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Abstract

We present the Parareal-CG algorithm for time-dependent differential equations
in this work. The algorithm is a parallel in time iteration algorithm utilizes
Chebyshev-Gauss spectral collocation method for fine propagator F and back-
ward Euler method for coarse propagator G. As far as we know, this is the
first time that the spectral method used as the F propagator of the parareal
algorithm. By constructing the stable function of the Chebyshev-Gauss spec-
tral collocation method for the symmetric positive definite (SPD) problem, we
find out that the Parareal-CG algorithm and the Parareal-TR algorithm, whose
F propagator is chosen to be a trapezoidal ruler, converge similarly, i.e., the
Parareal-CG algorithm converge as fast as Parareal-Euler algorithm with suf-
ficient Chebyhsev-Gauss points in every coarse grid. Numerical examples in-
cluding ordinary differential equations and time-dependent partial differential
equations are given to illustrate the high efficiency and accuracy of the proposed
algorithm.

Full Text

Preamble

Parareal Algorithm via Chebyshev-Gauss Spectral Collocation
Method

Quan Zhoux, Yicheng Liuf, Shu-Lin Wui

Abstract. We present the Parareal-CG algorithm for time-dependent differen-
tial equations in this work. The algorithm is a parallel-in-time iteration method
that utilizes the Chebyshev-Gauss spectral collocation method for the fine prop-
agator F' and the backward Euler method for the coarse propagator G. To
our knowledge, this is the first time that a spectral method has been used
as the F' propagator in the parareal algorithm. By constructing the stability
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function of the Chebyshev-Gauss spectral collocation method for symmetric pos-
itive definite (SPD) problems, we find that the Parareal-CG algorithm and the
Parareal-TR algorithm, whose F propagator is chosen to be the trapezoidal
rule, converge similarly. That is, the Parareal-CG algorithm converges as fast
as the Parareal-Euler algorithm with sufficient Chebyshev-Gauss points in ev-
ery coarse grid. Numerical examples including ordinary differential equations
and time-dependent partial differential equations are given to illustrate the high
efficiency and accuracy of the proposed algorithm.

Key words. Parareal algorithm, Chebyshev-Gauss spectral collocation
method, nonlinear ODEs, SPD problems, time-dependent PDEs.

MSC classification. 65L05, 65120, 65L60, 683Q60.

Introduction

We consider utilizing the parareal algorithm for initial-value problems of the
form:
u'(t) = f(t,u), u(0)=u,, tel0,T],

where f: (0,7) x R™ — R™ and u, € R™. Parareal is a well-studied parallel-
in-time algorithm developed by Lions, Maday, and Turinici in 2001 [?]. The
algorithm obtains the solution in a limited number of predictor-corrector itera-
tions utilizing random initial values at each temporal subinterval, stopping when
a tolerance is reached. The global error produced by this iterative method is
equivalent to that obtained by the serial fine propagator. Due to advantages of
the parareal algorithm including but not limited to efficiency and convergence,
many relevant methods have emerged in recent years [?, 7, 7, ?]. Together with
these methods, the parareal algorithm has been applied in various fields of re-
search, including optimal control problems [?, ?, ?, ?], wave equations [?, ?],
stochastic differential equations [?, ?, 7], Hamiltonian systems [?, ?], incompress-
ible flows [?, ?], heat equations [?, ?, 7], algebraic equations [?, ?], molecular
dynamics [?, ?], and other partial differential equations [?, 7, ?].

The parareal algorithm combines two numerical methods: the coarse propaga-
tor G and fine propagator F', associated with large time step AT and small
time step At, respectively. The ratio J = AT /At is assumed to be greater
than 1. The G propagator is often chosen to be the backward FEuler method,
which is inexpensive and strongly stable, making it suitable for large time step
AT computations. Additionally, numerical methods based on Taylor expansion
and quadrature formulas, which are much cheaper, are frequently chosen as F'
propagators, and the convergence of various F' propagators has been thoroughly
investigated for symmetric positive definite (SPD) problems:

u'(t) + Au(t) = g(t), A€ R™ symmetric positive definite (SPD).

