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Abstract
Frequency-domain critically-sampled graph filter banks require eigendecomposi-
tion of the Laplacian matrix, which results in prohibitively high computational
complexity for this framework. To address this issue, an improved Jacobi algo-
rithm is employed to approximately solve for the eigenmatrix of this framework,
thereby reducing computational complexity. The improved Jacobi algorithm re-
formulates the problem of approximating the eigenmatrix as a constrained opti-
mization problem, using the approximation error of the Laplacian matrix as the
objective function and the sparse orthogonality of the approximate eigenmatrix
as the constraint, thereby solving for the approximate eigenmatrix. Theoreti-
cal and simulation results demonstrate that using the approximate eigenmatrix
in frequency-domain critically-sampled graph filter banks does not alter their
perfect reconstruction condition, and compared with existing frequency-domain
critically-sampled graph filter banks, the improved Jacobi algorithm maintains
favorable denoising performance while reducing computational complexity.
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Abstract: Frequency-domain critically sampled graph filter banks require
eigenvalue decomposition of the Laplacian matrix, which leads to excessively
high computational complexity. To address this problem, an improved Jacobi
algorithm is employed to approximately solve for the eigenmatrix of the
framework, thereby reducing computational complexity. The improved Jacobi
algorithm formulates the problem of approximating the eigenmatrix as a con-
strained optimization problem, using the approximation error of the Laplacian
matrix as the objective function and the sparse orthogonality of the approx-
imate eigenmatrix as the constraint condition to solve for the approximate
eigenmatrix. Theoretical and simulation results demonstrate that using the
approximate eigenmatrix in frequency-domain critically sampled graph filter
banks does not alter their perfect reconstruction conditions. Compared with
existing frequency-domain critically sampled graph filter banks, the improved
Jacobi algorithm reduces computational complexity while maintaining excellent
denoising performance.

Keywords: graph filter banks; improved Jacobi algorithm; graph Fourier trans-
form; TP301.6

1. Introduction
High-dimensional irregular data from sensor networks and brain neural networks
[1-3] can be modeled as graph signals. Unlike traditional discrete signals defined
on regular time and spatial domains, graph signals are typically defined on ir-
regular non-Euclidean domains, making conventional signal processing meth-
ods unsuitable. Processing such high-dimensional irregular data has become an
urgent problem to solve. Researchers have proposed graph signal processing
frameworks [4] that combine traditional signal processing methods with graph
theory, providing powerful tools for handling these data. Graph filter banks
[5-7], extended from traditional filter banks, have gained widespread attention
due to their sparse characteristics and multiresolution analysis capabilities.

Design methods for graph filter banks mainly include vertex-domain sampling
and frequency-domain sampling approaches. Two-channel critically sampled
graph filter banks in the vertex domain satisfy orthogonal properties but lack
compact support. Biorthogonal graph wavelet filter banks have been proposed
to achieve both perfect reconstruction and compact support. However, these
vertex-domain sampling filter banks are essentially only applicable to bipartite
graphs; for non-bipartite graphs, approximation is required. Spline-like graph
wavelet filter banks satisfy perfect reconstruction and graph invariance, making
them applicable to graph signals with arbitrary topological structures. Never-
theless, these vertex-domain sampling graph filter banks have limitations: they
require selecting appropriate sampling sets to ensure perfect reconstruction, the
sampling sets for perfect reconstruction are not unique, and different sampling
sets affect the overall performance of the graph filter banks.
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To overcome these limitations, two-channel critically sampled graph filter banks
in the frequency domain have been proposed [11]. Frequency-domain sam-
pling graph filter banks address the shortcomings of vertex-domain sampling
approaches: their perfect reconstruction sampling set is unique and satisfies
perfect reconstruction characteristics for graph signals with arbitrary topolog-
ical structures. However, because the sampling operation is performed in the
frequency domain, eigenvalue decomposition is required to obtain the eigen-
vector matrix of the graph model, resulting in excessively high computational
complexity.

To address the computational complexity issues in frequency-domain critically
sampled graph filter banks, this paper employs improved Jacobi algorithms—
including truncated Jacobi and parallel truncated Jacobi algorithms—to approx-
imately solve for the eigenmatrix. The improved Jacobi algorithm approximates
the eigenmatrix by multiplying Givens rotation matrices obtained in each itera-
tion, thereby approximating the frequency-domain representation of graph sig-
nals. Theoretical analysis shows that the improved Jacobi algorithm is a greedy
algorithm that belongs to the class of sparse orthogonal matrices, reducing the
computational complexity of frequency-domain critically sampled graph filter
banks while satisfying perfect reconstruction conditions.

