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Abstract

In this paper, we present a method to calculate the boundedness from below or
vacuum stability of the scalar potential for a general CP-violating two-Higgs-
doublet model using the concepts of co-positivity and gauge orbit spaces. Ad-
ditionally, semi-positive definiteness is proven for a class of fourth-order two-
dimensional complex tensors.
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Abstract

In this paper, we present novel analytical expressions for the bounded-from-
below or vacuum stability conditions of the scalar potential for a general two-
Higgs-doublet model using the concepts of co-positivity and gauge orbit spaces.
More precisely, we establish several sufficient conditions and necessary condi-
tions for the vacuum stability of the general 2HDM potential, respectively. We
also provide an equivalent condition for the vacuum stability of the general
2HDM potential in theory, and then apply it to derive the analytical necessary
conditions. Meanwhile, the semi-positive definiteness is proved for a class of
4th-order 2-dimensional complex tensors.
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Introduction

In 1973, the first two-Higgs-doublet model (2HDM) was presented by Lee [1,
2]. Subsequently, Weinberg [3] proposed a general multi-Higgs potential model.
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Since then, the stability of the scalar Higgs potential has been an important
problem in the Standard Model (SM) at high energies. The bounded-from-
below (BFB) or vacuum stability of the SM is very notable in the particle
physics community. One of the simplest extensions of the SM Higgs sector is
the 2HDM [1, 4]. It is well-known that the most general Higgs potential for a
2HDM with Higgs doublets ®; and ®, can be written [5-8] as:

Vig(®1, @) = 11 PF Py + 119y P Pyt Py — (1110 D5 P2 ) 2P )2+ Ao (BT D ) (B5Po)+Ay (PF Do) (B* A (BF+ A5 (P*+(¢

where ®* denotes the Hermitian conjugate of ®. The parameters ;;, o, and A
(i=1,2,3,4) are real, while ;, and A (i =5, 6, 7) are complex.

The Higgs potential of such a 2HDM may be expressed [7, 9] as:

Vi (@, ®y) = Z Fap®o Py, + Z b (D7 25) (2L Py),
ab=1 i jl=1

where, by definition, t_{ijkl} = t_{klij}, t_{ijkl} = t"{jilk}, and {ab} =
~_{ba}. The quartic part:

Vy(®@y,0,) = Z tijr (@7 @) (@1 D)),
ij k=1

gives a 4th-order 2-dimensional complex tensor T = (t_ {ijkl}) with components:
t1111 = Ars taooo = Ay trigo = toorn = Az, tigor = topi0 = tioip = As, toror =
ti112 = tionn = tigoe = togiz = Ag, trion = o1 = Ar

The stability of the 2HDM potential requires that there is no direction in field
space along which the potential tends to minus infinity, i.e., it is BFB. In general,
the quartic part of the scalar potential, V, is non-negative for arbitrarily large
values of the component fields, but the quadratic part, V,, can take negative
values for at least some field values [7]. Considering only the quartic part V,, the
condition for stability (BFB) of the scalar potential in the 2HDM is equivalent
to the co-positivity or semi-positive definiteness of the tensor T = (t_ {ijkl})
given by the Higgs quartic couplings A , i.e., V,(®;, ®;) > 0.

When Ay = A, = 0, the vacuum stability conditions of the 2HDM potential [4,
> 0.

In 2011, Battye et al. [16] employed Sylvester’ s criterion and Lagrange multi-
pliers for the general CP-violating 2HDM. In 2016, Kannike [17-19] presented
vacuum stability conditions for the scalar potential of two Higgs doublets in the
2HDM with explicit CP conservation. Chauhan [20] derived analytical necessary
and sufficient conditions for vacuum stability in the left-right symmetric model
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and gave sufficient conditions for successful symmetry breaking. Recently, Song
[21] showed analytical sufficient and necessary conditions for the co-positivity
of the tensor T = (t__{ijkl}) with real numbers A (i = 5, 6, 7), and moreover,
obtained the vacuum stability conditions for the 2HDM with explicit CP conser-
vation. Bahl et al. [22] gave analytical sufficient conditions for vacuum stability
for the 2HDM potential with CP conservation and CP violation, respectively,
where the vacuum stability condition for the 2HDM potential with CP violation
depends on the Lagrange multiplier . For more details about BFB or vacuum
stability conditions of the 2HDM potential, see Refs. [11,12,23-26] for 2HDM
with CP conservation; Refs. [8,24] for the most general 2HDM; Refs. [7,22,24]
for 2HDM with CP conservation and CP violation; Ref. [27] for 2HDM handled
numerically and other references not cited here.