Gander and Vandewalle [?] proposed the convergence theorem of the parareal
algorithm and illustrated numerically that the Parareal-Euler algorithm using
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backward Euler for F' converges rapidly. Based on this, Mathew, Sarkis, and
Schaerer [?] proved theoretically that the parareal-Euler algorithm converges
robustly with convergence factor 0.298 for J > 2. Wu [?] demonstrated that
robust convergence also holds when the F' propagator is chosen to be the second-
order diagonal implicit Runge-Kutta (DIRK2) method and TR/BDF2 method
(the ode23tb solver for ODEs in MATLAB). For J > 2, the convergence factors
of Parareal-2sDIRK and Parareal-TR/BDF2 are 0.316 and 0.333, respectively.
Wu and Zhou [?] also showed analysis for the F' propagator using the third-order
diagonal implicit Runge-Kutta method with convergence factor 0.333 for J > 4;
they also proved that for the trapezoidal formula and fourth-order Gauss-Runge-
Kutta integrator chosen as F' propagator, there exists a J*; depending on both
the spectral radius of A and the step size At which makes the convergence factor
0.333 for J > J¥;,. Recently, Yang, Yuan, and Zhou [?] gave a more general
result stating that if the F' propagator is strongly stable single-step integrators,
there must exist a positive J, (independent of step sizes AT, At, terminal
time T, problem data u, and f, as well as the spectral radius of A) such that
the parareal algorithm converges linearly with convergence factor close to 0.3
for all J > J*

min*

In this work, we choose the Chebyshev-Gauss spectral collocation method
[?] for the fine propagator and present the Parareal-CG algorithm. The
Chebyshev-Gauss spectral collocation method is an overall iteration method
with M Chebyshev-Gauss points in the computation interval, combining
the advantages of spectral accuracy and computational efficiency. Also, it
is unnecessary to solve implicit equations for every fine time step At as in
classical methods via Taylor expansion mentioned in [?, 7, 7, ?]. We briefly
introduce spectral collocation methods for ODEs. Clenshaw and Norton
first presented the Chebyshev-Picard method for solving nonlinear ordinary
differential equations in 1963, in which the nonlinear term was approximated
by Chebyshev series, so that the method was collocated at Chebyshev-Gauss-
Lobatto points and implemented by Picard iteration. Later, a matrix-vector
form of the method was introduced by Feagin and Nacozy [?], greatly increasing
computational efficiency. Yang and Wang [?] proposed the Chebyshev-Gauss
spectral collocation method via Chebyshev-Gauss points for ODEs in a single
interval and analyzed convergence by the hp version. The method demon-
strated significant advantages in astrodynamics simulations [?, 7, 7, ?] due to
its spectral accuracy and computational efficiency. Additionally, some relevant
spectral collocation methods for solving ODEs have also been proposed in
recent years [?, 7, 7].

We present the matrix-vector form of the Chebyshev-Gauss spectral collocation
method using the approach in [?]. Based on this, we construct its stability func-
tion and illustrate the convergence of the Parareal-CG method numerically. We
find there exists an M} . depending on the spectral radius of A and the step
size AT which makes the convergence factor 0.333 for M > M7, . The pro-
posed method has the same convergence as Parareal-TR and Parareal-Gauss4
methods.
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The rest of the paper is organized as follows: in Section 2 we recall the
Chebyshev-Gauss spectral collocation method and its convergence theorem.
The Parareal-CG algorithm is proposed in Section 3. We provide the stability
function of the Chebyshev-Gauss spectral collocation method and observe the
convergence of the Parareal-CG algorithm in Section 4. Several numerical
experiments are carried out in Section 5 to demonstrate the high accuracy
and convergence of the proposed method. We finally give some conclusions in
Section 6.

2 Revisit of Chebyshev-Gauss Spectral Collocation Method

In this section, we revisit the Chebyshev-Gauss spectral collocation method
proposed by Yang and Wang [?] in a general interval [a, b], (b > a > 0) with the
initial condition u(a) = u,.

Let T;(7) = cos(larccos(T)) be the standard Chebyshev polynomials of degree
I, 1=0,1,-) with 7 € [-1,1]. Then by using the affine transformation we can
define the shifted Chebyshev polynomials:

Tl(t) = Tl (w) , te [aab}v l= 0713"'

According to the definition, one can obtain the following shifted Chebyshev
derivative relationship directly:
~ 2 - 20+1) ~ -1z

Tj) =0, B0 = ;D). T =5 R+ 70, 122

Let 7,,, denote the standard Chebyshev-Gauss (CG) points in (—1,1):

2m+)m
= — y — = O 1 e
Trm s oire M=0L M,
the corresponding shifted Chebyshev-Gauss (CG) points ¢,,, have the form:

b— b
tm: 2aTm+a_2|— ’ m:071,~-~,M,

which are the zeros of TMH(t).

