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Abstract

In this paper, we present the characterizations of total boundedness, relative
compactness and compactness in fuzzy set spaces equipped with the endograph
metric. The conclusions in this paper significantly improve the corresponding
conclusions given in our previous paper H. Huang, Characterizations of endo-
graph metric and $ Gamma$-convergence on fuzzy sets, Fuzzy Sets and Systems
350 (2018), 55-84. The results in this paper are applicable to fuzzy sets in a
general metric space. The results in our previous paper are applicable to fuzzy
sets in the m-dimensional Euclidean space $ mathbb{R} m$, which is a special
type of metric space. Furthermore, based on the above results, we give the char-
acterizations of relative compactness, total boundedness and compactness in a
kind of common subspaces of general fuzzy sets according to the endograph met-
ric. As an application, we investigate some relationship between the endograph
metric and the $§ Gamma$-convergence on fuzzy sets.
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Abstract

In this paper, we present characterizations of total boundedness, relative com-
pactness, and compactness in fuzzy set spaces equipped with the endograph
metric. The conclusions significantly improve upon corresponding results from
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our previous work [H. Huang, Characterizations of endograph metric and T'-
convergence on fuzzy sets, Fuzzy Sets and Systems 350 (2018), 55-84]. The re-
sults herein apply to fuzzy sets in a general metric space, whereas our previous
results were limited to fuzzy sets in m-dimensional Euclidean space R™, which
is merely a special type of metric space. Furthermore, based on these general
results, we provide characterizations of relative compactness, total boundedness,
and compactness for common subspaces of general fuzzy sets under the endo-
graph metric. As an application, we investigate the relationship between the
endograph metric and I'-convergence on fuzzy sets. This paper has also been
submitted to arXiv.

Keywords: Compactness; Endograph metric; I'-convergence; Hausdorff metric

1. Introduction

Fuzzy sets are fundamental tools for investigating fuzzy phenomena [1-7]. A
fuzzy set can be identified with its endograph, and the endograph metric H 4
on fuzzy sets is defined as the Hausdorff metric applied to their endographs.
The endograph metric has been shown to possess significant advantages [8-11].

Compactness is a central concept in topology and analysis with important ap-
plications [6, 12]. Characterizations of compactness in various fuzzy set spaces
endowed with different topologies have attracted considerable attention [13-19].

In [18], we provided characterizations of total boundedness, relative compact-
ness, and compactness for fuzzy set spaces equipped with the endograph metric
H, 4. However, those results applied only to fuzzy sets in m-dimensional Eu-
clidean space R™, which is a special type of metric space. In theoretical research
and practical applications, fuzzy sets in general metric spaces are frequently em-
ployed [1, 2, 14, 15].

This paper presents characterizations of total boundedness, relative compact-
ness, and compactness for spaces of fuzzy sets in a general metric space equipped
with the endograph metric H, 4. We demonstrate that the characterizations
given in [18] are corollaries of the more general characterizations established
here. Additionally, we discuss properties of the endograph metric H, 4 and
use these properties, along with our general characterizations, to describe rela-
tive compactness, total boundedness, and compactness in common subspaces of
general fuzzy sets under the endograph metric H,, 4.

As an application of our compactness characterizations, we examine the rela-
tionship between the H, 4 metric and I'-convergence on fuzzy sets.

The remainder of this paper is organized as follows. Section 2 recalls basic
notions and fundamental results related to fuzzy sets, the endograph metric, and
I'-convergence. Section 3 provides representation theorems for various types of
fuzzy sets used throughout the paper. Section 4 characterizes relatively compact,
totally bounded, and compact sets in the space of fuzzy sets in a general metric
space equipped with the endograph metric. Section 5, building on Section 4’ s
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results, characterizes relatively compact, totally bounded, and compact sets in
common subspaces of the fuzzy set space. Section 6 applies our compactness
characterizations to investigate the relationship between the endograph metric
and I'-convergence. Finally, Section 7 concludes the paper.

2. Fuzzy Sets, Endograph Metric, and I'-Convergence

This section recalls basic notions and fundamental results concerning fuzzy sets,
the endograph metric, and I'-convergence. Readers may refer to [1-3, 20, 21]
for related background.

Let N denote the set of natural numbers and R the set of real numbers. For
m > 1, let R™ denote the set {(xq,...,x,,) : z; € R, = 1,...,m}. In what
follows, R is also written as R!.

Throughout this paper, we assume X is a nonempty set and d is a metric on X.
For simplicity, we also use X to denote the metric space (X, d).

The metric d on X x [0,1] is defined as follows: for (z,«), (y,8) € X x [0,1],

d((m,a), (97 ﬁ)) = d(m,y) + |a - 5|

Throughout this paper, we assume the metric on X x [0,1] is d. For simplicity,
we also use X x [0,1] to denote the metric space (X x [0,1],d).

Let m € N. For simplicity, R™ also denotes the m-dimensional Euclidean space;
d,,, denotes the Euclidean metric on R™; and R™ x [0, 1] denotes the metric
space (R™ x [0,1],d,,).

' m
A fuzzy set u in X can be viewed as a function v : X — [0,1]. A subset S of
X can be viewed as a fuzzy set in X. When no confusion arises, the fuzzy set
corresponding to S is denoted by xg; that is, xg(z) = 1if ¢ € S and xg(x) =0
ifze X\S.

For simplicity, for x € X, we use Z to denote the fuzzy set X{z} iIn X.

When emphasizing a specific metric space X, we write the fuzzy set correspond-
ing to S in X as Sp(X), and the fuzzy set corresponding to {z} in X as Zx(X).

Let F(X) denote the set of all fuzzy sets in X. For v € F(X) and « € [0, 1], let
{u > a} denote the set {x € X : u(x) > a}, and let [u], denote the a-cut of u,
i.e.,
], = {reX:ulxz)>a}, ac(0,1],
- |swppu={u>0}, a=0,

where S denotes the topological closure of S in (X, d).

Let K(X) and C(X) denote the set of all nonempty compact subsets of X and
the set of all nonempty closed subsets of X, respectively. Let P(X) denote the
power set of X (the set of all subsets of X).
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Let F;g-(X) denote the set of all upper semi-continuous fuzzy sets u : X —
[0,1], i.e.,

Fuse(X) == {ue F(X): [u], € C(X)U {0} for all a € [0,1]}.

Define Fygop(X) = {u € Fygo(X) : [uly € K(X) U{0}} and Fygoq(X) =
{u€ Fyge(X): [u], € K(X)U{0} for all « € (0,1]}.

Clearly, Fyscp(X) C Fyseg(X) € Fygo(X). Define Foon(X) == {u €
F(X) : for all « € (0,1], [u], is connected in X}, Fyygccon(X) i= Fyga(X) N
Foon(X), and Fyscacon(X) == Fysoa(X) N Foon(X).

Let u € Foon(X). Then [u]l, = Ugsglul, is connected in X. The proof is as
follows. If u = xy, then [u], = 0 is connected in X. If u # x;, then there exists
a € (0,1] such that [u], # (. Note that [u]s D [u], when 3 € [0,a]. Hence
Uo<pg<altlp is connected, and thus [u]q = Uy, [u]5 is connected.

Foony(X) ={u € F(X) : for all @ € [0,1],[u], is connected in X}.

Let FI} 5o (X) denote the set of all normal and upper semi-continuous fuzzy sets
uw: X —1[0,1], ice., Flgo(X) :={u e F(X) : [u], € C(X) for all a € [0, 1]}
We introduce some subclasses of F}g-(X) that will be discussed in this pa-
per. Define F[11]SCB<X) = lejscl(X) N Fysop(X), F&SCG(XI) = Fjigc(X) N
Fllecc:(X)v Fosccon(X) = Fygo(X) N Foon(X), and Fygegeon(X) =
Fysea(X) N Foon(X).

Cllearly, Fisep(X) € FiscaconX) € Fisea(X) € Figccon(X) €
Fge(X).

Let (X, d) be a metric space. We use H to denote the Hausdorff distance on
C(X) induced by d, i.e., H{U,V) = max{H*(U,V),H*(V,U)} for arbitrary
U,V € C(X), where H*(U,V) = sup,,.; d(u, V) = sup, ., inf,cy d(u, v).

When no confusion arises, we also use H to denote the Hausdorff distance on
C(X x [0,1]) induced by d.

The Hausdorfl distance on C(X) can be extended to C'(X) U {0} as follows:

H(M,,M,), if M,, M, € C(X),
H(M,, M,)) =<1, if M, =0 and M, € C(X),
0, if M, = M, = 0.

