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Abstract

The online reconstruction problem of spatio-temporal signals can be reduced to
the recovery of difference-smoothed time-varying graph signals. For this convex
optimization problem, existing distributed reconstruction algorithms based on
gradient descent exhibit extremely slow convergence when the condition num-
ber of the Hessian matrix is large, resulting in significant reconstruction error
when the maximum number of iterations is limited within a single observation
interval. To address this issue, we propose a distributed online reconstruction
algorithm based on the approximate Newton method. First, the original op-
timization problem is decomposed into a series of local optimization problems
on subgraphs through subgraph partitioning, and the solutions to these local
problems are obtained. Then, fusion averaging is performed on the local solu-
tions across subgraphs to obtain an approximate global optimal solution. Sub-
sequently, based on the gap between the approximate solution and the actual
optimal solution, we prove that the subgraph partitioning and fusion matrix ob-
tained in this manner exhibit sparsity and can serve as an approximate Hessian
inverse matrix for the original optimization problem. Finally, this approxi-
mate matrix is substituted into the classical Newton method iteration formula,
and the structured sparsity of this approximate matrix is utilized to achieve
distributed computation. Simulation results demonstrate that, compared with
existing algorithms, the proposed algorithm achieves faster convergence, smaller
reconstruction error, and requires less communication overhead.
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Abstract

The online reconstruction problem for spatio-temporal signals can be formulated
as the recovery of differentially smooth time-varying graph signals. For this con-
vex optimization problem, existing distributed reconstruction algorithms based
on gradient descent methods exhibit extremely slow convergence when the Hes-
sian matrix of the optimization problem has a large condition number. When
the maximum number of iterations is limited within a single observation interval,
the reconstruction error becomes substantial. To address this issue, we propose
a distributed online reconstruction algorithm based on an approximate Newton’
s method. First, the original optimization problem is decomposed into a se-
ries of local optimization problems on subgraphs through subgraph partitioning,
and solutions to these local problems are obtained. Then, fusion averaging is
performed on the local solutions between subgraphs to obtain an approximate
global optimum. By analyzing the gap between this approximate solution and
the actual optimal solution, we prove that the subgraph partitioning and fusion
matrices obtained in this manner are sparse and can serve as an approximate
inverse Hessian matrix for the original optimization problem. Finally, this ap-
proximate matrix is substituted into the classical Newton’ s method iteration
formula. Simulation results demonstrate that the proposed algorithm achieves
faster convergence speed, smaller reconstruction error, and requires less commu-
nication compared with existing algorithms.

Keywords: spatio-temporal signals; online reconstruction; distributed algo-
rithm; approximate Newton’ s method; subgraph decomposition

1. Introduction

In today’ s information age, human society is inundated with massive spatio-
temporal signals, such as traffic flow data in transportation networks, bioelec-
trical signals in neuronal networks, temperature or humidity data in wireless
sensor networks, and personal preferences in social media [1-2]. As science and
technology advance, these signals are gradually evolving toward larger scales and
more complex structures. Real-world spatio-temporal signals are often missing
or unreliable due to factors like energy constraints, noise interference, and en-
vironmental changes [3-4]. For instance, in wireless sensor network monitoring
tasks, sensor nodes have limited memory and processing capabilities and cannot
continuously observe data. Consequently, the observation data across the en-
tire network may be incomplete [3-4]. Additionally, sensor nodes may produce
anomalous monitoring data due to noise interference or drastic environmental
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changes [5], resulting in missing reliable signal values at these nodes.

