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Abstract
In this paper, we study linear complementarity problems on monotone extended
second-order cones. We demonstrate that the linear complementarity problem
on a monotone extended second-order cone can be converted into a mixed com-
plementarity problem on the nonnegative orthant. We prove that any point
satisfying the FB equation is a solution of the converted problem. We also
show that the semismooth Newton method can be used to solve the converted
problem, and we provide a numerical example. Finally, we derive the explicit
solution of a portfolio optimisation problem based on the monotone extended
second-order cone.
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## Preamble

Linear Complementarity Problem on the Monotone Extended Second
Order Cone

Yingchao Gao ∗ S. Z. Németh † Guohan Zhang ‡ August 24, 2022

## Abstract

In this paper, we study linear complementarity problems on monotone extended
second order cones. We demonstrate that the linear complementarity problem
on the monotone extended second order cone can be converted into a mixed
complementarity problem on the non-negative orthant. We prove that any point
satisfying the FB equation is a solution of the converted problem. We also
show that the semismooth Newton method can be used to solve the converted
problem, and we provide a numerical example. Finally, we derive the explicit
solution of a portfolio optimization problem based on the monotone extended
second order cone.
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## Introduction

The concept of complementarity and complementarity problems, first intro-
duced by Karush in [18], is a cross-cutting area of research with wide-ranging
applications in economics, finance, and other fields [2, 3, 8, 11]. Previous studies
show that second-order cone programming has played a significant role in com-
plementarity problems. The concept of extended second order cone (ESOC) was
introduced by Németh and Zhang in [24] as a natural extension of the notion of
second order cone. Sznajder calculated the Lyapunov rank (or bilinearity rank)
of ESOC in [27] and proved the irreducibility of the ESOC. Ferreira and Németh
found an efficient numerical method to project onto the ESOC [7]. Furthermore,
Németh and his collaborators investigated the properties of ESOC and used it
as a tool for solving various complementarity problems [21–25]. They also pro-
posed an application to the optimization problem of portfolio allocation, called
the mean-�2 norm (ML2N) model in [28]. The latter paper exhibits advantages
of the mean-�2 norm (ML2N) model compared to the well-known mean-variance
model (MV), developed by Markowitz in [19], and the mean-absolute deviation
model (MAD), introduced in [15]. The application of the ESOC to solving gen-
eral complementarity problems is based on determining its isotone projection
sets, a concept which is an extension of the notion of isotone projection cones
(see [14]) and was introduced in [20]. For the importance of isotone projections
in applications, see also [13, 26].

The importance of the ESOC and ordered vector spaces in investigating and solv-
ing equilibrium problems in economics, finance, traffic equilibrium, and other
fields motivated the introduction in [12] of another extension of the second order
cone, namely the monotone extended second order cone (MESOC). In the latter
paper, the Lyapunov rank of MESOC was determined, and it was also shown
that the monotone extended second order cone can be used to investigate and
solve mixed complementarity problems. Furthermore, Ferreira et al. found a
numerical way to project onto MESOC [6] and suggested applying MESOC to
portfolio optimization. In this paper, we will show how to solve the linear com-
plementarity problem on MESOC and provide an explicit solution to a portfolio
optimization problem on MESOC.

The structure of the paper is as follows: In Section 2, we introduce the main
terminology and definitions. In Section 3, we convert the linear complementarity
problem on MESOC to a mixed complementarity problem on the non-negative
orthant. In Sections 4, 5, and 6, we introduce a numerical algorithm that can be
used to solve the linear complementarity problem on MESOC, and in Section 7
we present a corresponding numerical example. Finally, in Section 8 we derive
the explicit solution of the considered portfolio optimization problem.

## 2 Preliminaries

Let n ≥ 2 be an integer and �𝑛 be the n-dimensional Euclidean space, whose
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elements are identified with column vectors of n components and endowed with
the classical inner product �・,・�: �𝑛 × �𝑛 → � defined by �x, y� = x�y. Two
vectors x, y � �𝑛 are called perpendicular if �x, y� = 0, which is denoted by x � y.

If p, q are positive integers such that n = p + q, then for simplicity of notation,
we identify the vector space �� × �� with ��+� by identifying a pair of vectors (x,
u) � �� × ��, where x � �� and u � ��, with the vector (x�, u�)� � ��+�. Therefore,
we call a pair of vectors (x, u) simply a vector. Through this identification, the
inner product �・,・� in �� × �� becomes �(x, u), (y, v)� = �x, y� + �u, v� for any
(x, u), (y, v) � �� × ��.

