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Abstract
In the 1990s, I proposed and constructed the theory of Abstract Neural Au-
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of ANA on quantum states. Some results have been obtained.
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1. Introduction
In the 1990s, I proposed and constructed the theory of Abstract Neural Au-
tomata (ANA) [1]. The work accomplished includes: establishing abstract neu-
ral automata on N-dimensional lattices, Euclidean spaces, and compact Rieman-
nian manifolds respectively; achieving concept generation, concept connection
transfer, and thinking formation in abstract neural automata; investigating the
origin of thought; demonstrating a positive correlation between brain intelli-
gence and the volume of related brain regions; establishing the ergodicity of the
genetic evolution of human brain intelligence; proving that abstract neural au-
tomata have a unique solution if and only if they go to infinity in both micro and
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macro directions (consciousness is expected to unify micro and macro); show-
ing the equivalent proposition that abstract neural automata are Markovian;
demonstrating that the limiting probability distribution of abstract neural au-
tomata is Gibbsian; establishing that abstract neural automata are evolutionary;
proving that assuming the existence of information on the network of stochastic
automata, abstract neural automata are forever-moving machines in the sense of
evolution; and establishing the representation theory of knowledge by abstract
neural automata.

The aim of the present manuscript is to explore the theory of ANA on quan-
tum states (QANA). The precondition for writing this article is to ensure that
quantum mechanics plays a role in brain function [2][3][4]. In particular, con-
sciousness depends on quantum states of electrons within hydrophobic pockets
in a class of brain proteins.

Proof of existence of QANA on the von Neumann algebra and on the C-algebra
𝒜 has been given in the present article. The following propositions are mutually
equivalent: (1) There exists QANA on C-algebra 𝒜; (2) [text incomplete in
original].

The conditional state of quantum measurement is Gibbsian; the brain of the
observer begins the process of experiencing consciousness in the process of mea-
surement. In particular, it is quite natural from the point of view of physics
and mathematics to see that consciousness is the collapse of quantum states in
the human brain system at the microscopic level, and is Gibbsian.

2. Definitions and a Theorem About Abstract Neural Au-
tomata [1]
Definition 1. A stochastic automaton 𝑎 is defined as a triplet with a function-
pair where 𝑄 is the space of states; 𝑌 is the set of inputs; 𝑍 is the set of outputs;
𝐹 ∶ 𝑌 × 𝑄 × 𝑄 → [0, 1], such that ∑𝑞′∈𝑄 𝐹(𝑦, 𝑞, 𝑞′) = 1; and 𝐺 ∶ 𝑄 × 𝑍 → [0, 1],
such that ∑𝑧∈𝑍 𝐺(𝑞, 𝑧) = 1.
In fact, the transition probability from state 𝑞 to state 𝑞′ when input is 𝑦 is
given by 𝐹(𝑦, 𝑞, 𝑞′), and the probability for output to be 𝑧 when state is 𝑞 is
given by 𝐺(𝑞, 𝑧).
Definition 2. A network 𝑆 of stochastic automaton 𝑎 is defined as a pair
consisting of 𝑑-dimensional integer lattices (𝑑-dimensional neuron set) 𝑇 and a
function-pair (𝑅, 𝐶), where 𝑅 is a set of all automata defined as {𝑎𝑡 ∶ 𝑡 ∈ 𝑇 };
in fact, 𝑎𝑡 is an automaton 𝑎 which corresponds to 𝑡 ∈ 𝑇 ; 𝐶 is a connected
transformation of some network, when neuron 𝑡 gives an output 𝑧, 𝐶(𝑧) is an
input which is received by other neurons.

