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Abstract
Addressing the problem of two-parameter Brownian motion and the law of the
iterated logarithm for increments, this work employs large deviation principles
for two-parameter Brownian motion and its increments’law of the iterated log-
arithm as tools to refine relevant results concerning Brownian motion and its
increments’law of the iterated logarithm, extending them to the two-parameter
setting and ultimately establishing the logarithmic law for increments of two-
parameter Brownian motion. As a generalization of Brownian motion, two-
parameter Brownian motion exhibits a series of probabilistic and analytic prop-
erties analogous to those of Brownian motion. Consequently, by leveraging prior
research on the law of the iterated logarithm for Brownian motion and its incre-
ments and strengthening the conditions for the law of the iterated logarithm in
the two-parameter case, a functional limit result for two-parameter Brownian
motion under these enhanced conditions was derived—specifically, the logarith-
mic law for increments of two-parameter Brownian motion—and its validity was
verified.
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Abstract
This paper investigates the functional iterated logarithm law for increments
of two-parameter Brownian motion. Using large deviation principles for two-
parameter Brownian motion as the primary analytical tool, we improve upon
existing results concerning the iterated logarithm law and extend them to the
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two-parameter setting. Two-parameter Brownian motion represents a gener-
alization of classical Brownian motion, possessing a series of probability and
analytic properties that correspond to those of its one-parameter counterpart.
Building upon previous research on the iterated logarithm law for Brownian mo-
tion and its increments, we strengthen the conditions required for the iterated
logarithm law in the two-parameter case and obtain a functional limit result—
specifically, a functional iterated logarithm law for increments of two-parameter
Brownian motion. The validity of our results is rigorously verified.

Keywords: two-parameter Brownian motion; increments; triple logarithm law

Introduction
Brownian motion, also known as the Wiener process, is a stochastic process
with continuous time parameter and continuous state space, representing one
of the simplest and most fundamental stochastic processes in probability theory
[1]. With advancements in science and technology, it has become increasingly
apparent that real-world random phenomena are influenced by multiple factors
rather than a single variable. For instance, weather patterns depend not only
on latitude but also on atmospheric circulation and land-sea distribution. This
realization has motivated researchers to extend single-parameter theory to more
complex multi-parameter settings. Among multi-parameter Brownian motions,
the two-parameter Brownian motion is the most representative case [2].

The iterated logarithm law for Brownian motion and two-parameter Brownian
motion [3] has been extensively studied. Bi Qiuxiang et al. [4] proved that
under certain assumptions, generalized Brownian motion satisfies the iterated
logarithm law and established corresponding results. Utilizing large deviation
principles for Brownian motion [5-8], researchers have obtained results for Brow-
nian motion increments in Hölder norm. Strassen-type theorems have been es-
tablished for two-parameter Brownian motion increments [9-10], yielding results
on rectangular domains.

Xu Jie et al. [11] employed large deviation principles for two-parameter Brow-
nian motion increments to derive continuity modulus results for a class of two-
parameter Brownian processes. Addressing the logarithm law problem for two-
parameter Brownian motion, this paper develops large deviation results for its
increments and provides rigorous proofs.

Funding: National Natural Science Foundation of China (11661025); Guangxi
Natural Science Foundation (2020GXNSFAA159118); Guilin University of Elec-
tronic Technology Graduate Education Innovation Program (2020YCXS083)

Main Results
We begin by establishing the necessary framework and preliminary results.

Lemma 2 [10]. Let 𝑊 be a two-parameter Brownian motion. For any closed
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set 𝐹 ⊂ 𝐶([0, 1]2),

lim sup
𝜀→0

𝜀 log 𝑃(√𝜀𝑊 ∈ 𝐹) ≤ − inf
𝑓∈𝐹

𝐼(𝑓)

and for any open set 𝐺 ⊂ 𝐶([0, 1]2),

lim inf
𝜀→0

𝜀 log 𝑃(√𝜀𝑊 ∈ 𝐺) ≥ − inf
𝑓∈𝐺

𝐼(𝑓)

where 𝐼(𝑓) is the rate function defined for absolutely continuous functions 𝑓
with 𝑓(0, 0) = 0 and ∫[0,1]2 ( 𝜕2𝑓

𝜕𝑥𝜕𝑦 )
2

𝑑𝑥𝑑𝑦 < +∞.

The norm is defined as ‖𝑓‖ ∶= sup(𝑥,𝑦)∈[0,1]2 |𝑓(𝑥, 𝑦)|, and the function space is
ℱ = {𝑓 ∶ 𝑓(0, 0) = 0, ‖𝑓‖ < ∞}.