Denote Py, (a,b) as the set of polynomials of degree at most M + 1 in (a,b).
The Chebyshev-Gauss spectral collocation method seeks u,(t) € Py, ;(a,b)
defined by:

M+1 .
m=0
such that:

u}\/[(t'm) :IMf(tm’uM(tm))) uM(a’) = Ug, m = 0717'”7M7
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where I, f(t,u(t)) : C(a,b) — Py (a,b) is the Chebyshev interpolation of
f(t,u(t)) defined by:

M

Ingf(t (1) Z

m=0

the coefficients {f,, }M _o are determined by the forward discrete Chebyshev
transform:

M
fm = M:i 1 ;f(thuM(tl))Tm(tl)’

where ¢; = 2, ¢, = 1 for m > 1. Then by the shifted Chebyshev derivative
relationship, we can derive the coefficients {a,, %iol:

R b— . b—a - . b—a ~ ~
Upr+1 = (M+1)fMa Upr = me 1 Uy = o <cm71fm71_fm+l)’

Yang and Wang [?] presented the error estimate for the hp-version of the single
interval Chebyshev-Gauss spectral collocation method. Before introducing the
theorem, we first present some notations used throughout the error estimate:
- Hl(a,b), (r > 0) denotes the weighted Sobolev space with weight function
w=(t—a)(b—t)in (a,b); in particular, H)(a,b) = L2 (a,b). - |v|, denotes the
norm of the space L? . (a,b).

The error estimate theorem is stated as follows.

Theorem 2.1 Assume that f(t, z) fulfills the Lipschitz condition:
|f(z1:1) = f(z2,1)] < Llzy — 29|, L >0,

and 0 < L(b—a) < 8 < ; holds (where 3 is a certain constant). Then for any
we H, ,,(a,b) with 1ntegers 2 <r < N+ 1, we have:

b - 2
sl < 0-llumun < Cotb—apar> [Cwrse) (Gruto) at

X i ) 1/2
lu(b) — 1y (0)] < Cplb— a)> M2 ( / wT*3/2(t)<jtru(t)) dt) ,

where Cj is a positive constant depending only on j.

In actual computation, we use a Picard iteration procedure to compute the coef-
ficients {ﬂm}%:o. The approach is simple to implement, especially for complex
nonlinear problems. The p-th (p = 1,2, ) Picard iteration form of the method
is:
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If the equation satisfies the convergence condition in Theorem 2.1, the iteration
solution !, (t) will converge to the numerical solution wu,,(t) with sufficiently
large p, and the convergence is of order one. That is, there exists a constant 0 <
C, < 1 such that [[eP™] < C,|le?], with the definition e? := ufl () — up,(t).

Algorithm 1 Chebyshev-Gauss Spectral Collocation Algorithm

Input: Provide the initial guess of {u,(t,,)}}_,, the tolerance e.

For p = 0,1, - Step 1. Evaluate the values of {f(t,,,ul,(t,, )M ;. -
Step 2. Compute the coefficients {ffn M, by (2.8). - Step 3. Compute the
coefficients {@2F 1} M4 1 by (2.9). - Step 4. Update the data of {u%7 " (,,)}M_ by
(2.5). - Step 5. If the iteration error satisfies the stopping criterion |[uf" (t) —
uh, ()]s < €, terminate the iteration; otherwise go back to Step 1. - Step 6.

Compute w5 (b) = ZAT::Ol 1T, (b).

We designate F- as the numerical propagator defined by the Chebyshev-Gauss
spectral collocation method. The numerical output of Algorithm 1 with M
points in the interval [a, b] is represented as Fr(a,u,, M,b— a). That is:

uy (b)) = Fogla,u,, M, b—a).

