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Abstract
This work aims to improve the Bayesian neural network (BNN) for investi-
gating photoneutron yield cross sections as functions of the charge number Z,
mass number A, and incident energy. The BNN improvements focus on three
aspects: numerical parameters, input layer, and network structure. First, nu-
merical parameters—including the number of hidden layers, number of hidden
nodes, and activation function—were optimized by minimizing deviations be-
tween predictions and experimental data. It was determined that a BNN ar-
chitecture with three hidden layers, 10 hidden nodes, and a sigmoid activation
function yielded the smallest deviations. Second, based on established physical
knowledge such as isospin dependence and shape effects, optimal ground-state
properties were selected as input neurons. Third, a Lorentzian function was
employed to map hidden nodes to output cross sections, and an empirical for-
mula for the Lorentzian parameters was utilized to connect certain input nodes
to output cross sections. These latter two improvements enhanced prediction
accuracy and mitigated overfitting, particularly for axially deformed nuclei.
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This work presents an improved Bayesian neural network (BNN) for studying
photoneutron yield cross sections as functions of charge number Z, mass number
A, and incident energy �. The BNN was enhanced in three aspects: numerical
parameters, input layer design, and network architecture. First, by minimizing
deviations between predictions and experimental data, we optimized numerical
parameters including the number of hidden layers, number of hidden nodes, and
activation function. The BNN with three hidden layers, 10 hidden nodes per
layer, and sigmoid activation function yielded the smallest deviations. Second,
based on established physical knowledge such as isospin dependence and shape
effects, we selected optimal ground-state properties as input neurons. Third, we
applied the Lorentzian function to map hidden nodes to output cross sections
and used empirical formulas for Lorentzian parameters to link certain input
nodes directly to outputs. These latter two improvements enhanced predictive
accuracy and mitigated overfitting, particularly for axially deformed nuclei.

Keywords: Bayesian neural network, Photoneutron cross sections

Introduction
Neural networks are powerful predictive tools that have achieved remarkable
success in nuclear physics over the past few years [?, ?, ?, ?, ?, ?]. The earliest
application of neural networks to nuclear physics dates back to 1993, when
a phenomenological approach based on multilayer feedforward networks was
introduced to learn the systematics of atomic masses and nuclear spins and
parities [?]. Since then, various neural network architectures have been applied
to study nuclear mass systematics [?, ?], 𝛽-decay systematics [?], and binding
energies [?].

Recently, incorporating physical ideas has further improved neural networks
and unlocked their potential capabilities. Known physics has been explicitly
embedded in Bayesian neural networks (BNNs), resulting in novel methods for
accurately predicting 𝛽-decay half-lives [?]. Input data preprocessing that in-
cludes correlations among inputs reduces the problem of multiple solutions and
yields more stable extrapolated results [?]. Combining a three-parameter for-
mula with BNN has produced a novel approach for describing nuclear charge
radii [?]. Additionally, neural networks can reveal physical laws; for example, a
feedforward neural network trained to calculate nuclear charge radii suggested a
correlation between symmetry energy and charge radii of Ca isotopes [?], while
convolutional neural networks have been applied to determine impact param-
eters in heavy-ion collisions using constrained molecular dynamics simulations
[?].

To date, neural networks have been widely used for signal identification [?, ?, ?],
data restoration [?, ?], regression analysis [?], and numerous other applications
throughout nuclear physics. In studies of nuclear masses and charge radii,
Utama et al. demonstrated that physics-motivated models can provide initial
predictions that BNNs subsequently refine by modeling residuals [?, ?]. This
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residual approach has improved predictions from several physics-motivated mod-
els in nuclear physics, including nuclear mass predictions from various models [?]
and fission yield predictions using the TALYS model [?]. In studies of isotopic
cross sections in proton-induced spallation reactions, BNN predictions learning
experimental data directly were compared with those learning residuals from the
SPACS parametrization [?], with the latter proving superior and highlighting
the importance of robust physics-motivated models when using neural networks.