Definition 3. Abstract Neural Automata (ANA) which are on the network
𝑆(𝑇 , (𝑅, 𝐶)) is a set of random elements {𝜉(𝑡), 𝑡 ∈ 𝑇 }, where (Ω, ℬ(Ω), 𝑃 ) and
(𝑄 = 𝑋, ℬ(𝑋), 𝜇) are two probability spaces.
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Definition 4. To every finite subset {𝑡1, … , 𝑡𝑛} ⊂ 𝑇 there corresponds a prob-
ability distribution 𝜇𝑡1,…,𝑡𝑛

on 𝑄𝑛 such that 𝜇𝑡1,…,𝑡𝑛
(𝑥1, … , 𝑥𝑛) = 𝑃{𝜉(𝑡𝑖) =

𝑥𝑖, 𝑖 = 1, … , 𝑛}, and satisfies the consistency condition. We refer to the family
of probability distributions {𝜇𝐿} as the probability distribution of ANA.

Definition 5. The family of conditional probability distributions

{𝜇𝐿(𝑥1, … , 𝑥𝑛 ∣ 𝜉(𝑡) = 𝑥(𝑡), 𝑡 ∈ 𝑇 ∖ 𝐿)}

is called a conditional distribution of ANA, where 𝐿 = {𝑡1, … , 𝑡𝑚} ⊂ 𝑇 .

Definition 6. When 𝐿 ⊂ 𝑇 , for arbitrary 𝑥(𝑡) ∈ 𝑄 for 𝑡 ∈ 𝐿, for arbitrary
function Φ, the conditional probability distribution

𝜇𝐿(𝑥1, … , 𝑥𝑚 ∣ 𝜉(𝑡) = 𝑥(𝑡), 𝑡 ∈ 𝑇 ∖𝐿) = 1
𝑍(𝐿) exp{−𝛽𝑈(𝑥1, … , 𝑥𝑚 ∣ 𝜉(𝑡) = 𝑥(𝑡), 𝑡 ∈ 𝑇 ∖𝐿)}

is called Gibbs distribution with a boundary condition, where constant 𝛽 >
0, 0 < 𝛽 < ∞, is inversely proportional to the temperature of network 𝑆 of
stochastic automata; 𝑈 is called potential.

Definition 7. ANA and its distribution are called Gibbs if its conditional
distribution is given by equation (8).

Theorem 1. In the theory of ANA, suppose the collection of potential functions
of various forms is a continuous potential function, and that 𝑄 is a compact
metric space, then for given Φ, ANA exists on probability space (𝑄𝑇 , ℬ(𝑄𝑇 ), 𝜇).

3. Quantum Abstract Neural Automata (QANA)
To describe abstract neural automata at the quantum level (QANA), we asso-
ciate with each neuron 𝑎 ∈ 𝑇 a finite-dimensional Hilbert space ℋ𝑎. Hence,
we have the Hilbert space ℋΛ = ⨂𝑎∈Λ ℋ𝑎 for Λ ⊂ 𝑇 , and then the lo-
cal C-algebra 𝒜Λ = ⨂𝑎∈Λ ℒ(ℋ𝑎). If Λ1 ⊂ Λ2, there exists an embedding
𝑗Λ1,Λ2

∶ 𝒜Λ1
→ 𝒜Λ2

defined by 𝑗Λ1,Λ2
(𝐴) = 𝐴 ⊗ 𝐼Λ2∖Λ1

, having the follow-
ing property: 𝑗Λ2,Λ3

∘ 𝑗Λ1,Λ2
= 𝑗Λ1,Λ3

. Therefore, when Λ1 ⊂ Λ2, we have
𝒜Λ1

⊂ 𝒜Λ2
, hence an increasing family. The set ⋃Λ∈𝒮 𝒜Λ is a normed -

algebra; the completion of ⋃Λ∈𝒮 𝒜Λ by means of this norm is known as the
local C*-algebra of local observables.