In the literature, there are various ways of defining cones and various types of
cones are used. However, in this paper, we consider only cones that are closed
and convex sets. Therefore, for simplicity, we call a closed set K a cone if and
only if 𝛼x + 𝛽y � K for any x, y � K and any 𝛼, 𝛽 ≥ 0. A cone K is called proper
if it has nonempty interior and K � (−K) = {0}.

Let K be a cone. The dual of K is the cone defined by K* := {y � �𝑛: �x, y� ≥
0, �x � K}, and the complementarity set of K is the set defined by C(K) := {(x,
y): x � K, y � K*, x � y}.

Definition 1. The monotone extended second order cone (MESOC) is the
proper cone defined by L := {(x, u) � �� × ��: x1 ≥ x2 ≥ … ≥ x� ≥ ‖u‖}.

Sometimes we also use the notation L(p, q) to denote that the MESOC is in ��
× ��.

For the sake of completeness, we quote the following four results that will help
us prove Theorem 5, which are Propositions 3.1, 3.2 in [12] and Propositions 4,
5 in [6].

Proposition 1. The dual of the monotone extended second order cone L is the
proper cone defined by L* = {(x, u) � �� × ��: Σ��1� x� ≥ 0, �j � {1, …, p−1}, Σ��1�
x� ≥ ‖u‖}.

From now on, p and q will always denote positive integers, while L will always
denote the monotone extended second order cone and M its dual.

Proposition 2. Let (x, y, u, v) � C(L). If u ≠ 0, v ≠ 0, then C(L) = {(x, u, y,
v): (x, u) � L, (y, v) � M, �x, y� = ‖u‖‖v‖, and �𝜆 > 0 such that v = −𝜆u}.
Proposition 3. For arbitrary points (x, u), (y, v) � �� × ��, we have: (i) (x, u)
� L if and only if x − ‖u‖e � ��� (ii) (y, v) � M if and only if y − ‖v‖e� � (���1)�*

Proposition 4. Let x, y � �� and u, v � �� {0}. Then we have the following
equivalences: (i) (x, 0, y, 0) � C(L) if and only if (x, y) � C(���) (ii) (x, 0, y, v)
� C(L) if and only if x� = 0, Σ��1� y� ≥ ‖v‖ and (x, y) � C(���) (iii) (x, u, y, 0) �
C(L) if and only if x� ≥ ‖u‖ for all i, Σ��1� y� = 0 and (x, y) � C(���) (iv) (x, u, y,
v) � C(L) if and only if x� = ‖u‖, �y, e� = ‖v‖, �u, v� = −‖u‖‖v‖, and (x − ‖u‖e,
y − ‖v‖e�) � C(���1�)

Below we list definitions of various types of complementarity problems.
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Definition 2. Let F: �𝑛 → �𝑛 be an arbitrary mapping and K � �𝑛 an arbitrary
cone. The complementarity problem defined by K and F is CP(F, K) := {find
x � K such that (x, F(x)) � C(K)}. If T � �𝑛�𝑛 is a constant matrix, r � �𝑛 is a
constant vector and F(x) = Tx + r, then the problem CP(F, K) is called the
linear complementarity problem defined by T, r, and K, denoted by LCP(T, r,
K).

Definition 3. Let G: �� × �� → ��, H: �� × �� → ��, F: �� × �� → �� be arbitrary
mappings and K � �� an arbitrary cone. The mixed implicit complementarity
problem defined by K, G, H and F is MiICP(G, H, F, K) := {find (x, u) � �� ×
�� such that H(x, u) = 0, (F(x, u), G(x, u)) � C(K)}.

Definition 4. Let G: �� × �� → ��, H: �� × �� → �� be arbitrary mappings and K
an arbitrary cone. Then the mixed complementarity problem defined by G, H
and K is MiCP(G, H, K) := {find (x, u) � �� × �� such that H(x, u) = 0 and (x,
G(x, u)) � C(K)}.

## 3 The Linear Complementarity Problem on the MESOC

Theorem 5. Let (x, u), (y, v) be arbitrary vectors with x, y � �� and u, v � ��.
Consider the nonsingular block matrix:

T = [A B; C D]

where A � ����, B � ����, C � ���� and D � ���� are constant matrices. Then, for
arbitrary vectors z and r, such that z = (x, u) and r = (y, v), the following
statements hold:

(i) Let u = 0. Then z is a solution of LCP(T, r, L) if and only if x is a solution
of LCP(A, y, ���), x� = 0 and Σ��1�(Ax + y)� ≥ ‖Cx + v‖.

