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Abstract
Since it is often impractical to ask agents to provide linear orders over all al-
ternatives, preference completion is necessary for these partial rankings. Specif-
ically, the personalized preferences of each agent over all alternatives can be
estimated using partial rankings from neighboring agents over subsets of alter-
natives. However, since agents’rankings are nondeterministic and may contain
noise, it is both necessary and important to conduct certainty-based preference
completion.

Hence, in this paper, we first construct a bijection from the ranking space to the
preference space for alternative pairs with the obtained ranking set, and evaluate
the certainty and conflict of alternative pairs using a well-established statistical
measurement—the Probability-Certainty Density Function based on subjective
probability. Then, a certainty-based voting algorithm that incorporates both
certainty and conflict is employed to perform certainty-based preference comple-
tion. Moreover, the properties of the proposed certainty and conflict measures
have been studied empirically, and the proposed approach for certainty-based
preference completion of partial rankings has been experimentally validated
against state-of-the-art approaches using several datasets.
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ABSTRACT
Since it is often impractical to require agents to provide complete linear orders
over all alternatives, preference completion becomes necessary for handling par-
tial rankings. Specifically, the personalized preferences of each agent over all
alternatives can be estimated using partial rankings from neighboring agents
over subsets of alternatives. However, because agents’rankings are nondeter-
ministic and may contain noise, it is both necessary and important to conduct
certainty-based preference completion.

This paper makes several contributions in this domain. First, for alternative
pairs with an obtained ranking set, we establish a bijection from the rank-
ing space to the preference space, and evaluate the certainty and conflict of
alternative pairs using a well-constructed statistical measurement called the
Probability-Certainty Density Function based on subjective probability. Then,
we propose a certainty-based voting algorithm that leverages both certainty
and conflict to perform preference completion. Furthermore, we empirically
study the properties of the proposed certainty and conflict measures, and exper-
imentally validate our approach against state-of-the-art methods using several
datasets.

1. INTRODUCTION
In preference completion problems, we are given a set of agents (users) and a
set of alternatives (items), where each agent provides a partial ranking over a
subset of alternatives. The goal is to infer each agent’s personalized ranking or
preference over all alternatives, including those not yet evaluated by the agent.
Clearly, it is often impractical to ask agents to provide linear orders over all
alternatives, particularly in big data environments [?]. For instance, an agent
may be unaware of some alternatives due to their sheer number, making it diffi-
cult to rank all of them. Alternatively, some alternatives may be incomparable
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for a particular agent. These situations result in partial rankings, necessitating
preference completion.

The preference completion problem finds applications in numerous domains,
including social choice and recommender systems [?], where it proves useful for
community detection [?, ?] and graph anomaly detection [?]. In social choice,
for example, each voter (agent) can cast a ballot as either a complete ranking
over all candidates (alternatives) or a partial ranking over some candidates. For
these partial rankings, a voting rule must be applied to form a ranking over
all candidates. In recommendation systems, each user can rate some items,
and the system’s task is to predict ratings for unrated items. Two common
approaches address this requirement: matrix factorization and neighborhood-
based methods. While traditional algorithms for these approaches are typically
rating-oriented, recent work has shifted focus to ranking-oriented algorithms
[?, ?] due to limitations of rating-oriented methods. This paper concentrates on
the ranking-oriented neighborhood-based approach.

Traditional neighborhood-based preference completion first identifies near neigh-
bors for each agent and then aggregates these neighbors’rankings using a vot-
ing rule to produce predicted preferences [?]. However, this approach faces
inevitable challenges. For example, agents may exhibit irrational behavior or
provide rankings in noisy settings. To address these issues, many rating-oriented
trust-based approaches have been proposed that incorporate additional contex-
tual information, while ranking-oriented approaches offer substantial room for
improvement. Liu et al. [?] proposed an anchor-based algorithm that leverages
ranking information from many other agents to mitigate the effects of random-
ness.