Remark 2.1. A function p: Y x Y — R is called a metric on Y if it satisfies
positivity, symmetry, and the triangle inequality. In this case, (Y, p) is called a
metric space. A function p: Y xY — RU {+oc0} is called an extended metric
on Y if it satisfies positivity, symmetry, and the triangle inequality. In this case,
(Y, p) is called an extended metric space.
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We observe that for any metric space (X, d), the Hausdorff distance H on K (X)
induced by d is a metric. Therefore, the Hausdorff distance H on K (X x [0,1])
induced by d on X x [0, 1] is a metric.

The Hausdorff distance H on C'(X) induced by d on X is an extended metric but
not necessarily a metric, because H(A, B) could equal +oco for certain metric
spaces X and sets A, B € C(X). The Hausdorff distance H on C(X) U {0} is

an extended metric but not a metric.

Clearly, if H on C(X) induced by d is not a metric, then H on C(X x [0,1])
induced by d is also not a metric. Thus, the Hausdorff distance H on C(X X
[0,1]) induced by d on X x [0, 1] is an extended metric but possibly not a metric.

We note that H on C'(R™) is an extended metric but not a metric, and the same
holds for H on C(R™ x [0, 1]).

When the Hausdorff distance H is a metric, we call it the Hausdorff metric.
When H is an extended metric, we call it the Hausdorff extended metric. For
simplicity, in this paper we refer to both the Hausdorff extended metric and the
Hausdorff metric as the Hausdorff metric.

For u € F(X), define endu := {(z,t) € X x [0,1] : u(x) > ¢} and sendu :=
{(z,t) € X x [0,1] : u(z) > t} N ([u]y x [0,1]). These are called the endograph
and sendograph of u, respectively.

For u € F(X), the following properties (i)-(iii) are equivalent: (i) u € Fygo(X);
(ii) end w is closed in (X x [0,1],d); (iii) send w is closed in (X x [0,1],d).

Proof of equivalences: - (i) = (ii): Assume (i) holds. To show (ii), let
{(z,,, )} be a sequence in endw converging to (z,«) in X x [0,1]. Since u
is upper semi-continuous, u(z) > limsup, , _u(z,) > lim a, = a. Thus
(z,a) € end u, proving (ii).

o (i) = (iii): Assume (ii) holds. Since [u], % [0,1] is closed in X x [0, 1],
send u = end u N ([u]y x [0,1]) is closed in X x [0, 1], proving (iii).

n—oo

o (iii) = (i): Assume (iii) holds. To show (i), let @ € [0,1] and suppose
{z,,} is a sequence in [u], converging to z in X. We must show
x € [u],. Note that {(z,,,a)} converges to (z,a) in X x [0,1], and
the sequence {(z,,,«)} lies in send u. From the closedness of send u,
it follows that (x, ) € send u, which means « € [u],. Thus (i) holds.

Foru € F(X), clearly X x{0} C endu, soendu # (. We observe that send u = ()
if and only if u = 0px).

From the above discussion, u € Fy;¢-(X) if and only if endu € C(X x [0,1]).

Kloeden [8] introduced the endograph metric H, 4. For u,v € Fyg-(X),

H,, 4(u,v) :== H(end u,end v),

€

where H is the Hausdorff metric on C(X x [0, 1]) induced by d on X x [0, 1].
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Rojas-Medar and Roméan-Flores [20] introduced T'-convergence of a sequence of
upper semi-continuous fuzzy sets based on Kuratowski convergence of sets in a
metric space.

Let (X,d) be a metric space, C' a set in X, and {C,,} a sequence of sets in X.
The sequence {C,,} is said to Kuratowski converge to C according to (X, d),

written as C' = limffi)oo C,, if

C =liminfC,, =limsupC,,,
n—00 n—00
where

liminfC, ={z € X :2 = lim z,,z, € C, },
n—oo n—oo

limsupC, = {r € X : 2z = lim Ly s, € an} = ﬂ U Ch-

j—
n—00 Jmree n=1k=n

When no confusion arises, we omit reference to the metric space (X,d) and
simply write that {C,,} Kuratowski converges to C' or C = limgl]i)oo C,.

Remark 2.2. Theorem 5.2.10 in [22] states that in a first countable Hausdorff
topological space, a sequence of sets is Kuratowski convergent if and only if it
is convergent in the Fell topology. A metric space is, of course, a first countable
Hausdorff topological space.

Definition 3.1.4 in [23] gives definitions of lim inf C,,, limsup C,,, and lim C,, for
a net of subsets {C,,,n € D} in a topological space. When {C,,,n =1,2,...} is
a sequence of subsets of a metric space, the liminf, limsup, and lim according
to Definition 3.1.4 in [23] coincide with lim inf, C,,, limsup C,, and

T— 00 n—oo

limgi)oo C,, as defined above, respectively.

Let u,u,, € Fyga(X) for n =1,2,.... The sequence {u,,} is said to I'-converge
to u, denoted by u = limg;)oo U, if endu = limgi)oo end u,, according to (X X
[0,1],d).

The following Theorem 2.3 is a known result useful in this paper.

Theorem 2.3. Suppose C,C, are sets in C(X) for n = 1,2,.... Then
H(C,,C) — 0 implies that lim'*)_ ¢ = C.

Remark 2.4. Theorem 2.3 implies that for a sequence {u,,} in Fy;g-(X) and
an element v in Fygo(X), if Hyg(u,,u) — 0 as n — oo, then lims;)OO u, = U.

However, the converse is false; see Example 4.1 in [18].

Theorem 2.3 can be proved similarly to Theorem 4.1 in [18]. In Theorem 2.3,
we exclude the case C' = 0.

Remark 2.5. Let {u, } be a sequence in Fy;g-(X) and {v,, } a subsequence of
{u,,}. We observe that

liminfw,, C liminfv,, C limsupwv,, C limsupu,,.
n—00 n—00 n—o0 n—o0
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)

Thus, if there exists u € Fy;g-(X) with hmglloo u,, = u, then hmrHoo v, = U.
Clearly, hrngH)OO v,, = u does not necessarily imply limglm u, = u. A simple
example is given below. For n =1,2,..., let v,, = 1x(R). For n = 1,2, ..., define

u,, € Fys0(R) by

" EF([R), n is odd,
" 3p(R), niseven.

Then {v,,} is a subsequence of {u,, }. We see that lim!" = 1x(R). However,

()
oo Up does not exist because

TL*?OO ’ﬂ

lim

liminfu, = R x {0} C end1,(R) Uend3,(R) = limsupu,,.
n—oo

n—oo

In this paper, for a metric space (Y, p) and a subset S of Y, we still use p to
denote the metric induced on S by p.

3. Representation Theorems for Various Kinds of Fuzzy
Sets

This section provides representation theorems for various types of fuzzy sets.
These theorems are useful throughout the paper.

The following representation theorem should be a known result. In this paper,
we assume sup @) = 0.

Theorem 3.1. Let Y be a nonempty set. If uw € F(Y), then for all a € (0,1],
[u]a = mﬁ<a[u]ﬁ'

Conversely, suppose {v,, : a € (0,1]} is a family of sets in Y with v, = Ns_,vg
for all a € (0,1]. Define v € F(Y) by u(z) := sup{a : € v, } for each z € Y.
Then w is the unique fuzzy set in Y satisfying [u], = v, for all a € (0,1].

Proof. Let u € F(Y) and « € (0,1]. Foreach z € Y, x € [u], < u(z) >
a <= for each f < o, u(x) > B <= for each 8 < a, z € [u]z. Thus
[u]a = mﬂ<a[u],8'

Conversely, suppose {v, : a € (0,1]} is a family of sets in ¥ with v, = Ns_,vg
for all a € (0,1]. DeﬁneuGF( ) by u(z) :=sup{a:z €v }foreacthY.

First, we show that for each a € (0,1], [u], = v,. Let a € (0,1]. We need to
verify both [u], D v, and [u], C v,.

If x € v, then clearly u(z) > «, i.e., z € [u],. Thus [u], 2 v,

If 2 € [u],, then sup{f : © € vz} = u(xr) > a. Hence there exists a sequence
{Bnsn=1,2,..} such that 1 > 8, > a—1/n and x € vg . Let v =sup;’, 3,,.
Then1>fy>aand thus z € N2 1v5 = v, Cv,. So [ul, Cv,.
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Now we show the uniqueness of u. Assume v is a fuzzy set in Y satisfying
[v], = v, for all @ € (0,1]. Then for each z € Y, v(x) = sup{a : z € [v],} =
sup{a: z € v, } = u(x). Thus u = v.

Remark 3.2. We could not locate the original reference for Theorem 3.1,
so we provide a proof here for the self-containment of this paper. Theorem
3.1 and its proof are essentially the same as Theorem 7.10 on page 27 of chi-
naXiv:202110.00083v4 and its proof, since the uniqueness of u is obvious.