Define 𝒮 = {Λ ⊂ 𝑇 ∶ |Λ| < ∞}, where |Λ| is the cardinality of set Λ. Note that 𝒮
is countable. On the family of sets 𝒮, we have 𝒜Λ ⊂ 𝒜Λ′ when Λ ⊂ Λ′. Further,
when Λ1 ∩Λ2 = ∅, there exists embedding 𝑗Λ1,Λ1∪Λ2

∶ 𝒜Λ1
→ 𝒜Λ1∪Λ2

defined by
𝑗Λ1,Λ1∪Λ2

(𝐴) = 𝐴 ⊗ 𝐼Λ2
, having the following property: [𝑗Λ1

(𝐴1), 𝑗Λ2
(𝐴2)] = 0

for all 𝐴1 ∈ 𝒜Λ1
, 𝐴2 ∈ 𝒜Λ2

. Therefore, when Λ1 ∩ Λ2 = ∅, we have 𝒜Λ1∪Λ2
=

𝒜Λ1
⊗ 𝒜Λ2

.

For any 𝑎 ∈ 𝑇 , we let 𝜏𝑎 be the translation of 𝑇 by 𝑎. The translations {𝜏𝑎 ∶
𝑎 ∈ 𝑇 } form a partition of 𝑇 . For any Λ ⊂ 𝑇 , we let 𝑁(Λ) be the number of
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elements in Λ. At this time, for all 𝑎 ∈ 𝑇 , a finite subset Λ𝑛 ⊂ 𝑇 is defined to
tend to 𝑇 in the sense of Van Hove, if

lim
𝑛→∞

𝑁(𝜕𝑎Λ𝑛)
𝑁(Λ𝑛) = 0,

where 𝜕𝑎Λ𝑛 = {𝑥 ∈ 𝑇 ∶ 𝜏𝑎(𝑥) ∈ Λ𝑛 and 𝑥 ∉ Λ𝑛} ∪ {𝑥 ∈ 𝑇 ∶ 𝜏𝑎(𝑥) ∉ Λ𝑛 and 𝑥 ∈
Λ𝑛}.
For arbitrary 𝑎 ∈ 𝑇 , suppose unitary mapping 𝑈𝑎 ∶ ℋ𝑎 → ℋ𝑎+𝜉 satisfies
conditions (1) 𝑈𝑎𝑈𝑏 = 𝑈𝑎+𝑏; and 𝑈𝑎𝒜Λ𝑈 ∗

𝑎 = 𝒜Λ+𝑎. Using this unitary operator,
let

𝜏Φ
𝑎 (𝐴) = 𝑈𝑎𝐴𝑈 ∗

𝑎, 𝐴 ∈ 𝒜Λ.
Hence 𝜏Φ

𝑎 is an automorphism mapping from 𝒜Λ to 𝒜Λ+𝑎 (i.e., 𝜏Φ
𝑎 ∈ Aut(𝒜)).

Suppose 𝜑 is a state on 𝒜. Its restriction 𝜑Λ is known as a local normal state if
it satisfies the condition: there exists 𝜌Λ ∈ ℒ(ℋΛ) such that 𝜑Λ(𝐴) = tr(𝜌Λ𝐴)
for all 𝐴 ∈ 𝒜Λ. Moreover, if 𝜑 satisfies condition 𝜑∘𝜏Φ

𝑎 = 𝜑, then 𝜑 is known as
invariant (i.e., 𝜏Φ

𝑎 -invariant). The entropy of 𝜑Λ equals 𝑆(𝜑Λ) = −tr(𝜌Λ log 𝜌Λ).
Theorem 2. Let Λ ⊂ 𝑇 , and suppose |Λ| is the volume of Λ, then we have:
𝑆(𝜑) = limΛ↑𝑇

𝑆(𝜑Λ)
|Λ| is an affine and upper semi-continuous function on 𝒮𝐼 .