(ii) Let Cx + Du + v = 0. Then z is a solution of LCP(T, r, L) if and only
if x is a solution of MiCP(G, H, ���), x� ≥ ‖u‖, and Σ��1�(Ax + Bu + y)�
= 0, where G and H are defined by G(x’, u’) = Ax’ + Bu’ + y and H(x’,
u’) = 0.

(iii) Let u ≠ 0 ≠ Cx + Du + v. Then z is a solution of LCP(T, r, L) if and only
if z is a solution of MiICP(G, H, F, ���1�), where F, G and H are defined
by: F(x’, u’) = x’ − ‖u’‖e, G(x’, u’) = Ax’ + Bu’ + y − ‖Cx’ + Du’ +
v‖e�, H(x’, u’) = u’e�(Ax’ + Bu’ + y) + ‖u’‖(Cx’ + Du’ + v).

(iv) Define z̄ = (x̄, u) = (x − ‖u‖e, u) and let u ≠ 0 ≠ Cx + Du + v. Then z
is a solution of LCP(T, r, L) if and only if z̄ is a solution of MiCP(Ḡ, H̄,
���1�), where Ḡ and H̄ are defined by: Ḡ(x’, u’) = A(x’ + ‖u’‖e) + Bu’ +
y − ‖C(x’ + ‖u’‖e) + Du’ + v‖e�, H̄(x’, u’) = u’e�(A(x’ + ‖u’‖e) + Bu’ +
y) + ‖u’‖(C(x’ + ‖u’‖e) + Du’ + v).

(v) When u ≠ 0 ≠ Cx + Du + v, the problem of finding a solution z = (x,
u) of the linear complementarity problem LCP(T, r, L) is converted to
finding a vector z = (x, u) such that (𝛼, 𝛽) � C(���1�), where:
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𝛼 = [x1 − x2, x2 − x3, …, x��1 − x�, x� − ‖u‖]� 𝛽 = [Σ��11(Ax + Bu + y)�,
Σ��12(Ax + Bu + y)�, …, Σ��1�−1(Ax + Bu + y)�, Σ��1�(Ax + Bu + y)�]�

Moreover, denote for any i = 1, 2, …, p−1 and any x’, w’ � ��, u’ � ��: p�(w’) =
Σ����−1 w’� + ‖u’‖ p�(w’) = ‖u’‖

Let x’(w’) be defined accordingly. Then the problem of finding a vector z = (x,
u) such that (𝛼, 𝛽) � C(���1�) is equivalent to finding a solution of MiCP(Ĝ, Ĥ,
���1�), where:

Ĝ(w’, u’) = [Σ��11(Ax’(w’) + Bu’ + y)�, Σ��12(Ax’(w’) + Bu’ + y)�, …,
Σ��1�−1(Ax’(w’) + Bu’ + y)�]� Ĥ(w’, u’) = u’e�(Ax’(w’) + Bu’ + y) +
‖u’‖(Cx’(w’) + Du’ + v)

(vi) Let t = ‖u‖. Then z is a solution of LCP(T, r, L) if and only if x is a
solution of MiCP(G̃, H̃, ���1�), where G̃ and H̃ are defined by:

G̃(w’, u’, t’) = [Σ��11(Ax’(w’, t’) + Bu’ + y)�, Σ��12(Ax’(w’, t’) + Bu’ + y)�, …,
Σ��1�−1(Ax’(w’, t’) + Bu’ + y)�]� H̃(w’, u’, t’) = [u’e�(Ax’(w’, t’) + Bu’ + y) +
t’(Cx’(w’, t’) + Du’ + v); t’2 − ‖u’‖2]

where x’(w’, t’) is defined appropriately.

Proof.

(i) By the definition of the linear complementarity problem, z = (x, 0) is a
solution of LCP(T, r, L) if and only if (x, 0, Ax + y, Cx + v) � C(L),
which by item (ii) in Proposition 4 is equivalent to x� = 0, Σ��1�(Ax� + y�)
≥ ‖Cx + v‖ and (x, Ax + y) � C(���). This is further equivalent to x being
a solution of LCP(A, y, ���).

(ii) Let Cx + Du + v = 0. By definition, z = (x, u) is a solution of LCP(T,
r, L) if and only if (x, u, Ax + Bu + y, 0) � C(L), which by item (iii) of
Proposition 4 is equivalent to x� ≥ ‖u‖, e�(Ax + Bu + y) = 0 and (x, Ax
+ Bu + y) � C(���). We conclude that z = (x, u) is a solution of LCP(T, r,
L) if and only if z = (x, u) is a solution of MiCP(G, H, ���).