From Theorem 3.1, we immediately obtain representation theorems for
Fyso(X), F(}SC(X% Fysoa(X), Foon(X), Fysop(X), and FI}SCB(X>'

Proposition 3.3. Let (X, d) be a metric space. If u € Fy;90(X) (respectively,
u € Frgo(X), u € Fysea(X), u € Foon(X)), then: (i) [u], € C(X) U {0}
(respectively, [u], € C(X), [u], € K(X) U {0}, [u], is connected in (X,d)) for
all a € (0,1], and (ii) [u], = Ug,[u]4 for all a € (0,1].

Conversely, suppose the family of sets {v, : a € (0, 1]} satisfies conditions (i)
and (ii). Define u € F(X) by u(x) :=sup{a : x € v, } for each z € X. Then u
is the unique fuzzy set in X satisfying [u], = v, for each a € (0, 1]. Moreover,
u € Fyge(X) (respectively, u € Figo(X), u € Fygoa(X), u € Foon(X)).

Proof. The proof is routine. We show only the case of Fi;g-(X); the other
cases can be verified similarly.

If u € Fyygo(X), then clearly (i) holds. From Theorem 3.1, (ii) holds.

Conversely, suppose the family of sets {v, : a € (0,1]} satisfies conditions (i)

and (ii). Define v € F(X) by u(x) := sup{a : x € v,} for each x € X. Then

by Theorem 3.1, u is the unique fuzzy set in X satisfying [u], = v, for each
€ (0,1]. Since {[u],,« € (0,1]} satisfies condition (i), u € Fyyga(X).

Proposition 3.4. Let (X, d) be a metric space. If u € Fygop(X) (respectively,
u € Ffrgop(X)), then: (i) [u], € K(X)U{0} (respectively, [u], € K (X)) for all
a € [0,1], (ii) [u], = Ugqulg for all a € (0,1], and (iii) [u]y = Ugsglu]g-

Conversely, suppose the family of sets {v, : a € [0,1]} satisfies conditions (i)-
(iii). Define u € F(X) by u(z) := sup{a : © € v,} for each z € X. Then u
is the unique fuzzy set in X satisfying [u], = v, for each « € [0,1]. Moreover,
u € Fygep(X) (respectively, u € Fgop(X)).

Proof. The proof is routine. We show only the case of Fy;g-p(X); the case of
Flgop(X) can be verified similarly.

If u € Fygop(X), then clearly (i) holds. By Theorem 3.1, (ii) holds. From the
definition of [u],, (iii) holds.

Conversely, suppose the family of sets {v,, : a € [0,1]} satisfies conditions (i)-
(iii). Define u € F(X) by u(x) := sup{a : ¢ € v,} for each z € X. Then
by Theorem 3.1, u is the unique fuzzy set in X satisfying [u], = v, for each
a € (0,1]. Clearly [u]y = Ugogluls = Ugogvg = vg. Since {[u],,a € [0,1]}
satisfies condition (i), u € Fygaop(X).

chinarxiv.org/items/chinaxiv-202301.00113 Machine Translation


https://chinarxiv.org/items/chinaxiv-202301.00113

ChinaRxiv [$X]

Similarly, we can obtain representation theorems for Fysocon(X),
Fuscacon(X), Fiscoon(X), ete.

Based on these representation theorems, we can define a fuzzy set or a certain
type of fuzzy set by specifying the family of its a-cuts. In what follows, we
will directly state that we are defining a fuzzy set or a specific type of fuzzy set
without explicitly mentioning which representation theorem is used, as this will
be clear from context.

4. Characterization of Compactness in (Foc(X), Hopg)

e

This section characterizes relatively compact sets, totally bounded sets, and
compact sets in (Fygoa(X), Hepnq)- These results improve upon the char-
acterizations of relatively compact, totally bounded, and compact sets in
(Fysca(R™), Hy,q) given in our previous work [18].

We recall the following definitions: - A subset Y of a topological space Z is
compact if for every collection of open sets {O; : i € I} with Y C U,;O;, there
exists a finite subcollection O; ,O;_,...,0; such that Y C O; UO; U--UO;
In metric spaces, this is equlvalent to every sequence in Y havmg a subsequence
convergent in Y. - A subset Y of a topological space Z is relatively compact
if its closure is compact. In metric spaces, this is equivalent to every sequence
in Y having a subsequence convergent in X. - Let (X, d) be a metric space. A
set U C X is totally bounded if and only if for each € > 0, it contains a finite
g-approximation (or e-net) S C U such that d(z,S) < ¢ for each z € U.

Let (X, d) be a metric space. If a set U is compact in (X, d), then U is relatively
compact in (X, d), which in turn implies U is totally bounded in (X,d). If Y is
a subset of X and A C Y, then A is totally bounded in (Y,d) if and only if A
is totally bounded in (X, d).

Theorem 4.1. [19] Let (X,d) be a metric space and D C K(X). Then D is
totally bounded in (K(X), H) if and only if U{C : C' € D} is totally bounded
n (X,d).

Theorem 4.2. [14] Let (X,d) be a metric space and D C K(X). Then D
is relatively compact in (K(X), H) if and only if U{C : C' € D} is relatively
compact in (X, d).

Theorem 4.3. [19] Let (X,d) be a metric space and D C K(X). Then the
following are equivalent: (i) 2D is compact in (K(X), H); (ii) U{C : C € D} is
relatively compact in (X,d) and 2 is closed in (K (X), H); (iii) U{C : C € D}
is compact in (X,d) and 2 is closed in (K(X), H).

For u € Fygo(X), define @ = endu. Let A be a subset of Fygo(X). Define
A={t:ue A} Clearly Fg0(X) C C(X x [0,1]).

Define g : (Fyge(X), Hopg) — (C(X x [0,1]), H) by g(u) = endu. Then:

- g is an isometric embedding of (Fygc(X), Hepg) into (C(X x [0,1]), H); -
9(Fysc(X)) = Fyso(X); - (Fyso(X), Hepg) 1s isometric to (Fygo(X), H).
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The following representation theorem for Fi;¢~(X) follows immediately from
Proposition 3.3.

Proposition 4.4. Let U be a subset of X x [0,1]. Then U € Fy;g-(X) if and
only if the following properties (i)-(iii) hold: (i) For each o € (0,1], (U), €
C(X) U {0}; (ii) For each o € (0,1], (U),, = U, (U)g; (iii) (U), = X.

Here (U),, :={z: (z,a) € U}.
Proposition 4.5. Let U € C(X x [0,1]). Then the following (i) and (ii) are

equivalent: (i) For each o with 0 < a <1, (U),, = Ug,(U)g; (ii) For each «,
with 0 < B < a <1, (U), C(U)g.

Proof. The proof is routine. (i) = (ii) is obvious.

Suppose (ii) holds. To show (i), let a € (0, 1]. From (ii), (U), C Ug,(U)g. We
only need to prove (U), 2 Uz, (U)g-

Let * € Ug ,(U)g. This means (z,8) € U for some 8 € [0,a). Since
limg,,- d((z,8),(z,a)) = 0, the closedness of U implies (v,a) € U. Hence
r € (U),. Thus (U), 2O Ug,(U)s by the arbitrariness of z in Us_,(U)gz.
Therefore (ii) = (i).

Proposition 4.6. Let U € C(X x [0,1]). Then U € Fyg-(X) if and only if U
has the following properties: (i) For each o, 8 with 0 < 8 < a < 1,(U), C (U)g;
(i) (U)o = X.

Proof. Since U € C(X x [0,1]), we have (U), € C(X) U {0} for all « € [0,1].
Thus the desired result follows immediately from Propositions 4.4 and 4.5.

[e%

As a shorthand, we denote the sequence zq,z, ..., 2, ... by {z,}.

Proposition 4.7. F;¢~(X) is a closed subset of (C(X x [0,1]), H).

Proof. Let {u, : n=1,2,...} be a sequence in Fy;g-(X) with {u,,} converging
to U in (C(X x [0,1]), H). To prove the desired result, we need to show U €
Fyso(X).

We claim that: (i) For each o, with 0 < 8 < o < 1, (U), € (U)g; (ii)
(U)o =X.

To show (i), let o, 8 € [0,1] with 5 < «, and let « € (U),, ie., (z,a) € U. By
Theorem 2.3, 1im5fi>oo 4, = U. Then there exists a sequence {(z,,,®, )} with
(z,,0,) € U, for n =1,2,... and lim,,_, _d((x,,,), (z,a)) = 0. Hence there
exists N such that «, > @ for all n > N. Thus (x,,5) € 4, for all n > N.
Since lim,, , . d((x,,, ), (z,B)) = 0, we have (z,5) € liminf, , 4, = U. This
means z € (U) . So (i) holds.

(K)

Clearly (U), € X. From lim, "/ 4, = U and (a,), = X, we have (U), 2 X.