3 Parareal-CG Algorithm

The parareal algorithm introduced by Gander and Vandewalle [?] is revisited
in this section, using the Chebyshev-Gauss spectral collocation method as the
fine propagator. First, we divide the whole time interval [0,7] uniformly by
0=T, <T, < < Ty =T and define AT = T/N. Second, we divide
each (T,,,T, ;) by M(> 2) shifted Chebyshev-Gauss points (2.4). Then, the
low-order and inexpensive numerical method G propagator is applied to the
coarse time grids, while the Chebyshev-Gauss spectral collocation method Fi
propagator having spectral accuracy is utilized in the fine grids. The time-
sequential and time-parallel parts of the algorithm are denoted by the symbols
(cid:9) and @, respectively. The following is the parareal method employing
Fq as the fine propagator.

Algorithm 2 Parareal-CG Algorithm
(cid:9) Initialization: Compute sequentially “9L+1 = G(T,,ud, AT) with uf =
Ug-

For k = 0,1,-: @ Step 1. On each subinterval [T,,,T, ], compute @~ , =
Foo(T,,uk, M, AT). (cid:9) Step 2. Perform sequential corrections:

upth = G(Tyui ™ AT) + iy — G(T,, up, AT),
where uF'] is the (k + 1)-th iteration value. (cid:9) Step 3. If {uf*!}X

n n=1
satisfies the stopping criterion, terminate the iteration and output {u

E+1YN
n n=11
otherwise go back to Step 1.
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Given that the implicit Euler method is L-stable and feasible for high coarse
time step sizes AT required by the parareal algorithm, using it as the coarse
propagator makes sense. Other reliable implicit numerical methods, such as
implicit Runge-Kutta methods, are also available for use as the G propagator,
although they are all significantly more costly than the implicit Euler method.
In this paper, we apply the Chebyshev-Gauss spectral collocation method to
the fine propagator, and the compact form of the Parareal-CG method may be
expressed as:

ultl = G(T,,uk* AT) + Foo(T,, uk, M, AT) — G(T,, uk, AT).

For comparison, we also take into account other high-order and expensive numer-
ical methods like the trapezoidal formula. Accordingly, each interval [T},,T,, ]
should be divided into J(> 2) small time-intervals [T,/ 5, Tpsji1)/), 7 =
0,1,--,J—1. We assume the intervals are of uniform size, therefore At = AT/ J,

T,.; =T, + jAT/J. The parareal algorithm can be derived by:

Algorithm 3 Parareal Algorithm

(cid:9) Initialization: Compute sequentially u®_ , = G(T,,,u%, AT) with u) =
Ug-

For k = 0,1, & Step 1. On each subinterval [T,,,T, ], compute @~

ntj+l —
F(T, ﬂﬁﬂ, At) with initial value @* = u¥ and j =0,1,--,J—1. (cid:9) Step

2. Perform sequential corrections:
ult = G(T,,uktt AT) + @F | — G(T,,uk, AT),

where uf™1 is the (k + 1)-th iteration value. (cid:9) Step 3. If {uft!}N |
satisfies the stopping criterion, terminate the iteration and output {uf+'}N_ .

n n=1
otherwise go back to Step 1.

The compact form of the parareal algorithm can be derived by:

upty = G(T,,ul ™ AT) + F(T,, ufy, At) — G(T,,, uyy, AT),
where F/(T,,,uk At) stands for the result of running .J steps of the fine propa-
gator F with initial value u¥ and the small step-size At.

4 Convergence Analysis

Based on the parareal convergence analysis given by Gander and Vandewalle
[?], the convergence of the Parareal-CG method is analyzed by constructing the
stability function of the Chebyshev-Gauss spectral collocation method in this
section.
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4.1 Stability Function of Chebyshev-Gauss Spectral Method

In order to obtain the convergence factor K(z, M) of the Parareal-CG algo-
rithm in Algorithm 2, in this subsection we present the stability function of the
Chebyshev-Gauss spectral collocation method Req(z, M).

Lemma 4.1 For given M and z := AAT, the stability function R (2, M) of
the Chebyshev-Gauss spectral collocation method in [T}, T}, 4], (n = 1,2,---, N)
is:

Rog(z, M) =T(I, — 2C, (I, + 2T,C,)'T} ) E,

where T} and C,, are the coefficient matrices defined in (4.7) and (4.9), respec-
tively; I; and I, are two identity matrices of size (M + 1) and (M + 2), re-
spectively; T' = [1,1,-+, 1] (pr40) and £ = [1,0,- 0] (M+2)x1 are two constant
vectors.