2. Fundamentals of Graph Signal Processing
Consider an undirected graph 𝐺 = (𝑉 , 𝐸), where 𝑉 represents the vertex set and
𝐸 represents the edge set. The graph 𝐺 can be represented by a weight matrix
𝑊 ∈ ℝ𝑁×𝑁 , whose element 𝑤𝑖𝑗 represents the association degree between vertex
𝑖 and vertex 𝑗. If 𝑤𝑖𝑗 = 0, it indicates no edge connection between vertices 𝑖 and
𝑗. The degree matrix 𝐷 is a diagonal matrix whose diagonal elements equal the
sum of the corresponding row elements in the weight matrix 𝑊 . The Laplacian
matrix 𝐿 is defined as the difference between the degree matrix and the weight
matrix: 𝐿 = 𝐷 − 𝑊 .

A graph signal can be represented as an 𝑁 -dimensional vector 𝑓 =
[𝑓0, 𝑓1, … , 𝑓𝑁 ]𝑇 , where the 𝑖-th element corresponds to the signal value
at the 𝑖-th node on the graph. Similar to traditional discrete signals, graph
signals have corresponding frequency-domain representations. The graph
Fourier transform of graph signal 𝑓 is defined as:

̂𝑓 = 𝑈𝑇 𝑓 (2)

The inverse graph Fourier transform is defined as:

𝑓 = 𝑈 ̂𝑓 (3)

Equations (2) and (3) are called the graph Fourier transform pair, where 𝑈 is
the eigenmatrix obtained by eigenvalue decomposition of the Laplacian matrix
𝐿.
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Performing eigenvalue decomposition on the Laplacian matrix 𝐿 yields:

𝐿 = 𝑈Λ𝑈𝑇

where Λ ∈ ℝ𝑁×𝑁 is a diagonal matrix whose diagonal elements are the eigenval-
ues of 𝐿 arranged in ascending order, and 𝑈 ∈ ℝ𝑁×𝑁 is the eigenmatrix whose
column vectors correspond to the eigenvectors of 𝐿.

Graph filtering can be considered from both vertex-domain and frequency-
domain perspectives. In the vertex domain, graph filtering can be expressed as
a polynomial of the Laplacian matrix, and the graph filtering process for graph
signal 𝑓 can be represented as:

𝑓out =
𝐾

∑
𝑘=0

ℎ𝑘𝐿𝑘𝑓 (5)

where ℎ𝑘 represents the filter coefficients. After graph filtering, the signal value
at each vertex is a linear combination of signal values in its neighborhood. In
the frequency domain, the graph filtering process can be represented as:

̂𝑓out = 𝐻(Λ) ̂𝑓

where 𝐻(Λ) = diag(𝐻(𝜆0), 𝐻(𝜆1), … , 𝐻(𝜆𝑁−1)) is the frequency response of the
graph filter, and 𝐻(𝜆) is a polynomial of graph frequencies.

3. Two-Channel Frequency-Domain Critically Sampled
Graph Filter Banks
Figure 1 shows the basic structure of a two-channel critically sampled graph
filter bank in the frequency domain [11]. The input-output relationship of the
two-channel frequency-domain critically sampled graph filter bank is given by:

̃𝑓 = 𝐺0(Λ)𝑆𝑏𝑆𝑎𝐻0(Λ)𝑓 + 𝐺1(Λ)𝑆𝑏𝑆𝑎𝐻1(Λ)𝑓

where 𝐻𝑘(Λ) = diag(𝐻𝑘(𝜆0), 𝐻𝑘(𝜆1), … , 𝐻𝑘(𝜆𝑁−1)) represents the fre-
quency response of the 𝑘-th filter in the analysis filter bank, 𝐺𝑘(Λ) =
diag(𝐺𝑘(𝜆0), 𝐺𝑘(𝜆1), … , 𝐺𝑘(𝜆𝑁−1)) represents the frequency response of
the 𝑘-th filter in the synthesis filter bank, 𝑆𝑎 = [𝐼𝑁/2, 0; 0, 𝐽𝑁/2] is the
frequency-domain downsampling matrix, and 𝑆𝑏 = [𝐼𝑁/2, 0; 0, 𝐽𝑁/2] is the
frequency-domain upsampling matrix, with 𝐼𝑁/2 and 𝐽𝑁/2 being the identity
matrix and reverse identity matrix, respectively [12].

