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Abstract
The construction of linear codes is an important research topic in coding and
cryptography theory. The determination of weight distributions and weight
spectra of codes also has fundamental theoretical significance in coding theory,
and plays an important role in secure communications. This paper constructs
a class of 3-weight and a class of 4-weight binary linear codes, and completely
determines their weight distributions and weight spectra.
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Abstract

Constructing linear codes with few weights is an important research topic in
coding theory and cryptography. The weight distribution and weight hierarchy
of codes are of fundamental theoretical significance in coding theory and play
crucial roles in secret communications. This paper constructs a family of 3-
weight and a family of 4-weight binary linear codes, and completely determines
their weight distributions and weight hierarchies.
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1 Introduction and Main Results
In coding theory, the weight distribution of linear codes is a classical research
topic. For a linear code 𝐶, if the number of distinct nonzero Hamming weights
is 𝑡, we call 𝐶 a 𝑡-weight code. When 𝑡 is small, we refer to such codes as
codes with few weights. Linear codes with few weights have important practical
and theoretical applications in authentication codes [?], association schemes [?],
secret sharing schemes [?], and strongly regular graphs [?].

In the 1970s, driven by cryptographic applications, the concept of generalized
Hamming weights (GHW) was introduced [?, ?]. Let [𝐶, 𝑟]𝑝 denote the set of
all 𝑟-dimensional subspaces of 𝐶 over 𝔽𝑝. For a subspace 𝑉 ∈ [𝐶, 𝑟]𝑝, define
Supp(𝑉 ) = {𝑖 ∶ 1 ≤ 𝑖 ≤ 𝑛, 𝑐𝑖 ≠ 0 for some c = (𝑐1, 𝑐2, … , 𝑐𝑛) ∈ 𝑉 }.

Definition 1 Let 𝐶 be an [𝑛, 𝑘, 𝑑] linear code over 𝔽𝑝. For 1 ≤ 𝑟 ≤ 𝑘, define
𝑑𝑟(𝐶) = min{| Supp(𝑉 )| ∶ 𝑉 ∈ [𝐶, 𝑟]𝑝}. Then 𝑑𝑟(𝐶) is called the 𝑟-th general-
ized Hamming weight of 𝐶, and the sequence {𝑑𝑟(𝐶) ∶ 1 ≤ 𝑟 ≤ 𝑘} is called the
weight hierarchy of 𝐶.

Clearly, 𝑑 = 𝑑1(𝐶). The generalized Hamming weight can be viewed as a gener-
alization of the minimum Hamming weight concept. When linear codes are used
in type-II wire-tap channels connected to cryptographic systems, the weight hi-
erarchy completely characterizes the code’s operational mode. Moreover, weight
hierarchies have important applications in the analysis of code trellis complexity
[?, ?, ?]. In particular, since Wei’s classic paper [?] in 1991, interest in this
area has grown significantly. In 1996, Chen Wende and Norwegian scholar T.
Kløve collaborated to propose the finite projective geometry method for study-
ing weight hierarchies, achieving fruitful results [?].

Much is known about the weight hierarchies of algebraic geometry codes, BCH
codes, Reed-Muller codes, and cyclic codes [?, ?, ?, ?, ?, ?]. Recently, new
results on weight hierarchies of linear codes have emerged [?, ?, ?].

Professor Ding Cunsheng from Hong Kong University of Science and Technology
et al. provided a general method for constructing linear codes [?]: Let Tr denote
the trace function from 𝔽𝑝𝑠 to 𝔽𝑝, and let 𝐷 = {𝑑1, 𝑑2, … , 𝑑𝑛} be a subset of 𝔽∗

𝑝𝑠 .
A linear code of length 𝑛 is defined as 𝐶𝐷 = {(Tr(𝑥𝑑1), Tr(𝑥𝑑2), … , Tr(𝑥𝑑𝑛)) ∶
𝑥 ∈ 𝔽∗

𝑝𝑠}. Here 𝐷 is called the defining set. By applying this method and
selecting appropriate defining sets, several linear codes with few weights have
been constructed [?, ?].

In this paper, we make the following assumptions: Let 𝜌 be a prime such that
2 is a primitive root modulo 𝜌𝑚. Let 𝜙 denote Euler’s totient function, so
𝜙(𝜌𝑚) = 𝜌𝑚−1(𝜌 − 1). We fix 𝑝 = 2 and 𝑞 = 2𝜙(𝜌𝑚). The defining set 𝐷 =
{𝑑1, 𝑑2, … , 𝑑𝑛} for our code construction is chosen as follows: For 𝑎 ∈ 𝔽∗

𝑞 and
𝑏 ∈ 𝔽𝑞, let 𝐷 = 𝐷(𝑎, 𝑏) = {(𝑥, 𝑦) ∈ 𝔽2

𝑞 ∖ {(0, 0)} ∶ Tr(𝑎𝑥𝜌 + 𝑏𝑦) = 1}.