(iii) By definition, if z = (x, u) is a solution of LCP(T, r, L), then (x, u, Ax
+ Bu + y, Cx + Du + v) � C(L). From item (iv) of Proposition 4 and the
equality case of the Cauchy inequality, we have that (x, u, Ax + Bu + y,
Cx + Du + v) � C(L) is equivalent to the existence of 𝜆 > 0 such that: x�
= ‖u‖, Cx + Du + v = −𝜆u, e�(Ax + Bu + y) = ‖Cx + Du + v‖ = 𝜆‖u‖,
(x − ‖u‖e, Ax + Bu + y − ‖Cx + Du + v‖e�) � C(���1�)

Using these relations, we conclude that (F(x, u), G(x, u)) � C(���1�) and H(x, u)
= ue�(Ax + Bu + y) + ‖u‖(Cx + Du + v) = 0. Thus, z being a solution of
LCP(T, r, L) is equivalent to z being a solution of MiICP(G, H, F, ���1�).

(iv) Let z̄ = (x̄, u) = (x − ‖u‖e, u). Then using the notation and conclusion
in (iii), we have F(x, u) � G(x, u). We also have: F(x, u) = x − ‖u‖e = x̄
G(x, u) = Ax + Bu + y − ‖Cx + Du + v‖e� = A(x̄ + ‖u‖e) + Bu + y −
‖C(x̄ + ‖u‖e) + Du + v‖e� = Ḡ(x̄, u)

chinarxiv.org/items/chinaxiv-202208.00166 Machine Translation

https://chinarxiv.org/items/chinaxiv-202208.00166


Thus, x̄ � Ḡ(x̄, u). From the proof of (iii) we get: 0 = H(x, u) = ue�(Ax + Bu
+ y) + ‖u‖(Cx + Du + v) = ue�(A(x̄ + ‖u‖e) + Bu + y) + ‖u‖(C(x̄ + ‖u‖e) +
Du + v) = H̄(x̄, u)

Hence, z = (x, u) being a solution of LCP(T, r, L) is equivalent to z̄ = (x −
‖u‖e, u) being a solution of MiCP(Ḡ, H̄, ���1�).

(v) If z = (x, u) is a solution of LCP(T, r, L), we have (x, u) � L and (Ax
+ Bu + y, Cx + Du + v) � M. From Proposition 2, for any (x, u, y, v) �
C(L), we have: x� = ‖u‖, Σ��1� y� = ‖v‖, Σ��1�(x� − x��1)y� = 0 for all i =
1, …, p−1, v = −𝜆u for some 𝜆 > 0.

In our case, since (x, u, Ax + Bu + y, Cx + Du + v) � C(L), we have: x1 − x2
� Σ��11(Ax + Bu + y)� x2 − x3 � Σ��12(Ax + Bu + y)� … x��1 − x� � Σ��1�−1(Ax
+ Bu + y)� x� − ‖u‖ � Σ��1�(Ax + Bu + y)�

with x� = ‖u‖, Cx + Du + v = −𝜆u, and Σ��1�(Ax + Bu + y)� = ‖Cx + Du +
v‖.

Thus, the problem of finding a solution z = (x, u) of LCP(T, r, L) is converted
to finding a vector z = (x, u) such that (𝛼, 𝛽) � C(���1�). Moreover, let w � ��
such that w� = x� − x��1 for any i = 1, 2, …, p−1 and w� = x� − ‖u‖ = 0. Then
we have x = x(w) where x�(w) = Σ����−1 w� + ‖u‖ for any i = 1, 2, …, p−1 and
x�(w) = ‖u‖. Thus, the complementarity condition is equivalent to w � Ĝ(w, u).
We also have from the solution of (iv) that Ĥ(w, u) = ue�(Ax(w) + Bu + y) +
‖u‖(Cx(w) + Du + v) = 0. Hence, the solution is equivalent to the solution of
MiCP(Ĝ, Ĥ, ���1�).

(vi) Note that the function Ĥ(w, u) is a semismooth function and is not differ-
entiable at u = 0. Thus, we need to reformulate this function to ensure
it is differentiable everywhere. Let t = ‖u‖. Then, similarly to the proof
of (v), for any (x, u, Ax + Bu + y, Cx + Du + v) � C(L), we have the
complementarity conditions with t replacing ‖u‖. Let ŵ � �� such that ŵ�
= x� − x��1 for any i = 1, 2, …, p−1 and ŵ� = x� − t = 0. Then we have
x = x(ŵ, t), where x�(ŵ, t) = Σ����−1 ŵ� + t for any i = 1, 2, …, p−1 and
x�(w) = t. Thus, the condition is equivalent to ŵ � G̃(ŵ, u, t). We also
have from the solution of (v) that H̃(ŵ, u, t) = [ue�(Ax(ŵ, t) + Bu + y)
+ t(Cx(ŵ, t) + Du + v); t2 − ‖u‖2]. Hence, the solution is equivalent to
the solution of MiCP(G̃, H̃, ���1�).