According to the input-output relationship, when the frequency responses of the
subband filters satisfy:

𝐻2
0 (𝜆𝑖) + 𝐻2

0 (𝜆𝑁−𝑖−1) = 𝑐2

𝐻1(𝜆𝑖) = 𝐻0(𝜆𝑁−𝑖−1)
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𝐺0(𝜆𝑖) = 𝐻0(𝜆𝑖)
𝐺1(𝜆𝑖) = 𝐻1(𝜆𝑖)

for 𝑖 = 0, 1, … , 𝑁/2 − 1, the filter bank satisfies the perfect reconstruction
condition [11] with transfer function 𝑇 = 𝑐2𝐼 .

Existing design methods mainly include orthogonal [8] and biorthogonal [9]
approaches. The orthogonal design of graph filter banks depends on 𝐻0(𝜆𝑖)
satisfying:

𝐻2
0 (𝜆𝑖) + 𝐻2

0 (𝜆𝑁−𝑖−1) = 𝑐2

The design of two-channel frequency-domain sampling graph filter banks bor-
rows from classical signal processing methods [8]. To ensure perfect reconstruc-
tion characteristics of graph filter banks, the remaining filters 𝐻1(𝜆𝑖), 𝐺0(𝜆𝑖),
and 𝐺1(𝜆𝑖) are defined by 𝐻0(𝜆𝑖). For biorthogonal frequency-domain sampling
graph filter banks, 𝐻0(𝜆𝑖) is defined by the low-pass filter [9]:

𝐻0(𝜆𝑖) + 𝐻0(𝜆𝑁−𝑖−1) = 𝑐2

Similar to biorthogonal wavelet transforms in classical signal processing [13], the
perfect reconstruction condition for biorthogonal frequency-domain sampling
graph filter banks is:

𝐻0(𝜆𝑖)𝐺0(𝜆𝑖) + 𝐻0(𝜆𝑁−𝑖−1)𝐺0(𝜆𝑁−𝑖−1) = 𝑐2

4. Fast Implementation Methods for Frequency-Domain
Critically Sampled Graph Filter Banks
Frequency-domain critically sampled graph filter banks require computing the
graph Fourier transform of graph signals, necessitating eigenvalue decomposition
of the Laplacian matrix 𝐿 to obtain its eigenmatrix 𝑈 . This operation has
a computational complexity of 𝑂(𝑁3). When the graph scale is small, the
eigenmatrix can be obtained quickly, but when the graph scale is large, the
computational cost becomes prohibitive.

To reduce the computational complexity of solving for eigenmatrix 𝑈 , this pa-
per employs improved Jacobi algorithms to approximately solve for 𝑈 . The
purpose of approximately solving for eigenmatrix 𝑈 is to find an approximate
eigenmatrix ̂𝑈 such that:

̂𝑈 ≈ 𝑈
where ̂𝑈 can be expressed as a product of sparse orthogonal matrices:

̂𝑈 =
𝐽

∏
𝑗=1

𝑆𝑗

with 𝑆𝑗 being sparse orthogonal matrices belonging to set 𝑆.
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To measure the computational complexity between approximate eigenmatrix ̂𝑈
and eigenmatrix 𝑈 , the relative complexity gain (RCG) is defined as [14]:

RCG = nnz(𝑈)
∑𝐽

𝑗=1 nnz(𝑆𝑗)

where nnz(𝑈) represents the number of non-zero elements in matrix 𝑈 . The
relative complexity gain is the ratio of non-zero elements in eigenmatrix 𝑈 to
the sum of non-zero elements in the sparse orthogonal factor matrices 𝑆𝑗.

4.1 Truncated Jacobi Algorithm

The truncated Jacobi algorithm is an improvement of the Jacobi algorithm [15].
While the traditional algorithm stops iterating when the approximate diagonal
matrix 𝐿𝑗 reaches a certain precision, the truncated Jacobi algorithm pre-sets
the number of iterations and constrains the sparse orthogonal matrix 𝑆𝑗 to the
set of Givens rotation matrices 𝑅𝐺, yielding the truncated Jacobi algorithm
[14].

A Givens rotation matrix can be expressed as 𝐺𝑝,𝑞,𝜃, where 𝑝 and 𝑞 are rotation
coordinates and 𝜃 ∈ [0, 2𝜋] is the rotation angle. The Givens rotation matrix is
determined by three parameters (𝑝, 𝑞, 𝜃). Each iteration aims to find a Givens
rotation matrix that minimizes the cost function most rapidly [14].