Thus (U), = X. So (ii) holds.
By Proposition 4.6, (i) and (i) imply U € F;5o(X).
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Remark 4.8. From Proposition 5.1, we can deduce that FI}SC(X) is a closed
subset of (F;g(X), Hepnq)- Then by Proposition 4.7, Fh ¢~ (X) is a closed subset
of (C(X x [0,1]), H).

Let (X,d) denote the completion of (X,d). We view (X,d) as a subspace of
(X, d).

When no confusion arises, we also use H to denote the Hausdorff metric on
C(X) induced by d, and on C(X X [0,1]) induced by d. We also use H, 4 to
denote the endograph metric on Fy;g-(X) defined using H on C(X x [0, 1]).

F(X) can be naturally embedded into F(X). An embedding j : F(X) — F(X)

~

is defined as follows. For u € F'(X), define j(u) € F(X) by

R

Let U C X. If U is compact in (X, d), then U is compact in (f, ci) Thus if

u € Fysoa(X), then j(u) € Fygog(X) because [j(u)], = [u], € K(X)U {0}
for each « € (0,1].

We see that for u,v € Frygoa(X), Honq(u,v) = Hyq(5(u), j(v)). So j|Fuscc(X>
is an isometric embedding of (Fygoa(X), Heng) into (Fysoa(X), Hong)-

Since (Fygoq(X), Hy,q) can be embedded isometrically into (Fygoq(X), Hypg)

» “fend » “tend

in what follows we treat (Fygoa(X),H.q) as a metric subspace of

(Fusca(X), Hena) by identifying u € Fygoq(X) with j(u) € Ifgscc:()?)-
Thus a subset U of Fiygaa(X) can be viewed as a subset of Fy;gaq(X).

Suppose U is a subset of F;g~(X) and « € [0,1]. For writing convenience, we
denote: - U(a) := U,y tt]g, - Uy = {[u], :u € U}

We note that an empty union is (.

Lemma 4.9. Let U be a subset of Fyygoa(X). If U is totally bounded in
(Fusca(X), Hapq), then U(a) is totally bounded in (X, d) for each o € (0, 1].

Proof. The proof is similar to the necessity part of Theorem 7.8 in [19].

Let a € (0,1]. To show U(«) is totally bounded in X, we need to show that
every sequence in U («) has a Cauchy subsequence.

Let {x,} be a sequence in U (). Then there exists a sequence {u,,} in & with
z, € [u,], for n = 1,2,.... Since U is totally bounded in (Fyygoa(X), Hopg)s
{u,} has a Cauchy subsequence {u, } in (Fygcg(X),Henq). Thus for any

€ (0,a), there exists K(c) € N such that Hg,q4(u, ,u,, ) < € for all | >
K. Consequently, H*([u, |o: [t,, ]o—.) < € for all | > K. From this and the
arbitrariness of , U, [u,, ], is totally bounded in (X,d). Thus {z,, }, which is
a subsequence of {z,}, has a Cauchy subsequence, and so does {z,, }.
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Remark 4.10. It is easy to see that for a totally bounded set U in
(Fysoa(X), Hyq) and a € (0,1], U (a) = 0 is possible even if U # ().

For D C X x [0,1] and « € [0, 1], define (D), := {z : (z,«) € D}.

Let u € F(X) and 0 < r <t < 1. We use the symbol end; u to denote the
subset of end u given by

end; u :=endu N ([u], x [r,t]).

For simplicity, we write end] u as end,. u. We see that end,u = send w.

Theorem 4.11. Let U be a subset of Fi;go(X). Then U is relatively compact
in (Fygea(X), Hypg) if and only if U () is relatively compact in (X, d) for each
a € (0,1].

ond)- Let
a € (0,1]. By Lemma 4.9, U («) is totally bounded, hence relatively compact in
(X, d).

Proof. Necessity. Suppose U is relatively compact in (Fygoa(X), H,

To show U(«) is relatively compact in (X,d), we proceed by contradiction. If
not, there exists a sequence {z,,} in (a) such that {z,, } converges to z € X\ X
in (X,d).

Assume z,, € [u,], with u,, € & for n = 1,2, .... From the relative compactness
of U, there exists a subsequence {u,, } of {u,} such that {u,, } converges tou €
Fysoa(X). Since Frgo(X) can be viewed as a subspace of Fyygoq(X ), we have
). By Theorem 2.3, limgfi)oo U, =1

a) € ﬁnk for k = 1,2,..., and

{u,, } converges to u in (FUSCG(X), H, 4
according to (X x [0,1],d). Notice that (z
{(z,, @)} converges to (z,q) in (X x [0,1],d). Thus (z,a) € @, contradicting

xe)?\X.

no

The necessity part of Theorem 7.10 in [19] can be verified similarly to the ne-
cessity part of this theorem.

Sufficiency. Suppose U («) is relatively compact in (X, d) for each a € (0, 1]. To
show U is relatively compact in (F;goa(X), Hepg), we need to show that every

end
sequence in U has a convergent subsequence in (Fyygoa(X), Heng)-

Let {u, } be a sequence in «. If liminf, Sy, =0, there exists a subsequence
{u,, } of {u,} such that H,,4(u,, ,0px) — 0 as k — oo. Since Opx) €

Fysca(X), {u,, } is a convergent subsequence in (Fyygoq(X), Hopa)-

If lim inf

n—oo

for all n > N.

S,, >0, then there exists { > 0 and N € N such that [u,]. # 0

We first claim the following property: (a) Let € (0,1] and S be a subset of U
with [u], # 0 for each u € S. Then {end, u : u € S} is a relatively compact set
in (K(X x [o,1]), H).
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Indeed, for each u € S, end,u € K(X X [a,1]). Since U(«a) is relatively
compact in (X,d), U(a) x [a,1] is relatively compact in (X X [a,1],d). As
Uyesend, u C U(a) x [a, 1], the set U, gend, u is also relatively compact in
(X % [e,1],d). Thus by Theorem 4.2, {end, u : u € S} is relatively compact in
(K(X % [a,1]), H). So assertion (a) holds.

Take a sequence {a;,k = 1,2,...} satisfying 0 < o, < a;, < min{¢, 1/k} for
k=1,2,.... We see that oy, = 0 as k — o0.

By assertion (a), {end, u, :n = N,N+1,..} is relatively compact in (K (X x
[aq,1]), H). So there exists a subsequence {u(nD} of {u,, : m > N} and v, €

K(X x [ay,1]) such that H(end,, u(nl>,vl) — 0. Clearly {u(nl>} is also a subse-
quence of {u,,}.

Using assertion (a) again, {end,, uﬁP} is relatively compact in (K(X x
[as,1]), H).  So there exists a subsequence {ug)} of {uSP} and vy €
K(X x [ay,1]) such that H(end, uy,vy) — 0.

Repeating this procedure, we obtain sequences {uslk)} and sets v, € K(X x
[, 1]) for k = 1,2, ..., such that for each k =1,2, ..., {u%kﬂ)} is a subsequence
of {uglk)} and H(end,,, uglk),vk) — 0.

We claim that: (b) Let ky,ky € N with &y < ky. Then: (i) (vg )a, < (Vi,)a, i

1/ 0k —
(ii) (vk,)a = (V) When a € (o, ,1]; (iii) v, C vpyy for k=1,2,....

Note that {ug%)} is a subsequence of {u;’“”} and ay,, < oy, . Thus by Theorem
2.3, for each a € [y, , 1],

(v ) o x{a} = liminf(end,, ugﬁ)ﬂ(Xx{a})) C liminf(end,, ugl]%)ﬁ(Xx{a})) = (v ) o ¥ {a}.
1 n—o00 k1 n—o00 ko 2

So (i) holds.

Let o € [0,1] with o > o, . Observe that if a sequence {(z,,,/3,,)} converges
to (z,a) as m — oo in (X x [0,1],d), then there exists M such that for all
m> M, B, > o, e, (z,,5,) € XX (a ,1]. Thus by Theorem 2.3, for each
a € (ay,, 1],

(v, Jax{a} = limsup(end,, up™'N(Xx{a})) 2 limsup(end,, un?N(Xx{a})) = (v, )ox{a}.

n—oo n—oo

Hence by the previous inclusion and this one, (vy, ), = (vg, ) for @ € (o, 1].
So (ii) holds. (iii) follows immediately from (i) and (ii).

Define a subset v of X x [0,1] by

v=UX v, U(X x {0}).
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From assertion (b), we see that

(0}, = (V) if for some k € N, > oy,
“ X, if =0,

and hence v N (X x (ay, 1]) = v, N (X X (ay, 1]) C vy

We show that v € C(X x [0,1]). Let {(x;,,)} be a sequence in v converging
to (z,7v) in X x [0,1]. If v = 0, then clearly (x,v) € v. If v > 0, then there
exists ky € N such that v > oy . Hence there exists L such that v > ay
when [ > L. So by the previous observation, (z;,7;) € vy, when [ > L. Since
U, € K(X x oy, 1]), it follows that (z,7) € v, Cv.