Building upon Liu’s work [?], this paper proposes a certainty-based preference
completion algorithm. Specifically, after identifying k-nearest neighbors using
Liu’s anchor-kNN algorithm, we employ the certainty-based voting algorithm
introduced herein to complete preferences (rankings) instead of using traditional
majority voting. The majority voting rule is prone to erroneous judgments, espe-
cially when votes are closely split, as even slight randomness can alter outcomes.
To address this, we introduce a certainty-based voting algorithm that incorpo-
rates a certainty measure—quantifying the degree to which two alternatives can
be preferentially ordered or compared. Only when the certainty value meets
a defined threshold do we proceed with a three-way preference decision rather
than simply assigning a binary preference. Consequently, the certainty-based
voting algorithm avoids incorrect judgments when scores are close or rankings
are noisy.

Before formalizing certainty and presenting our algorithm, we first examine
the relationship between certainty and preference space to introduce three-way
preference between two alternatives. Technically, in a ranking pool gathered
from agents, rankings containing alternative pair A and B can be aggregated
to form the preference between A and B. Mathematically, we can construct a
bijection from the ranking space to the preference space for alternative pair
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A and B. The ranking space comprises all partial rankings on A and B from
agents, while the preference space consists of three-way preference between A
and B: preference (prefer A to B, denoted as 𝐴𝐵𝑃 ), dispreference (prefer B to
A, denoted as 𝐵𝐴𝑃 ), and uncertainty (no preference between A and B, denoted
as 𝐴𝐵𝐶), following trisecting and acting models of human cognitive behaviors
[?, ?]. This framework distinguishes three situations: (1) agents prefer A to
B, confirmed by high 𝐴𝐵𝑃 and low 𝐵𝐴𝑃 and 𝐴𝐵𝐶 ; (2) agents prefer B to
A, confirmed by low 𝐴𝐵𝑃 and high 𝐵𝐴𝑃 and low 𝐴𝐵𝐶 ; and (3) agents are
uncertain about the preference between A and B, i.e., A and B are incomparable,
confirmed by low 𝐴𝐵𝑃 , low 𝐵𝐴𝑃 , and high 𝐴𝐵𝐶 .

When 𝐴𝐵𝐶 is low, the preference between A and B can be determined, mean-
ing A and B are comparable. Therefore, we introduce the certainty of pref-
erence, denoted as 𝐶, to describe the trustworthiness of the preference. Fol-
lowing the proposition that certainty represents the degree of belief an indi-
vidual has in a preference [?], we can treat certainty as the subjective prob-
ability of the preference. In this paper, we evaluate certainty using a well-
constructed statistical measurement that defines a bijection from ranking space
to preference space, enabling estimation of pairwise preferences from neighbors’
partial rankings via mapping to 𝐴𝐵𝐶 . The certainty can be calculated as
𝐶 = 1 − ∫ |𝑓(𝑂|𝑋) − 𝑓(𝑋|𝑂)|𝑑𝑋, where 𝑓(𝑂|𝑋) is the posterior distribution
and 𝑓(𝑋|𝑂) is the prior (uniform) distribution.

Our certainty definition should capture two key properties: (1) certainty in-
creases as the number of rankings between alternative pair A and B increases
for a fixed ratio of rankings preferring A to B versus B to A; and (2) certainty
decreases as the extent of conflict increases in the partial rankings between A
and B.

Our main contributions are: (1) we introduce probability-based certainty and
conflict measures under Properties 1 & 2 to describe preference trustworthiness,
as suggested in [?] that these may be more important than preference itself; (2)
we propose a certainty-based voting algorithm using certainty and conflict for
preference completion in nondeterministic settings; and (3) we empirically study
our approach’s properties and experimentally validate it against state-of-the-art
methods on several datasets.