When spatio-temporal signals suffer from data missing, it is necessary to exploit
the correlation characteristics of these signals for reconstruction to ensure subse-
quent signal processing tasks can proceed normally [6-7]. Graph signal process-
ing theory extends traditional signal processing concepts such as Fourier analysis
and convolution to irregular graph domains, providing a powerful tool for study-
ing signals on non-regular domains [8-9]. The correlation of spatio-temporal sig-
nals in both spatial and temporal domains can generally be described by the dif-
ferential smoothness of time-varying graph signals [10-11]. Differential smooth-
ness refers to the property that a signal and its variations are similar between
adjacent vertices on a graph. For example, in a temperature sensor network,
geographically closer nodes typically exhibit more similar temperature values
and variation trends. The online reconstruction model for differentially smooth
time-varying graph signals can effectively reconstruct missing spatio-temporal
signals. However, existing distributed algorithms for solving this model are
based on gradient descent methods [10], which suffer from relatively slow con-
vergence and are sensitive to the condition number of the optimization problem’
s Hessian matrix [12-13]. Slow convergence leads to significantly increased com-
munication within distributed systems [14-15]. Therefore, there is a need to
design a new distributed algorithm with faster and more stable convergence.

To address the slow convergence issue of existing algorithms [10], this paper pro-
poses a distributed online reconstruction algorithm for spatio-temporal signals
based on approximate Newton’ s method. The principle involves first decom-
posing the optimization problem into a series of local problems on subgraphs
through subgraph partitioning to obtain local solutions, then performing fusion
averaging of local solutions between subgraphs to obtain an approximate global
optimum. By analyzing the gap between the approximate solution and the ac-
tual optimal solution, we prove that the decomposition and fusion matrices ob-
tained in this manner are sparse and can serve as an approximate inverse Hessian
matrix for the original optimization problem. Finally, this approximate matrix
is substituted into the classical Newton’ s method iteration formula. Simulation
results demonstrate that the proposed algorithm achieves faster convergence,
smaller reconstruction error, and lower communication requirements compared
with existing algorithms.

2. Spatio-Temporal Signal Online Reconstruction Model
2.1 Graph Signal Processing Fundamentals

Any spatially distributed N-node network can be modeled as a graph. A graph G
is a non-linear data structure consisting of a set of vertices and edges connecting
them, denoted as G = (V, E, W), where V is the vertex set, E is the edge set,
and W T(NxN) is the weighted adjacency matrix. The weighted adjacency
matrix completely describes the topology of a graph, with its weights satisfying

chinarxiv.org/items/chinaxiv-202302.00106 Machine Translation


https://chinarxiv.org/items/chinaxiv-202302.00106

ChinaRxiv [$X]

the condition W__{ij} > 0. The stronger the correlation or similarity between
vertices i and j on the graph, the larger the edge weight W__{ij} if vertices i and
j are connected.

A graph signal can be defined as a mapping from the vertex set V of graph
G to the real number set . If the vertices of the graph are ordered in some
fashion, the graph signal can be denoted as an N-dimensional vector x, where
x_ i represents the signal value at vertex i. A graph signal that varies over time
during a period T is called a time-varying graph signal and can be represented
as a matrix composed of a set of graph signal vectors at each time instant.

The smoothness of a graph signal refers to the property that the signal values
differ only slightly between adjacent vertices on the graph. The smoothness
of a graph signal can be measured by the Laplacian quadratic form x T L x,
where L is the graph Laplacian matrix. Based on the definition of the Laplacian
matrix, the Laplacian quadratic form can be rewritten asx TLx =% _(i,j) E
W_{ij} (x_i-x_j) 2. The smaller the value of the Laplacian quadratic form,
the smaller the difference in signal values between vertices connected by edges
with larger weights, indicating a smoother graph signal. Conversely, a larger
value indicates a less smooth graph signal.

2.2 Differentially Smooth Graph Signal Online Reconstruction Model

The incomplete spatio-temporal signal can be abstracted as a time-varying
graph signal sampled over a period T. The sampling observation model for
time-varying graph signals is given by:

yt=S tx t+n_t, (1)

where y_t is the actual observed value of the graph signal at time t, x_t is
the true value of the signal, n_t is independent and identically distributed
observation noise for t = 1, 2, -, T, and S_t is a diagonal sampling matrix.
The diagonal elements of S_t are s_t,i {0,1}, where s_t,i = 1 if vertex i is
sampled at time t, and 0 otherwise. When the diagonal elements of S_ t contain
zeros, it indicates that the observed data has missing values.