Neural networks are numerical algorithms, and in cases where physics-motivated
models are unavailable, attempts have been made to provide physics guidance
directly within the network architecture. A multitask neural network applied
to learn giant dipole resonance parameters directly from experimental data pro-
duced better predictions than the Goldhaber-Teller model [?]. In studies de-
termining impact parameters of heavy-ion collisions using convolutional neural
networks, no initial predictions were made [?]. Beyond physics-motivated mod-
els, guidance can also be provided through the input layer [?] or via empirical
formulas [?].

This study improves the BNN for studying photoneutron yield cross sections by
incorporating enhancements to both the input layer and the output mapping
through empirical formulas. Photonuclear reactions were first observed over 60
years ago [?], and their cross-section data are crucial for analyzing radiation
transport, studying nuclear waste transmutation [?], and calculating nucleosyn-
thesis rates [?, ?]. The underlying mechanisms in photonuclear reactions are
significant for fundamental nuclear physics [?, ?]. The EXFOR database con-
tains over 27,000 𝜎xn data points for nuclei from 6Li to 239Pu at incident ener-
gies above the neutron separation energy [?], with new facilities continuing to
produce additional measurements [?, ?]. This extensive dataset makes machine
learning both feasible and advisable.

This paper focuses on improving the BNN for studying photoneutron yield cross
sections. The remainder is organized as follows: Section II describes the model,
Section III presents results and discussions, and Section IV provides a summary.

II. Model
The fundamentals of the BNN approach were established in the last century
[?] and have become a standard method for pattern recognition and numerical
regression, with the latter being our focus. In a standard BNN algorithm, a
neural network with hidden layers maps inputs X to outputs Y:

Y (X, �) = a + (cid:32) Nh(cid:88) (cid:88) (cid:33) djiXi

where � = {a, bj, cj, dji} are network parameters, {a, cj} are biases, and {bj,
dji} are weights. The activation function f can be sigmoid, tanh, or softplus:

sigmoid(t) = 1 + exp(t) exp(t) − exp(−t) exp(t) + exp(−t) softplus(t) = log(1
+ exp(t)). tanh(t) =
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The activation function introduces nonlinearity between input and output.

The parameters in Eq. (1) are determined by learning from dataset D = {X(𝑛),
Y(𝑛)}��1��, where Nd is the sample size. Bayesian theorem, which deduces pos-
terior knowledge from prior distributions using likelihood functions, solves this
regression problem. Specifically, assuming a prior distribution P(�) for parame-
ters �, the posterior distribution P(�|D) given dataset D is:

P (�|D) = P (D|�)P (�) (cid:82) P (D|�)P (�)d�

where P(D|�) is the likelihood of D given �.

With the posterior distribution of parameters �, the expected output Ŷ* for
known inputs X* is expressed as the integration:

(cid:90) Ŷ ∗ = Y (X ∗, �)P (�|D)d�,

Monte Carlo techniques evaluate this integration:

Ŷ ∗ = M CSP (�|D) [Y (X ∗, �)] Ns(cid:88) Y (X ∗, �(k)),

where M CSP (�|D) denotes Monte Carlo sampling from posterior distribution
P(�|D) and �(k) (k = 1, 2, …, Ns) is the k-th sample drawn from P(�|D) with
total sample number Ns. The accuracy of Eq. (6) in evaluating Eq. (5) is:

Y ∗ = Ŷ ∗ ± 1.96

where S is the standard deviation of samples Y(X*, �(k)). The difference be-
tween integration and Monte Carlo calculations can be reduced by increasing
the sample number.

Analytic computation of posterior distribution P(�|D) is intractable due to high
parameter dimensionality. The BNN approach uses variational inference to
approximate P(�|D). Variational inference attempts to find � such that q(�|�)
minimizes the KL divergence from P(�|D):

� = arg min KL [q(�|�)||P (�|D)] (cid:21) (cid:20) = arg min Eq(�|�) (cid:20) q(�|�)
P (�|D) q(�|�)P (D) P (D|�)P (�) (cid:2) ln q(�(k)|�) − ln P (�(k))(cid:21) = arg
min Eq(�|�) = arg min (cid:88) − ln P (D|�(k))(cid:3).