This paper is organized as follows. Section 2 reviews the Plackett-Luce model,
Kendall-Tau distance, and anchor-kNN algorithm. Section 3 establishes a bi-
jection from ranking space to preference space and evaluates certainty and con-
flict using the Probability-Certainty Density Function. Section 4 presents the
certainty-based voting algorithm for preference completion. Section 5 empiri-
cally studies the properties of certainty and conflict. Section 6 experimentally
validates our approach against state-of-the-art methods. Finally, Section 7 con-
cludes and outlines future work.
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2.1 Plackett-Luce Model
Given a set of 𝑚 alternatives and a set of 𝑛 agents, let y = (𝑦1, 𝑦2, … , 𝑦𝑚) denote
the latent features of alternatives and x = (𝑥1, 𝑥2, … , 𝑥𝑛) denote the latent
features of agents. Agent 𝑖’s ranking 𝑅𝑖 is determined by a statistical model
for ranking data. As a widely-used statistical model, the Plackett-Luce model
[?, ?] is adopted to generate agent rankings. In this paper, each alternative
is assigned a positive utility value; the greater this utility, the more likely its
corresponding alternative is ranked at a higher position [?]. Following [?], the
realized utility for every alternative 𝑗 on agent 𝑖 is determined by 𝑢𝑖𝑗(𝑥𝑖, 𝑦𝑗) =
ℎ(𝑥𝑖, 𝑦𝑗) + 𝑒𝑖,𝑗, where ℎ(𝑥𝑖, 𝑦𝑗) is agent 𝑖’s expected utility on alternative 𝑗
and can be determined by the closeness of latent features 𝑥𝑖 and 𝑦𝑗, measured
by ℎ(𝑥𝑖, 𝑦𝑗) = exp(−‖𝑥𝑖 − 𝑦𝑗‖2), and 𝑒𝑖,𝑗 is a zero-mean independent random
variable following a Gumbel distribution. When the realized utilities set u𝑖 =
(𝑢𝑖1, 𝑢𝑖2, … , 𝑢𝑖𝑚) of agent 𝑖 is obtained, agent 𝑖 ranks alternatives in decreasing
order according to realized utilities. Repeating this process 𝑛 times generates
synthetic datasets for all agents. For more details, please refer to Algorithm 1.

Algorithm 1. Sampling from Plackett-Luce Model

2.2 Kendall-Tau Distance
Given two agents’rankings 𝑅1 and 𝑅2 over the same alternatives, the Kendall-
Tau distance measures their similarity as the total number of disagreements in
pairwise comparisons between alternatives in the linear rankings. For alternative
𝑗 in 𝑅𝑖, 𝑅𝑖(𝑗) represents its position in 𝑅𝑖. For example, if 𝑗 is the top-ranked
alternative in 𝑅𝑖, then 𝑅𝑖(𝑗) = 1. The normalized Kendall-Tau distance between
𝑅1 and 𝑅2 is:

𝑁𝐾(𝑅1, 𝑅2) =
∑𝑗,𝑘 𝐼(𝑅1(𝑗) < 𝑅1(𝑘) ∧ 𝑅2(𝑗) > 𝑅2(𝑘))

(|𝑅1∩𝑅2|
2 )

where 𝐼(𝑣) is an indicator function set to 1 if argument 𝑣 is true and 0 otherwise.
Moreover, if rankings do not share exactly the same alternatives, the intersection
of the two alternative sets can be used to compute the normalized Kendall-Tau
distance.

2.3 Anchor-kNN Algorithm
Before introducing the anchor-kNN algorithm proposed in [?], we first present
KT-kNN, which simply uses Kendall-Tau distance to find an agent’s neighbors.
If the Kendall-Tau distance between two rankings 𝑅𝑖 and 𝑅𝑗 is small, the latent
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features of agents 𝑥𝑖 and 𝑥𝑗 should be close, indicating similar opinions on
alternatives.