For smooth graph signals with missing data, a commonly used smooth graph
signal online reconstruction model can be employed to recover the incomplete
signal:

min_(x_t) ||S_tx_t-y_t|[_ 272+ x t"TLx_t, (4)

where the first term is a data fidelity term that forces the reconstructed signal
to be close to the true values at the sampling points, and the second term is
a smoothness regularization term that enhances the smoothness of the recon-
structed signal. However, this model only considers the smoothness of graph
signals in the vertex domain of the graph and does not fully exploit the correla-
tion of signals in the temporal domain, resulting in larger reconstruction errors
[16].
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In reality, spatio-temporal signals exhibit smoothness not only in the spatial
domain but also in the temporal domain. Therefore, researchers have proposed
a differentially smooth graph signal online reconstruction model that achieves
better reconstruction performance for spatio-temporal signals:

min_(x_t)||S_tx t-y t|]|272+ (z_t-z(t-1))"TL (x_t-x_ (t-1)), (5)

where X(t-1) is the reconstructed graph signal from the previous time instant.
According to this model, the current time signal can be reconstructed using the
differential smoothness property of time-varying graph signals. When the graph
signal is smooth and we let Z(t-1) = x_ (t-1), the reconstruction model degen-
erates to a form that considers the smoothness across both time and vertex
domains. Therefore, this online reconstruction model fully accounts for the
smoothness of graph signals in the joint time-vertex domain.

Although this online reconstruction model has the advantages of low computa-
tional complexity and can be solved in a distributed manner [10], its solution
algorithm is a first-order method that is susceptible to the condition number of
the Hessian matrix of the optimization problem. To address this limitation, this
paper designs an approximate Newton’ s method-based algorithm for solving
the optimization model.

3. Distributed Online Reconstruction Algorithm
3.1 Distributed Algorithm Based on Gradient Descent

The distributed algorithm based on gradient descent for solving the optimization
problem (5) has a relatively slow convergence speed. The gradient g_t(x_t) at
iteration k is given by:

g t(x (k) =2(S_t+ L)x t°(k)-2y t- 2L (t-1), (6)

where k is the iteration number. Since the graph Laplacian matrix L is a local
matrix with the same sparsity pattern as the graph, the computation of the
gradient can be implemented in a distributed fashion. Specifically, the i-th
element of the gradient vector [g_t(x_t)]_1i is:

g tx t)]i=2s tiz ti-2y ti+ 2 EGN_1)W_{ij} (x_t,i-x_t,j), (9)

where N_i is the set of first-order neighbors of vertex i. To compute
[g_t(x_t)]_i, each vertex only needs to exchange information once with its
first-order neighbors.

3.2 Approximate Newton’ s Method

Newton’s method is a second-order algorithm with faster convergence that is less
sensitive to the condition number of the Hessian matrix [17], which meets the
convergence speed requirements for online reconstruction algorithms. However,
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Newton’ s method requires matrix inversion. For the optimization problem (5),
the Hessian matrix is:

H t=2(S_t+ L).(7)

Matrix inversion is a centralized operation. For the entire graph, inverting a ma-
trix of graph-scale size cannot be computed in a distributed manner. Moreover,
the computational complexity of matrix inversion is high. To maintain the con-
vergence speed advantage of second-order algorithms while enabling distributed
computation, we seek an approximate matrix P_t with structured sparsity to
replace the inverse Hessian matrix H_t"(-1), yielding the approximate Newton
iteration:

R t=x t-P tg t(x_t). (10)

3.3 Hessian Inverse Approximation via Subgraph Decomposition

To obtain the approximate inverse Hessian matrix P_t for the optimization
problem, we partition graph G into a series of overlapping subgraphs centered
at each vertex i. Let V_1i be the set of r-hop neighborhood vertices of vertex
i, and E_i be the set of edges connecting these vertices, forming subgraph G_ i
= (V_i, E_i). Through this graph partitioning approach, the global optimiza-
tion problem on graph G can be decomposed into a series of sub-optimization
problems on subgraphs G_ i:

min (x t)|[R_i(S t+ L)x t-R iy t- R iLx (t1)]| 272, (13)

where R_ i is a diagonal matrix representing a local operation. The j-th diagonal
element of R_1i equals 1 if vertex j of graph G is within subgraph G_i, and 0
otherwise. The objective function of the sub-optimization problem depends
only on the optimization variables within the local operation R_1i x_t, without
requiring information outside the subgraph. This sub-optimization problem is
a local optimization problem whose local optimal solution can be obtained from
data within the subgraph:

%ti=(R_i (S t+ L)R i) F R i(y t+ Lit1)), (14)

where 1 denotes the pseudo-inverse. Since matrix R_i has non-zero rows and
columns only for vertices within subgraph G_ i, the computation of the pseudo-
inverse of this N-order matrix can be performed locally within the subgraph,
with computational complexity equivalent to inverting a small matrix of order
[V_i.

The local solution obtained directly through (14) suffers from boundary effects
due to information loss within each subgraph G_i. To compensate for this
missing information across subgraphs, we perform information fusion on the
local solutions:

£ t=% iw iR _i% ti, (1)
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where w_i = 1/|V_i| is the fusion weight, and X_t is the approximate solution
to the original optimization problem after subgraph fusion. The parameter r,
which controls the size of the subgraph fusion, is typically chosen as a small
integer less than N to effectively reduce the scale of subgraph fusion and avoid
boundary effects [18].

Combining the subgraph partitioning and fusion processes, we can define matrix
P tas:

Pt=% jw jR jJM®_j(S_t+ L)R_j)FR_j. (16)

Then the approximate solution X_t can be compactly written as:
Rt =P t(y t+ Lik1)). (17)

Comparing with the optimal solution of the original problem:

x t*=(S_t+ L)°(-1) (y_t+ Lx_(t-1)), (18)

we find that the difference between the approximate solution X_t and the op-
timal solution x_t~* originates from the difference between the approximate
matrix P_t and the inverse Hessian matrix H_t7(-1). The error bound is given
by:

% t-x |2 < |[I-P_t H_t||_2 [jx_t™*||_2. (20)

It can be proven that there always exists a sufficiently large parameter r such
that the relative error between the approximate solution Xt and the optimal
solution x_t™* is less than . As the parameter r increases, the value of ||T -
P_t H_t||_2 gradually decreases, meaning that the approximate solution %_t
becomes increasingly accurate [19-20].

3.4 Distributed Implementation

By selecting appropriate parameters (r, w_i) and substituting matrix P_t into
the Newton iteration formula (10), we obtain the approximate Newton iteration:

x t(k+1) = x t°(k) - P_t g t(x_t"(k). (21)

Due to the sparsity of matrix P_t, the algorithm can be implemented in a
distributed manner. The distributed computational flow is as follows:

1. Imitialize: x_t7(0) = x_ (t-1)

2. For each vertex i, exchange information with its r-hop neighbors to com-
pute the local gradient [g_t(x_t"(k))]_i

3. Exchange information with r-hop neighbors to compute the approximate
Newton step: [d_t"(k)]_i=-[P_t g t(x_t"(k))]_i

4. Update local estimate: [x t™(k+1)] i=[x t"(k)] i+ [d t"(k)] i

5. Repeat until convergence criterion is met: ||x_t"(k+1) - x_t"(k)||_2 /
x_t(R)][_2 <
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In each iteration of the distributed approximate Newton algorithm, each vertex
only needs to communicate twice with its r-hop neighbors (once for gradient
computation and once for Newton step computation), making the entire process
distributed.

4. Simulation Results and Analysis

We compare the performance of the proposed distributed approximate Newton
algorithm (referred to as “this algorithm” ) with existing algorithms in spatio-
temporal signal online reconstruction tasks. The evaluation metrics are set as
follows:

¢ Relative error for single-time reconstruction: _t = ||X_t - x_t|_2 /
[x_t]|_2 (22)
e Cumulative reconstruction error over the entire time period:

{total} = (1/(TN_0)) £t |IS_t (& t-x t)|[_2(23)

where N o is the number of observed vertices. The iteration termination con-
dition for all algorithms is set as: ||x_t"(k) - x_t"(k-1)||_2 / ||x_t"(k-1)||_2
< 107(-3). (24)