We claim that: (c) lim,,_,. H(end ult, v)=0and v € Fygoa(X).
Let n € N and k& € N. Then by the definition of v,

H*(end ul, v) = max{H"(end,, ul, v), H*(end,, ul, v)} < max{H"(end,, ul™, vL),
and by the structure of v,

H*(v,end u%”)) = max{ sup d((z,v),end u(nn)), H*(vN(X %[0, ay,]), end u%m)} < max{H" (v, end, ul
(z,y)evN(X x (o, 1])

These inequalities imply H (end ul, v) < max{H (end,, ult, Vg)s O }-

Now we show lim,,_, H(enduﬁ?,v) = 0. Let € > 0. Since oy, — 0 and for
each ay, lim,_, H(end, uﬁ{”,vk) = 0, there exists oy, and N € N such that

ay, < ¢ and H(endak0 u@,vko) < ¢ for all n > N. Thus by the inequality

above, H(end ult, v) < e for all n > N. So lim,,_,. H(end ul” v) = 0.

Since the sequence {end u%")} lies in FUSC(X):and converges to v in (C(X X
[0,1]), H), Proposition 4.7 implies v € Fy;g-(X).

Let K € N. Then v, € K(X X [ay,1]), and hence (v), € K(X) U {0} for all
a € [0,1]. So from the structure of v, (v), € K(X)U {0} for all « € (0,1], and
thus v € Fygea(X).

From assertion (c), {ugl")} is a convergent sequence in (Fygoa(X), Hepg

). Note
that {usln)} is a subsequence of {u,,}. Thus the proof is complete.

Theorem 4.12. Let U be a subset of Fy;goc(X). Then U is totally bounded
in (Fygeq(X), Hepg) if and only if U(«) is totally bounded in (X, d) for each
a € (0,1].

Proof. Necessity. This is Lemma 4.9.

Sufficiency. Suppose U («) is totally bounded in (X, d) for each o € (0, 1]. Then
U(«) is relatively compact in (X, d) for each a € (0,1]. Thus by Theorem 4.11,
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U is relatively compact in (Fygoq(X), H

ona)- Hence U is totally bounded in
(FUSCG(Y) H_.q). Therefore U is totally bounded in (Fygea(X), Hopg)-

s +tend

Theorem 4.13. Let U be a subset of F;go(X). Then the following are
equivalent: (i) & is compact in (Fyrgoa(X), Hepg); (i) U () is relatively compact
in (X,d) for each o € (0,1] and U is closed in (Fyygoa(X), Hopg); (iil) U(a) is

compact in (X, d) for each o € (0,1] and U is closed in (Fygoa(X), Hopg)-

Proof. By Theorem 4.11, (i) < (ii). Obviously (iii) = (ii). We complete the
proof by showing (ii) = (iii). Suppose (ii) holds. To verify (iii), it suffices to
show U (a) is closed in (X, d) for each a € (0,1].

Let a € (0,1] and let {x,,} be a sequence in U (a) converging to z in (X, d). We
need to show x € U(w).

Choose a sequence {u,} in U such that z, € [u,], for n = 1,2,..., meaning
(z,,, ) € endu,, for each n.

From the equivalence of (i) and (ii), & is compact in (Fyygoa(X), Hyng). Thus
there exists a subsequence {u,, } of {u, } and u € U such that H,4(u,, ,u) = 0.

Hence by Remark 2.4, limgloo u,, = u. Note that (z,a) = lim,_, (7, ).
Since (z,, , @) € endu,, and endu = liminf,_, endu, ,wehave (z,a) € endu.

Thus z € [u],, and therefore © € U («).

It can be seen that Theorem 7.11 in [19] can be verified in a manner similar to
this theorem.

We [18] gave the following characterizations of compactness in (Fy g (R™), Hopg):

Theorem 4.14. (Theorem 7.1 in [18]) Let & be a subset of Fy;goc(R™). Then
U is relatively compact in (Fyygoq(R™), Hy,q) if and only if U («) is bounded in
R™ for each a € (0, 1].

Theorem 4.15. (Theorem 7.3 in [18]) Let U be a subset of Fy;¢o(R™). Then
U is totally bounded in (Fygoq(R™), Hy,q) if and only if for each o € (0, 1],
U(w) is bounded in R™.

Theorem 4.16. (Theorem 7.2 in [18]) U is compact in (Fygoq(R™), H,

end) if
and only if U is closed in (Fygoa(R™), Hy,q) and U(a) is bounded in R™ for
each a € (0,1].

For a set S in R™, the following properties are equivalent: (i) S is bounded in
R™; (ii) S is totally bounded in R™; (iii) S is relatively compact in R™.

Using this well-known fact, we see that Theorem 4.11 implies Theorem 4.14;
Theorem 4.12 implies Theorem 4.15; and Theorem 4.13 implies Theorem 4.16.

Thus, the characterizations of relative compactness, total boundedness, and
compactness in (Fyygoa(R™), Hopq) given in our previous work [18] are corollar-
ies of the corresponding characterizations for (Fi;goq(X), Hyq) established in
this section.
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Furthermore, the characterizations for (Fygoa(X), Heng) given in this section
illustrate the relationship between relative compactness, total boundedness, and
compactness of a set in Fi;go(X) and that of the union of its elements’ a-cuts.
From these discussions, we see that the characterizations for (Fyygoa(X), Hepg)

significantly improve upon those for (Fyygoq(R™), Hyyg) given in [18].

end

Remark 4.17. The following clauses (i) and (ii) are pointed out in Remark 5.1
of chinaXiv:202107.00011v2 (submitted on 2021-07-22): (i) (Fgo(X), Hong)
can be treated as a subspace of (C(X x [0,1]), H) by viewing each u € F} ¢ (X)
as its endograph; (ii) We can discuss properties of (Ffi g (X), Hypg) as a sub-

space of (C(X x [0,1]), H), including characterizations of total boundedness,
relative compactness, and compactness.

In this paper, we treat (F;g-(X), H,

end

discuss properties of (Fyyga(X), Hepg)-

) as a subspace of (C(X x [0,1]), H) to

At the end of this section, we illustrate that Theorems 4.2, 4.1, and 4.3 can be
seen as special cases of Theorems 4.11, 4.12, and 4.13, respectively.

We begin with some propositions. The following follows immediately from basic
definitions.

Proposition 4.18. Let A be a subset of X. (i) The conditions (i-1) A € C(X)
and (i-2) x4 € Fyge(X) are equivalent. (ii) The conditions (ii-1) A € K(X),
(ii-2) x4 € Fygop(X), and (ii-3) x4 € Fygecq(X) are equivalent.

Let D C P(X). We use the symbol D (X) to denote the set {Cr(X) : C € D}.
Let A,B € C(X). Then

Hend(XAa XB) = mln{H(Aa B>7 1}

Proposition 4.19. Let D be a subset of K(X). (i) D is totally bounded in
(K(X), H) if and only if D (X)) is totally bounded in (Fy; g0 (X), Hopg); (ii) D

is compact in (K (X), H) if and only if D (X) is compact in (Fyygoa(X), Hopnq)-
Proof. From the formula above, (i) follows immediately.

By the same formula, 2 is compact in (K (X), H) if and only if D ,(X) is com-
pact in (K (X)g(X), H,,q). Clearly D (X) is compact in (K(X)p(X), H,,q) if
and only if D (X) is compact in (Fyrgoa(X), Hypg). So (ii) holds.

Proposition 4.20. Let {4, } be a sequence of sets in C(X). If {x4 } converges
to a fuzzy set w in Fyyg-(X) according to the H, 4 metric, then there exists
A € C(X) such that u = x4 and H(A4,,,A) = 0 as n — oco.

Proof. We establish the following properties in turn: (i) For z € X and
a,B € (0,1], (z,a) € endu if and only if (z,3) € endw; (i) [u], = [u]s for all
a, € [0,1]; (iii) There exists A € C(X) such that v = x4 and H(A,,,A) — 0
as m — 0o.
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To show (i), we only need to prove that if (z,«) € endu then (z,8) € endu,
since o and f can be interchanged.

Assume (z,a) € endu. Since Hgq(xa,,u) — 0, by Theorem 2.3 and Re-

mark 2.4, limgloo Xa, = u. Then there exists a sequence {(z,,,,)} such that
(Tp, ) €endxy forn=1,2,.., and lim,_, . d((z,, ), (z,a)) = 0.

Since a > 0, there exists N such that «,, > 0 for all n > N. This yields
(T, ;) €sendx,y = A, x [0,1] for all n > N. Hence (z,, ) € send x4 for
all n > N. Observe that lim,_, d((z,, ), (z,5)) =0, ie., {(z,,5) :n> N}
converges to (z, ) in (X x [0,1],d). Thus (z, ) € liminf, , _endx, = endu.
So (i) holds. "

From (i), we have [u]
So (ii) holds.

