Hy+eH, — —£
r

where € is a small parameter in perturbation theory, ¢ = 1/c?, and ¢ represents
the speed of light.

H, can be expanded as:

Hy=Hpy+ Hgo

with the first-order post-Newtonian orbital Hamiltonian:

Hipy = 2 | GZM?2 + r2 r

p[Br=1)  Gtvw’  vio-p?

and the 1.5PN spin-orbit coupling term:

J,+J
Hso:%'(rxp)

In these formulas, G is the gravitational constant, m; and mg represent the
masses of the two bodies, where m; denotes the secondary body’s mass and
m, denotes the primary body’s mass. M = m; + m, is the total mass, p =
mymq /M, v = pu/M, p =p; = —py, with p; and p, being the momenta of
bodies 1 and 2 in the center-of-mass coordinate system. r = rn is the vector
from body 2 to body 1, and n represents the unit radial vector.
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The spin variables J, appear as non-canonical variables in equation (5), render-
ing the Hamiltonian system locally symplectic but lacking complete symplectic
structure, which complicates numerical simulation with symplectic algorithms.
Wu and Xie [?] proposed representing spin variables through a quasi-cylindrical
coordinate system, transforming them into canonical coordinates (6;) and canon-
ical momenta (&;) using conserved spin quantities. This spin variable regular-
ization reduces the original Hamiltonian system from 12-dimensional space to
10-dimensional phase space, endowing the entire Hamiltonian system with com-
plete symplectic structure.

Expressing spin variables with (p;,0,,¢;):

p; cos B,
J;,=J; | p;sind,
&

where J, represents the unit spin vector, i.e., |J,| = 1, expressed as:

p; cosb;
J, = p,;siné,
K&

with k; = 1/(x;m?), and:

o= VTR

Substituting equations (7)-(9) into equation (6) and performing transformations
yields canonical conjugate spin variables:

cos 6,
J,=J, |sing, | (i=1,2)

K&
where J; is the magnitude from equation (6), i.e., |J;|.

Thus, the first-order post-Newtonian double-rotating two-body problem Hamil-
tonian with canonical spin variables in the center-of-mass coordinate system is
expressed as:

oo | Br=1) Byt v(zp, + yp, + 2p,)?
PN = 9 | G2M2 r2 r
J; cosf J;sin J, cosf J, sin 0
Hso = =5 (yp.—2p, )+ =5 (2, —ap.)+ =5 (3p,—yp.)+ =5 (2p
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H = H(r,p,J;(01,§1),J5(02,&2))

Assuming all bodies are spheres rotating about their spin axes and following
Barker [?, 7, 7, 7] and Wex [?], spin variables J, can be approximated as the
rotational angular momentum of bodies rotating about fixed axes:

J; = Lw;

where w; is the rotational angular velocity of body ¢ and I, is its moment of
inertia. The moments of inertia for stars and planets depend on their respective
masses and radii. The stellar moment of inertia is expressed as [?]:

I ~mp*R?

with 8 ranging between 0.175 and 0.385. The planetary moment of inertia is
expressed as [?]:

I ~ amR?

where a = 0.2 for gas giants and a = 0.25 for solid planets.

2.2 Algorithm Description and Construction

Coordinates and momenta in equations (11)-(14) are inseparable, preventing
direct application of explicit symplectic algorithms. Both implicit symplec-
tic algorithms and phase space extension symplectic-like algorithms offer suit-
able alternatives for Hamiltonian systems with inseparable variables. The pri-
mary algorithms discussed below are the implicit midpoint method, coordinate-
momentum permutation phase space extension symplectic-like algorithm, and
midpoint permutation phase space extension symplectic-like algorithm, with
corresponding constructions for the test model.

2.2.1 Implicit Midpoint Method

The implicit midpoint method’s utility in Hamiltonian systems with insepara-
ble variables has been demonstrated in numerous examples. Solvable directly
using Newton’s iteration method or the Seidel iteration method, the difference
discretization scheme from step n to step (n + 1) is written as:
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o)
qn+1 =q, + hTI;

Ani1+t9n Pni1+Pn 91,n+1+9%1 0 92 ny1+92 n €1,n+1+81,n E2,nt1+€2.n
2 ’ 2 ) 2 ’ 2 ’ 2 ’ 2