Since KT-kNN does not consider that agents’preferences may be nondeterminis-
tic or that rankings may be made in noisy settings, anchor-kNN differs by using
other agents’ranking data (named anchors) to determine the closeness between
two agents rather than considering only the two agents’rankings. Anchor-kNN
develops a feature 𝐹𝑖,𝑗 for agents 𝑖 and 𝑗 representing the Kendall-Tau distance
between 𝑅𝑖 and 𝑅𝑗, i.e., 𝐹𝑖,𝑗 = 𝑁𝐾(𝑅𝑖, 𝑅𝑗). To measure the closeness between
two agents denoted as 𝐷𝑖,𝑗, we use the sum of differences between 𝐹𝑖,𝑡 and 𝐹𝑗,𝑡
to find k-nearest neighbors, where 𝑡 is a third agent belonging to all other agents
except 𝑖 and 𝑗.

3. CERTAINTY AND PREFERENCE SPACE
This section presents preliminary definitions. For an arbitrary alternative pair
𝐴 and 𝐵, certainty can describe the trustworthiness of the preference between
them. Following [?], a Probability-Certainty Density Function (PCDF) can
capture the subjective probability of rankings. However, unlike [?] and following
[?, ?], this paper defines certainty based on PCDF to satisfy Properties 1 & 2.

3.1 Ranking Space

The ranking space consists of all weighted partial rankings on alternative pair
𝐴 and 𝐵 from agents, including: rankings 𝐴𝐵𝑂 where 𝐴 is ranked ahead of 𝐵
with weight 𝑤𝐴𝐵; rankings 𝐵𝐴𝑂 where 𝐵 is ranked ahead of 𝐴 with weight 𝑤𝐵𝐴;
and unordered rankings 𝐴𝐵𝑂 where 𝐴 and 𝐵 are not comparable with weight
𝑤𝐴𝐵. Let 𝑛𝐴𝐵 denote the accumulated weight of rankings 𝐴𝐵𝑂, 𝑛𝐵𝐴 denote the
accumulated weight of rankings 𝐵𝐴𝑂, and 𝑛𝐴𝐵 denote the accumulated weight
of rankings 𝐴𝐵𝑂. Obviously, we have 𝑛𝐴𝐵 + 𝑛𝐵𝐴 + 𝑛𝐴𝐵 = 1. Moreover, the
weight 𝑤𝐴𝐵 for 𝐴𝐵𝑂 represents the quality of ranking 𝐴𝐵𝑂. Without additional
knowledge, we assign 𝑤𝐴𝐵 = 1.

DEFINITION 1. Ranking space ℛ = {⟨𝑛𝐴𝐵, 𝑛𝐵𝐴, 𝑛𝐴𝐵⟩ ∣ 𝑛𝐴𝐵, 𝑛𝐵𝐴, 𝑛𝐴𝐵 ≥
0, 𝑛𝐴𝐵 + 𝑛𝐵𝐴 + 𝑛𝐴𝐵 = 1}.

3.2 Preference Space

Traditionally, uncertainty is often ignored, and sometimes dispreference is not
considered either, leading to disturbing results as shown in the empirical study
section. According to trisecting and acting models of human cognitive behaviors
[?, ?], the preference space consists of three-way preference between alternatives:
preference 𝐴𝐵𝑃 (prefer 𝐴 to 𝐵), dispreference 𝐵𝐴𝑃 (prefer 𝐵 to 𝐴), and uncer-
tainty 𝐴𝐵𝐶 (no preference between 𝐴 and 𝐵).
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DEFINITION 2. Preference space 𝒫 = {⟨𝐴𝐵𝑃 , 𝐵𝐴𝑃 , 𝐴𝐵𝐶⟩ ∣ 𝐴𝐵𝑃 , 𝐵𝐴𝑃 , 𝐴𝐵𝐶 ∈
[0, 1], min{𝐴𝐵𝑃 , 𝐵𝐴𝑃 , 𝐴𝐵𝐶} > 0}.