Set A = [u],. By Proposition 5.1, u € F}4-(X). From this and (ii), it follows
that A € C(X) and u = x 4.

= [u]g for all a, B € (0,1]. Then [u]y = U,glu], = [u];-

[

Since Hepg(Xa, ,u) = Hena(Xa, > Xa) = min{H(4,,A),1} — 0 as n — oo, we
obtain H(A,,,A) — 0 as n — co. So (iii) holds. This completes the proof.

Proposition 4.21. Let {z, } be a sequence in X. If {Z,,} converges to a fuzzy
set u in Fygo(X) according to the H, 4 metric, then there exists z € X such
that v = z and d(z,,,z) — 0 as n — oo.

Proof. Note that Z = X{z} for each z € X. Thus by Proposition 4.20, there

exists A € C(X) such that u = x4 and H({z,},A) — 0 as n — oo. Since
limgi)oo{acn} = A, it follows that A is a singleton. Set A = {z}. Then u =z

and d(z,,,z) = H({z,},{z}) — 0 as n — oco. This completes the proof.

Proposition 4.21 is Proposition 8.15 in our paper arXiv:submit/4644498. It can
also be shown directly using the idea in the proof of Proposition 4.20.

Using the idea in the proof of Proposition 8.15 in arXiv:submit/4644498, we can
show that A in the proof of Proposition 4.21 is a singleton as follows. Assume
A has at least two distinct elements. Pick p,q € A with p # ¢. For any z € X,
since d(p, z) + d(q,z) = d(p,q), it follows that max{d(p, 2),d(q,z)} = d(p, q).
Thus H(A, {z,}) = H*(A,{z,}) > 3d(p,q), contradicting H(A, {z,}) — 0.

Proposition 4.22. Let 2 be a subset of K(X) and B a subset of C(X).
(i) C(X)p(X) is closed in (Fygo(X), Hepg); (i) K(X)p(X) is closed in
(Fysca(X), Hyng); (iii) D is closed in (K (X), H) if and only if D (X)) is closed
in (Fysoa(X), Hyg); (iv) D is relatively compact in (K(X), H) if and only if
D r(X) is relatively compact in (Fyrgoq(X)s Hopq); (v) B is closed in (C(X), H)
if and only if Br(X) is closed in (Fyygeo(X), Hypg); (vi) B is relatively compact

in (C(X), H) if and only if By(X) is relatively compact in (Fyygo(X), Hong)-

Proof. From Proposition 4.20, we have that (i) is true.
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By (i), the closure of K(X)p(X) in (Fygea(X),Hyyg) is contained in
Fysoa(X)NC(X)p(X). From Proposition 4.18(ii), Fygoa(X)NC(X)p(X) =
K(X)p(X). Thus the closure of K(X)p(X) in (Fygoa(X), Hong) is K(X) p(X).

end
So (ii) is true.

Consider the following conditions: (a-1) D is closed in (K(X), H); (a-2) Dp(X)
is closed in (K(X)p(X), Hypq); (a-3) Dp(X) is closed in (Fygoa(X), Hopg)-

end
By the formula relating H,, 4 and H, (a-1) < (a-2). From (ii), (a-2) < (a-3).
Thus (a-1) < (a-3). So (iii) is true.

Consider the conditions: (b-1) 2D is relatively compact in (K(X), H); (b-2)
Dp(X) is relatively compact in (K(X)p(X), Hopq); (b-3) Dp(X) is relatively
compact in (Fygoa(X), Hopg)-

By the formula relating H,, 4 and H, (b-1) < (b-2). From (ii), (b-2) < (b-3).
Thus (b-1) < (b-3). So (iv) is true.

Using the formula and (i), (v) and (vi) can be proved similarly to (iii) and (iv).

Each subset 2 of (K (X), H) corresponds to a subset D (X)) of (Fysca(X), Hopq)-
Using Theorems 4.11, 4.12; and 4.13, we obtain characterizations of relative com-
pactness, total boundedness, and compactness for Dp(X) in (Fyreoa(X); Hopnq)
as follows.

Corollary 4.23. Let D be a subset of K(X). Then D (X) is relatively compact
in (Fygoa(X), Hepg) if and only if U{C' : C' € D} is relatively compact in (X, d).

Corollary 4.24. Let D be a subset of K(X). Then D ,(X) is totally bounded
in (Fygea(X), Hepq) if and only if U{C : C € D} is totally bounded in (X, d).

end
Corollary 4.25. Let D be a subset of K(X). Then the following are equivalent:
(i) Dp(X) is compact in (Fygog(X), Henq); (i) U{C : C € D} is relatively

compact in (X, d) and D (X) is closed in (Fyygeq(X), Hopg); (iil) U{C : C € D}
is compact in (X, d) and Dp(X) is closed in (Fygea(X), Hepg)-

From Proposition 4.19 and clauses (iii) and (iv) of Proposition 4.22, we obtain
that Corollaries 4.23, 4.24, and 4.25 are equivalent forms of Theorems 4.2, 4.1,
and 4.3, respectively. Thus we can view Theorems 4.2, 4.1, and 4.3 as special
cases of Theorems 4.11, 4.12, and 4.13, respectively.

5. Characterizations of Compactness in (F};qoc(X), Hopng)

This section first investigates properties of the H,, 4 metric. Then, based on the
characterizations of relative compactness, total boundedness, and compactness
in (Fygea(X), Hopq) from Section 4, we provide characterizations of relatively
compact, totally bounded, and compact sets in (F};goq(X), Henq) for r € [0,1].
The spaces (F{;goq(X), Hena), ™ € [0,1], are subspaces of (Fyrgoq(X), Henq)
where each element has maximum value r. The space (Ffigoq(X), Hopq) is one
of these subspaces.
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For D C X x [0, 1], define Sp := sup{a: (z,a) € D}.
We claim that for D, F € C(X x [0,1]),
H(D,E) = |Sp — Sgl-
To see this, let D, E € C(X x [0,1]). If |Sp — Sg| = 0, the inequality holds

trivially. If |Sp — Sg| > 0, assume S, > Sg. Note that for each (z,t) € D with
t> Sy, d((z,t),E) >t—Sg. Thus

proving the inequality.

For u € F(X), define S, := sup{u(z) : * € X}. We see that S, =
Clearly [u]g =0 is possible.

endu*

From the inequality above, we have for u,v € Fy;90(X),

Hend(u’ U) 2 |Su - Sv|'
Proposition 5.1. Let w and w,, n = 1,2, ..., be fuzzy sets in Fgo(X). If
He,q(ty,,u) — 0 asn — oo, then S, — S, as n — oo.

Proof. The result follows immediately from the inequality above.

For v € F(X), max{u(z) : * € X} may not exist. If max{u(z) : z € X}
exists, then obviously S, = max{u(z) : * € X}. If [ulg # 0, then since
S, = sup{u(z) : x € X}, it follows that S, = max{u(z) : x € X}.

Proposition 5.2. (i) Let u € Fyygo(X). If there exists a € [0, S,] with [u], €
K(X), then [u]g # 0 and S, = max{u(z) : x € X}. (ii) Let u € Fygoa(X).
Then S, = max{u(x): z € X}.

Proof. First we show (i). If a = S, then [u]g # 0. If a < S,,, pick a sequence
{z,,} in [u], with u(z,) — S,. From the compactness of [u],, there exists a sub-
sequence {z,, } converging to a point z € [u],. Thus u(z) > lim;_,  u(z, ) =
S, Hence u(x) = S, and therefore [u]g # 0 and 5, = max{u(z) : x € X}.
So (i) holds.

In the case a < S, we can also prove [u]g # 0 as follows. Take an increasing
sequence {ay,} in [a, 1] with oy, — S,,. Then [u],, € K(X) for each k =1,2,...,
and thus [u]g = M2, [ul, € K(X). So [u]lg #

Now we show (ii). If u € Fygoq(X)\{Dp(x)}, then there exists a € (0,.9,] such
that [u], € K(X). So from (i), S, = max{u(z) : € X}. If u = 0px), then

S, = 0 =max{u(z) : x € X}. Thus for each u € Fyg0a(X), S, = max{u(z) :
x € X},

For r € [0,1], define:

«

Fso(X) ={u € Fygc(X) : S, =1},
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Fliso(X) ={u € Fygo(X) : r = max{u(z) : € X}},

Fsca(X) ={u € Fygca(X) : S, =7},
Fiisoa(X) ={u € Fygoa(X) : v = max{u(z) : z € X}},

Fsop(X) ={u € Fygop(X): S, =1},
Flisop(X) ={u € Fygep(X) : v = max{u(z) : v € X}}.