In this paper, we provide three new analytical sufficient conditions for the
bounded-from-below or vacuum stability of the scalar potential for a general
2HDM using the co-positivity of 4th-order 2-dimensional symmetric real ten-
sors, which differs from the approach of Bahl et al. [22].

For example, consider: Ay = Ay =1, Ay =-1, Ay =1, Ay =-1-3i, A\ = A\, =
-21.

Obviously, ReAg = ReA; = 0, A3 + 2/(MAg) =-1+2 >0, Ag + Ay - |ReXs| +
2/(AMAg) =-14+1-142>0,ImA; -ImA; > 0, -|ImA;| + 2/(ImAg - ImA;) =
3+4>0.

These parameters meet conditions (I) and (III), which means V,(®,, ®,) > 0.
It is obvious that conditions (IV ) and (III) are also fulfilled. Here, conditions
(I), (III) and (IV ) will be derived in Section 3. However, they cannot satisfy
condition Eq. (5.20) of Bahl et al. [22], i.e.:

MAs - (A3 + Al + ) =3-(-14+1410) <0, M Ay + Ay - (|Ay] + |As] +
4/( M) =1-1-(1+ 10+ 8) < 0.

A sufficient and necessary condition for the vacuum stability of the general
2HDM potential is given in theory, which contains the vacuum stability condi-
tion of the general 2HDM potential with Z, symmetry as a special case. We then
apply this conclusion to derive analytical necessary conditions for the vacuum
stability of a general 2HDM scalar potential. Meanwhile, analytical sufficient
and necessary conditions are obtained for the semi-positive definiteness of a
class of 4th-order 2-dimensional complex tensors.

2 Co-positivity Criteria

The co-positivity of a matrix M = (_{ij}) has been applied to test vacuum
stability in the 2HDM in Refs. [17-20]. Tt is well-known that a 2 x 2 symmetric
real matrix M = (__{ij}) is co-positive, i.e., for all non-negative vectors x = (xy,
x5) 2, the quadratic form x Mx = ;1%;2 + 2 15X, Xy + 99%,2 > 0, if and only
if [28-30]:
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1120, 99 >0,and 15 + V(17 22) > 0.

The co-positivity of symmetric real tensors has been used in the SM literature
to obtain vacuum stability conditions in Refs. [17, 21, 31-34]. A 4th-order
n-dimensional symmetric real tensor T = (t_ {ijkl}) is co-positive [35-40] if for
all non-negative vectors x = (X, X5, -, x ) ", the quartic form:

4 _
Tx* = g ik, > 0.
i,k 1=1

Let t1117 = ap > 0 and tg99y = a4 > 0. Recently, Song and Li [32] presented an-
alytical expressions for the co-positivity of a 4th-order 2-dimensional symmetric
tensor T using an updated version [37] of Ulrich and Watson’ s result [41]. Let
T = (t_{ijkl}) be a 4th-order 2-dimensional symmetric real tensor with entries
ti111 = @, togpe = @, tipg = @, tyigg = @, tyggy = 3. Then the quartic
form:

Tat = aom‘ll + alxi’xz + 042{13%%% + agxlxg + oz49£‘21 >0

for all x; > 0, x5, > 0 if and only if:
(1) A<0,ay >0, a3 >0, 2/(apgey) + asd(ag/ay) > 0; agoy + ay > 0; ay
- agl(agagay) + 200y (agay),
(2) A>0, |ajay - agag| < 4(agayay) + 2agau9(agay), (1) -2/ (agay) < a; <
6/(cpay), (i) g > 64(0y) + agi(ag/ay) = -4/(apasay) - 2ag04d(pay),
where A = 4(120p0 - 3 05 + g ay)? - 2Tagan® - 27a,%)? - (T2a5000 +
Yo 0904 - 203.
Song and Qi [33, Theorem 3.7] gave a stronger sufficient condition for the co-

positivity of a symmetric real tensor T = (t_ {ijkl}). That is, T x* > 0 for all
x; > 0,xy > 0if:

B =a; + d(ay - 6agay) + 2/(By) > 0,7 = az + 4/(ay - 6agay) + 2/(By) >
0.