## 4 F-B Function

From the conclusion in Theorem 5, we have shown that the linear complemen-
tarity problem on monotone extended second order cones can be converted to
a mixed complementarity problem on the non-negative orthant (as defined by
Facchinei and Pang, see Subsection 9.4.2 in [5]). This transformation is im-
portant because the converted problem can be well studied using the Fischer-
Burmeister function, introduced by Fischer in [9, 10]. For arbitrary numbers a
and b, the Fischer-Burmeister function is defined as: 𝜙(a, b) = √(a2 + b2) − (a
+ b).
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From the definition, we can conclude the following property: 𝜙(a, b) = 0 � a ≥
0, b ≥ 0 and ab = 0.

We also note that 𝜙(a, b) is a continuously differentiable function on �2 {0}.
Using this function, for any continuously differentiable functions G1, G2, …, G�
where G = (G1, G2, …, G�), the mixed complementarity problem MiCP(G, H,
��) is equivalent to the following root-finding problem Φ(x) = 0, where: Φ(x) =
[𝜙(x1, G1), 𝜙(x2, G2), …, 𝜙(x�, G�)]�.

Meanwhile, the natural merit function Ψ(x) := ‖Φ(x)‖2 is also continuously
differentiable and equals zero at a point x* if and only if x* is a solution of
MiCP(G, H, ��). This is equivalent to finding the stationary point x* of the
unconstrained problem min Ψ(x). De Luca et al. used this reformulation to pro-
pose an algorithm proven to be globally convergent and locally Q-quadratically
convergent under considerably weaker regularity conditions than those required
by the NE/SQP method in [4].

In our case, note that F̂2 is not differentiable at u = 0, so we need to perform
some relaxation.

## 5 Generalized Newton Method for Semismooth Functions

Let DF � �𝑛 denote the set of points at which F is differentiable. Our aim is to in-
troduce several objects from nonsmooth analysis that provide generalizations of
the classical differentiability concept. We start by defining the B-subdifferential,
where B stands for “Bouligand,” who introduced the concept.

Definition 5. Let F: U � �𝑛 → ��, where U is open and F is Lipschitz continuous
for any x � U. Then the B-differential of function F at x is given by: �BF(x) :=
{G � �𝑛��: �{x�} � DF with x� → x, �F(x�) → G}.

Algorithm 1: Newton’s Method for Nonsmooth Systems 1. Given F: �𝑛
→ �𝑛 locally Lipschitz continuous and x� � �𝑛, set k = 0. 2. Unless the stopping
criterion is satisfied, solve the system G(x�)d� = −F(x�) and obtain d�, where
G(x�) is an arbitrary element of �F(x�). 3. Set x��1 = x� + d�, k = k + 1, and
return to step 1.

First, let us define the following matrices. Let D1 = diag(d11(x, u, t), …,
d��1,��1(x, u, t)) and D2 = diag(d’11(x, u, t), …, d’��1,��1(x, u, t)), where: d��
= (√(x�2 + G̃�2(x, u, t)) − x�) / √(x�2 + G̃�2(x, u, t)) d’�� = (√(x�2 + G̃�2(x, u,
t)) − G̃�(x, u, t)) / √(x�2 + G̃�2(x, u, t))

Note that we also have (d�� + 1)2 + (d’�� + 1)2 = 1. When x� = 0 = G̃�, (d��,
d’��) � {(y, z): (y + 1)2 + (z + 1)2 = 1}.

Then the generalized Jacobian of the FB function is the set given by: �Φ(x, u,
t) � [D1 + D2J�G̃(x, u, t) D2J��,��G̃(x, u, t); J��,��H̃(x, u, t) J�H̃(x, u, t)]

For an arbitrary element in the set of generalized Jacobian when x� ≠ 0 ≠ G̃�(x,
u, t), we have G � �Φ(x, u, t) with: (G�)�(x, u, t) = d��e� + d’��J�(G̃�(x, u, t))
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When x� = 0 = G̃�(x, u, t), we have: (G�)�(x, u, t) � {d11e� + d’11J�G̃(x, u, t):
(d11, d’11) � Ball((−1, −1), 1)}.