Proof. We first introduce the matrix-vector form of the Chebyshev-Gauss spec-
tral collocation method to be able to express R, explicitly. Denote the evalu-
ations of the approximated polynomial for the p-th (p = 1,2, ) iteration uf,(¢)
at the shifted Chebyshev-Gauss points {¢,,}M_/ (n=0,1,--,N —1) by:

uf = [us)w(to)’u?w(tl)a "'7u§\)/1(tM)](TM+1)><1

Equation (2.9) indicates that the vector u? can be expressed as a consequence of
the fact T;(t,,) = T)(7,,), ( =1,2,--;m = 0,1,--, M) where T} is a coefficient
matrix defined by:

TO(TO) T1<To) TM+1(TO)

~ T (T T, (T - T T
w =Tl (Ty) (maryx(maz) = OE Y 1( ) M+;1( 2
To(mar) Ti(mag) - TM+1(TM)

Denote j?(tm,uﬁ/_[(tm)) = fP and suppose the initial value be u(T,) = Up .
Then the coefficient vector 4 can be expressed by:

M+1 “1~p 7
[ug, +Em o (=)™,
rp—1
2 0
M( fp—1 P*l) R
ar = U T = Uy + RSf?,
AT (Apil _ ‘pfl)
2(M—1)\J M—2 M
AT rp—1
4(M+1)/ M—-1 ]

where R and S are coefficient matrices and the first line of S satisfies s, =
(=)™ m+1 form=2,3,---, M.

U, and fP can be defined by:

J?p _ [Ap—l Fp—1 Ap—l]T

Uo—[UT 0,0, O](M+2)><17 o J1 7 IM J(vr1yxas
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For simplicity, we set the values of the function f (t,uP~1(t)) o the Chebyshev-

Gauss points by the notation f2' = f(t,,, uh, (tm ), m -, M. Then
(2.8) can be expressed as:
3 (I):lTo(TO + f{:lTo(ﬁ) +oe szlTo(TM)
frt = 2 fo Ti(mo) + [T To(m) + -+ iy Ta(Tag) = VT, fr,

M+1 :
fgilTM(To) + f{FlTM(Tl) + et f]z\?lTM(TM)

where V and T, are coefficient matrices and the vector fP~! is defined by:

FrE = [f (o, uby (o)), f(tr uly  (£0)), o FlEags uly ) arsa) -

To this end, given the initial guess u°, the p-th matrix-vector iteration version
of the Chebyshev-Gauss spectral collocation method for solving (2.6) is:

u? =Uy— ATC, fP~1, uwP =T,aP,
where C, = RSVT,.

We develop the matrix-vector form of the method in order to acquire the stability
function on the one hand, and to considerably improve computing efficiency so
that it may be employed in our numerical experiments on the other. The matrix-
vector form of the method improves computational efficiency sufficiently.

Following this, we establish the linear stability function for the Chebyshev-Gauss
spectral collocation method. For this, we initially derive the special form of the
method for solving the linear equation:

wP = Tya? = T,(Uy — ATC, f*~1) = T\U, — A\ATT,C,,uP~".

By assuming u* = [u*(ty),u*(t;), -, u*(ty;)]T to be the convergence solution
after a sufficient number of iterations, we may rewrite (4.10) for given z := AAT
as:

u* =TUy — 21,C u* = (I, + 2T,C,) 1T, U,,
where I, is an identity matrix of size (M + 1). Then we can derive the corre-
sponding coefficient vector @* = [uf, uj, -, u},, )" directly:

u =Uy,— ATC,(\u*) = Uy — 2C, (I, + 21,C,) T U,.

Finally, the stability function of the Chebyshev-Gauss spectral collocation
method R (2, M) could be acquired by the compression relations:

U* (Tn+1 )
Ur

n

Rog(z, M) = =T =T (I, — 2C,(I; + 211C,) ') E,

where I, is an (M + 2)-dimensional identity matrix, T and F are two vectors
defined by T' = [1, -, 1, 1]1><(M+2) and £ =[1,0,- O] (M+2)x1*
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We can obtain the stability functions R particularly when M = 0 and M = 1:

2—z 22 —82+16
R 0)=— R )= ———7-—.
For M = 07 17 274a 20a we dlsplay |RCG(Z7M)| as functions of Zmax ‘T AYﬂ’)‘max
in Figure 4.1, which shows that for various M we have |Roa(2)] < 1. As a
result, we can obtain the contraction factor of the Parareal-CG method and
derive the convergence analysis.