Song [21] obtained an analytical sufficient and necessary condition for the co-
positivity of a symmetric real tensor T(, ) = (t_{ijkl}(, )) with parameters

[0, 1] and [0, 27], where: ty117 = Ay, 9900 = Mg, ty190 = ty110 = (Ag +
Ay2+A52%co82), Ag cos , tygg = A; cos .

That is, with A; > 0, A, > 0, the quartic form:

T(p,0)z* = Azi+A25+2(pAgeosd) a3z +(As+A p>+A5p*cos20)zix3+2(pA,cos0)z x5 > 0

for all x; > 0, x5 > 0 if and only if:
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(b) A >0, Ay + 2/(Ay) - A (i) - 2(a) Ag = A, =0, Ay + 2/(AAy) >0, Ag
+ Ay - [As] + 20(AAy) >0, Ag + Ay - Ay + 2/(AA,) > 0; /(A A,) >0,
(cid:113) Ay < 2V(AA)(As + Ay + Ap) + 2A1 A7 (A Ay), AA, < A +
Ay + A5 <6(11) Ag + Ay + Ay > 67(Ay) + A/ (AA,) and (cid:113) A4]
S 2/(AA)(Ag + Ay + Ag) - 28, A0/ (A Ay), V(A A,),

Where A = 4(12A1A2 - 12A6A7 —+ (A3 + A4 + A5)2)3 - (72A1A2(A3 + A4 +
6A5)%. Ay) + 36A6A;(As + Ay + Ay) - 2(A5 + Ay + A5)3 - 108A,Ayy - 108A,,.
3 Vacuum Stability of the General 2HDM Potential

3.1 Sufficient Conditions

In this section, we present the vacuum stability conditions of the 2HDM po-
tential with explicit CP violation. We rewrite the quartic part of the 2HDM
potential as:

Vi(®y, @y) = tijur (7 ) (PL8;) = Ay (DD1) 2425 (P55 )%+ A3 (DT D) (D585 ) +A4 (2] D) (PP )+ (D] D)
6,4,k l=1

Let = |®| = 4(® ®) denote the modulus of & for i = 1, 2. Then ¢ P,

= 1,¢e{i}and ® &, = |, e {-i}, where i =-1and [0, 1] is the orbit

space parameter [10, 17, 20]. Let Ay = |[Agle {ids}, Ag = |Agle {idg}, A7 =

[A;le"{ip;}, where ¢ is the argument of the complex number A (k = 5, 6, 7).

Then A 5 = [Asle™{-igs}, A g = [Agle ™ {-i6}, A 7 = [A7]e"{-ig7}.

We therefore have:

Vi(®@y, @y) = /\1¢%+)‘2¢%+)‘3¢%¢§+>‘4P2¢%¢%+|/\5|P2(eiwﬁw)*67i(¢5+29>>¢%¢%+2|>\6‘P(GN%W)JF@%(%W))dﬁ'%

This can be rewritten as:

Vi (@, @y) = A @1+ Aa05+(A3+ Ay p°+| A5 p? cos(h5+20)) dTh542|\g| 6T dop cOs(P6+60) 42| A7 |1 3 p cos(+6).

Expanding the cosine terms gives:

Vi(®y, @y) = A 91 +A005+(A3+A4 0> +[ A5 | (cos @5 cos 20—sin ¢ sin 20)) pF93+2| A |¢7Pop(cos dg cos O—sin ¢

Since ReA = |A |cos¢ and ImA = |A |sing (k = 5, 6, 7), and noting that sin2
= 2sin cos , we obtain:
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Vi@, 85) = A ¢+ Ay b+ (A TAs 0>+ Res 02 cos 20) 6303 +2(pReA; cos 6) 6y 63+2(pReAg cos )¢y —206; 6, (I

We can separate this into two parts:

Vi(®y, @y) = V] (1, P2) + Vi (d1, q),

where:

Vi (1, d9) = A1 +A05+(Ag+Ayp°+Red; p? cos 20)pF p342(pRe; cos 0) ¢y ¢3+2(pRedg cos 0) 3 d,,

and:

Vi (¢1,99) = —2(psinb)[(pcos ) ImA; ¢, dy + Im>\7¢§ + Im)‘ﬁd)ﬂﬁbl G-

Applying the co-positivity condition for a real tensor (9) with A =X (i=1, 2,
3,4)and A = ReX (k =5, 6, 7), we obtain that \; > 0, Ay > 0, and V' _4( 4,
5) > 0 for all 4, , if and only if:

(I) Redg = Red; = 0, Ay + 2/(\Ay) > 0, and Ay + A, - [Reds| + 270, A,) >
0;

(II) Redg # 0 or ReA; # 0, A >0, /(M Ay) > 0, A3 + 2/(A)y) >0, A3 +
Ay - Reds + 2/(AA5) > 0, [RedgAy - Red A | < 2V(A\A(A3 + Ay + Rely))
T 20 00(A1Ag), (1) -2/(A1Ag) < Ay + Ay + Redy < 6/(A1Ay), and (i) A3 +
Ay + Reds > 6/(A\y) and [Redghy + Redsdy| < 2000 A(As + Ay + Redy)) -
2)\1)\21/’()\1)\2), Whel“e:

A = 4(120, Ag—12ReAg ReAs +(Ag+ A +Reds )?)3— (722 Ay (Ag+ A, +Reds )+36Redg Re, (Ag+A,+Reds)—2(Aq

After simple calculations (with sin # 0), we find that V> _4(,, 5) > 0 for all
1, o if and only if:

ImAgo7 + (pcos O)ImA;d; ¢y + ImAz¢3 > 0, sind <0,
ImAgp7 + (pcos 0)ImAs ¢ ¢y + ImA,¢3 <0, sinf > 0.

By the co-positivity of a real matrix (6) with ;; = ImM\g, 15 = ( cos )ImAg, and

95 = Im\;, we obtain that Im\g ;2 + ( cos )ImA; ; 5 + Im); ;2 > 0 for all |,
5 if and only if:

ImAg >0, ImA; >0, (pcos@d)Im);+ 24/ImAg-ImA; > 0.
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Case 1: Im); > 0. The function g( cos ) = (cos )ImA; + 2/(ImAg - Im),)
reaches its minimum at cos = -1, so for all cos [-1, 1], we have:

(pcosO)ImAg + 2y/ImAg - ImA; > 0 <= —ImA; + 24/Im)g - ImA; > 0.

Case 2: ImA; < 0. The function g( cos ) = (cos )ImA; + 2/(ImAg - ImA;)
reaches its minimum at cos = 1, so for all cos [-1, 1], we have:

(pcos@)ImAg + 2y/ImAg - ImA; > 0 <= ImA; + 24/ImAg - ImA, > 0.

Therefore, for any real Im\;, we have:

(pcosN)ImAg 4+ 24/ImAg - ImA; > 0 <= —|ImAgz| + 24/ImA; - ImA; > 0.

Similarly, Im)\g ;2 + (cos )ImA; ; 5 + ImA, ;2 < 0 for all |, , if and only if
-ImAg 12 - (cos )ImAg | 5 - ImA, 52 > 0 for all |, ,, which is equivalent to the
co-positivity of the 2 x 2 matrix M = ( _{ij}) with entries ;; = -Im\g, 15 =
-(cos )ImA;, 55 = -ImA,. This means:

—ImAs >0, —ImA;, >0, —(pcos@)ImAy+ 2y/ImA;-ImA; >0,

or equivalently:

ImAg <0, ImA; <0, —(pcosf)ImA;+ 2y/Img-ImA; > 0.

The function {( cos ) = -( cos )ImA; + 2/(ImAg - ImA;) reaches its minimum at
cos = 1 (when ImA; > 0) or -1 (when ImA; < 0). Hence, for any real ImA;:

—(pcos@)ImA; + 24/ImMg - ImA; > 0 <= —|ImA;| 4+ 2+/ImAg - ImA, > 0.

Thus, we conclude that V' _4(,, ) > 0 for all ;, , if and only if:
(III) TmAg - ImA, > 0 and -[ImA;| + 2/(ImA4 - ImA,) > 0.