Lemma 4 [12] (Borel-Cantelli Lemma). If {𝐴𝑛} is a sequence of events
with ∑∞

𝑛=1 𝑃(𝐴𝑛) < ∞, then 𝑃(lim sup𝑛→∞ 𝐴𝑛) = 0.

Lemma 5 [13]. Let {𝜉𝑛}𝑛≥1 be a sequence of random variables. If there
exists a subsequence {𝜉𝑛𝑘

} such that lim sup𝑘→∞ 𝜉𝑛𝑘
≤ 𝜉0 almost surely, then

lim inf𝑛→∞ 𝜉𝑛 ≤ 𝜉0 almost surely.

We now state our main theorem. Let 𝑎𝑢 ∶ (0, ∞) → (0, ∞) be a non-decreasing
continuous function satisfying: 1. 0 < 𝑎𝑢 ≤ 𝑢 2. 𝑢

𝑎𝑢
is non-decreasing 3.

lim𝑢→∞
log(𝑢/𝑎𝑢)

log log log 𝑢 = ∞

Define 𝛾𝑢 = √2𝑎2𝑢 log log 𝑢 and the increment process Δ𝑢(𝑥, 𝑦) = 𝑊(𝑢+𝑎𝑢𝑥, 𝑢+
𝑎𝑢𝑦) − 𝑊(𝑢, 𝑢) for (𝑥, 𝑦) ∈ [0, 1]2.

Theorem. Under the above conditions, we have:

lim inf
𝑢→∞

sup
0≤𝑥,𝑦≤1

∥Δ𝑢(⋅, ⋅)
𝛾𝑢

− 𝑓(⋅, ⋅)∥ = 0 a.s.

and for any 𝑓 ∈ 𝒦,

lim inf
𝑢→∞

inf
0≤𝑥,𝑦≤1

∥Δ𝑢(⋅, ⋅)
𝛾𝑢

− 𝑓(⋅, ⋅)∥ = 0 a.s.

where 𝒦 = {𝑓 ∶ 𝐼(𝑓) ≤ 1} is the Strassen ball.

Proof Sketch
The proof proceeds via discretization and application of large deviation princi-
ples. Partition the domain using 𝑠𝑖 = 𝑖𝑎𝑢 and 𝑡𝑗 = 𝑗𝑎𝑢 for 𝑖, 𝑗 = 0, 1, … , ⌊𝑢/𝑎𝑢⌋.
For any 𝛿 > 0, define the closed set

𝐴 = {𝑔 ∶ ‖𝑔 − 𝑓‖ ≥ 𝛿} .
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By Lemma 2, the large deviation principle yields:

𝑃 (Δ𝑢
𝛾𝑢

∈ 𝐴) ≤ exp (−2 inf
𝑔∈𝐴

𝐼(𝑔) log log 𝑢) .

For sufficiently large 𝑢, we have 𝑎𝑢 ≥ 𝑢/(log log 𝑢)𝑀 for some 𝑀 > 0, which
ensures that

∞
∑
𝑛=1

𝑃 (
Δ𝑢𝑛

𝛾𝑢𝑛

∈ 𝐴) < ∞

for the subsequence 𝑢𝑛 = 𝑒𝑛. Applying Lemma 4 (Borel-Cantelli) gives:

lim sup
𝑛→∞

∥
Δ𝑢𝑛

𝛾𝑢𝑛

− 𝑓∥ ≤ 𝛿 a.s.

The result is extended to the continuous limit using the monotonicity properties
of 𝑎𝑢 and the continuity of the sample paths. For any 𝑢𝑛 ≤ 𝑢 ≤ 𝑢𝑛+1, we have

∥Δ𝑢
𝛾𝑢

−
Δ𝑢𝑛

𝛾𝑢𝑛

∥ ≤ 𝐶 (√
𝑎𝑢𝑛+1

𝑎𝑢𝑛

− 1) → 0

as 𝑛 → ∞, completing the proof.

Conclusion
This paper extends results on the iterated logarithm law for Brownian motion
increments to the two-parameter case. By strengthening the conditions on the
increment window 𝑎𝑢, we have successfully generalized the functional iterated
logarithm law to two-parameter Brownian motion. Future research directions
include investigating the iterated logarithm law for two-parameter Brownian
motion increments under Hölder norms and exploring other variants such as the
Chung-type iterated logarithm law.
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Note: Figure translations are in progress. See original paper for figures.
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