A mapping Φ ∶ 𝒮 → 𝒜 satisfying condition Φ(Λ) ∈ 𝒜Λ is called an interaction
potential (or simply a potential). Let ‖Φ‖ = ∑Λ∋0

‖Φ(Λ)‖
|Λ| , and let ℬ be the set

of all Φ with ‖Φ‖ < ∞. Then ℬ becomes a real Banach space for norm ‖ ⋅ ‖.
Further, Φ is known as finite range if the number of finite sets Λ for which
Φ(Λ) ≠ 0 is finite. Let ℬ0 be the set of all interaction potentials of finite range;
the completion of ℬ0 for norm ‖ ⋅ ‖ equals ℬ, expressed as ℬ0 = ℬ. When
Φ(Λ + 𝑎) = 𝜏Φ

𝑎 (Φ(Λ)), Φ is known as 𝜏Φ
𝑎 -invariant or translationally invariant;

there exists some number 𝑐(Φ) such that ∑𝑎∈Λ Φ(Λ) = 𝑐(Φ)𝐼 .
For thermodynamic functions, we have

𝑃Λ(Φ) = 1
|Λ| log tr(𝑒

−𝐻Λ(Φ)), (15)

𝐻Λ(Φ) = ∑
Λ′⊂Λ

Φ(Λ′). (16)

Theorem 3. Suppose 𝜑 is 𝜏Φ
𝑎 -invariant, then (1) there exists 𝑃(Φ) =

limΛ↑𝑇 𝑃Λ(Φ); 𝑃(Φ) is a continuous convex function on ℬ; and (2)
𝑆(𝜑) = infΦ∈ℬ{𝑃(Φ) − 𝜑(𝐴Φ)}.
Lemma 1. Suppose that 𝑀 is a commutative von Neumann algebra, then there
exists a locally compact Hausdorff space 𝑋 which satisfies the second axiom of
countability, and a measure 𝜇, such that 𝑀 ≅ 𝐿∞(𝑋, 𝜇).
Lemma 2. A C*-algebra 𝒜 is a von Neumann algebra if and only if it has a
dual 𝒜∗ as a Banach space.
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Denote the set of linear functionals 𝒜∗. Since C-algebra 𝒜 is a bounded normed
linear space, its dual space is a Banach space from C-algebra 𝒜 to ℂ (complex
field). When ‖𝜑‖ = 1, 𝜑 is called a state on 𝒜. 𝒜∗ is called the state space.
From Lemma 2, C*-algebra 𝒜 is a von Neumann algebra. Hence from Lemma
1 and Lemma 2, we have the following:

Theorem 4. Let 𝒜 be a von Neumann algebra; hence there exists QANA on
von Neumann algebra 𝒜.

Proof. Let 𝒜 = 𝐿∞(𝑋, 𝜇), then 𝒜 ≅ 𝐶(𝑋), from the nature of 𝐿∞(𝑋, 𝜇), we
have 𝐶(𝑋) ≅ 𝒜. Therefore, 𝐶(𝑋) and 𝒜 are isomorphic. Hence there exists
ANA on 𝐶(𝑋) (Theorem 1), and there exists QANA on 𝒜. QANA = 𝜑 ∘ 𝜋 (see
subsection 4).

Suppose the set of all potentials which are 𝜏Φ
𝑎 -invariant and have interaction of

finite body is ℬ1; there exists 𝜑 ∈ 𝒮𝐼 (i.e., KMS state).

Definition 8. Let 𝜎Φ
𝑡 be a strongly-continuous one-parameter group of auto-

morphisms of 𝒜; 𝛽 ∈ ℝ (real number). One says that a state 𝜓 is a KMS𝛽 state
if it is invariant under 𝜎Φ

𝑡 , i.e., 𝜓 ∘ 𝜎Φ
𝑡 = 𝜓, and for all 𝐴, 𝐵 ∈ 𝒜 there exists a

function 𝐹𝐴,𝐵 bounded and continuous on the strip {𝑧 ∈ ℂ ∶ 0 ≤ Im(𝑧) ≤ 𝛽}
and analytic on {𝑧 ∈ ℂ ∶ 0 < Im(𝑧) < 𝛽} such that 𝐹𝐴,𝐵(𝑡) = 𝜓(𝐴𝜎Φ