3.3 Certainty of Rankings in Alternative Pairs

Bayesian inference [?, ?] is adopted here to update probabilities with available
contextual information about rankings in alternative pairs, i.e., to update the
prior distribution to the posterior distribution [?, ?]. This paper utilizes offline
Bayesian inference, though it can also be applied to online/streaming scenarios
[?, ?].

Let 𝑥𝐴𝐵, 𝑥𝐵𝐴, and 𝑥𝐴𝐵 be the probabilities of rankings 𝐴𝐵𝑂, 𝐵𝐴𝑂, and 𝐴𝐵𝑂,
respectively, where 𝑥𝐴𝐵, 𝑥𝐵𝐴, 𝑥𝐴𝐵 ∈ [0, 1] and 𝑋 = ⟨𝑥𝐴𝐵, 𝑥𝐵𝐴, 𝑥𝐴𝐵⟩. Thus, we
have 𝑥𝐴𝐵 + 𝑥𝐵𝐴 + 𝑥𝐴𝐵 = 1.

Without additional information, the prior distribution 𝑓(𝑋|𝑂) is uniform. Since
the cumulative probability of a distribution within [0, 1]2 equals 1, the density
of a PCDF has mean value 1 within [0, 1]2, making 𝑓(𝑋|𝑂) = 1.

As the ranking sample 𝑂 conforms to a multinomial distribution [?, ?], we have
𝑓(𝑂|𝑋) ∝ 𝑥𝑛𝐴𝐵

𝐴𝐵 𝑥𝑛𝐵𝐴
𝐵𝐴 𝑥𝑛𝐴𝐵

𝐴𝐵 . For the posterior distribution 𝑓(𝑋|𝑂), it can be
estimated as [?, ?]: 𝑓(𝑋|𝑂) = 𝑓(𝑂|𝑋)𝑓(𝑋|𝑂)

∫ 𝑓(𝑂|𝑋)𝑓(𝑋|𝑂)𝑑𝑋 .

Certainty can then be determined by the deviations of the posterior distribution
from the prior (uniform) distribution. Hence, we have the following definition:

DEFINITION 3. The certainty 𝐴𝐵𝐶 of rankings ⟨𝑛𝐴𝐵, 𝑛𝐵𝐴, 𝑛𝐴𝐵⟩ can be
estimated as 𝐴𝐵𝐶 = 1 − 1

2 ∫ |𝑓(𝑋|𝑂) − 𝑓(𝑋|𝑂)|𝑑𝑋, where the factor 1
2 removes

double counting of deviations.

From this definition, we have 𝐴𝐵𝐶 ∈ [0, 1].

3.4 Conflict of Rankings in Alternative Pairs

Conflict is determined by the relative difference between weighted rankings 𝑛𝐴𝐵
and 𝑛𝐵𝐴, as in [?]. Specifically, conflict is maximal when 𝑛𝐴𝐵 = 𝑛𝐵𝐴 and
minimal when 𝑛𝐴𝐵 = 0 or 𝑛𝐵𝐴 = 0.

DEFINITION 4. The conflict 𝑐𝐴𝐵 of rankings ⟨𝑛𝐴𝐵, 𝑛𝐵𝐴, 𝑛𝐴𝐵⟩ can be esti-
mated as 𝑐𝐴𝐵 = min{𝑛𝐴𝐵,𝑛𝐵𝐴}

𝑛𝐴𝐵+𝑛𝐵𝐴
.

From this definition, we have 𝑐𝐴𝐵 = 𝑐𝐵𝐴.