4.2 Convergence Analysis of Parareal-CG Method

The following conclusion regarding the convergence of the Parareal-CG Algo-
rithm on sufficiently long time intervals can be deduced directly from the analy-
sis provided by Gander and Vandewalle [?] for the linear system of ODEs (1.2)
with A € R™*™ a symmetric positive definite matrix (which therefore can be
diagonalized and all eigenvalues are positive real numbers).

Theorem 4.1 ([17]) Let F be the Chebyshev-Gauss spectral collocation prop-
agator with stability function Ry (2) (4.13), and let o(A) = {A\;, -, A,,,} be the
set of eigenvalues of matrix A in (1.2). Then the errors {e¥} of the parareal-CG
algorithm at the k-th iteration using the backward-Euler method as the coarse
propagator satisfy:

[Velllo < p"sup [Veg p= max K(ATA M),
n co

(A)

oo

where p is the convergence factor of the parareal algorithm, k > 1 is the iter-
ation index, and V € R™*™ consists of the eigenvectors of A (i.e., V1AV =
diag(Ay,++, A,,,)). The argument K, which is the convergence factor corre-
sponding to a single eigenvalue (or “contraction factor” hereafter), is defined
as:

Keg(z, M) =

Rog(z, M) — 1
1— - '

1+=z

The convergence theorem 4.1 states that the behavior of the Parareal-CG algo-
rithm over a long time interval is determined by the convergence factor p(M)
defined by p(M) := max K(z, M) where z,,, = A\, AT and A, de-

2€(0,2 a5 max max max

notes the maximal eigenvalue (or an upper bound) of the coefficient matrix A in
(1.2). We can infer from equation (4.16) that the smaller p(M) is, the faster the
algorithm converges. To maintain the convergence rate, the convergence factor

1
p(M) prefers to be around 3.

The convergence factor of the Parareal-CG algorithm Kqx(z, M) as functions
of 2z = AT\, ., for various M are shown in Figure 4.2. We may infer
from the behavior of K (z, M), which is similar to the convergence factor of
Parareal-TR and Parareal-Gauss4 algorithms discussed in [?], that:

z—0 2—00

chinarxiv.org/items/chinaxiv-202304.00993 Machine Translation


https://chinarxiv.org/items/chinaxiv-202304.00993

ChinaRxiv [$X]

This implies that the Parareal-CG algorithm cannot keep the convergence rate
for arbitrarily large z; however, by choosing an appropriately large M, it is still
possible to get a feasible parareal solver. In further detail, as M grows, the
convergence factor p(M) := max Keog(z, M) tends to be around 3 for
some given z.

2€(0,Z1max]

The convergence analysis can be derived from the convergence theorem 4.1 of the
Parareal-CG algorithm and the stability function (4.1) of the Chebyshev-Gauss
spectral collocation method.

Theorem 4.2 Given a fixed constant z,,, = AT
positive integer M} . such that:

> 0, there exists some

max

max Kooz, M) <
z€(0,z

it M > M

min»

Wl

max]

where K is the contraction factor of the Parareal-CG algorithm defined by
(4.17) with the stability function of the Chebyshev-Gauss spectral collocation
method R given in (4.13).

The lower bound M} of the Parareal-CG algorithm is provided by:
0 if Zmax < ZS?

M, =<1 it 0 < 2 < 27,
M¢., otherwise,

max

where M¢ > 1 depends on z,,, and is the minimum positive integer which

X

satisfies: 34+
z
|Roq (Zmaxs M)| < 5
e 3(1 + Zmax)
Moreover, the quantity zf is the unique positive root of K- (z,0) = %, that is,

z4 =1, and 27 is the maximum positive root of K-q(z,1) = 1.
Proof. When M = 0, we can derive Ry (2,0) and Koo (z,0):

2—2z 2z

Roa(2,0) = G Koa(2,0) = 2+ 2)1+2)

(z>0).