## 6 Finding the Minimizer of the Merit Function

A point x is a solution to the mixed complementarity problem if it satisfies
Ψ(x) = 0. Since Ψ(x) is a quadratic nonnegative function, if x solves Ψ(x) =
0 then x is a global minimizer of Ψ(x). Thus, finding a solution to the mixed
complementarity problem is equivalent to finding a stationary point of Ψ(x).

Consider the following index sets: C = {i: v� ≥ 0, H�(u, v) ≥ 0, v�H�(u, v) = 0}
(complementarity indices) R = {1, 2, …, n} C (residual indices) P = {i � R: v�
> 0, H�(u, v) > 0} (positive indices) N = {1, 2, …, q} (C � P) (negative indices)

For any arbitrary vector z, denote by z� the i-th coordinate of z where i � S and
S � {C, P, N}.

Definition 6. For the general mixed complementarity problem MiCP(G, H),
for arbitrary x � ��, u � �� and t � �, denote ũ = (u, t)�. Then a point (x, u, t) is
called FB-regular if JũG(x, u, t) is nonsingular and if for any nonzero vector z
� �� with z_C = 0, z_P > 0, z_N < 0, there exists a nonzero vector w � �� such
that w_C = 0, w_P ≥ 0, w_N ≤ 0 and: z�(M(x, u, t)/JũG(x, u, t))w ≥ 0

where: M(x, u, t) = [J�G(x, u, t) JũG(x, u, t); J�H(x, u, t) JũH(x, u, t)] �
�(�+�+1)�(�+�+1)

and M(x, u, t)/JũH̃(x, u, t) is the Schur complement of JũH̃(x, u, t) in M(x, u,
t).

In our case, for MiCP(G̃(ŵ, u, t), H̃(ŵ, u, t)), the Jacobians are given as:

JŵG̃(ŵ, u, t) = [LIA��1,��1UI] where UI is an upper triangular matrix of ones
J��,��G̃(ŵ, u, t) = [LIB LIAp�1,�e] JŵH̃(ŵ, u, t) = [tC* + ue�A*] J��,��H̃(ŵ, u, t)
= [tD + ue�B + (Ax(ŵ, t) + Bu + y)� eIq×q; Du + v + Cx(ŵ, t) + tCe +
ue�Ae −2u�]

where C* and A* are defined appropriately.

If D̃ is nonsingular, the Schur complement of D̃ in M(ŵ, u, y) is: Π/D̃ = Ã −
B̃D̃−1C̃

Proposition 6. The matrix M(x, u, t) is nonsingular for any z = (x, u, t) � ��
× �� × � if the corresponding matrices Ã and D̃ are nonsingular.

We can also conclude that the Jacobian �Φ(ŵ, u, t) = [Ã B̃; C̃ D̃] is nonsingular
if Ã and D̃ are nonsingular.

Proposition 7. Since the Jacobian is �Φ(ŵ, u, t) = [D1 + D2JŵG̃(ŵ, u, t)
D2J��,��G̃(ŵ, u, t); J��,��H̃(ŵ, u, t) JŵH̃(ŵ, u, t)], it is nonsingular if and only if
both matrices Ã and D̃ are nonsingular for any vector z = (w, u, t) � ��+1.

Proof. For the generalized Jacobian �Φ(ŵ, u, t) = [D1 + D2Ã D2B̃; C̃ D̃], we
conclude that �Φ(w, u, t) is nonsingular if and only if both the Schur complement
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of D̃ and the submatrix D1 + D2Ã are nonsingular, which is equivalent to both
matrices Ã and D̃ being nonsingular.

The following theorem was introduced by Facchinei and Pang. For completeness,
we quote Theorem 9.4.4 in [5] and provide a detailed proof.

Theorem 8. For arbitrary vectors ŵ � ��−1, u � �� and t � �, z = (ŵ, u, t) is a
solution of MiCP(G̃, H̃, ���1�) if and only if z is an FB-regular point of Ψ(x) and
a stationary point of Φ(x).

Proof. First, suppose z = (ŵ, u, t) solves MiCP(G̃, H̃, ���1�). Then z is a
stationary point and the global minimum of the associated merit function Φ(x).
Moreover, since (ŵ, G̃(z)) � C(���1�), we have ŵ = w_C. Thus, FB-regularity
holds for ŵ with P = � = N.