3.5 Bijection from Ranking Space to Preference Space

With Definitions 1, 2, 3, and 4, we introduce the following mapping:

DEFINITION 5. The bijection from ranking space ℛ = {⟨𝑛𝐴𝐵, 𝑛𝐵𝐴, 𝑛𝐴𝐵⟩}
to preference space 𝒫 can be estimated as 𝐴𝐵𝑃 = 𝑛𝐴𝐵 ⋅𝐴𝐵𝐶 , 𝐵𝐴𝑃 = 𝑛𝐵𝐴 ⋅𝐴𝐵𝐶 ,
and 𝐴𝐵𝐶 = 1 − 𝐴𝐵𝑃 − 𝐵𝐴𝑃 .
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4. CERTAINTY-BASED PREFERENCE COMPLETION
This section proposes our certainty-based preference completion approach, with
the framework shown in Figure 1 [Figure 1: see original paper]. The approach
includes two processes: (1) finding k-nearest neighbors for user 𝑖 using Liu’s
anchor-kNN algorithm [?], and (2) conducting linear ranking for user 𝑖 over all
alternatives. We focus on the latter process, which uses neighbors’partial rank-
ings and our certainty-based voting algorithm to estimate pairwise preferences
for all alternative pairs, subsequently forming a linear ranking for user 𝑖.

4.1 Certainty-based Voting Algorithm

First, we introduce a key definition. DEFINITION 6. With preference space
𝒫 = {⟨𝐴𝐵𝑃 , 𝐵𝐴𝑃 , 𝐴𝐵𝐶⟩}, the following conclusions obtain: if 𝐴𝐵𝐶 ≥ 𝑒1, alter-
natives 𝐴 and 𝐵 are unpreferred; if 𝐴𝐵𝑃 − 𝐵𝐴𝑃 ≥ 𝑒2, user 𝑖 prefers 𝐴 to 𝐵; if
𝐵𝐴𝑃 − 𝐴𝐵𝑃 ≥ 𝑒2, user 𝑖 prefers 𝐵 to 𝐴; otherwise, 𝐴 and 𝐵 are unpreferred,
where 𝑒1 and 𝑒2 are thresholds to rule out comparison fuzziness.

Existing work using k-nearest neighbors typically applies common voting rules
(e.g., majority voting) to estimate pairwise preferences for preference comple-
tion. Common voting rules may include positional scoring rules, maximin, and
Bucklin; see [?] for details.

In contrast, this paper employs a certainty-based voting rule using certainty
and conflict to obtain pairwise preferences. Certainty and conflict measure the
trustworthiness that pair alternatives can be preferred or compared. If certainty
satisfies a defined threshold, we evaluate the degree to which user 𝑖 prefers one
alternative over another, denoted by 𝐴𝐵𝑃 . Only when the difference between
two-way preference reaches a certain value do we make a preference decision.
Technically, for alternative pair 𝐴 and 𝐵 with 𝐴𝐵𝑃 − 𝐵𝐴𝑃 ≥ 𝑒2, a preference
decision can be made. Algorithm 2 shows the process for estimating pairwise
preference. Applying this algorithm to all alternative pairs yields all pairwise
preferences.

Algorithm 2. Certainty-based voting algorithm for estimating pair-
wise preference

4.2 Greedy Order Algorithm

Next, we combine all pairwise preferences to form a linear ranking over all alter-
natives. One effective approach is the greedy order algorithm [?]. This algorithm
follows a greedy strategy: it always picks the alternative with maximum poten-
tial value from the alternatives pool ℐ and ranks it above all remaining items.
For item 𝑖, the potential value 𝑣𝑖 equals ∑𝑗∈ℐ 𝐴𝐵𝑃 . This value aggregates all
pairwise preferences from the previous step and represents the preference for
item 𝑖 among all neighbors’rankings. The algorithm then deletes the selected
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item from the pool and updates potential values of remaining items by removing
the selected item’s effects. Repeating this process until the alternatives pool is
empty produces a linear ranking for user 𝑖. See Algorithm 3.

Algorithm 3. Greedy order algorithm

5. EMPIRICAL STUDIES ON PROPERTIES OF CER-
TAINTY
This section examines the properties of certainty and conflict in our proposed
model.