We see that Fjjqoq(X) = Flgoq(X) and Fjigop(X) = F{lsop(X). Clearly
FZ/JOSC(X) = {(Z)F(X)}-

Proposition 5.3. Let r € [0,1]. Then: (i) Fjigoq(X) = Flsoa(X) =
Fisop(X) = Fiisep(X); (i) Fige(X) is a closed subset of (Frge(X), Hopa);
(ili) Fgoa(X) is a closed subset of (Fygoq(X), Hong); (V) Fligop(X) is a
closed subset of (Fiygep(X), Hopng)-

Proof. From Proposition 5.2(ii) and the fact that F;go5(X) C Fyrgoa(X), we
have Firgoa(X) = Fiisoa(X) = Firsop(X) = Ffsop(X). So (i) holds.

By Proposition 5.1, (ii) holds.

From Proposition 5.1, F{/g-o(X) is a closed subset of (Fiygeq(X), Heng), and
Fllscp(X) is a closed subset of (Fyygop(X), Heng). Then by (i), (iii) and (iv)
hold.

Lemma 5.4. Let r € [0, 1] and let & be a subset of F}; ¢ (X). Then the follow-
ing are equivalent: (i-1) U is relatively compact in (Fyygoa(X), Heng); (-2) U is
relatively compact in (F};goq(X), Honq)s (1i-1) U is closed in (Fyygoq(X), Hopg);

(ii-2) U is closed in (F{;goq(X), Hepq)-

Proof. Clause (iii) of Proposition 5.3 states that F}; ¢ (X) is a closed subset
of (Fysea(X), Hepq)- From this we obtain (i-1) < (i-2) and (ii-1) < (ii-2).

end

In this paper, we assume (r,7] = @) for r € R.

Lemma 5.5. Let r € [0,1] and let & be a subset of F};q-(X). Then the
following are equivalent: (i-1) U(«) is relatively compact in (X,d) for each
a € (0,1]; (i-2) U(a) is relatively compact in (X,d) for each a € (0,r]; (ii-
1) U(«) is totally bounded in (X,d) for each o € (0,1]; (ii-2) U («) is totally
bounded in (X, d) for each o € (0,7]; (iii-1) U () is compact in (X, d) for each
a € (0,1]; (iii-2) U(«) is compact in (X, d) for each a € (0, 7].

Proof. Observe that if a € (r,1] then () = (). From this we obtain the
equivalences (i-1) < (i-2), (ii-1) < (ii-2), and (iii-1) < (iii-2).

Corollary 5.6. Let 7 € [0,1] and let U be a subset of F}j¢-(X). Then the
following are equivalent: (i) U is relatively compact in (Fygoa(X), Hopq); (i)
U is relatively compact in (F{;goq(X), Honq): (iil) U(a) is relatively compact
in (X,d) for each « € (0,1]; (iv) U(«) is relatively compact in (X,d) for each
a € (0,r].
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Proof. By Lemma 5.4, (i) < (ii). From this and Theorem 4.11, we obtain (ii)
& (iii). By Lemma 5.5, (iii) < (iv), completing the proof.

Corollary 5.7. Let 7 € [0,1] and let & be a subset of F};¢-(X). Then the
following are equivalent: (i) & is totally bounded in (Fygoa(X), Hopg); (ii) U
is totally bounded in (F;goo(X), Hopng); (iil) U () is totally bounded in (X, d)

for each « € (0,1]; (iv) U(«) is totally bounded in (X, d) for each a € (0, r].

Proof. Clearly (i) < (ii). From this and Theorem 4.12, we obtain (ii) < (iii).
By Lemma 5.5, (iii) < (iv), completing the proof.

Corollary 5.8. Let 7 € [0,1] and let & be a subset of Fj¢-(X). Then the
following are equivalent: (i) & is compact in (Fyrgoq(X), Hyyg); (ii) U is compact
in (Fjgoa(X), Hopg)s (iii) U () is relatively compact in (X, d) for each o € (0, 1]
and U is closed in (Fygoa(X), Hopq); (iv) U(a@) is compact in (X, d) for each
a € (0,1] and U is closed in (Fygoa(X), Hopnq); (V) U(a) is relatively compact
in (X,d) for each a € (0,7] and U is closed in (F{;goq(X), Hopng); (vi) U(a) is
compact in (X, d) for each a € (0,7] and U is closed in (F};goc(X), Hopg)-

Proof. Clearly (i) < (ii). From this and Theorem 4.13, we obtain (ii) < (iii)
< (iv).

By Lemma 5.4, U is closed in (Fygoa(X), Hopq) if and only if U is closed in
(Frsca(X), Hypq). By Lemma 5.5, U () is relatively compact in (X, d) for each
a € (0,1] if and only if () is relatively compact in (X, d) for each a € (0,7].
So (iii) < (v).

Similarly, from Lemmas 5.4 and 5.5, we have (iv) < (vi).
Thus (i) < (ii) < (iii) < (iv) < (v) < (vi).

Remark 5.9. From Corollary 5.8 and Lemmas 5.4 and 5.5, the following prop-
erties are equivalent: (i) & is compact in (Fygoa(X), Hepg); (ii) U is compact in
(Fhsoa(X), Hypg)s (ili) At least one of (i-1), (i-2), (iii-1), and (iii-2) in Lemma
5.5 holds, and at least one of (ii-1) and (ii-2) in Lemma 5.4 holds; (iv) All of
(i-1), (i-2), (iii-1), and (iii-2) in Lemma 5.5 hold, and all of (ii-1) and (ii-2) in
Lemma 5.4 hold.

6. An Application on the Relationship Between H_ 4 Met-
ric and I'-Convergence
As an application of the characterizations of relative compactness, total bound-

edness, and compactness given in Section 4, we discuss the relationship between
the H, 4 metric and I'-convergence on fuzzy sets.

Proposition 6.1. Let S be a nonempty subset of Fy;g~(X). Let u € S and {u,, }
a sequence in S. Then the following are equivalent: (i) Hgyq(u,,u) — 0; (ii)

limgloo u,, = u and {u,,n = 1,2, ...} is relatively compact in (Fy;go(X), Hepng);
(iii) limgloo u,, = wand {u,,n = 1,2,...} is relatively compact in (S, H,,4); (iv)
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limgloo u,, =u and {u,,n =1,2,..} U{u} is compact in (Fy;g(X), Hypq); (V)
limgloo u, =wand {u,,n=1,2,..} U{u} is compact in (S, Hyq4)-

Proof. To show (i) = (v), assume (i) holds. By Theorem 2.3 and Remark 2.4,

lim(nlloo u,, = u. Clearly {u,,n=1,2,..} U{u} is compact in (Fyygc(X), Hepnq)-

So (v) holds.

It can be seen that {u,,n = 1,2,...} U{u} is compact in (Fygo(X), H,q) if
and only if it is compact in (S, H,,q). So (v) < (iv).

If {u,,n = 1,2,...} U {u} is compact in (S, H,,q4), then {u,,n = 1,2,...} is
relatively compact in (S, H,,4) because it is a subset of {u,,n =1,2,...} U {u}.
So (iv) = (iii).

Clearly, if {u,,,n = 1,2, ...} is relatively compact in (S, H,,4), then it is relatively
compact in (Fyga(X), Hypg)- So (iii) = (ii).

To show (ii) = (i), we proceed by contradiction. Assume (ii) holds but (i) fails;
that is, Hend(un,u)—éo. Then there exists € > 0 and a subsequence {vg)} of
{u,} such that Hend(vw,u) >eforalln=1,2,..

Since {u,,,n = 1,2,...} is relatively compact in (Fyg~(X), Hy,q), there exists
a subsequence {vg)} of {11511)} and v € F;g-(X) such that Hend(v£3>7v) — 0.
()

Hence by Theorem 2.3 and Remark 2.4, limgloo o' = v. Since lim,, %, u,, = u,
(2)

Remark 2.5 gives w = v. Thus H,,4(vn’,u) — 0, contradicting the construction
of {vS)}.

Since we have shown (i) = (v), (v) < (iv), (iv) = (iii), (iii) = (ii), and (ii) =
(i), the proof is complete.

We can also show this theorem as follows. First, prove (i) < (iii) < (iv) by
verifying (i) = (iv) = (iii) = (i) (the proof of (i) = (iv) is similar to (i) = (v),
and (iii) = (i) is similar to (ii) = (i)). Then setting S = F;go(X), we obtain
(i) < (ii) from (i) < (iii), and (i) < (v) from (i) < (iv). Thus (i), (ii), (iii),
(iv), and (v) are all equivalent.