It is obvious that K (z,0) is an increasing function with respect to z > 0 and
Kog(2,0) = § has the unique root zj = 1. That is to say:

2
for z,,.x € (0, 23], max Kgoe(z,0) < “max for z

max Koo(2,0) < max
CG( ) 2€(0,Z0x) (2 + zmax)<1 + Zmax) *

2€[0,Zpax]

€ (%5, 00).

W=

When M =1, we can derive Ry (2,1) and Kpog(z,1):

Rog(ey= U= ko (452);(?12)
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There are three roots zj;, 2j5, and 25 of Koq(z,1) = %, respectively, where

z}5 = 2 is also the maximum value point of Kq(z,1). Moreover, Ko (z,1) is
an increasing function for z > 8 + 64/2. In conclusion, we may obtain:

1 122 s — 8Zmax|

max Kgqa(z,1) < - for z € (0, 23], max Kpqa(z,1) < max max for z € (27, 00).
2€[0,2] CG( )— 3 max ( 1] 2€[0, 2.0 ] CG( )— (4+Zmax)2(1 +Zmax) max ( 1 )
When M > 2, we can infer from Figure 4.2 that there exists only one root
(M) > z; of Keg(z, M) = § and Kog(z, M) is an increasing function for
z > z*(M). Then we have:

1

max Kgog(z,M) =< for z,,, € (0,2*(M)], max Kog(z, M) = Kog(Zmaxs M) for 2z, € (25(M),

2€[0,Zmax] 3 2€[0,20x]

Therefore, we can derive that Theorem 4.2 holds.

We can infer from Theorem 4.2 that M has a significant impact on the conver-
gence rates because the lower bound M}, increases as z,,,, = AT\, Srows.
Using while loops in MATLAB, we can derive M, for a given z,,. since M},

min
is a natural number.

Remark 4.1 (Comparison to other Parareal algorithms) Researchers have
proved the following proposition for the Parareal-Euler [?] and Parareal-
TR/BDF2 [?] algorithms utilizing backward Euler and TR/BDF2 (i.e., ode23
solver for ODEs in MATLAB), respectively, as the F' propagators in earlier
papers:

1
max Kpgyjer, TR/BDFQ(Zv J) <2 VZpax >0,
2€[0, 2] 3

which implies that for all 2z, > 0, the convergence rates of these parareal al-
gorithms satisfy p(J) < . Unfortunately, not all methods yield such a uniform
result. The following conclusion holds for the Parareal-TR and Parareal-Gauss4
algorithms [?] when utilizing the trapezoidal rule and fourth-order Gauss Runge-
Kutta method as F-propagator:

if J is even and J > J

min-

Wl =

max KTR, Gauss4<zv J) <
2€[0,z

max]

This indicates that if the mesh ratio J is large enough, the two parareal algo-
rithms will converge as fast as the Parareal-Euler method. Our Parareal-CG
method behaves similarly to Parareal-TR and Parareal-Gauss4 algorithms.

For the explicit F-propagators forward Euler and fourth-order explicit Runge-
Kutta algorithms used in the Parareal-fEuler and Parareal-4ERK algorithms,
respectively, the convergence factor K begins to suddenly trend to infinity at
some z,,.. Therefore, these parareal algorithms can be used to solve only a
very limited number of equations:

_ *
Kiguler, apri (2, J) =00, 2> 2%

The convergence factors of the three kinds of parareal algorithms are shown in
Figure 4.4.
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5 Numerical Experiment

In this section we verify the convergence and efficiency of the Parareal-CG al-
gorithm. In all computations, the initial iteration for the parareal algorithm is
chosen randomly and the iteration process stops when the following tolerance is
obtained:

Jup ™ — gl < 20710,

Moreover, the absolute error and iteration error in all experiments are defined
by:

||OO7

Absolute error : max |uf*! — u(T),)
n

Iteration error : max |juf*t —uk| .
n

Example 5.1 (Near Earth satellite motion integration problem) We take a two-
body motion in low Earth orbit (LEO) with just mutual gravitational attraction
as the first example. The system of second-order three-dimensional equations
is:

" (t) = —Wx(t), t € [0,50],
Y'(t) = —rrayapy(t), t€[0,50],

where x,y and z are the three coordinates in some Earth-centered inertial ref-
erence frame; r is the distance between the two bodies defined by r(¢,z,y, z) =
V)2 + y(t)? + 2(1)%; and g = 3.986 x 10°km®/s? is the Earth gravitational
constant. We formulate the equations as a first-order system of six-dimensional
differential equations, where the solution is uniquely determined by the initial
position and velocity:

[2(0), (0), 2(0)] = [464.856, 6667.880, 574.231] km,

[2(0),1/(0), /(0)] = [~2.8381188, —0.7871898, 7.0830275] km/s.