5.1 Increasing Rankings with Fixed Conflict

Figure 2 [Figure 2: see original paper] plots how certainty 𝐴𝐵𝐶 varies with
weighted rankings 𝑛𝐴𝐵 and 𝑛𝐵𝐴 under fixed conflict 𝑐𝐴𝐵, which should confirm
Property 1.

THEOREM 1. For fixed 𝑐𝐴𝐵 and 𝑛𝐴𝐵 + 𝑛𝐵𝐴, certainty 𝐴𝐵𝐶 increases with
𝑛𝐴𝐵 + 𝑛𝐵𝐴.

Proof: Let 𝑎 = 𝑛𝐴𝐵 + 𝑛𝐵𝐴 = 𝑏, and 𝑓(𝑥) = 𝑥𝑛𝐴𝐵
𝐴𝐵 𝑥𝑛𝐵𝐴

𝐵𝐴 (1 − 𝑥𝐴𝐵 − 𝑥𝐵𝐴)𝑛𝐴𝐵 . As
in [?], we can define 𝑥1, 𝑥2, 𝑥3, 𝑥4 such that 𝑓(𝑥1) = 𝑓(𝑥2) = 𝑓(𝑥3) = 𝑓(𝑥4) = 1
and |𝑓(𝑥) − 1| ≥ 0. Then:

𝐴𝐵𝐶 = 1 − 1
2 ∫ |𝑓(𝑥) − 1|𝑑𝑥 = 1 − 1

2 (∫
𝑥2

𝑥1

(1 − 𝑓(𝑥))𝑑𝑥 + ∫
𝑥4

𝑥3

(1 − 𝑓(𝑥))𝑑𝑥)

where 𝑥1, 𝑥2, 𝑥3, 𝑥4 are functions of 𝑏. Following Lemma 9 in [?], we have
𝜕𝐴𝐵𝐶

𝜕𝑏 > 0, confirming Theorem 1.

5.2 Increasing Conflict with Fixed Rankings

Figure 3 [Figure 3: see original paper] plots how certainty 𝐴𝐵𝐶 varies with
weighted rankings 𝑛𝐴𝐵 and 𝑛𝐵𝐴 under fixed 𝑛𝐴𝐵 + 𝑛𝐵𝐴 and fixed 𝑛𝐴𝐵, which
should confirm Property 2.

THEOREM 2. For fixed 𝑛𝐴𝐵 +𝑛𝐵𝐴, certainty 𝐴𝐵𝐶 is decreasing with 𝑛𝐴𝐵 ≤
𝑛𝐵𝐴 and increasing with 𝑛𝐴𝐵 ≥ 𝑛𝐵𝐴.

Proof: The validation details are omitted as they are similar to Theorem 1’s
proof. Specifically, by removing the absolute value sign and differentiating, we
can prove the derivative is negative for 𝑛𝐴𝐵 ≤ 𝑛𝐵𝐴 and positive for 𝑛𝐴𝐵 ≥ 𝑛𝐵𝐴.
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6. EXPERIMENTS
This section examines the empirical performance of our certainty-based prefer-
ence completion algorithm, comparing it with common majority voting [?] and
classic collaborative filtering (CF) [?]. Both our algorithm and majority voting
use anchor-kNN to find k-nearest neighbors’rankings for preference completion,
while CF is a rating-oriented approach that computes user similarity to find
neighbors and uses their ratings for prediction.

6.1 Datasets

Experiments use two dataset types. The synthetic dataset is created by sam-
pling from a Plackett-Luce model using Algorithm 1, containing over 20,000
rankings from agents on 20 alternatives, each following a Gumbel distribution.
The Flixster dataset collects movie ratings with social trust, containing over
8,000,000 ratings on over 2,000 movies. For experiments, we convert ratings to
rankings and select over 9,000 rankings on over 50 movies.

6.2 Evaluation Metrics

We evaluate performance using three metrics: (a) prediction error, (b) Spearman
correlation coefficient, and (c) Kendall rank correlation coefficient. The first
measures predicted ranking quality, while the others measure correlation with
the original ranking. See [?] and Liu et al. [?] for details.