Thus, the linear code 𝐶𝐷(𝑎, 𝑏) is constructed as:

𝐶𝐷(𝑎, 𝑏) = {(Tr(x ⋅ 𝑑1), Tr(x ⋅ 𝑑2), … , Tr(x ⋅ 𝑑𝑛)) ∶ x ∈ 𝔽2
𝑞}.
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Using methods from [?], we construct two new families of binary linear codes
with few weights and determine their weight distributions and weight hierarchies.
Our main results are Theorems 2-5:

Theorem 2 Let 𝑎 ∈ 𝔽∗
𝑞. The linear code 𝐶𝐷(𝑎, 0) defined by (3) is a binary

code with parameters [𝑛, 2𝜙(𝜌𝑚), 𝑑]. Its weight distribution is given in Table 1
.

Theorem 3 Let 𝑎, 𝑏 ∈ 𝔽∗
𝑞. The linear code 𝐶𝐷(𝑎, 𝑏) defined by (3) is a binary

code with parameters [𝑛, 2𝜙(𝜌𝑚)]. Its weight distribution is given in Table 2 .

Theorem 4 Let 𝑎 ∈ 𝔽∗
𝑞. The linear code 𝐶𝐷(𝑎, 0) defined by (3) has weight

hierarchy as follows: [The specific formula would appear here based on the
garbled text, but it’s too corrupted to reconstruct accurately without the original
context.]

Theorem 5 Let 𝑎, 𝑏 ∈ 𝔽∗
𝑞. The linear code 𝐶𝐷(𝑎, 𝑏) defined by (3) has weight

hierarchy as follows: [Similarly, the formula is corrupted in the original.]

2 Preliminaries
2.1 A Computational Formula

For the linear code 𝐶𝐷 defined in (2), [?] provides a formula for computing
generalized Hamming weights. Let wt(x) denote the Hamming weight of vector
x. For 𝑎 ∈ 𝔽∗

𝑞, define 𝑆(𝑎) = ∑𝑦∈𝔽𝑞 𝜒(𝑏𝑦), where 𝜒 is the canonical additive
character of 𝔽𝑞.

Lemma 1 ([27], Proposition 1) For 𝐶𝐷 with dimension 𝑒𝑠, we have 𝑑𝑟(𝐶𝐷) =
𝑛 − max{|𝐷 ∩ 𝐻| ∶ 𝐻 ∈ ℋ𝑟}, where ℋ𝑟 is the set of all 𝔽2-subspaces of 𝔽𝑞 of
codimension 𝑟.

2.2 An Exponential Sum

Recall our earlier setting where 𝑞 = 2𝜙(𝜌𝑚). Let 𝛾 be a fixed primitive element
of 𝔽∗

𝑞, and let 𝜒 be the canonical additive character of 𝔽𝑞. For more information
on additive characters over finite fields, readers may refer to [?].

For 𝑎, 𝑏 ∈ 𝔽𝑞, define two exponential sums:

𝑆1(𝑎) = ∑
𝑥∈𝔽𝑞

𝜒(𝑎𝑥𝜌), 𝑆2(𝑏) = ∑
𝑦∈𝔽𝑞

𝜒(𝑏𝑦).

Lemma 2 ([29], Theorem 1) Let 𝑎 ∈ 𝔽∗
𝑞. Then 𝑆1(𝑎) takes values in

{0, ±2𝜙(𝜌𝑚)/2}.

Lemma 3 ([29], Theorem 3) As 𝑎 runs through all values in 𝔽∗
𝑞, the set of values

of 𝑆1(𝑎) is {0, ±2𝜙(𝜌𝑚)/2}.
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Lemma 4 ([20], Lemma 4) Let 𝑏 ≠ 0. Then 𝑆2(𝑏) = 0.

Lemma 5 ([27], Corollary 1) For any 𝑎 ∈ 𝔽∗
𝑞, the Hamming weight of codewords

in 𝐶𝐷(𝑎, 0) is given by wt(c) = 1
2 (𝑛 − 𝑆1(𝑎)).

3 Proofs of Main Theorems
3.1 Proofs of Theorems 2 and 3

We first compute the length 𝑛 of the linear code 𝐶𝐷(𝑎, 𝑏).
Lemma 6 For any 𝑎 ∈ 𝔽∗

𝑞 and 𝑏 ∈ 𝔽𝑞, we have 𝑛 = |𝐷(𝑎, 𝑏)| = 22𝜙(𝜌𝑚)−1 −
2𝜙(𝜌𝑚)−1𝑆1(𝑎)𝑆2(𝑏).
Proof. Using the orthogonal property of additive characters, we have:

|𝐷(𝑎, 𝑏)| = ∑
(𝑥,𝑦)≠(0,0)

1
2 ∑

𝑐∈𝔽2
𝜒(𝑐(Tr(𝑎𝑥𝜌 + 𝑏𝑦) − 1)).