In summary, we have proved that the analytic conditions (I), (II), and (III)
ensure the vacuum stability of the 2HDM potential with explicit CP violation.
At the same time, we obtain the semi-positive definiteness of a 4th-order 2-
dimensional complex tensor T = (t_ {ijkl}) defined by Eq. (5).

From Eq. (8), we may also obtain a stronger sufficient condition. That is,
V4 (@4, @5) > 0 for all &;, @, if for all [0, 1] and all [0, 27]:
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B(6) = 2pl] cos(65 + 0) 44/ (A + Agp? + [glp? cos(65 + 26)) — 64/X1 0y > 0,

() = 2plAs] cos(@y +0) 44/ (N + Aap? + [As]0? cos(65 + 26)) — 63/A, g = 0,

and
A Ay +2+/8(0)v(0) > 0.

It is obvious that the above inequality system holds if:

p= 2\/ Az =6y A Ay — |/\6| >0,
7 =2A3 =6/ A A — A 20,
AMAy +44/By >0,
A3 + Ay — [A5] — 64/ A A +44/8y > 0.

Similarly, V' _4( 4, o) > 0 for all 4, , if:

(IV) B =2/(A3 - 6/(A\1Ag)) - [ReXg| >0, v = 2/(A3 - 6/(A1)y)) - [Re);| >
0, MAg + 4/(8 v %) = 0, and Ay + Ay - [Reds| - 6/(AAy) + 4/(5 v ) > 0.

and

Remark 3.1. Four analytical sufficient conditions are:

(1) Redg = ReA; = 0, with conditions (I) and (III);

(2) ReXg # 0 or Re); # 0, with conditions (IT) and (III);
(3) Conditions (IV ) and (III);

(4) Conditions (IV).

These analytical sufficient conditions are obtained from the real and imaginary
parts of complex numbers, not only dependent on the norm. Thus they differ
from those of Bahl et al. [22]. For example, with |Ag| = [A;| =2, 8=7=0, \;
=X =1 A3=6, N\, =2, Ay =-1-1i, \g = A\; =-1-1, we have \; A\, + 4/(B7)
=0, Ay - 6/(A\;Ay) + 4/(By) = 2 > 0. These parameters meet condition (IV),
which means V,(®,, ®,) > 0. It is obvious that conditions (II), (IV ), and (III)
are also fulfilled. However, they cannot satisfy condition Eq. (5.20) of Bahl et
al. [22]:

MAg — (Mg + M +1A5) =3—(6+2+2) <0,
MAy + A3 — (A + 5] +4/ A A) =1+6—(2+2+8) <0.

See also the example in the introduction.
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3.2 Sufficient and Necessary Conditions

In this subsection, we rewrite V,(®,, ®,) as follows (with A; > 0, A\, > 0):

V4((I)17 @2> = Ap2 + Bp + C= f(p>a

where:

A=adid3, B=bigy, C=X\¢+ A5+ 3163,
a = Ay —Red; + 2(ReA; cos§ —ImAg sinf) cos 6 = Ay + |A5] cos(¢s + 26),
b = 2(Relgd?+Re;03) cos 0—2(ImAgp3+ImA,¢3) sin 0 = 2| \g |7 cos(dg+0)+2| A\, |3 cos(d,+0).
The quadratic function f( ) is non-negative for [0, 1] if and only if its mini-
mum is non-negative on this interval, which requires non-negative values at the

boundary points = 0, 1 and at any unique minimum point , = -B/(2A) [0,
1] (when A > 0). That is:

flp) 20 <= [f(=B/(24)) 20, [f(0)=0, [f(1)=0,

with the conditions:

4AC — B2 >0, —B/(24)€[0,1], A>0.

The behavior of f( ) is illustrated in Figure 1 [Figure 1: see original paper].

Proposition 1. V,(®,, ®,) > 0 if and only if 4AC - B2 > 0, -2A < B < 0, and
C>0.

It is obvious that if Ay = A; = 0, then B = 0, the symmetry axis is at -B/(2A)
= 0, and hence V,(®;, ®,) > 0 if and only if C > 0 and A + C > 0.