Evaluation Metric 1: Prediction error estimates accuracy between predicted
and true rankings:

Prediction Error = 1
𝑀 ∑

𝑖,𝑗,𝑘
|𝑌𝑖,𝑗,𝑘 − 𝑋𝑖,𝑗,𝑘|

where 𝑀 is the maximum pairwise error, 𝑌𝑖,𝑗,𝑘 = 1 means user 𝑖 prefers alterna-
tive 𝑗 to 𝑘 in the predicted ranking, 𝑋𝑖,𝑗,𝑘 = 1 represents the same preference
in the original ranking, and 𝐼−(𝑣) equals 1 when 𝑣 < 0 and 0 otherwise.

Evaluation Metric 2: Spearman correlation coefficient measures position dif-
ferences for every alternative between predicted and original rankings:

Spearman CC = 1 − 6 ∑𝑖 𝑑2
𝑖

𝑁(𝑁2 − 1)

where 𝑑𝑖 is the position difference for alternative 𝑖 between predicted and original
rankings.

Evaluation Metric 3: Kendall rank correlation coefficient uses Kendall dis-
tance to measure correlation:
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Kendall CC =
∑𝑗,𝑘 𝐼(𝑌𝑖,𝑗,𝑘 = 𝑋𝑖,𝑗,𝑘)

(|𝐼𝑥∩𝐼𝑦|
2 )

where symbols match Evaluation Metric 1, 𝐼𝑥 is the alternative set in the original
ranking, and 𝐼𝑦 is the set in the predicted ranking.

6.3 Experimental Results on Synthetic Dataset and Flixster Dataset

This section presents comparison results using the evaluation metrics.

(a) Synthetic dataset. Figure 4 [Figure 4: see original paper] shows pre-
diction error is smaller with our certainty-based algorithm than with CF and
majority voting. Ranking-oriented approaches outperform the rating-oriented
approach because rankings contain more preference relation information than
rating scores, making neighbor identification and preference completion easier
and more accurate. The comparison between certainty-based and majority vot-
ing demonstrates that considering certainty reduces randomness effects.

Figure 5 Figure 5: see original paper shows Spearman correlation coefficient
performance, where our certainty-based algorithm outperforms others. By con-
sidering preference space and certainty, our approach filters out pair preferences
with close votes and low certainty, making predicted rankings more trustworthy.
Figure 5(b) shows similar results for Kendall rank correlation coefficient.

(b) Flixster dataset. Figure 6 [Figure 6: see original paper] shows that when
𝑘 > 300, our approach outperforms others, with ranking-oriented methods still
superior to rating-oriented methods. When 𝑘 < 300, results are less optimal,
possibly because converting rating data to ranking data introduces pairwise
preference errors. With more neighbors, our algorithm demonstrates superiority,
and prediction error decreases as neighbor count grows.

Figure 7 Figure 7: see original paper shows our certainty-based approach sig-
nificantly outperforms others, consistent with synthetic dataset results. Figure
7(b) shows similar performance patterns.

Overall, experiments on both datasets validate our proposed certainty-based
preference completion algorithm.

7. CONCLUSION AND FUTURE WORK
Since agents’rankings are nondeterministic and may be provided under noisy con-
ditions, certainty-based preference completion is necessary and important. This
paper first built a bijection from ranking space to preference space for alterna-
tive pairs and evaluated certainty and conflict using the Probability-Certainty
Density Function. Then, a certainty-based voting algorithm using certainty and
conflict conducted preference completion. Rankings with high certainty and low
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conflict can be obtained to complete preferences. We empirically studied the
properties of our approach and experimentally validated it against state-of-the-
art methods on several datasets.

In real applications, data is usually unbalanced [?], with some alternative pairs
having many rankings while others have few. Future work will propose algo-
rithms to handle unbalanced preference completion effectively and efficiently.
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