The result follows by direct computation. �

Lemma 7 Let 𝑎 ∈ 𝔽∗
𝑞. Then: 1. If 𝑆1(𝑎) = 0, then wt(c) = 2𝜙(𝜌𝑚)−1(2𝜙(𝜌𝑚) −1)

for all nonzero codewords c ∈ 𝐶𝐷(𝑎, 0). 2. If 𝑆1(𝑎) = ±2𝜙(𝜌𝑚)/2, then the
codewords have two possible weights: 2𝜙(𝜌𝑚)−1(2𝜙(𝜌𝑚) − 1) ± 2𝜙(𝜌𝑚)/2−1.

Proof. This follows from Lemma 5 and Lemma 6. �

Proof of Theorem 2. For 𝑏 = 0, by Lemma 7, the mapping x ↦ c is a linear
isomorphism, so the dimension of 𝐶𝐷(𝑎, 0) is 2𝜙(𝜌𝑚). The weight distribution
follows from Lemma 7 and Lemma 5, yielding Table 1 . �

Proof of Theorem 3. For 𝑏 ≠ 0, by Lemma 4 we have 𝑆2(𝑏) = 0, so 𝑛 =
22𝜙(𝜌𝑚)−1. The dimension remains 2𝜙(𝜌𝑚). Lemma 7 gives four possible weight
values, and counting codewords with each weight using Lemma 5 yields Table
2 . �

3.2 Proofs of Theorems 4 and 5

Let {𝛽1, 𝛽2, … , 𝛽𝜙(𝜌𝑚)} be a basis of 𝔽𝑞 over 𝔽2. For 𝑢 ∈ 𝔽𝑞, let 𝜋(𝑢) be the
coordinate vector of 𝑢 with respect to this basis.

Lemma 8 Let 𝐻𝑟 be an 𝑟-dimensional 𝔽2-subspace of 𝔽𝑞. Then:

|𝐷(𝑎, 𝑏) ∩ 𝐻𝑟| = {2𝑟−1 − 2(𝑟+𝜙(𝜌𝑚))/2−1𝑆1(𝑎) if 𝑆1(𝑎) ≠ 0,
2𝑟−1 if 𝑆1(𝑎) = 0.

Proof. By the orthogonal property of additive characters and Lemma 4, we
have:

|𝐷(𝑎, 𝑏) ∩ 𝐻𝑟| = ∑
𝑥∈𝐻𝑟∖{0}

1
2 ∑

𝑐∈𝔽2
𝜒(𝑐 Tr(𝑎𝑥𝜌)).
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The result follows from Lemma 2 and properties of exponential sums. �

Proof of Theorem 4. For 𝐶𝐷(𝑎, 0), we consider two cases based on
𝑆1(𝑎). When 𝑆1(𝑎) = 0, Lemma 8 shows that |𝐷(𝑎, 0) ∩ 𝐻𝑟| = 2𝑟−1 for any
𝑟-dimensional subspace 𝐻𝑟. By Lemma 1, this gives 𝑑𝑟(𝐶𝐷(𝑎, 0)) = 𝑛 − 2𝑟−1.
When 𝑆1(𝑎) ≠ 0, the maximum intersection size is 2𝑟−1 +2(𝑟+𝜙(𝜌𝑚))/2−1, yielding
𝑑𝑟(𝐶𝐷(𝑎, 0)) = 𝑛 − 2𝑟−1 − 2(𝑟+𝜙(𝜌𝑚))/2−1. �

Proof of Theorem 5. For 𝐶𝐷(𝑎, 𝑏) with 𝑏 ≠ 0, Lemma 4 ensures 𝑆2(𝑏) = 0.
The analysis proceeds similarly to Theorem 4, but with 𝑛 = 22𝜙(𝜌𝑚)−1. The
weight hierarchy is determined by applying Lemma 8 to compute max |𝐷(𝑎, 𝑏)∩
𝐻𝑟| and using Lemma 1. �

4 Conclusion
Constructing linear codes and determining their parameters is a fundamental
problem in algebraic coding theory. In recent years, the defining-set method
has yielded many new linear codes [?, ?, ?, ?, ?, ?, ?, ?]. By generalizing this
method, we have constructed two families of binary linear codes and determined
their weight distributions and weight hierarchies through exponential sum the-
ory. The results show one family is 3-weight and the other is 4-weight. For
linear codes, determining the weight hierarchy is generally difficult. We have
completely determined the weight hierarchies of these two families by combining
a combinatorial formula with exponential sum techniques.
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