The truncated Jacobi algorithm is a greedy algorithm. Even when the rela-
tive complexity gain is large, the time between using approximate ̂𝑈 and exact
eigenmatrix 𝑈 may be relatively long. The algorithm proceeds as follows:

Algorithm 1: Truncated Jacobi Algorithm 1. Input: Laplacian matrix
𝐿, number of Givens rotations 𝐽 2. Initialize: 𝐿0 = 𝐿, 𝑆 = 𝐼 3. For 𝑗 =
1 to 𝐽 : a. Find the element with maximum absolute value |𝑙𝑝𝑞| in matrix
𝐿𝑗 and determine its row coordinate 𝑝 and column coordinate 𝑞 b. Compute
rotation angle: 𝜃 = 1

2 arctan ( 2𝑙𝑝𝑞
𝑙𝑞𝑞−𝑙𝑝𝑝

) c. Construct Givens rotation matrix 𝐺𝑝,𝑞,𝜃
d. Update: 𝐿𝑗+1 = 𝐺𝑇

𝑝,𝑞,𝜃𝐿𝑗𝐺𝑝,𝑞,𝜃, 𝑆 = 𝑆𝐺𝑝,𝑞,𝜃 e. If off-diagonal elements are
sufficiently small, terminate iteration 4. Output: Approximate eigenmatrix

̂𝑈 = 𝑆, approximate eigenvalues Λ̂ = diag(𝐿𝐽)

4.2 Parallel Truncated Jacobi Algorithm

The relative complexity gain provided by the truncated Jacobi algorithm is
only a theoretical measure. In practical computation, the time overhead of
using approximate eigenmatrix ̂𝑈 is not entirely proportional to its relative
complexity gain. In programming environments (e.g., MATLAB), multiplying
𝑆𝑗 with vectors is a serial process, while multiplying eigenmatrix 𝑈 with vectors
is a parallel process [14].

The parallel truncated Jacobi algorithm [14], improved from the truncated Ja-
cobi algorithm, better addresses this issue. While the truncated Jacobi algo-
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rithm performs only one Givens rotation per iteration, the parallel truncated
Jacobi algorithm can perform 𝑛 Givens rotations simultaneously. For 𝐽 required
Givens rotations, the parallel truncated Jacobi algorithm only needs 𝐾 = 𝐽/𝑛
iterations. Each rotation factor 𝑆𝑘 is a matrix composed of 𝑛 Givens rotations,
expressed as:

𝑆𝑘 =
𝑛

∏
𝑖=1

𝐺𝑝𝑖,𝑞𝑖,𝜃𝑖

Similar to the truncated Jacobi algorithm, the parallel truncated Jacobi algo-
rithm also determines rotation coordinates by finding elements with maximum
absolute values in matrix 𝐿𝑘. However, the selected 𝑛 elements must ensure
they are not in the same row or column. Although the solution obtained by the
parallel truncated Jacobi algorithm is not optimal, its actual runtime is much
lower than that of the truncated Jacobi algorithm [14].

Algorithm 2: Parallel Truncated Jacobi Algorithm 1. Input: Laplacian
matrix 𝐿, number of Givens rotations 𝐽 2. Initialize: 𝐿0 = 𝐿, 𝑆 = 𝐼 , 𝑡 =
𝐽/𝑛 3. For 𝑘 = 1 to 𝑡: a. Extract upper triangular elements of 𝐿𝑘 and sort
them in descending order b. Select 𝑛 maximum elements ensuring no two share
the same row or column c. For each selected element, compute corresponding
rotation angle 𝜃𝑖 and construct 𝐺𝑝𝑖,𝑞𝑖,𝜃𝑖

d. Assemble 𝑆𝑘 by placing rotations in
appropriate positions e. Update: 𝐿𝑘+1 = 𝑆𝑇

𝑘 𝐿𝑘𝑆𝑘, 𝑆 = 𝑆𝑆𝑘 f. If termination
condition met, output approximate eigenmatrix ̂𝑈 = 𝑆 and eigenvalues Λ̂ =
diag(𝐿𝑘)