Proposition 6.2. Let u € Fygoe(X) and {u,} a sequence in Fpgoq(X).
Then the following are equivalent: (i) Hy,q4(u,,,u) — 0; (ii) limgloo u,, = u and
U, [u,,],, is relatively compact in (X, d) for each o € (0, 1]; (iii) limg_)>OO Uy = Uy
U, [u,] o Ulul, is compact in (X, d) for each a € (0,1], and {u,,,n =1,2,...} U
{u} is closed in (Fygoa(X), Henq); (iv) 1im£11;)00 U, = u, US[u,], Ulul, is
compact in (X,d) for each o € (0,1], and {u,,,n =1,2,...} U {u} is compact in
(Fusca(X), Hepa)-

Proof. The result follows from Proposition 6.1, Theorem 4.11, and Theorem
4.13. The proof is routine.

Set S = Fyg0c(X) in Proposition 6.1. Then we obtain that the following condi-
tions (a), (b), and (c) are equivalent: (a) H,,q(u,,u) — 0; (b) limgloo U, =u
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and {u,,n = 1,2,..} is relatively compact in (Fygog(X),Hya); (¢)

im"__ u, = u and {u,,n=1,2,..} U{u} is compact in (Fyygoa(X), Hynq)-

Nn—r00 n

Condition (a) is (i). By Theorem 4.11, (b) < (ii). By Theorem 4.13, (¢) < (iv).
We see that (iv) = (iii) = (ii). So from (a) < (b) < (c), we have (i) < (ii) <
(iii) < (iv).

Proposition 6.3. Let D be a nonempty subset of C(X). Let A € D and
{A,,} a sequence in D. Then the following are equivalent: (i) H(A,,A) — 0;
(i) lim (K) A, =Aand {4,,n =1,2,..} is relatively compact in (C(X), H);

n—oo

(iii) hmgi)oo A, =Aand {4,,n=1,2,...} is relatively compact in (D, H); (iv)
hmnli)oo A, = Aand {A,,n = 1,2,...} U{A} is compact in (C(X),H); (v)
limgi)oo A,=Aand {4,,n=1,2,...} U{A} is compact in (D, H).

Proof. The proof is similar to that of Proposition 6.1.

Proposition 6.4. Let A € K(X) and {A4,,} a sequence in K(X). Then the
following are equivalent: (i) H(A,,, A) — 0; (ii) lim (K) A, =Aand U2 A, is

n—0o0
relatively compact in (X, d); (iii) lim!*) A, =A UX A UA is compact in

n—o0

(X,d),and {A,,,n=1,2,...} is a closed set in (K(X),H); (iv) llrnnjOO A, =A,

Ux A, UA is compact in (X,d), and {A4,,,n = 1,2,...} U{A} is compact in
(K(X), H).

Proof. The result follows from Proposition 6.3 and Theorems 4.2 and 4.3. The
proof is routine and similar to that of Proposition 6.2.

Set D = K(X) in Proposition 6.3. Then we obtain that the following conditions
(a), (b), and (c) are equivalent: (a) H(A,,A) — 0; (b) lim!~) A, = A and

n—oo

{4,,,n =1,2,...} is relatively compact in (K (X), H); (c) limgi)()o A, = A and
{4,,,n=1,2,..} U{A} is compact in (K(X), H).

Condition (a) is (i). By Theorem 4.2, (b) < (ii). By Theorem 4.3, (¢) < (iv).
We see that (iv) = (iii) = (ii). So from (a) © (b) < (c), we have (i) & (ii)
(i) < (iv).
Remark 6.5. Let u € Fygoa(X) and {u,} a sequence in Fygo(X). Let
€ (0,1]. Since [u], is compact in X, the conditions: (a) US2[u,], is relatively
compact in (X, d) and (b) U [u,,], U [u], is relatively compact in (X, d), are
equivalent. So “U22,[u,,], is relatively compact in (X, d)” can be replaced by
“U9° 4 [ty U [ul, is relatively compact in (X, d)” in clause (ii) of Proposition
6.2. Similar replacements can be made in Propositions 6.1, 6.3, and 6.4.

Propositions 6.1, 6.2, 6.3, and 6.4 can be shown in different ways. Below we
provide alternative proofs.

Proposition 6.3 implies Proposition 6.1. Let S be a nonempty subset of
Fygo(X). Let w € S and {u,,} a sequence in S.

Set A = endu, and for n = 1,2,..., set A,, = endu,, in Proposition 6.3. Set
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D = {endu : u € Fygo(X)} in Proposition 6.3. Then from (i) < (iii) in
Proposition 6.3, we obtain (i) < (ii) in Proposition 6.1.

Set D = {endu : u € S} in Proposition 6.3. Then from (i) < (iii) in Proposition
6.3, we obtain (i) < (iii) in Proposition 6.1.

Similarly, we can show that (i) < (iv) and (i) < (v) in Proposition 6.1 follow
from the corresponding equivalences in Proposition 6.3. Thus Proposition 6.3
implies Proposition 6.1.

Proposition 6.3, Theorem 4.11, and Theorem 4.13 imply Proposition
6.2. Let u € Fygoe(X) and {u,} a sequence in Fyygoq(X).

Set A =endu, and forn =1,2,..., set A, = endu,, in Proposition 6.3. Set D =
{endu : u € Fyg0¢(X)} in Proposition 6.3. Then from (i) < (iii) in Proposition
6.3 and Theorem 4.11, we obtain (i) <> (ii) in Proposition 6.2. Similarly, from (i)
< (iv) in Proposition 6.3 and Theorem 4.13, we obtain (i) < (iv) in Proposition
6.2. Since (iv) = (iii) = (ii) in Proposition 6.2, it follows that (i) < (ii) < (iii)
< (iv) in Proposition 6.2. Thus Proposition 6.3, Theorem 4.11, and Theorem
4.13 imply Proposition 6.2.

Proposition 6.1 implies Propositions 6.3 and 6.4. Proposition 6.2 implies
Proposition 6.4.

Proposition 6.6. (i) Let A € C(X) and {4,,} a sequence in C(X). Then
He,a(xa,,xa) — 0if and only if H(A,,A) — 0. (ii) Let A € P(X) and {4, }

end
a sequence in P(X). Then lim;lloo Xa, = Xa if and only if limgi)OOA

A. (iii) Let D be a subset of C(X) and B a subset of 2. Then B is totally
bounded (respectively, relatively compact, compact, closed) in (2, H) if and
only if Bn(X) is totally bounded (respectively, relatively compact, compact,
closed) in (Dp(X), Hy,\q)-

Proof. (i) and (iii) follow immediately from the formula H_ 4(x4,Xg) =
min{H (A, B),1}. (ii) follows from the definitions of Kuratowski convergence
and I'-convergence.

Let D be a nonempty subset of C(X). Let A € C(X) and {A,,} a sequence in
D.

Set S = C(X)p(X) in Proposition 6.1. Then from (i) < (iii) in Proposition

6.1, we have: (c-1) Hepq(xa,:Xa) — 0 if and only if limgloo Xa, = Xa and

{xa,,n=1,2,..} is relatively compact in (C(X)p(X), Hepq)-
By Proposition 6.6, (c-1) means that (i) < (ii) in Proposition 6.3.

Set S = Dp(X) in Proposition 6.1. Then from (i) < (iii) in Proposition 6.1, we
have: (¢-2) Hepq(Xa,:Xa) — 0 if and only if limgloo Xa, =Xa and {x, ,n=

€

1,2, ...} is relatively compact in (Dp(X), Hopq)-
By Proposition 6.6, (c-2) means that (i) <> (iii) in Proposition 6.3.
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Similarly, using Proposition 6.6, we can show that (i) < (iv) in Proposition 6.1
implies (i) < (iv) and (i) < (v) in Proposition 6.3.

By clauses (i) and (ii) of Proposition 6.6 and clause (iii) of Proposition 4.22, we
see that Proposition 6.2 implies Proposition 6.4.

Using level characterizations of H, 4 and I'-convergence on fuzzy sets, it is easy
to show that Proposition 6.4 also implies Proposition 6.2.

7. Conclusion

This paper presents characterizations of total boundedness, relative compact-
ness, and compactness in (Fygeaa(X), Hyng), where X is a general metric space.
Based on these results, we also provide characterizations of total boundedness,
relative compactness, and compactness in (F{; g (X), Hypq) for r € [0,1]. The
spaces (Figoq(X), Hopg), 7 € [0, 1], are metric subspaces of (Fyygoa(X); Hong)-

end
The conclusions in this paper significantly improve upon corresponding results
in our previous work [18], where we gave characterizations of total boundedness,
relative compactness, and compactness in (Fyygoa(R™), Hyyq)- The space R™
is a special type of metric space.

We discuss the relationship between the H, 4 metric and I'-convergence as an
application of the compactness characterizations established in this paper.

The results in this paper have potential applications in research on fuzzy sets
involving the endograph metric and I'-convergence.
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