Conversely, if z = (ŵ, u, t) is a stationary point of Ψ(x), then �Ψ(z) = 0, which
implies: (�Φ(ŵ, u, t))�Φ(ŵ, u, t) = [D1 + Ã�D2 C̃�; B̃�D2 D̃�]Φ(ŵ, u, t) = 0

Thus, for any x � ��+�: x�[D1 + Ã�D2 C̃�; B̃�D2 D̃�]Φ(ŵ, u, t) = 0

Consider x with x_C = 0, x_P > 0, x_N < 0. If z is not a solution of MiCP(G̃,
H̃, ���1�), then {1, 2, …, p+q} C ≠ �. Let y = D2Φ(x), giving y_C = 0, y_P
> 0, y_N < 0. By definition of D1 and D2, D1Φ(x) and D2Φ(x) have the same
sign. Thus: x�(D1Φ) = x_C�(D1Φ)_C + x_P�(D1Φ)_P + x_N�(D1Φ)_N > 0

since x_{[1,…,p+q]ℂ} ≠ 0, and x�J_G̃(z)�(D1Φ)y ≥ 0. These inequalities con-
tradict condition (11). Therefore, {1, 2, …, p+q} C = � and z is a solution of
MiCP(G̃, H̃, ���1�).

## 7 A Numerical Example

In this section, we provide a numerical example of the linear complementarity
problem defined on the MESOC, which is a more general case satisfying item
(iv) in Proposition 4. Consider the linear complementarity problem on MESOC
L � �3 × �2. For any z = (x, u) � �3 × �2, the goal is to find z = (x, u) � �3 × �2
such that (z, Tz + r) � C(L).

By item (vi) in Theorem 5, the solution z = (x, u) of LCP(T, r, L) is equivalent
to the solution of MiCP(G̃, H̃, ���1�). We have:

ŵ � G̃(ŵ, u, t) � �2

where: G̃(ŵ, u, t) = [Σ��11(Ax(ŵ, t) + Bu + y)�, Σ��12(Ax(ŵ, t) + Bu + y)�]�
H̃(ŵ, u, t) = [ue�(Ax(ŵ, t) + Bu + y) + t(Cx(ŵ, t) + Du + v); t2 − ‖u‖2] x(ŵ,
t) = [ŵ1 + ŵ2 + t, ŵ2 + t, t]�

To find the solution, we use the FB-based equation: Φ(ŵ, u, t) = [𝜙(ŵ1, G̃1(ŵ,
u, t)), 𝜙(ŵ2, G̃2(ŵ, u, t)), H̃(ŵ, u, t)]�

Consider the example with: T = [A B; C D] = [[1, 2, 3; 4, 5, 6; 7, 8, 9], [1, 2;
3, 4; 5, 6]; [1, 2, 3; 4, 5, 6], [0, -1; -2, 0]] r = [y; v] = [1, 2, 3; 4, 5]�
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Since matrices T, A, and D are nonsingular, by the semismooth Newton method,
the sequence {z�} = {(ŵ, u, t)�} converges to a numerical solution. The solution
is:

ŵ* = [√82 - 12, √82 - 12]� t* = √82 - 12 u* = [-225 + 30√82, 139 - 24√82]�

We verify the complementarity conditions. We have ŵ* ≥ 0 and G̃(ŵ, u, t) ≥
0, with ŵ � G̃(ŵ, u, t). Thus, (ŵ, G̃(ŵ, u, t*)) � C(�2�).

By item (vi) in Theorem 5, the solution to the linear complementarity problem
is: z* = (x, u) = [√82 - 12, √82 - 12, √82 - 12, -225 + 30√82, 139 - 24√82]�

By definition of the monotone extended second order cone, z* � L. Computing
Tz* + r gives a vector in M, and �z, Tz + r� = 0. Thus, z* is a solution to the
linear complementarity problem.

## 8 Example for Portfolio Optimization

As Facchinei and Pang summarized in [5], the Fischer-Burmeister function and
generalized Newton method can solve both linear and nonlinear complementar-
ity problems. In this section, we implement this algorithm to solve a specific
nonlinear complementarity problem arising from portfolio optimization related
to the monotone extended second order cone.

Markowitz developed the mean-variance (MV) model in [19], the classical
method for portfolio optimization. Suppose we build a portfolio using n assets.
Let w � �𝑛 denote asset weights, r � �𝑛 represent returns, and Σ � �𝑛�𝑛 be the
covariance matrix. The two traditional equivalent MV models are:

min {w�Σw: r�w ≥ 𝛼, e�w = 1} max {r�w: w�Σw ≤ 𝛽, e�w = 1}

where 𝛼 is the minimum required profit and 𝛽 is the maximum tolerable risk.
These are quadratic optimization problems with high computational complexity.

To reduce complexity, many models have been introduced, such as the MAD
model [15], which significantly reduces computational complexity [16, 17].