)
91,n+1 = el,n + h%

Ani1itdn Pni1tPn 91,n+1+t91,n 92 ny1t02 n E1,n+1+81,n E2,nt+1+€2,n
2 ’ 2 ) 2 » 2 > 2 > 2

3
02541 =05, + th

Ani1tan Ppi1tPn 91,n+1t01n 02,mn41t02.m E1mt1t€1,n E2,ny1té2.n
2 ’ 2 ) 2 ) 2 ) 2 ) 2

M2 :
pn+1 =Py — h%%

Ant1t9n Ppi1+Pn 91,mn+1101,n 02 ni1+02 n €1 nt1+81n €2, nt1+82.n
2 ’ 2 ’ 2 2 4 2 4 2

P

— OH
517n+1 - glm - haiel

Ani1tdn Pni1tPn 91,n+1+91,n 92411920 €1,mn+1+81,n E2,nt1t€2,n
2 2 ) 3 ) p) ) p) p)

)

dH
52,n+1 = Ez,n - h@

Apt1+t9n Pnt1tPn 91,n+1701,n 92 nt1+92 n €1,n+17€1,n €2,nt+11+82,n
2 ? 2 ’ 2 ’ 2 ’ 2 2

)

Yoshida [?] proposed a construction method for higher-order algorithms, pri-
marily building a (2n + 2)-order algorithm through symmetric composition of
three 2n-order algorithms with appropriate step-size coefficients:

Sonta(h) = o, (A7) S5, (A1) Sy, (A )
with coefficients:

1 21/(2n+1)

Ay = 9 _9ol/(2n+1)’ Ay = T 9 _91/2n+1)

Using Yoshida’s method [?], the fourth-order implicit midpoint method IM4 can
be expressed as:

IM4(h) = IM2(A;h) IM2(Ayh) IM2(\ h)
with coefficients:

1 21/3

M=o T g

2.2.2 Phase Space Extension Symplectic-like Algorithm

Pihajoki [?] proposed the phase space extension symplectic-like algorithm
in 2015. By extending the original Hamiltonian through phase space expan-
sion, we duplicate the original variables to obtain (eq,eol,e%,ep7e§17e£2),
doubling the phase space variables such that (q,p,0;,05,&,8) —
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(a,e,, P, ey, by, eg,»ba:€9,, 8156, Eas 652). This yields two completely iden-
tical Hamiltonians H,(q,0,,0,,e,,¢ec ,e) and  Hy(eg ey e ,P:&1,8),
identical to the original Hamiltonian H, which compose a new Hamiltonian:

~

H<q7 eq79i769iapaep7§iaegi) = Hl(q7 Giaep7€5i) + H2(eq7€0i7p7€7j)a (’L = 172)

Hamiltonians H; and H, are coordinate-momentum separable Hamiltonian sys-
tems, independent and integrable, allowing separate analytical solutions. The
canonical equations for H, are:

da _OHy oy _OH, . doy O,
dt  op 4t 09& T dt  0&
dp _ oM, dS§, _ OH, d§ _ OH,
dt  oq’ dt 00, dt 00,

The canonical equations for H, are:

@ _ 8H2 d691 8H2 d692 _ 8H2
a. 0de,’ dt  de;’ dt  Oeg

P

depi 8H27 deﬁli 8H27 de&zi OH,
B P T P

Oe, < dt dey, | dt dey,

Second-order symplectic algorithms can be applied to Hamiltonian A , where h
is the step size:

Sy(h) = H, (g) Hy(h)H, (Z)

At the initial moment, original coordinates and momenta are exactly equal to
extended coordinates and momenta. However, due to coupling effects between
original and extended variables during integration, they gradually become un-
equal over time. Pihajoki [?] corrected this by introducing permutation variables
M.:

K2

§2(h) = M,yH, (g) M H,(h)M, H, (g) M,

where M; and M, represent momentum permutations p < p.
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2.2.3 Continuous Coordinate-Momentum Permutation Phase Space
Extension Symplectic-like Algorithm

Building upon Pihajoki’s work [?], Liu et al. [?, ?] found better permutation
methods and proposed the fourth-order continuous coordinate-momentum per-
mutation extended phase space explicit symplectic-like algorithm:

51 = 52(Mh)S5(Ah) Sy (Azh) My X S3(A3h) S5 (Ash) S (Arh) My

where M; denotes momentum permutation p <> €,,§; <> € ,& <> e, M,
denotes coordinate permutation q «» eg, 0, > ey , 0, > ey, and coefficients are

A=A =1/[2(2 23] A3 =1 —2)\,.