We obtain the exact solution of equation (5.3) by solving the two-body Keplerian
motion using the F' and G approach in [?].

We compare the accuracy of Parareal-CG, Parareal-Euler, Parareal-TR/BDF2,
and Parareal-Gauss4 algorithms revisited in Remark 4.1 for solving this exam-
ple. In each coarse grid, we fix AT = 0.25 with M = 6 for the Parareal-CG
algorithm and J = 6 for other parareal algorithms. Then we compute the abso-
lute errors and iteration errors of the parareal algorithms, shown in Figure 5.5.
From the convergence behaviors in the figures, we can draw the following con-
clusions: - In comparison to Parareal-Euler and Parareal-TR, the Parareal-CG
algorithm utilizes fewer iterations, while the Parareal-Gauss4 algorithm uses
the same number of iterations as the Parareal-CG algorithm. - Using the same
number of points M = J = 6 in every coarse grid, the Parareal-CG algorithm
has higher accuracy than the other three methods.
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Example 5.2 (Burgers’ equation) Consider the 1D Burgers’ equation with ini-
tial and boundary conditions:

gu +ug—g2: ug%, (z,t) €[0,2) x [0,4],
u(z,0) = 2=mi g e 0,2),

u(0,t) =u(2,t) =0, te]0,4],

In our computations, we choose o = 2 and test ¥ = 0.05,0.005. The exact
solution of the equation is:

_ 2umexp(—n?vt) sin(mx)

u(z,t) = 5

a + exp(—m2vt) cos(mz

We divide the spatial domain = € [0,2) into an N, mesh uniformly with Az =
2/N,, giving z; = jAz, j=0,1,--, N, —1. Applying the fourth-order compact

. . . 2
finite difference scheme to approximate % and %, we have:

ou 1
%(xjat) = m(u(%‘wvt) + 4“(5Uj+1»t> - 4“(%71’” - 'UJ(xijat))v

0%u 1
@(l‘j,t) = @(“(xjw’t) —2u(w;yq,t) +ulz;,t)).

Define the vectors:

T
ou Ou(zy,t) Ou(xq,t) du(zy _1,t)
u= [u(ant)a’U/(ajht)f"5u<xNz71’t)]T7 = . ’ . 7 81'

or Ox Ox

Then combining the compact finite difference scheme with the periodic boundary
condition, the Burgers’ equation (5.4) has the following spatial semidiscrete
scheme:

U+ Aju+u- (Ayu) =0,

where the coefficient matrices A; and A, are defined accordingly.

The three figures in Figure 5.6 show the dependence of the convergence rate of
the Parareal-CG algorithm on AT, Az, and M, respectively. From the figure
we can draw the following conclusions: - Each v possesses robust convergence
rate with respect to changes in AT. The convergence factor decreases as AT
increases. - Each v possesses robust convergence rate with respect to changes
in Az. The convergence factor increases as Ax varies from small to large since
the eigenvalues of A; and A, increase as Ax reduces. - The convergence rate is
insensitive to the choice of M with AT = 1/32, which implies the high accuracy
of the Chebyshev-Gauss spectral collocation method. - For all experiments,
v = 0.005 needs fewer iterations than v = 0.05.
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6 Conclusion

In this paper, we propose the Parareal-CG method for solving time-dependent
differential equations, where the coarse propagator G is fixed as the backward
Euler method and the fine propagator F' is chosen to be the Chebyshev-Gauss
spectral collocation method. The algorithm does have a convergence factor
around 0.333, although the number of Chebyshev-Gauss points M needs to be
somewhat large. The spectral radius of matrix A and AT provide the lower
bound of M that guarantees such an expected convergence factor. Numerical
experiments illustrate the accuracy and convergence of the presented algorithm.
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