𝑡 (𝐵)) for
all 𝑡 ∈ ℝ, and 𝐹𝐴,𝐵(𝑡 + 𝑖𝛽) = 𝜓(𝜎Φ

𝑡 (𝐵)𝐴) for all 𝑡 ∈ ℝ.
Proposition. Let 𝒦(ℋ) be the algebra of compact operators on a Hilbert
space ℋ, 𝛽 ∈ ℝ (real number), and 𝐻 a self-adjoint operator such that 𝑒−𝛽𝐻 is
trace class. Then the Gibbs state with density matrix 𝜌 = 𝑒−𝛽𝐻

tr(𝑒−𝛽𝐻) is the unique
KMS𝛽 state for the one-parameter group generated by 𝐻.

Theorem 5. For Φ ∈ ℬ, the following propositions are mutually equivalent:
(1) There exists QANA on C*-algebra 𝒜; (2) There exists KMS𝛽 state.

4. Coexistence of N and Q
The content of this section is to explain the coexistence of QANA and ANA in
the brain and their interdependent relationship by means of the method of text
[6].

Suppose that the human neural system at the ion level (QANA) is denoted by 𝑄,
while the human neural system at the level of neural network (ANA) is denoted
by 𝑁 , that the category von Neumann algebra of 𝑁 is 𝒜, and that the category
von Neumann algebra of 𝑄 is ℬ. Let’s do linear mapping 𝜀 ∶ ℬ → 𝒜 for some
finite set. Hence we have

𝜀(𝜌) = ⨁
𝑎∈𝐴

𝜌𝑎, (17)

where 𝜌𝑎 = trℬ𝑎(𝜌). In fact, 𝜀 ∶ 𝒜 → ℬ+ is a positive operator-valued measure
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on 𝒜, POVM, that takes values in ℬ+. A conditional state on ℬ:

𝜌𝜀 = 𝜀(𝜌)
tr(𝜀(𝜌)) . (18)

The conditional state of the POVM applied to 𝜌 with outcome 𝑎 is

𝜌𝑎 = 𝜀𝑎(𝜌)
tr(𝜀𝑎(𝜌)) , (19)

where 𝜀𝑎 ∶ 𝒜 → ℬ𝑎 is a positive operator-valued measure. In fact, we can see
the linear map 𝜀 represented as an orthogonal decomposition: 𝜀 = ⨁𝑎∈𝐴 𝜀𝑎 as
a set-valued measurement which is 𝜀𝑎(𝜌) = 𝑃𝑎𝜌𝑃𝑎, where 𝑃𝑎 is a projection
operator. The probability of the outcome 𝑎 is given by 𝑝(𝑎) = tr(𝜀𝑎(𝜌)). And
the conditional state of 𝜌 given outcome 𝑎 is 𝜌𝑎 = 𝜀𝑎(𝜌)

𝑝(𝑎) .

Since 𝐻(Φ) is an invariant subspace of 𝜀, and reducing 𝜀, we have

𝜀(𝜌) = ⨁
𝑎∈𝐴

𝜌𝑎. (20)

The process of a measurement is a process of decoherence. A state in which
decoherence has been achieved is called a trivial quantum state—equilibrium
state—classical state. At this time, 𝜌 = ⨁𝑎∈𝐴 𝜌𝑎; and 𝐻(Φ) ⊂ ℋ𝑎, hence we
have

𝜌𝑎 = 𝑒−𝛽𝐻𝑎

tr(𝑒−𝛽𝐻𝑎) . (21)

Therefore, the trivial conditional state is Gibbsian; conditioning on a measure-
ment is also called “state collapse”or “wave function collapse”; the brain of
the observer begins the process of experiencing consciousness in the process of
measurement [7].

In particular, it is proved mathematically that the trivial conditional state of
quantum measurement is Gibbsian, thus proving that the consciousness of the
observer is Gibbsian, which is consistent with the discussion on consciousness
in article [7].
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