The continuous coordinate-momentum permutation extended phase space ex-
plicit symplectic-like algorithm requires two triple integrations to achieve high
precision. While it has been successfully applied to inseparable Hamiltonian
problems such as post-Newtonian Hamiltonian problems and rotational Hamil-
tonian problems, it fails to maintain energy stability in some chaotic orbits of
rotating compact binary post-Newtonian Hamiltonian systems [?, ?].

2.2.4 Midpoint Permutation Phase Space Extension Symplectic-like
Algorithm

Luo et al. [?, 7] modified Liu et al’s approach [?, ?] and proposed the midpoint
permutation extended phase space explicit symplectic-like algorithm. This algo-
rithm requires only a single midpoint permutation rather than two permutations
to achieve excellent precision and stability. During integration, the midpoint
permutation maintains equality between original and extended coordinates and
momenta throughout. The fourth-order midpoint permutation extended phase
space symplectic-like algorithm A, is expressed as:

A4 =M® Sz(Ash)Sz()‘zh)Sz()‘lm

with coefficients A, = A, = 1/(2—2/3), \; = 1—2),. M represents the midpoint
permutation:

q—q-+e, e, > qte,
0, — 0, +eg, €9 — 0, +eg,
Oy = 05+ eg,, €g, — 0y +eg,
P—P+e, e, ~p+te,
& = &ite, e =& e
S~ & te,, e, 26 teg
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3 Application in First-order Post-Newtonian Double-
rotating Two-body Problem

This section discusses numerical performance of various algorithms in the first-
order post-Newtonian double-rotating two-body problem. We select three types
of exoplanet orbits (high-inclination, low-eccentricity, and high-eccentricity or-
bits) for numerical simulation. Fourth-order implicit midpoint method (IM4),
fourth-order coordinate-momentum permutation extended phase space explicit
symplectic-like algorithm (S4), fourth-order midpoint permutation extended
phase space explicit symplectic-like algorithm (A4), and RKF8(9) algorithm
are employed for numerical simulation across the three orbit types. RKF8(9)
serves as the reference solution for comparative analysis. We scan and present re-
lationships between energy errors and planetary orbital inclination/eccentricity
for all four algorithms, discuss these relationships, and finally compare stellar
radial velocities obtained from different algorithms.

3.1 Initial Coordinates and Momenta

Initial coordinates and momenta can be obtained from given initial orbital ele-
ments. In the two-body problem, there are five invariant orbital elements: semi-
major axis a, eccentricity e, orbital inclination 4, longitude of ascending node
), and argument of periapsis w. The remaining orbital element, mean anomaly
M, varies linearly with time [?]. Mean anomaly M and eccentric anomaly E
satisfy Kepler’s equation:

M=F—esinF

The Keplerian solution for the two-body problem is:

qga=a(cosE—e)P+aV1l—e2sin EQ

pan

p=—sinEP+
r

,/1_ 2
ROV 7@ s EQ
T

where n = \/GM /a3 is the mean angular rate and r is the distance between the
two bodies:

r=a(l—ecosE)
The Laplace vector P is:

cos € cos w — sin ) sin w cos ¢
P =|sinQcosw—+ cossinwcosi
sinwsin ¢
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The Laplace vector Q is:

—sin 2sinw + cos {2 cosw cos i
cosw sint

(— cos €2 sin w — sin 2 cos w cos z)

3.2.1 High-inclination Orbit

Orbit 1 is a high-inclination orbit with parameters listed in Table 1 , where M ;
denotes Jupiter mass, M solar mass, Rg Earth radius, and R solar radius.
Using XO-3 b [?] as an example, XO-3 b is a high-inclination hot Jupiter with
a projected angle of 37.3° 4+ 3.7° between planetary orbital angular momentum
and host star rotation axis.