Traditional physics regression methods use empirical formulas with parameters,
where appropriate formulas avoid misconvergence and overfitting. Similarly,
when applying BNNs in physics, selecting appropriate input nodes for specific
outputs is crucial. In this study, the output is photoneutron yield cross section
𝜎xn. Over 27,000 𝜎xn data points from EXFOR [?] for nuclei from 6Li to
239Pu at incident energies above neutron separation energy were collected. The
minimum input nodes for studying 𝜎xn are target charge number Z, target mass
number A, and incident 𝛾-particle energy �. This baseline BNN is abbreviated
as BNN-ZAE and illustrated in Fig. 1 Figure 1: see original paper.

We demonstrate that BNNs can be improved by incorporating known physics.
Photoneutron yield cross sections 𝜎xn as functions of incident energy exhibit
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Lorentzian shapes with two components. The Lorentzian parameters are peak
energy Ei, width Γi, and strength si:

𝜎xn = (cid:88) i=1,2 𝜎TRKsi�2Γi [�2 − E2 i ]2 + (�Γi)2 ,

Fig. 1 shows (a) BNN-ZAE with input nodes Z, A, �; (b) BNN-OPT with opti-
mal input nodes including ground-state properties; and (c) Lorentzian function-
based BNN (LBNN) incorporating Lorentzian shape and empirical parameter
formulas.

The BNN is a numerical algorithm. In physics, BNNs typically learn residuals
from physics-motivated models to fine-tune them, with main physics informa-
tion contained in the initial prediction. In our previous work [?], we introduced
a method providing physics guidance through the input layer without requir-
ing initial physics-motivated model predictions. This method is applied here
to select optimal ground-state properties as input neurons for predicting 𝜎xn.
Details are provided in Ref. [?]. Briefly, various combinations of ground-state
properties are tested as input nodes, with the optimal combination selected
based on minimal deviation between predictions and data. The optimal input
nodes are:

X = {Sn, Q𝛽, B, A, $�$2, �},

where Sn is neutron separation energy, Q𝛽 is 𝛽− decay energy, B is binding en-
ergy per nucleon, A is mass number, $�$2 is quadrupole deformation parameter,
and � is incident photon energy. This model is abbreviated as BNN-OPT and
illustrated in Fig. 1(b). Notably, charge number Z is not used in BNN-OPT.
Since only stable nuclei have experimental photoneutron yield cross-section
data, and Z and A are strongly correlated for stable nuclei (see Fig. 1 in Ref.
[?]), including Z in addition to A does not improve predictions.

The subscripts i = 1 and 2 denote the two components, and 𝜎TRK expresses the
cross section via the Thomas-Reiche-Kuhn sum rule. The Lorentzian function
maps hidden nodes to output cross sections, as shown in Fig. 1(c). Beyond
the Lorentzian shape, known physics includes empirical formulas for Lorentzian
parameters:

E1 = H1A−1/3 − H2$�2, 𝐸2 = 𝐻1𝐴 − 1/3 + 𝐻2�2, Γ1 = 𝐻3 − 𝐻4�2, Γ2 =
𝐻3 + 𝐻4�2, 𝑠1 = 𝐻5 − 𝐻6�2, 𝑠2 = 𝐻5 + 𝐻6�$2,
where Hi (i = 1, …, 6) are empirical parameters. These formulas are incorporated
into the BNN, creating a Lorentzian function-based BNN (LBNN). As shown
in Fig. 1(c), solid black lines indicate that all input nodes calculate empirical
parameters H1 through H6, which together with inputs A and $�$2 determine
Lorentzian parameters E1, E2, Γ1, Γ2, s1, and s2 via Eq. (11). The Lorentzian
parameters depend on A and $�$2 through known physical relationships in Eq.
(11), while their dependence on other input nodes is unknown and determined
numerically during training. Solid and dashed lines distinguish physical from
numerical dependencies. Energy is an input node but is not used to calculate the
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hidden layer because its relationship to the output cross section is known to fol-
low the Lorentzian shape. In BNN-ZAE and BNN-OPT, the energy dependence
is a black box; in LBNN, parts of this black box are opened.