For the 2HDM with Z, symmetry [12], the quartic part of the general 2HDM
scalar potential is:
Vi@, @s) = A (D1P1)?+ Ao (P58)*+ A5 (P] By ) (P5P5) +-Ay (D] o) (D5 )+ (P} By)* (D5 Py )*.
Therefore, V,(®,, ;) > 0 if and only if:
C= )‘1¢411 + )‘2¢3 + )\3¢%¢% =0,
A+ C =N+ A + (A3 + Ay + | A5] cos(s + 20)) 763 > 0.

It is clear that C >0 A5 + 2/(A\A3) > 0,and A+ C >0 A3+ Ay + |A5|cos(¢s
+2) + 2/(MAy) = 0forall [0,27] Ay 4+ Ay - [As5] + 2/(AAy) > 0.
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Corollary 2. V,(®,, ®,) > 0 if and only if A; > 0, Ay > 0, A3 + 2/(A\Ay) >
0, and A5 + Ay - [A5] + 2/(A10,) > 0.

This condition (V) is well-known for the inert doublet model [4,10,11, 18, 27].

3.3 Necessary Conditions

In this subsection, we rewrite V,(®,, ®,) as (with A; > 0, A\, > 0):

Vi(®y,2y) = f(p) = Ap> + Bp + C,

f(1) = A+B+C = M\ di+Ad5+(A3+X,—Reds+2Re); cos? 0) g2 p2+2(Redg cos 0) ¢S5 po+2(Re; cos 0) by ¢i—2(s

Obviously, f( ) > 0 for all [0, 1] implies f(0) > 0 and f(1) > 0. Then V (P,
®,) > 0 implies f(0) = C > 0, which is equivalent to:

A3 + 2/ A Ay > 0.

This is a necessary condition for the vacuum stability of the general 2HDM
potential. Clearly, another necessary condition is that f(1) = A + B + C > 0.
By Eq. (18), A + B 4 C can be regarded as a quartic form in two parameters t
=sin and s = cos with s? +t2 = 1. When s = sin = 0 and t = cos = $+£$1,
the inequality:

Mot + X053 + (A3 + Ay + Redy)die3 + 2Reddio, + 2Red; 193 > 0

holds if and only if (using Eq. (7)):

(1) A <0, Redghy + Reds A, > 0;

(2) Redg > 0, Re; > 0, A3 + A, + Reds + 2/(A1\y) > 0;

(3) A >0, |Redghy - RedA | < 20( A M (Mg + Ay + Reds)) + 22 A0v (M Ay),
(1) 20\ A9) < A3 + Ay + Redy < 6/(M\Ay), (i) Ay + A, + Redy >
6/( M Ay), and V(A Ag) < Ag + Ay + Reds < 6/(A,Ny).

The equivalent conditions for the negative case are:

(1) A < 0, -Redghy - ReA-A; > 0; (2) -Redg > 0, -Red, > 0, Ay + A, +
Redy + 2/(A1A5) > 0; (3) A > 0, |FRedgAy + Red | < 2/( A (A5 + Ay +
ReAs)) + 220 00/ (A1Ag), (1) -2/(AA) < A3 + Ay + Reds < 6/(AAy), (il) Ag
+ Ay + Redy > 6/(M\ ), and -Redghy - ReAz A > -2/ (A A5(A5 + Ay + Redy))
- 220 200 (A N).

This is equivalent to:

Redg = Red; =0, Ay + Ay + Red; +2¢/A 2, >0,
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or:

Redg #0 or ReA, #0, A >0, /A, >0,
with either: (a) -2/(AAy) < A3 + Ay + Redy < 6/(AA,), [RedgAy - Redr )| <

2/(AMA2(A3 + Ay + Redy)) + 20 A0/ (AAg), or (b) Az + Ay + Reds > 6/(A ),
IReAghs + ReAsA;| < 200 Ao(As + Ay + Reds)) = 20 A0V (A Ay).-

Thus, a necessary condition for V,(®,, ®,) > 0 is:
(VII) A5 + Ay + ReXy + 2/(A2,) > 0.
Similarly, if t = cos = 0 and s = sin = $£8%1, the inequality:
Mot + X053 + (A3 + Ay — Red;)9i¢3 + 2ImAghi o, + 2ImA; ¢, ¢3 > 0

is equivalent to:

VA Ay 20, ImAg =ImA;, =0, A3+ Ay —Redy +2/ A Ay >0
or:
ImAg # 0 or ImA; #0, A’ >0,
with either: (a ) -2/(\Ay) < A + A, - Reds < 6/(A)y), [ImAgA, - ImA )| <