Initial orbital elements are set as a = 0.04539 AU, e = 0.05, i = 37°, Q = 0°,
w=0,M=0,0 =90, 0, = 95°, with initial orbital period 7" = 0.0081
yr. The computational step size h is set to 1/600 of the initial orbital period,
and integration time ¢ = 107T. Figure 1 [Figure 1: see original paper] presents
energy error comparisons for IM4, A4, S4, and RKF8(9) through absolute energy
error AH = H(t) — H(0), where H(t) and H(0) represent Hamiltonian values
at times t and 0, respectively. Results show algorithm accuracy from lowest
to highest as IM4, S4, A4, RKF8(9). Extended phase space symplectic-like
algorithms A4 and S4 exhibit long-term stability, with A4 approximately one
order of magnitude more accurate than S4. S4 and IM4 show similar precision
during early integration, but IM4’s energy error curve begins to shift upward
after ¢ = 10T due to excessive iteration count and increased round-off error.
RKF8(9) achieves the highest precision but shows unstable energy error with
long-term growth, gradually approaching A4’s performance; at t = 1077, its
energy error is approximately one order of magnitude higher than A4’s.

3.2.2 Low-eccentricity Orbit

Orbit 2 is a low-eccentricity orbit with parameters listed in Table 2 . Using 51
Peg b [?] as an example, 51 Peg b is a hot Jupiter with eccentricity only 0.0042.

Initial orbital elements are set as a = 0.05235 AU, e = 0.0042, i = 0°, Q = 0°,
w=0,M=0°,60; =0, =0°, with initial orbital period T" = 0.0169 yr. Step
size h is 1/400 of the initial orbital period, and integration time ¢ = 1077.
Figure 2 [Figure 2: see original paper]| shows energy error comparisons through
AH = H(t) — H(0). Algorithm accuracy ranks from lowest to highest as S4,
IM4, A4, RKF8(9). Extended phase space algorithms A4 and S4 maintain stable
energy errors without offset, with A4 approximately two orders of magnitude
more accurate than S4. IM4’s energy error curve begins shifting upward after
t = 10*T. RKF8(9) achieves highest precision but exhibits poor stability with
linear error growth and significant offset, ultimately matching A4’s energy error
within the integration timeframe.
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3.2.3 High-eccentricity Orbit

Orbit 3 is a high-eccentricity orbit with parameters listed in Table 3 . Using
Kepler-1656 b [?] as an example, Kepler-1656 b is a high-eccentricity sub-Saturn
with eccentricity 0.84 + 0.1.

Initial orbital elements are a = 0.197 AU, e = 0.5, ¢ = 0°, 2 = 0°, w = 0°,
M =0, 0; =6, = 0°, with initial orbital period T" = 0.0868 yr. Step size
h is 1/2700 of the orbital period, and integration time ¢ = 1057. Figure 3
[Figure 3: see original paper| presents energy error comparisons. IM4, A4,
and S4 show lower precision than RKF8(9), with similar accuracy among the
three. A4 demonstrates slightly higher precision than S4 and IM4 along with
better stability. S4 exhibits large fluctuations in energy error without long-term
stability. IM4’s error curve shifts upward during later integration stages.

In summary, high-order Runge-Kutta RKF8(9) demonstrates the best numer-
ical precision across all three orbit types but suffers from poor stability. S4
shows relatively poor precision overall, though it exhibits good stability for low-
eccentricity and high-inclination orbits while producing large fluctuations for
high-eccentricity orbits. IM4 demonstrates relatively poor precision, with error
offsets appearing in later stages for low-eccentricity and high-inclination orbits
due to excessive iterations and increased round-off error. A4 shows the best
precision and stability across all three orbit types.

Table 4 lists CPU times required for the four algorithms to solve the three orbit
types. A4’s computational efficiency significantly exceeds other algorithms. S4
requires approximately twice A4’s computation time due to its double permu-
tation requirement. IM4 and RKF8(9) require substantially more time, with
RKF8(9) needing about three times A4’s duration. Overall, A4 performs best
in terms of precision, stability, and computational efficiency.

3.2.4 Relationship Between Planetary Orbital Inclination/Eccentricity
and Algorithm Energy Error

To clarify the relationship between planetary orbital parameters and algorithm
energy errors, we scanned and obtained relationship diagrams between energy
errors and orbital inclination/eccentricity for A4, S4, IM4, and RKF8(9).