III. Results & Discussions
Three BNN variants are evaluated: BNN-ZAE, BNN-OPT, and LBNN. The
latter two incorporate physics guidance through improved input nodes and
Lorentzian shape considerations. We assess these models by comparing their
photoneutron yield cross-section predictions.

Root-mean-square (RMS) deviations between predictions and data are calcu-
lated as:

RM S = (cid:118) (cid:117) (cid:117) (cid:116) Nd(cid:88) (cid:16) log 𝜎(n) p −
log 𝜎(n) (cid:17)2
where 𝜎p is predicted cross section and 𝜎d is experimental data. Log-scaling is
used because 𝜎d values span four orders of magnitude from 10−3 to 10 b.

Fig. 2 [Figure 2: see original paper] shows RMS deviations between data and
BNN-ZAE predictions as functions of iteration step. Fig. 2(a) compares cases
with 1, 2, and 3 hidden layers (10 nodes each). All RMS deviations converge
within 1000 iteration steps, with final values of 0.226, 0.219, and 0.214 for 1,
2, and 3 hidden layers, respectively. More hidden layers marginally improve
training data reproduction, but the effect is weak. Fig. 2(b) tests hidden node
numbers (10, 30, 100) in a single hidden layer. Convergence is slower for more
nodes: 1000 steps are needed for 10 and 30 nodes, but 2000 steps for 100 nodes.
RMS deviations at 4000 steps are 0.226, 0.229, and 0.235 for 10, 30, and 100
nodes, respectively, with similar performance for 10 and 30 nodes but worse for
100 nodes. Fig. 2(c) compares activation functions (sigmoid, tanh, softplus)
for a single hidden layer with 30 nodes. Sigmoid performs best. Subsequent
calculations use three hidden layers with 30 nodes each and sigmoid activation.

Fig. 3 [Figure 3: see original paper] compares prediction errors for the three
BNN types. Fig. 3(a) shows RMS deviations versus iteration step. All cases
converge similarly, with 4000 steps being sufficient. RMS deviations at 4000
steps are 0.198 for BNN-OPT, 0.206 for LBNN, and 0.214 for BNN-ZAE. While
varying numerical parameters (hidden layers and nodes) does not improve the
network (Fig. 2), incorporating known physics of observables is key. Photoneu-
tron reaction effects such as isospin dependence and shape effects [?, ?, ?] in-
dicate cross-section dependence on nuclear ground-state properties. BNN-OPT
uses ground-state property data in its input layer, while LBNN incorporates
Lorentzian shape knowledge. Both aspects reduce RMS deviations compared to
BNN-ZAE.

Fig. 3(b) shows distributions of prediction errors log 𝜎p − log 𝜎d. A value
of 1 means the prediction is 10 times larger than data; -1 means 10 times
smaller. Cases with |log 𝜎p − log 𝜎d| > 1 occur in less than 0.1% of samples.
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Most samples fall between -0.1 and 0.1, indicating agreement within 1.26 times.
Specifically, these comprise 48.0% of BNN-ZAE samples, 57.1% of BNN-OPT
samples, and 61.6% of LBNN samples. LBNN shows the largest percentage and
most symmetrical error distribution, making it superior to BNN-OPT.

We further evaluate the three BNNs by comparing predictions for spherical
nuclei 92Zr, 112Sn, and 206Pb. Fig. 4 [Figure 4: see original paper] shows
cross sections versus incident energy. Spherical nuclei typically display one
main Lorentzian component in their photoneutron excitation functions, which is
observed in the experimental data for these nuclei. LBNN reproduces Lorentzian
peak positions and values well, while BNN-ZAE and BNN-OPT underestimate
the peak position for 92Zr and peak value for 112Sn.