To measure return uncertainty for j = 1, …, T, define U = (U1, …, U_T)� where
U_j = R_j - r. Let y_j denote the upper bound of return disturbance on day
j. The traditional MAD model is the linear program:

min c0f�y - r�w s.t. y_j ≥ |U_j�w|, j = 1, …, T e�w = 1

where c0 > 0 is the Arrow-Pratt absolute risk-aversion index.

In reality, return uncertainty increases with investment horizon. Thus, optimiz-
ing the MAD model to better reflect real market behavior is meaningful. By
Cauchy’s inequality, |U_j�w| ≤ ‖U_j‖‖w‖ for any j. Based on the MAD model,
we obtain:

min c0f�y - r�w s.t. y_T ≥ y_{T-1} ≥ … ≥ y1 ≥ ‖U_j*‖‖w‖ e�w = 1

chinarxiv.org/items/chinaxiv-202208.00166 Machine Translation

https://chinarxiv.org/items/chinaxiv-202208.00166


where j* = argmin_j |U_j�w| for j = 1, …, T. The vector (y_T/‖U_j‖, y_{T-
1}/‖U_j‖, …, y1/‖U_j*‖, w)� belongs to the monotone extended second order
cone L_{T,n}. Thus, the problem is equivalent to the conic optimization:

min c0f�y - r�u s.t. e�u = ‖U_j*‖ (y_T, y_{T-1}, …, y1, u)� � L_{T,n}

where u := w‖U_j*‖.

The KKT conditions give the Lagrangian: L(y, u) = c0f�y - r�u/‖U_j‖ + Σ��1�
�_j(y_j - y_{j-1}) - �1(y1 - ‖u‖) - 𝛽(‖U_j‖ - e�u)

This yields the complementarity problem: L � [y_T, y_{T-1}, …, y1]� � [c0f1 +
�2 - �1, c0f2 + �3 - �2, …, c0f_T + �_T, -r/‖U_j*‖ + �1u/‖u‖ + 𝛽e]� � L*
where j* = argmin_j |U_j�w| for j = 1, …, T, which is a nonlinear complemen-
tarity problem.

Proposition 9. If -r/‖U_j‖ + �1u/‖u‖ + 𝛽e ≠ 0, by Propositions 2 and 4 we
have: (i) �𝜆 > 0 such that -r/‖U_j‖ + �1u/‖u‖ + 𝛽e = -𝜆u (ii) c0Σ��1� f� + 2�_T
- �1 = 𝜆‖u‖ (iii) y_T = ‖u‖

Since u = w‖U_j‖ and e�w = 1, we have u ≠ 0. Thus items (i) and (ii) are
inapplicable while (iii) and (iv) are applicable. For (iii), if -r/‖U_j‖ + �1u/‖u‖
+ 𝛽e = 0, then: u = -‖u‖/(‖U_j‖(𝛽‖U_j‖ - r)) (�1u + 𝛽‖U_j*‖e)

To ensure such 𝛽 exists, we must have: ‖u‖r1/‖U_j‖ - �1u1 = ‖u‖r2/‖U_j‖ - �1u2
= … = ‖u‖r�/‖U_j*‖ - �1u�

Using e�w = 1 and u = w‖U_j‖: 1 = e�w = e�u/‖U_j‖ = �1‖U_j‖/(‖u‖(𝛽‖U_j‖
- �r, e�))

From these we obtain: ‖u‖ = ‖U_j‖‖𝛽‖U_j‖e - r‖ / |n𝛽‖U_j*‖ - �r, e�|

and the explicit solution for u is: u = - (‖u‖/‖U_j‖) (r - 𝛽‖U_j‖e) / (𝛽‖U_j*‖
- �r, e�/n)

The weight allocation is: w = u/‖U_j‖ = (r - 𝛽‖U_j‖e) / (�r, e� - n𝛽‖U_j*‖)

where 𝛽 is determined from the model parameters.

## 9 Conclusion

In this paper, we illustrated a method for solving linear complementarity prob-
lems on monotone extended second order cones. We showed that the linear
complementarity problem on the monotone extended second order cone can be
converted to a mixed complementarity problem on the non-negative orthant, re-
ducing the complexity of the original problem. We can determine a solution of
the mixed complementarity problem using propositions about stationary points
and FB-regularity. The connection between the linear complementarity problem
on the monotone extended second order cone and the mixed complementarity
problem on the non-negative orthant is also useful for applications to portfolio
optimization. The method works for both linear and nonlinear complementarity
problems, and we expect this scheme will be useful for other applications.
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