2/(AMA2(Ag + Ag - Redg)) + 20 25/(AAg), or (b)) A3 + Ay - Reds > 6/(AA,),
ImAghs + TmAN | < 2/ A(As + Ay - ReAs)) = 220 AV (A Ay),

where:

A = 4(122 Ay—12TmAg Tm A, +(Ag+ A —ReAs )2)3— (720 Ay (Ag+ A, —Reds )+36ImAg - TmA, (g +A, —Reds)—2( A

Therefore, another necessary condition for V,(®,, ®,) > 0 is:
(VIII) A3 + Ay - ReXg + 2/(AA,) > 0.
Applying Corollary 3.1 of Song and Qi [33] to V4 (®,, D,):

Vi (@, @y) = A @1+ A 05+[ A3+ A, 07+ A5 |p? cos(d5+20)] 9T 03 +2| Ag| T dop cos(d+0)+2| A7 |1 3 p cos(p,+0),

we obtain that V,(®,, ®,) > 0 implies that for all [0, 1] and all [0, 27]:

x2|Ag|p cos(¢g+0) X 2[A7|p cos(p7+6) v/ )\2"‘2\/(/\3 + Aup? + | A5]p? cos(g5 4 20)) + Agp cos(gg + 6) + [Az[v/Arp
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This simplifies to:

A3+ 02+ Reds p? cos 20421/ A Ay p? cos O+Red; /Ay p cos O+ A5+, p? +Red; p? cos 20421/ Ay p? sin 26,

and then, setting = 1 and = 0 or 7, the above inequality must hold:

(A3 A FReA; 20/ A A2/ A+ ReA v/ Ay) o (Az+ A —ReA;+2/ A AT 2/ Ag+ImAs/Ay),

or equivalently:

A3+ +ReA;+2/ A A+Red v/ Ay)  and  (A3+ A, —ReA;+2/ A Ap+ImA 4/ Ay),

with strict positivity conditions on the real and imaginary parts.

Clearly, condition (VI) (strict inequality) is obtained when = 0. In summary,
conditions (VI), (VII), (VIII), and (IX) are the necessary conditions for the
vacuum stability of the general 2HDM potential.

Remark 3.2. Conditions (I) and (IT) obviously satisfy (VI)-(VIII) (as necessary
conditions). For (IV) and (IV ), with 8 = 2/(A3 + 2/(A\A9)) - [Ag] > 0 and ~
= 2/(A\3 + 2/(A\; X)) - |A;] > 0, we have:
Mg +4y/By > 0,
A+ Ay — | A5] — 63/ A Ay 4/ By > Ag — 64/ A Ay > 0,

which implies A3 + 2/(A;Ay) > 0. Thus condition (VI) holds. Similarly:

AAg +44/ By 20,
Ag Ay = [As] = 63/ A Ay + 44/ By = Ag + Ay — [As] — 64/ A A5 20,

and since -|A;| < Red; < |A;], we have:

Ag + A+ Reds + 2/ M0 = A5 + Ay — [A5] + 24/ A5 >0,
A + Ay — Reds + 20/ 00 > As + Ay — [As| + 20/, A > 0.
Thus conditions (VII) and (VIII) hold. Similarly, condition (IV ) also satisfies

(VI)-(VIII). Condition (IX) is a necessary condition for the strict inequality
Vi(2,, ,) > 0.
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4 Conclusions

Using the co-positive conditions of a 4th-order symmetric tensor, we have estab-
lished several analytical sufficient conditions and necessary conditions for the
vacuum stability of the general 2HDM potential. Specifically:

Four sufficient conditions: (1) (I) and (IIT); (2) (II) and (I11); (3) (IV ) and
(ID); (4) (IV).

Four necessary conditions: (VI), (VII), (VIII), and (IX).

A sufficient and necessary condition is qualitatively shown for the vacuum sta-
bility of the general 2HDM potential, which is then applied to derive analytical
necessary conditions. The vacuum stability condition (V) for the Z,-symmetric
2HDM potential emerges as a special case.

[Figure 2: see original paper| shows the relationship between these analytical
conditions and the vacuum stability of the general 2HDM potential (where “—”
stands for “implies” ).
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