For the energy error versus inclination relationship, initial orbital elements are
set as @ = 0.04539 AU, e = 0.05, R = 0°, w =0°, M = 0°, 6, = 90°, 6, = 95°,
with initial period T = 0.0081 yr, step size h = T'/600, and integration time
t = 10*T. Inclination i varies from 0° to 180° in increments of 8°. Figure
4 [Figure 4: see original paper| shows the relationship between energy errors
and planetary orbital inclination through mean energy error E. RKF8(9) accu-
racy remains nearly unaffected by inclination, maintaining the highest precision.
For the other three algorithms, accuracy improves by approximately two orders
of magnitude when inclination ranges from 0° to 28°. Subsequently, for pro-
grade non-near-coplanar orbits, algorithm precision stabilizes with increasing

chinarxiv.org/items/chinaxiv-202306.00398 Machine Translation


https://chinarxiv.org/items/chinaxiv-202306.00398

ChinaRxiv [$X]

initial inclination. The midpoint permutation extended phase space symplectic-
like algorithm A4 shows precision one order of magnitude lower than RKF8(9)
for prograde non-near-coplanar orbits, while achieving comparable precision to
RKF8(9) for retrograde orbits.

For the energy error versus eccentricity relationship, initial elements are a =
0.04539 AU, i = 0°, Q =0, w =0, M = 0°, 6, = 90°, 6, = 95°, with
T = 0.0081 yr, h = T/600, and t = 10*T. Eccentricity e varies from 0 to 1
in increments of 0.1. Figure 5 [Figure 5: see original paper] illustrates the rela-
tionship between energy errors and planetary eccentricity. RKF8(9) maintains
the highest overall precision. Among the other three algorithms, A4 shows the
best precision for e < 0.9. At e = 0.9, A4’s precision degrades, ranking S4,
IM4, A4 from highest to lowest precision. For 0 < e < 0.1, IM4 outperforms S4,
but as eccentricity increases, S4 and IM4 achieve similar precision. For high-
eccentricity orbits, S4, IM4, and A4 show significantly lower precision than
RKF8(9) because these fixed-step algorithms introduce substantial error when
derivatives change rapidly, whereas RKF8(9) adapts its step size to reduce error
accumulation.

3.2.5 Stellar Radial Velocity from Each Algorithm

We simulated stellar radial velocities using A4, S4, IM4, and RKF8(9) across
the three orbit types (high-inclination, low-eccentricity, and high-eccentricity).
Figure 6 [Figure 6: see original paper] compares results over 10 orbital peri-
ods, with the vertical axis showing stellar radial velocity along the x-axis. All
algorithms produce overlapping radial velocity curves for the three orbit types.

For longer integrations, using RKF8(9) results as the reference solution, we ex-
amined relative errors in maximum x-axis radial velocity during the first period
after extended integration (107 for high-inclination, 1077 for low-eccentricity,
10°T for high-eccentricity orbits). Results appear in Table 5 . All three al-
gorithms produce extremely small relative errors in maximum radial velocity
without significant differences.

4 Summary and Outlook

This work investigates explicit symplectic-like algorithms in post-Newtonian
orbits of double-rotating exoplanet systems. We examined algorithm preci-
sion and computational efficiency of fourth-order implicit midpoint method,
fourth-order coordinate-momentum permutation extended phase space
symplectic-like algorithm, fourth-order midpoint permutation extended phase
space symplectic-like algorithm, and RKF8(9) in first-order post-Newtonian
double-rotating two-body problems, and presented relationships between
orbital inclination/eccentricity and energy errors.

Numerical results show that across the three orbit types, the fourth-order im-
plicit midpoint method incurs high computational costs due to multiple iter-
ations. It outperforms the fourth-order coordinate-momentum permutation
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algorithm only in low-eccentricity orbits, showing relatively low precision for
high-eccentricity and high-inclination orbits, with energy error offsets appear-
ing in later integration stages due to excessive round-off errors. The fourth-order
coordinate-momentum permutation algorithm demonstrates moderate precision
and stability across all three orbit types, but produces large energy error fluc-
tuations in high-eccentricity orbits and incurs increased computational costs
from double permutations. The fourth-order midpoint permutation algorithm
exhibits excellent precision and stability overall with the highest computational
efficiency. Additionally, it performs exceptionally well in retrograde orbits,
achieving precision comparable to RKF8(9), and shows higher precision than
same-order comparison algorithms for orbits with eccentricity below 0.9.

The fourth-order midpoint permutation extended phase space symplectic-like al-
gorithm demonstrates the best applicability for non-near-coplanar, retrograde,
and near-circular orbits. Future work will employ this algorithm to investigate
the formation of high-inclination hot Jupiters. With diverse orbital configu-
rations in exoplanet systems, the algorithm can be applied to solve long-term
integration problems for more exoplanet orbits, providing clearer understanding
of the dynamical formation and evolution of exoplanet systems.
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