4.1 Synthetic Dataset Experiment

Using the Graph Signal Processing Toolbox (GSPbox) [21], we construct a ran-
dom sensor graph with N = 100 vertices to simulate a real-world wireless sensor
network. The topology is shown in [FIGURE 1]. The time-varying graph signal
is generated as follows: first, a low-frequency graph signal with energy of 100 is
randomly generated as the initial signal at time t = 1. Then, subsequent graph
signals are generated through x_ (t+1) = x_t + L7(-1/2) §_t, where J_t is
a zero-mean Gaussian white noise vector with energy of 0.01, and the pertur-
bation energy is controlled to ensure the synthetic signals satisfy differential
smoothness.

Observation noise n_t is added to the synthetic graph signals, with each ver-
tex’ s noise being independent and identically distributed Gaussian white noise
with variance 0.01. The sampling method is set as independent and identically
distributed random sampling across time with a sampling probability of 0.5,
simulating a scenario where actual spatio-temporal observation data is partially
missing.

Performance with sufficient maximum iterations: When the maximum
number of iterations is sufficient (K = 200), the relationship between relative
error and iteration number for a single time instant is shown in [FIGURE 2].
Due to the relatively small condition number of the Hessian matrix in this exper-
iment ( 72.3), the gradient descent algorithm maintains a stable convergence
speed, but it is still slower than the proposed algorithm. The proposed algo-
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rithm demonstrates faster convergence, reaching the same error precision with
significantly less communication cost.

Performance with limited maximum iterations: When the maximum
number of iterations is restricted, the relationship between cumulative recon-
struction error over the entire time period and maximum communication per
observation interval is shown in [FIGURE 3]. When K is small, the gradient de-
scent algorithm cannot obtain accurate reconstructed signals within each time
instant due to its slow convergence, resulting in large cumulative error. In con-
trast, the distributed approximate Newton algorithm has minimal error even
when K = 5, demonstrating that it has less stringent requirements on the max-
imum number of iterations per observation interval and lower communication
demands.

4.2 Sea Surface Temperature Dataset Experiment

To further validate the distributed approximate Newton algorithm, we compare
its performance with existing algorithms on Pacific sea surface temperature data
reconstruction. The dataset covers the Pacific region from 180°W to 120°W and
15°S to 15°N, with a topology shown in [FIGURE 4]. In this experiment, the con-
dition number of the Hessian matrix is larger ( 523.6), causing the convergence
speed of the gradient descent algorithm to become extremely slow and signifi-
cantly increasing communication requirements to achieve target reconstruction
precision.

Performance with sufficient maximum iterations: The relationship be-
tween relative error and iteration number is shown in [FIGURE 5]. The dis-
tributed approximate Newton algorithm maintains a fast convergence speed
even with the large condition number.

Performance with limited maximum iterations: When the maximum iter-
ation count is restricted, the comparison is shown in [FIGURE 6]. The gradient
descent algorithm fails to achieve effective reconstruction within limited itera-
tions, while the distributed approximate Newton algorithm still demonstrates
good reconstruction performance.

5. Conclusion

To address the issue of slow convergence in existing distributed online reconstruc-
tion algorithms for spatio-temporal signals, this paper proposes a distributed
online reconstruction algorithm based on approximate Newton’ s method. The
algorithm obtains local solutions to the graph signal reconstruction optimiza-
tion problem through subgraph partitioning, then performs fusion calculations
to obtain an approximate global optimal solution, yielding a sparse approximate
inverse Hessian matrix. This approximate matrix is then substituted into the
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Newton’ s method iteration formula to derive the distributed approximate New-
ton method. Simulation results show that the distributed approximate Newton
algorithm achieves faster convergence, lower communication requirements, and
is less sensitive to the condition number of the optimization problem, making
it more suitable for distributed online reconstruction tasks of spatio-temporal
signals. This study focuses on algorithmic improvements based on existing opti-
mization models. Future work will consider designing new online reconstruction
models for spatio-temporal signals to further reduce reconstruction error.
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