5. Computational Complexity Analysis
For the truncated Jacobi algorithm, finding the element with maximum abso-
lute value in matrix 𝐿𝑗 is the most computationally expensive operation with
complexity 𝑂(𝑁2). In the worst case, the elements in rows 𝑝, 𝑞 and columns
𝑝, 𝑞 of 𝐿𝑗 before and after Givens rotation are different. If the current iteration’
s rotation coordinates (𝑝, 𝑞) differ from the previous selection, this operation’s
complexity is 𝑂(𝑁2). However, in actual computation, most cases involve dif-
ferent coordinates between iterations, so the average computational complexity
of the truncated Jacobi algorithm is 𝑂(𝐽𝑁2).
For the parallel truncated Jacobi algorithm, sorting elements of matrix 𝐿𝑘 is the
most expensive operation with complexity 𝑂(𝑁2 log 𝑁). Since only 𝐾 = 𝐽/𝑛
iterations are needed, the complexity of multiplying the matrix with vectors
is 𝑂(𝐽𝑁). Each rotation factor 𝑆𝑘 in the parallel truncated Jacobi algorithm
contains 𝑛 Givens rotations, making it a parallel computation process. The
computational complexity of these approximate diagonalization algorithms is
lower than exact diagonalization. To ensure convergence, the iteration count is
typically set to 𝐽 = 𝑁(𝑁 − 1)/2. After obtaining approximate eigenmatrix ̂𝑈 ,
the overall computational complexity is 𝑂(𝑁2 log 𝑁).
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6. Simulation Results and Analysis
6.1 Graph Signal Denoising

We compare the performance of truncated and parallel truncated Jacobi algo-
rithms with algorithms from references [8], [9], and [18] for graph signal de-
noising. Simulations are conducted in the same environment on three graph
topologies constructed using GSPBOX [18]: sensor, roll, and Community. Sig-
nals are formed by summing the first few eigenvectors of the graph Laplacian
matrix. Additive white Gaussian noise with standard deviation 𝜎 is added to
the signals. The threshold for the low-pass channel of the graph filter banks is
set to 𝜆𝑁/2.

Experimental results lead to the following conclusions:

1. Performance Comparison: Under the same number of Givens rota-
tions, the denoising effect of the truncated Jacobi algorithm is generally
better than that of the parallel truncated Jacobi algorithm. This is be-
cause each iteration of the truncated Jacobi algorithm obtains a locally
optimal solution, while the parallel version does not, resulting in slower
convergence.

2. Frequency vs. Vertex Domain: For frequency-domain sampling graph
filter banks, as the number of iterations increases, the approximate eigen-
matrix obtained by both algorithms continuously approaches the exact
eigenmatrix. Graph signals and noise signals are effectively separated in
the frequency domain. The denoising effect of frequency-domain sampling
graph filter banks [11] is superior to that of vertex-domain sampling graph
filter banks [8-9].

3. Low Iteration Performance: At low iteration counts, the denoising per-
formance of truncated and parallel truncated Jacobi algorithms is better
than vertex-domain sampling graph filter banks and close to traditional
frequency-domain critically sampled graph filter banks.

[FIGURE 1] shows the signal-to-noise ratio (SNR) of denoised graph signals
under different algorithms for three different graph topologies. As the number
of Givens rotations increases, the SNR improves accordingly.

6.2 Image Denoising

Images can be modeled as graphs where pixels correspond to graph nodes and
pixel values correspond to node signals. Each pixel connects to its four neigh-
boring pixels (up, down, left, right), with edge weights determined by adjacent
node pixel values [20]. The 4-neighborhood graph representation is shown in
[FIGURE 2].

Experiments use the coin image shown in [FIGURE 3]. Peak Signal-to-Noise
Ratio (PSNR) and Structural Similarity Index (SSIM) serve as performance
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metrics for image denoising evaluation. [TABLE 1] presents PSNR and SSIM
values before and after denoising by different algorithms.

Key Findings: - At low noise levels, the improved Jacobi algorithm achieves
better denoising performance - As Givens rotations increase, the denoising ef-
fect of the improved Jacobi algorithm approaches that of reference [11] - Some
graph filter banks [8-9] perform poorly because high-frequency components re-
moved during filtering contain not only noise but also image edge information,
destroying original image content while failing to effectively process true noise
information

[FIGURE 3] shows the coin image before and after denoising by different algo-
rithms. [TABLE 1] summarizes the quantitative results.

7. Conclusion
Eigenvalue decomposition of the Laplacian matrix constitutes the most com-
putationally expensive operation in frequency-domain critically sampled graph
filter banks. When graph scale is large, computing the exact eigenmatrix be-
comes prohibitively expensive. This paper employs improved Jacobi algorithms
—truncated Jacobi and parallel truncated Jacobi—to approximately solve for the
eigenmatrix in frequency-domain critically sampled graph filter banks, achieving
computational complexity reduction while guaranteeing perfect reconstruction.

Simulation results demonstrate that at low iteration counts, the denoising per-
formance of truncated and parallel truncated Jacobi algorithms surpasses vertex-
domain sampling graph filter banks and approaches that of traditional frequency-
domain critically sampled graph filter banks. Future work will focus on opti-
mizing the rotation coordinate selection strategy to further enhance algorithm
efficiency.
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