Abundant data with experimental errors (statistical and systematic) are shown
as error bars. Data were resampled inversely proportional to experimental er-
rors for training, emphasizing low-error data. After 4000 iteration steps, 100
samples calculated prediction standard deviations and uncertainties shown as
shaded bands. In energy regions with data, BNN-ZAE and BNN-OPT show
small uncertainties, but large uncertainties would be expected in extrapola-
tions. The Lorentzian function constrains both predictions and uncertainties
in LBNN, giving consistent uncertainties for interpolations and extrapolations
in logarithmic coordinates. Uncertainties are small due to abundant data and
originate from Monte Carlo techniques. The Lorentzian function is only approx-
imate; it does not account for the threshold at � = Sn, making predictions below
threshold meaningless.

For axially deformed nuclei, photoneutron yield cross sections show two main
Lorentzian shapes, with peak separation positively correlated with deformation
parameter $�$2 according to time-dependent Hartree-Fock calculations [?]. Data
for deformed nuclei 31P, 75As, and 165Ho are shown in Fig. 5 [Figure 5: see
original paper] with $�$2 values of -0.22, -0.24, and 0.28, respectively. Two
peaks are clear for 165Ho, faint for 75As, and difficult to distinguish for 31P due
to abundant but noisy data. However, the broad peak is consistent with two
close Lorentzian components.

Predictions with confidence intervals are shown as curves and shaded bands.
BNN-ZAE reproduces overall trends for 31P and 75As but slightly overestimates
31P cross sections and misses the two obvious peaks for 165Ho, grossly overes-
timating at � = 14 MeV where data show �0.25 b. BNN-OPT provides smaller
RMS deviations than BNN-ZAE but wider confidence intervals. BNN-OPT
shows overfitting when extrapolating to low-energy regions (� < 10 MeV for
31P and 75As), with confidence intervals predicting increasing cross sections at
decreasing energies—contradicting experimental observations.

LBNN reproduces data better than the other models. It considers two
Lorentzian shapes related to $�$2 (Fig. 1(c)), correctly predicting two peaks
for deformed nuclei. LBNN underestimates 31P cross sections at � = 21.5
MeV, where calculations show a valley between Lorentzian peaks but data
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show a weak peak. This weak peak may reveal substructure beyond the
main Lorentzian shapes, also observed in 206Pb near � = 25 MeV. Since this
substructure lacks physics-motivated explanation, it was not included in the
network. The improvement from BNN-OPT to LBNN supports incorporating
such substructure after its properties are revealed.

IV. Conclusion
Photoneutron yield cross sections as functions of charge number Z, mass number
A, and incident energy � were studied using BNN-ZAE. Numerical parameters
were varied to test the model, revealing that the sigmoid activation function best
realized input-output nonlinearity and produced smallest prediction deviations.
However, increasing hidden layers from 1 to 3 or hidden nodes from 10 to 100
did not improve BNN-ZAE predictions.

Following the method of Ref. [?], physics guidance was provided through the
input layer. Photoneutron reaction effects such as isospin dependence and shape
effects [?, ?, ?] indicate cross-section dependence on ground-state properties.
Based on this knowledge, optimal ground-state properties were selected as input
neurons, creating the BNN-OPT model. BNN-OPT showed smaller deviations
from data than BNN-ZAE.

Further improvement came from incorporating the Lorentzian shape of pho-
toneutron yield cross sections. The Lorentzian function mapped hidden nodes
to output cross sections, and empirical Lorentzian parameter formulas linked
input nodes to outputs. This Lorentzian function-based BNN (LBNN) was
evaluated against BNN-ZAE and BNN-OPT for spherical nuclei (92Zr, 112Sn,
206Pb) and deformed nuclei (31P, 75As, 165Ho). For spherical nuclei with single
Lorentzian components, all three models reproduced main trends, but LBNN
performed best. For axially deformed nuclei with two Lorentzian shapes, only
LBNN reproduced the two peaks, because it explicitly considers two Lorentzian
shapes related to quadrupole deformation parameters $�$2.
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